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1. Introduction and notations

The main goal of this paper is to study the optimal inverses of a certain opera-
tor and the solutions of a given abstract smoothing spline problem by means of two
algebraic-geometric tools, the compatibility property between positive operators and
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closed subspaces and the range additivity between two operators. Let us fix some no-
tations. Throughout, H, K are Hilbert spaces and L(#, K) the space of bounded linear
operators from H into K. In particular, the algebra L(H,H) is denoted by L(H). A pos-
itive operator A € L(H) is a bounded linear operator such that (Ah,h) > 0 for every
h € H. We denote by L(H)" the cone of positive operators of L(H). Given C' € L(H, K),
R(C) denotes the range of C and N(C) its nullspace. If C' € L(H, K) has closed range,
there exists a unique operator Ct € L(K,H) such that CCTC = C, ctCCt = C' and
CCt, CtC are selfadjoint; CT is called the Moore-Penrose inverse of C.

Optimal inverses: Given two Hilbert spaces H, K and operators B € L(H,K) and A €
L(K ® H) such that B has closed range and A is positive, an A-optimal inverse of B is
an operator G € L(K,H) such that

H (BGk k;) H - H (Bh k) H m

for every k € K. Here |.||4a denotes the seminorm defined by A H ( )H

k
HAl/ 2 ( h) H The problem consists in providing conditions for the existence of optimal

inverses and, in such cases, finding all such G’s.

It was S.K. Mitra [15] who defined the optimal inverses for matrices. His goal was the
search of the best approximate solutions of inconsistent linear systems under seminorms
defined by positive semidefinite matrices. This notion had attracted some interest in
the statistics community (see the comments in Mitra’s paper). Here, we extend Mitra’s
concept to Hilbert space operators in order to apply the results to abstract interpolation
theory.

Abstract interpolating splines and smoothing problems: Consider a partition of [0, 1],
0<t <ty <...<t, <1 and (real or complex) numbers z,...,z,. An interpolation
problem which appears frequently is to find o € C?[0,1] such that o(ty) = 2z, k =
1,...,n and fol |c@)(t)|dt is minimal. On the other hand, given a parameter p > 0,
with the same data tj, zi, the smoothing problem consists in finding o € C'®) [0,1]
such that fo lc@(@)|dt + p > j_; lo(tr) — 2|? is minimal (in statistics it is called a case
of non-parametric regression). It turns out that the unique solution for both problems
is provided by a natural cubic spline, which is a o € C®) [0,1] such that o is a cubic
polynomial on each interval [ty, t11], 0®)(t;) = 0®)(t,) = 0 and ¢ is linear on [0,#,] and
[tn, 1]. These results, due to Schoenberg [16] and Holladay [14], started the so-called spline
theory, where different families of relatively simple smooth functions were found in order
to solve a variety of more complex interpolation and smoothing problems. After several
attempts to unify the different approaches, Atteia [3] defined the notion of abstract
splines.
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Given Hilbert spaces H, €, F, fo € F and T € L(H,E), V € L(H,F) with closed
range, an abstract interpolating spline (for these data) is hg € H such that Vhg = fo
and | Thol|| < ||Th| for every h € H such that Vh = fy. Denote by spl(T, N(V), fo) the
set of such abstract interpolating splines, i.e.,

SpUT, N (V). fo) = {ho € H: Vho = fou [ Tholl = wmin [T} (12)
—=Jo

Consider also a parameter p > 0 and define on € x F the inner product {(e1, f1),
(e2, f2))p = (€1, e2) +p(f1, f2). An abstract smoothing spline for the data above is h, € H
such that

I(Thp, Vihp) = (0, fo)ll < [[(Th, VR) = (0, fo)l

for every h € H, where the norm is defined by the inner product (, ).

