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A multi-scale model, based on the concept of Representative Volume Element (RVE), is proposed linking
a classical continuum at RVE level to a macro-scale strain-gradient theory. The multi-scale model ac-
counts for the effect of body forces and inertia phenomena occurring at the micro-scale. The Method of
Multiscale Virtual Power recently proposed by the authors drives the construction of the model. In this
context, the coupling between the macro- and micro-scale kinematical descriptors is defined by means of
kinematical insertion and homogenisation operators, carefully postulated to ensure kinematical conserva-
tion in the scale transition. Micro-scale equilibrium equations as well as formulae for the homogenised
(macro-scale) force- and stress-like quantities are naturally derived from the Principle of Multiscale Vir-
tual Power - a variational extension of the Hill-Mandel Principle that enforces the balance of the virtual
powers of both scales. As an additional contribution, further insight into the theory is gained with the
enforcement of the RVE kinematical constraints by means of Lagrange multipliers. This approach unveils
the reactive nature of homogenised force- and stress-like quantities and allows the characterisation of
the homogenised stress-like quantities exclusively in terms of RVE boundary data in a straightforward

manner.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The development of second gradient theories has long been an
active field of research aimed at the improvement of the predic-
tive capabilities of mechanical models, beyond classical continuum
mechanics. Such theories are developed through the enrichment
of the kinematical description of continua which, in turn, yields a
more complex structure of dual stress-like entities, requiring more
complex constitutive models to describe the phenomenological be-
havior of more complex materials.

The literature in the field is vast and it is not the goal of the
present work to discuss every aspect of the theory itself. The inter-
ested reader can refer to de Borst and Miihlhaus (1992); de Borst
et al. (1995); Miihlhaus and Aifantis (1991); Nguyen and Andrieux
(2005); Nguyen (2010); Peerlings et al. (1996); Polizzotto et al.
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(1997); Sunyk and Steinmann (2003), which address various the-
oretical and practical aspects of such formulations.

In recent years, multi-scale theories have been evolving to deal
with increasingly complex materials, by linking micro-continuum
mechanisms with macro-continuum theories in a myriad of con-
texts and applications. Particularly in the field of second gradient
theories, the works by Kouznetsova et al. (2002, 2004) have pro-
vided a first link between classical micro-scale mechanics and sec-
ond gradient macro-scale mechanics by means of the concept of
Representative Volume Element (RVE). Similar work was later re-
ported by Larson et al. (Larsson and Diebels, 2007; Larsson and
Zhang, 2007), and also by Luscher et al. (Luscher et al., 2010, 2012).
The present contribution is placed in the context of these works.

Despite such significant developments, there is still plenty of
room to assess the real capabilities of muti-scale models, as well as
to better understand the underlying fundamental model hypothe-
ses and their associated consequences. Such an understanding can
be achieved with the help of an appropriate variational framework.
In fact, a suitable variational structure should allow a rational anal-
ysis of the model by means of a purely kinematical approach. That
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is, the definition of the kinematics at both (macro- and micro-)
scales and the way in which they are coupled have a well-defined
effect on the micro-scale (RVE) equilibrium problem, as well as on
the homogenisation rules for the dual (force- and stress-like) quan-
tities conjugated to the adopted kinematical descriptors. This issue
deserves further discussions at present. For example, the kinemat-
ical constraints for the micro-scale fluctuation fields proposed in
Kouznetsova et al. (2002) differ from that of Luscher et al. (2010).
Therefore, a question naturally arises as to the possible equivalence
and consistency of these boundary conditions.

Our goal in this paper, and its major novelty, is to provide a ra-
tional justification for and a rigorous derivation of the multi-scale
formulation of a finite strain second-gradient macro-continuum
mechanical theory arising from a classical first-order continuum
theory at the micro-scale featuring body forces and inertia phe-
nomena. In this context, the formulation is theoretically examined
in detail and the consequences of the adopted kinematical assump-
tions are fully explored in the light of the so-called Method of Mul-
tiscale Virtual Power (MMVP) recently proposed by the authors in
Blanco et al. (2016).