Again, as in the classical case, any smoothing spline is an interpolating spline. We refer
the reader to the excellent expository papers [4,5]. Here, we slightly extend the definition
of abstract splines so that we shall compare their performance with the optimal inverses
of Mitra. We use the following definition, where the parameter p is supposed to be 1,
just to simplify the exposition: with 7', V' as before and fy € F an abstract smoothing
spline is hg € H such that

I Tholl* +1[Vho — foll* < IThI* + VA — fol®

for all h € H.

Before stating our main results we need to introduce another notion. A closed subspace
S of a Hilbert space H and A € L(H)" are said to be compatible if there exists an
idempotent E € L(H) (an oblique projection) such that R(E) = S and AE = E*A.
This means that there exists a kind of “orthogonal projection” onto § if, instead of the
original inner product of H, we use the semi-inner product defined by A, i.e., (h1, ho)4 =
(Ahq, ha).

We describe now our main results. First, we prove that if B € L(H,K) has closed
range, A € L(K & H)™ has a block form

A 0
A:
(o)

with A; € L(K)" and As € L(H)™" such that R(A;) and R(B)+ N(A;) are closed, then
the following are equivalent:

i. B admits an A-optimal inverse;
iii. Ay and N(A;B) are compatible.

This is Theorem 2.3 below.
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Second, consider a smoothing problem as before, with T' € L(H,&) and V € L(H, F)
such that R(V) is closed. The following are equivalent:

for every fo € F, there is a solution of ini%(HThH2 +|IVh = fol?);
€

R(T*T + V*V) = R(T*T) + R(V*V);

T*T and N (V) are compatible;

there exists a global solution of the problem stated in item 1, i.e., there exists G €
L(F,H) such that

=W =

ITGFI? +IVGf = fII? = min(|TR|* + [[Vh = fol*)
for every f € F.

Moreover, if R(V) = H and R(T*T) N R(V*) = {0}, then for every fy € F, fo #0
the set of solutions of the problem in the above item 1 is

{Gfo : G is a global solution}.
This is Theorem 4.2 together with Proposition 4.4.
2. Optimal inverses

In this section we obtain necessary and sufficient conditions for a closed range operator
B € L(H,K) to admit an A-optimal inverse, for some A € L(K & H)"

The next result due to S.K. Mitra [15, Theorem 4.2] provides a condition for the
existence of an A-optimal inverse of a closed range operator. The proof in the infinite
dimensional case is similar, but we include it for the sake of completeness.

Theorem 2.1. Consider two operators B € L(H, K) with closed range and A € L(IK®&H)™
Then B admits an A-optimal inverse if and only if the equation

(B*AHB =+ B*A12 + AIQB + A22)X = B*All + ATZ (21)

admits a solution. In this case, the set of A-optimal inverses of B is the set of solutions

of (2.1).

Proof. By definition (see equation (1.1)), an operator G € L(K,H) is an A-optimal
inverse of B if and only if

(7% =)+ (Pl

for every y € IC, z € H. Or equivalently,
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(P =17 ) - ()1

for every y € K, w € H, t € C. By a usual orthogonality argument, it is not difficult to
see that this inequality is equivalent to

BGy —y Bw
() ()

for every y € K, w € H, or, using the matricial form of A,

< AU(BG—I)y—i-AlgGy Bw > -0
A5 (BG — Iy + AxaGy "\ w
for every y € K, w € H. Then G is an A-optimal inverse of B if and only if

(B* (A0 (BG — 1) + AnGly,w) + (A}p(BG — 1) + AGly,w) =0 (2.2)

for every y € K, w € H; this is equivalent to B* Ay, (BG —I)+ B*A12G + Ao (BG —1I) +
AyeG =0, i.e., G is a solution of the equation

(B*AllB + B*A12 + ATQB + AQQ)X = B*All + AT2 O

Corollary 2.2. Consider two operators B € L(H, K) with closed range and A € L(K®H)™
Then B admits an A-optimal inverse if and only if