The MMVP can be seen as an extension, to multi-scale prob-
lems, of the Method of Virtual Power developed in Germain (1973),
and provides a well-defined, structured framework to set the me-
chanical foundations of the multi-scale model addressed in the
present paper. The MMVP requires firstly the definition of the kine-
matics of the macro- and micro-scales, as well as the way in which
the two kinematics are linked. Then, through mathematical dual-
ity arguments, it is possible to identify the force- and stress-like
quantities dual to the kinematical descriptors at both scales. Sub-
sequently, the Principle of Multiscale Virtual Power (PMVP) also pro-
posed in Blanco et al. (2016) is used as a generalisation of the Hill-
Mandel Principle (Hill, 1965; Mandel, 1971) to provide the physical
coupling between the two scales. As a variational extension of the
classical Hill-Mandel principle, the PMVP postulates that the to-
tal virtual powers produced by duality pairings at both scales are
balanced. As described in Blanco et al. (2016) in a rather general
context, and demonstrated here in the formulation of the present
higher-order multi-scale formulation, the PMVP yields a complete
characterisation of the model, comprising (i) the RVE equilibrium
problem with consistent boundary conditions for the micro-scale
fluctuation fields, and (ii) the homogenisation formulae for body
force- and stress-like quantities dual to the macro-scale kinemat-
ical descriptors. In addition, as a complementary novel aspect for
the multi-scale analysis, an augmented Lagrange multiplier formu-
lation of the PMVP allows a straightforward characterisation of the
homogenised macro-scale generalised stresses which can be ex-
pressed in terms RVE boundary data alone - in line with the idea
postulated by Hill in his landmark work (Hill, 1965).

Fundamentally, the theoretical framework based on the MMVP
employed in the present work yields a multi-scale model that in
some aspects differs from, and in many cases generalises, those
available in previous contributions, such as (Kouznetsova et al.,
2002, 2004; Luscher et al., 2010, 2012). The specific differences
between the present approach and the existing literature will be
highlighted throughout the manuscript, and we should stress that
the definition of the micro-scale kinematics in the present paper
leads to different kinematical constraints for the micro-scale fluc-
tuation fields. Since the RVE mechanical equilibrium is subordi-
nated to these constraints, homogenisation of dual quantities will
ultimately differ. These issues are essential for a deeper under-
standing of the resulting multi-scale model and will be discussed
in detail throughout the text.

The paper is organised as follows. Section 2 presents fundamen-
tal aspects of the methodology and basic ingredients of the multi-
scale problem. The macro-scale second gradient mechanical model
is reviewed in Section 3. Kinematical relations coupling both scales

are presented in Section 4, and the corresponding Principle of Mul-
tiscale Virtual Power is formulated in Section 5. In Section 6, the
RVE equilibrium equations as well as the homogenisation formu-
lae for the macro-scale force- and stress-like quantities are derived
from the PMVP by means of straightforward variational arguments.
A discussion on the reactive nature of such homogenised quanti-
ties is also presented. Tangent operators for the present model are
derived in Section 7. The paper closes in Section 8, where a dis-
cussion on the model hypotheses and their corresponding conse-
quences is presented together with some concluding remarks.

2. Preliminaries
2.1. Method of Multiscale Virtual Power (MMVP)

In this work we employ the so-called Method of Multiscale Vir-
tual Power (MMVP) proposed in Blanco et al. (2016). The method
relies on three fundamental principles:

e Principle of kinematical admissibility: whereby the macro- and
micro-kinematics are properly defined and the link between
them is established by means of suitable assumptions concern-
ing the procedures of kinematical insertion (i.e. how macro-scale
kinematical quantities contribute to the micro-scale kinemat-
ics) and kinematical homogenisation (i.e. how micro-scale kine-
matical quantities are averaged in some sense to produce cor-
responding macro-scale counterparts).

o Mathematical duality: which allows a straightforward identi-
fication of force- and stress-like quantities compatible with
the theory as power-conjugates of the kinematical descriptors
adopted in each scale.

o The Principle of Multiscale Virtual Power (PMVP): a variational
generalisation of the Hill-Mandel Principle of Macrohomogene-
ity, from which the micro-scale equilibrium problem, as well as
the homogenisation formulae for macro-scale force- and stress-
like quantities, can be univocally derived by means of straight-
forward variational arguments.