R(B*A11 + Aly) C R(B*A11B + B*Aj3 + A7, B + Agg).
Proof. It follows from Theorem 2.1 and Douglas’ theorem [11, Theorem 1]. O

A1 0

0 A
Ay € L(H)™. In this case, by Theorem 2.1, G is an A-optimal inverse of B if and only if
G is a solution of

From now on, A is a diagonal weight on K®H, i.e., A = with 4; € L(K)T,

(B*AB + Ay)X = B*A,. (2.3)

Several remarks are in order. Notice, first, that for given operators A, B as before,
an A-optimal inverse need not exist and, if there exists one, it will not be unique, in
general. In fact, any A-optimal inverse of B, for a diagonal weight A, can be written as

G = (B*AlB + AQ)TB*Al + Z

where Z € L(KC, N(B*A1B + Aj)).
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Notice also that an A-optimal inverse of B is not necessarily a generalized inverse
of B. For example, suppose that A € L(H)™ is invertible. In this case, it follows from
(2.3) that G = (B*A1 B + A3) "1 B*A; is the unique A-optimal inverse of B and

B—-BGB = B-B(B*A B+ Ay))"'B*AB

B(I — (B*A1B + A;)"'B*A,B)

B(B*AB + Ay)~'(B*A;B + Ay — B*A,B)
= B(B*A1B+ Ay)" A,

so that B — BGB = 0 if and only if B = 0.
If A is a diagonal weight and G is an A-optimal inverse of B, then BG is A;-selfadjoint.
In fact, by equation (2.2), an operator G is an A-optimal inverse of B if and only if

([B*A1(BG — 1) + AxGly,w) =0
for all y € K and w € H. In particular, if w = Gy it follows that
(B*A1BGy, Gy) — (B" Ay, Gy) + (A2Gy, Gy) = 0
for all y € K, or equivalently, | BGy|%, + |Gyl%, = ((BG)*Awy,y), for all y € K.
Therefore, (BG)*A; € L(K)™, so that A BG = (BG)*A;. Hence, BG is A;-selfadjoint.

The next result gives a different set of necessary and sufficient conditions for the
existence of an A-optimal inverse for a closed range operator.

0 A
LK ®H)", and R(Ay) and R(B) + N (A1) are closed. Then the following statements
are equivalent:

Theorem 2.3. Let B € L(H,K) be a closed range operator and suppose A = (Al X ) €

1. B admits an A-optimal inverse;
3. Ay and N(A1B) are compatible.

Proof. Since R(A4;) and R(B) are closed, if R(B) + N(A;) is closed, then the
sum of their orthogonal complements N(B*) + R(A;) is also closed, see [10, The-
orem 2.13]. Then, by [10, Theorem 4.1] it holds that R(B*A;) is closed. Hence,
R(B*A1) = R(B*A;) C R(B*A\/?) C R(B*A;) because N(A,B) = N(AY?B). There-
fore R(B*A;) = R(B*Ai/Q) and it is closed so that R(B*A;) = R(B*A1B).

1. +» 2. By Corollary 2.2, B admits an A-optimal inverse if and only if R(B*A;) C
R(B*A,B + A3), or R(B*A1B) C R(B*A1B + Ay). Equivalently R(B*A,B + Ay) =
R(B*A1B) + R(Ay); for a study of pairs C,D of operators such that R(C + D) =
R(C) + R(D), see [1,2].
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2. +» 3. follows from [2, Theorem 4.4] since B* A1 B has closed range and N(A;B) =
N(B*A1B). O

Remark 2.4.

i. The condition “R(B) 4+ N(A;) closed” in the previous result is equivalent to the
compatibility of the pair (A1, R(B)) because R(A;) is closed, see [8, Theorem 6.2].

1. It would be interesting to extend the theorem for a weight A not necessarily of
diagonal type.

3. Smoothing problems

In this section, we study abstract smoothing problems in Hilbert spaces. The inter-
polating and smoothing problems were introduced by Atteia [3] and they are known as
abstract splines problems, as mentioned in the introduction.