2.2. Notation

The indices M and p are used to denote quantities belonging
to the macro- and micro-scale, respectively. Then, the macro- and
micro-scale reference domains (open sets in R3) are denoted, re-
spectively, Qy and €2, with corresponding boundaries 9£2); and
0€2,. Macro- and micro-scale reference coordinates are denoted
Xy and x;,. Let uy and u, be the macro- and micro-scale dis-
placement vector fields, respectively. The reference gradient opera-
tors are denoted V) in the macro-scale and V, in the micro-scale,
with corresponding divergence operators divy, and div,,.

Second-order kinematics is adopted at the macro-scale. Hence,
the kinematical descriptors that play a role in the characterisa-
tion of the macro-scale problem are uy;, Vyuy and VpVyuy.
Each point x); of the macro-scale is associated to a Representa-
tive Volume Element (RVE) at the micro-scale. Within the micro-
scale, only a first-order (classical) kinematics is considered. Hence,
the kinematical descriptors of the micro-scale are simply u, and
Vuy.

Finally, a super-imposed hat () is used in variational equations
to denote kinematically admissible virtual actions in both scales.
Tensor algebra operations (some of them non-conventional) are
used throughout the paper and are represented using intrinsic ten-
sor notation. These are defined in Appendix A.

Inertia effects will be considered throughout the manuscript,
and () will be used to denote the second time derivative. It is im-
portant to remark that the multi-scale analysis considers that the
time-scale is the same for both spatial scales. In addition, and for
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Fig. 1. Problem setting for the multi-scale model.

the sake of brevity, hereafter it will be assumed that the variational
equations are valid Vt € [0, T], and that proper initial conditions
are defined at t = 0.

3. Macro-scale high-order formulation

At the macro-scale, a high-order model of the continuum body
including inertia effects is formulated by means of the following
(equilibrium) variational problem: find a displacement field uy
Uy such that

/ [aM . ﬁM + Ay - V[\/]ﬁ]\/] + Ay - VMvmﬁM] dQu
Qu

+ / [SM . VMﬁM + Ry - VMVMﬁM — bM . ﬁM] dQM
Qu

ot
_ e N . M N
= _/39[1:1/’ ty uMdaQM + ./3{2% Iy n daQM

+/ SM-ﬁ]\/]dFAI\j, VﬁMeVM, (1)
o

where Sy, is a second order non-symmetric stress tensor, dual to
the first gradient of the displacement and Ry is a third order stress
tensor (momentum tensor) dual to the second gradient of the dis-
placement and by, is a non-inertial force per unit volume. Notice
that we have taken into account the virtual power exerted by the
inertia vector ay; and by the inertia high order tensors Ay and Ay,.
In the context of a mono-scale mechanics with second order iner-
tia, these objects take the form ay; = pp iy, Ay = ,OMII%/,1 Vyiy and
Ay = le,‘\‘,,ZVMVMﬁM, where py is the material density and Iy
and [y, are length scale parameters for high order inertia effects
(Polizzotto, 2012, 2013). We can understand a,; as being an iner-
tial force per unit volume, and Ay, and inertial stress tensor. Also,
the linear manifold 4, of kinematically admissible displacement
fields, is defined as

5 - ov - _
Z//MZ{VGH (QM), V|3QD = Uy, 7‘ = Wy, V|1-D ZUM},
M on aop M

(2)
and, therefore, the space of kinematically admissible virtual actions
ay is
v
ey

Here we have considered a Dirichlet boundary SQAD/, and a Neu-
mann 891’;’/1 in which there is, for simplicity, a unique edge Iy,
which is divided into Neumann and Dirichlet counterparts FA"f, and
FBI (lines in 3D, points in 2D), respectively (see Fig. 1). Essential

Vi = {VEHZ(QM), Visap = 0. ~0. vy :0}. 3)

boundary conditions are given by the displacement u,;, the rota-
tion wy; and the displacement i), at the edge I‘I’\J,,. For simplicity,
we have assumed that all kinematic variables are prescribed on
the Dirichlet boundary (i, and Wy, over 9Q5 and iy, over I'D),
and the Neumann boundary is the complementary part. Clearly,
IQu =0QN UIQE and Ty =THUTY c 9Qy. The operator -
denotes the derivative in the direction of the outward unit vector
ny normal to d€2). The problem setting is schematically illustrated
in Fig. 1.

The variational Eq. (1) can be solved once the non-inertial force
per unit volume by, the force per unit surface t,;, the moment per
unit surface ry; and the force per unit length sy, are specified, and
appropriate constitutive relations for Sy; and Ry, are given, i.e.

Sy = Su(Vmuy, Vi Vyuy), (4)

Ry = Ru(Vnuy, Vi Vyuy). (5)

where, for the sake of notational simplicity, we shall focus on
history-independent materials, with Sy, and R); denoting consti-
tutive functionals for S); and Ry, respectively. We remark, how-
ever, that the developments presented here can be extended in a
straightforward manner to consider history-dependent behavior.

In the context of multi-scale analysis, the variational problem
(1) can be written simply as follows: find a displacement field
uy € Uy such that

/ [PM . VMﬁM + Qu - VMVMﬁM — fM . ﬁM] dQM
Qm

ot
_ 4 N . M N
= /;Qm ty - Uy dBQM + ,/;)Qm Iy 7(9” daQM

+ / Sy - iy dFII\V], Yy € Yy, (6)
i
where we have grouped the power exerted by quantities of the
same nature introducing equivalent objects, which for the classical
high order theory (Polizzotto, 2012, 2013) results

i = by — pmiiy, (7)
Py = Sy + pulyy Vitiy, (8)
Qu = Ry + puly Vi Vil 9)

That is, the vector fy; and the tensors Py; and Qy;, have inertial and
non-inertial attributes.

Remark 1. In contrast to the classical phenomenological constitu-
tive setting, in the context of the present multi-scale formulation
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the force fy;, as well as the functionals for the stress-like quanti-
ties Py; and Qy, will be defined by means of homogenisation for-
mulae involving fields defined over the micro-scale domain. Thus,
the multi-scale model will naturally account for contributions from
micro-scale level inertia effects.

The Euler-Lagrange equations associated to the variational
Eq. (6) are obtained by means of the following procedure. First,
integration by parts in (6) is required

[— diVM PM . ﬁM + diVM diVM Qu - ﬁM — fM . ﬁ)\/I] dQM
Qu

+ Pyny, -ﬁM daﬁm - / (diVM Q[\/l)l'lM ﬁMdBQ,\N,,
QN AQy

+/ Quny - VMﬁM daQAN/,
QN

ah

_ 0 N . M N
_Agmtm uMdE)QM-i—/mmrM S 4yl

+/ Sy - ﬁM dFA’\/II VﬁM € Vu. (10)
r

N
M

Eq. (10) can be reorganised, yielding

[— diVM Py + diVM diVM Qv — f[\/I] . ﬁM dQM
Qu

+ f (IPy — divis Qui Iy — tuy) - iy LY,
aql

+[ QMnM~VMﬁMd8S2,\N/,—/ rmaﬂdaﬂl,&

aQy aql an

7,/‘ SM~ﬁmdrllC’/,=O VﬁMeVM. (]])
FN

M

Now note that, given a vector v and the surface BQAN/, with normal
ny;, we can decompose the gradient Vv as

av
an

where Il =1-ny ®ny is the orthogonal projection operator
onto the tangent plane at the considered point of the surface 9QN,,
and VI?/I stands for the surface gradient operator (partial derivative
operator with respect to the surface coordinates). Then, the prod-
uct Qumy; - Vyyliy is equivalently written as