In what follows, we consider T' € L(H,€) and V € L(H,F) such that R(V) is closed.

In the next proposition we collect some results on abstract splines; the proofs can be
found in [9, Proposition 3.1 and Theorem 3.2].

Proposition 3.1. Let A =T*T, hg € H and fo = Vhg. Then
spl(T,N(V), fo) = (ho + N(V)) N (A(N(V))™.

Moreover, spl(T, N(V'), fo) is not empty for every fo € R(V) if and only if A and N(V)
are compatible.

We state again the problem which is naturally associated to (1.2): finding the set of
solutions of:

min (|Th|]> + ||[Vh — fol|?), for h € H, (3.1)

where fo € F. This is known as a smoothing problem.

In [7, Theorem 6.4] it was proved that if V is surjective, then the compatibility of
T*T and N(V') implies the existence of solutions of problem (3.1). In what follows, we
prove that for any closed range operator V', the compatibility of 7*T and N(V) is in
fact equivalent to the existence of solutions of problem (3.1), for every fy € F.

In order to do so, define K:H — & x F, Kh = (Th,Vh), for h € H, and consider the
following inner product on & x F

((e. ) (e f) =(e.e) + (f.f),  foree e, f feF,

and the associated norm ||(e, f)||? = (e, e) + (f, f), for (e, f) € € x F.
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Then problem (3.1) can be restated as the following least squares problem: find the
set of solutions of

min || Kh— (0, fo)|I*. (3.2)

Theorem 3.2. The following statements are equivalent:

1. Problem (3.1) admits a solution for all fo € F;
2. R(I*T+V*V) = R(T*T) + R(V*V);
3. T*T and N(V) are compatible.

Proof. 1. ++ 2.: Consider the operator K defined before. It is straightforward to check
that the adjoint of K, K*:& x F — H, is given by K*(e, f) = T*e+ V*f, for e € £ and
ferF.

Given fy € F, problem (3.2) (or equivalently, problem (3.1)) admits a solution if and
only if the associated normal equation K*Kh = K*(0, fp) has a solution: observe that
| K ho — (0, fo)|| < [[Kh— (0, fo)|| for every h € H if and only if Kho— (0, fo) € R(K)*+ =
N(K*) (see [12,13]). But the last condition is equivalent to K*(Kho — (0, fo)) = 0.
Then, problem (3.2) has a solution if and only if for every fy € F there exists h € H
such that K*(0, fo) = K*Kh or, equivalently, V*fo = T*Th + V*Vh. But this means
that R(V*) C R(T*T + V*V). Since R(V) is closed it holds R(V*) = R(V*V), so that
(3.2) has a solution if and only if R(V*V) C R(T*T + V*V). Finally, this is equivalent
to R(T*T 4+ V*V) = R(V*V) + R(T*T).

2. ¢» 3.: It follows from [2, Theorem 4.4] noticing that N(V*V) = N(V). O

From the proof of the above proposition it follows that problem (3.1) admits a solution
for all fo € F if and only if it admits a solution for all f € R(V).

Corollary 3.3. If R(T*T) N R(V*V') = {0}, then problem (3.1) admits a solution for all
fo € Fifand only if N(T)+ N(V) = H.

Proof. By Theorem 3.2, problem (3.1) admits a solution for every fo € F if and only
it R(T*T +V*V) = R(T*T) + R(V*V), or equivalently, H = N(T*T) + N(V*V) =
N(T)+N(V). O

Corollary 3.4. If T € L(H,€&) is a closed range operator, then problem (3.1) admits a
solution for all fo € F if and only if N(T) + N (V) is closed.

Proof. By Theorem 3.2, problem (3.1) admits a solution for all fy € F if and only if 7*T
and N (V) are compatible, but this is equivalent to the condition N(T') + N (V) closed,
because T has closed range, see [8, Theorem 6.2]. O
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4. Global solutions of the smoothing problem

In what follows, we use the results on optimal inverses to find, for every f € F,
a solution of the smoothing problem (3.1) which depends continuously on f.