Vv = (VI + — @ ny, (12)

N . o
Quny - Vylly = Quiy - [(V&“M)HM + 871;\/1 ® HM]

A

oty

an

Integrating by parts over the surface BQM the third term on the
left hand side of (11), we obtain

= (Quny) My - Vi + (Qumpy)ny - (13)

Qunyy - VMﬁM do Qm
QN

= /}QN (QMIIM)HM . v;?/,ﬁ]\/] dﬁﬂﬁ
O%em

+/ (Quny)ny; - BauiM dosay,
QN n
= [ divi [(Qumy) MLy - Gy 42
oo
+/FN [(Qumy)my] - Gy dT

+/ (QMnM)nM~aau—Md3§2N, (14)
aqy n

where my =Ty x Ny, Ty is the unit vector tangent to the edge
I‘l\’\/’,, div,‘z,, is the surface divergence operator and [e] denotes the
jump of e.

Replacing (14) into (11) yields

/ [ — diVM PM + diVM diVM Qm — f[\/[] . ﬁ]\/] dQM
Qu
+ /{)QN ([PM — diVM Q[\/[]nM — tm) . ﬁM daﬁm
_ / diviy [ (Qumy) Ty ] - Gy dOS2Y
QN

+/1_N ([[(QMHM)mM]] —SM) Ay dTY

Dy .
+/B§zm [(QMnm)l'lM — rm] . W dBQM =0
VﬁM (S V[\/l. (15)

Finally, by using standard variational arguments we obtain the
Euler-Lagrange equations associated to the variational Eq. (6)

—divy Py + divy divy, Qu = fiy in Qy, (16)
[Py — diviy Qu |my — divyy [(Quay) Ty ] =ty on 3QY. (17)
(Quny)ny =1y on NN, (18)
[(Quny)my] =sy  on Iy, (19)

which, together with the following essential boundary conditions,

uy =1y on IRk, (20)
oy _

78]”1\/1 =Wy on BQD s (21)
uy =ty on FB,, (22)

fully characterise the boundary value problem associated to the
variational principle (6).

Note that by introducing (7), (8) and (9) in (16), (17), (18) and
(19), the equilibrium equations for high order continua with inertia
effects are recovered. The reader is referred to Polizzotto (2013) for
further details.

In what follows, we denote Gy = Vyyuy, Gy = Vy Vyuy and,
accordingly, we define Gy = Viyiiy and Gy = Vj; V. Note that
the third-order tensor Gy is such that Gy = G;; (symmetric in the
last two indices, see Appendix A for details).

4. Multi-scale kinematics

In the context of the Method of Multiscale Virtual Power pro-
posed in Blanco et al. (2016), the definition of the kinematics of
the macro- and micro-scales, as well as how they are linked, is the
only degree of arbitrariness one has in developing a multi-scale
model. Once such kinematical relations are postulated, mathemat-
ical duality will define the associated force- and stress-like quan-
tities compatible with each scale of the model, and the Principle
of Multiscale Virtual Power will univocally lead to the RVE equilib-
rium equations as well as to the homogenisation relations linking
the micro- and macro-scale force- and stress-like quantities. The
kinematics of the macro-continuum has already been established
in Section 3. Here we shall proceed to postulate the kinematics
of the micro-scale as well as the operations of kinematical inser-
tionand kinematical homogenisation, that link the kinematics of the
two scales. These will completely characterise the kinematical de-
scription of the proposed multi-scale model.
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4.1. Kinematical insertion

Without loss of generality, we consider the origin of the coordi-
nate system of an RVE associated to a point X, of the macro-scale
to be located at the geometric center of the micro-scale domain
€, that is

/ X, 2, = 0. (23)
Q

Kinematical insertion (Blanco et al., 2016) defines how the
macro-scale kinematics at a given point of the macro-continuum
contributes to the kinematics of the micro-scale. In the present
case, the operation of insertionof the macro-scale kinematical de-
scriptors - the triad (uy, Gy, Gyy) - into the micro-scale kinemat-
ics is postulated as follows:

1 -
u, = uy + GyX, + EGM[(XM ®Xyu) —J]+1,, (24)
where J is the RVE second-order moment of volume tensor defined
by
1
1=1a,1
| ul Q

and 1, is named the micro-scale displacement fluctuation field.