Definition 4.1. An operator G € L(F,H) is a global solution of problem (3.1) if

ITGSI? +IVGf - fI* = }Lrgg(HThHQ +IVh = fI?), for every f € F.

Observe that if G is a global solution of problem (3.1), then Gf is a solution of the
smoothing problem (3.1) for every f € F. The next theorem shows that the existence of
a solution of problem (3.1) for every fy € F is actually equivalent to the existence of a
global solution. Then we can add another equivalent condition to those of Theorem 3.2.

Theorem 4.2. The following statements are equivalent:

. Problem (3.1) admits a solution for all fo € F;
. R(T*T 4+ V*V)=R(T*T) + R(V*V);

. T*T and N(V') are compatible;

. problem (3.1) admits a global solution.

N I R

Proof. 2. <+ 4.: By Theorem 2.3, R(T*T + V*V) = R(T*T) + R(V*V) if and only if V
admits an A-optimal inverse where Ay =1 € L(F), Ao =T*T € L(H), A= A1 & A,
and B = V. Equivalently, problem (3.1) admits a global solution. In fact, G € L(F,H)
is an A-optimal inverse of V if for every f € F, it holds that

IVGF— flA, +IGfIA, < IVh— flI4, + A%, forall h e H,
equivalently, for every f € F,
IVGF — fI? +ITGFI? < VR~ fII* + | Th|?, for all h € H,
i.e., G is a global solution of the smoothing problem (3.1). O

Remarks 4.3.

1. It follows from the above proof and (2.3) that the set of global solutions of problem
(3.1) is the set of solutions of

(T*T + V*V)X = V*,

Moreover, it is not difficult to see that problem (3.1) admits a unique global solution
if and only if N(T) N N(V) = {0}.
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2. If T*T and N(V) are compatible and V is surjective, then for each fy € F the
solutions of problem (3.1) can be described as an abstract spline, see [7, Theorem 6.4].
In fact, it holds that for every fy € F the set of solutions of problem (3.1) is

Spl(T, N(V)a .fO)

where fo = (Preyy + VI"T*T(I — E)V')1 fo, with E a projection such that R(E) =
N(V) and T*TE = E*T*T.
In particular, if R(T*T) N R(V*) = {0}, then the solution of problem (3.1) is

spl(T, N(V), fo)

for every fo € F. In fact, if h € H is a solution of problem (3.1), then, as observed in
the proof of Theorem 3.2, it holds V* fo = T*Th + V*Vh, so that V*fy — V*Vh =
T*Th = 0 because R(T*T) N R(V*V) = {0} and R(V*V) = R(V*). Therefore
V*fo =V*Vh and

fo=V IV o=V IV VR =Vh
because VVT = I. On the other hand, k is such that Vh = fo. Hence fo = fo.

Proposition 4.4. Suppose T*T and N (V') are compatible, R(T*T) N R(V*) = {0} and V'
is surjective. Then, for each fo € F, fo # 0, the set of solutions of (3.1) is

{Gfo, G a global solution of (3.1)}.

Proof. By the remark above, the set of solutions of (3.1) is spl(T, N(V), fo). Observe
that VT fy # 0, because N(VT) = N(V*) = {0} and fo # 0. Let A = T*T. Then, by
[6, Proposition 4.24], it holds that

Spl(T7N(V)7fO) = {(I - Z)VTfO,Z € H(AaN(V))}

where II(A, N(V)) = {Z € L(H) : R(Z) € N(V),AZ = Z*A, AZPy() = APn)}-
Therefore, every solution of (3.1) can be written as (I—Z)VT f for some Z € TI(A, N(V)).
Finally, observe that G = (I — Z)VT is a global solution of (3.1). The other inclusion
follows from the definition of global solution. 0O
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