Note that, by construction, J is an invertible second-order ten-
sor. The reason for the tensor J to take part in expression (24) will
be clear later. For the moment, we anticipate that the macro-scale
kinematics inserted this way allows (along with the kinematically
admissibility concept of Section 4.3) the conservation of kinemati-
cal quantities in the multi-scale transition process.

It is important to highlight that in expansion (24) the triad
(up. Gy, Gy) represents the value of the macro-scale fields uyy,
Vuuy and Vy Vi at a point Xy, of the macro-scale, associ-
ated to a given RVE, that is to say (upy, Vyuy, VyVyuy)lx, =
(l.lM, Gy, GM). Thus, (l.lM, Gy, GM) e R3 x R3x3 « (R3X3X3)S, where
(R3*3%3)S denotes the set of third order matrices satisfying AT = A
in the sense defined in Appendix A.

X, ® X dS2y,, (25)

Remark 2. The decomposition of the micro-scale displacement
field u, considered in (24) differs from the ones proposed in
Kouznetsova et al. (2002, 2004); Luscher et al. (2010, 2012) since in
the present work the contribution of the macro-scale displacement
uy is added as it will be fundamental for the characterisation of
the external power exerted per unit volume that must be consid-
ered at the RVE level when general micro-scale body and inertia
forces are present. This was actually not required in Kouznetsova
et al. (2002, 2004) because external body forces were not con-
sidered in the micro-scale analysis presented by these authors. In
Luscher et al. (2010, 2012), however, such forces were incorporated
in the analysis, but the macro-scale displacement contribution to
the micro-scale displacement was not accounted for. Another dif-
ference between the present paper and these contributions is the
form of the second-order term. While in Kouznetsova et al. (2002,
2004); Luscher et al. (2010, 2012) the second-order term features
the form %GM(XH ®Xy), in (24) we have incorporated the term
—%GM] (not present in previous contributions) which is fundamen-
tal for a correct characterisation of the homogenised part of the
micro-scale external power per unit volume. In fact, this contribu-
tion to the homogenisation is obtained in duality with the constant
component of the micro-scale displacement field uy,.

4.2. Kinematical homogenisation

The operations of kinematical homogenisationdefine how macro-
scale kinematical descriptors are related to averages (in some
sense) of micro-scale kinematical descriptors. In the present con-
text, we postulate that the homogenisation of the micro-scale kine-
matical fields is given by the following formulae:

o Homogenisation related to the macro-scale displacement vector

1

Uy = ——
|Q/l.| Q

u, dQ,. (26)

o Homogenisation related to the first gradient of the macro-scale
displacement vector

Gy = L/ V,u,,dS2,. 27)
|Q;L| Q

o Homogenisation related to the second gradient of the macro-
scale displacement vector

1
o= 1o /QM[(V,Lu,L ©X,) 0] 15 Ay, (28)

where the (-)° and (- o -) operations are defined in Appendix A.

We remark that the postulated averaging relations (26),
(27) and (28) guarantee the conservation of kinematical quantities.
In the case that the micro-scale kinematics is exclusively described
in terms of the macro-scale quantities, i.e. @i, =0 in (24), it is a
simple exercise to prove that (26), (27) and (28) hold trivially. This
sense of kinematical conservation implies that if a certain macro-
scale kinematical quantity is inserted into the micro-scale domain,
the same quantity must be retrieved by the homogenisation pro-
cess. As a result, we shall see that the fluctuation of the micro-
scale displacement field can in general be non-zero, but cannot
be entirely arbitrary. That is, additional constraints must be im-
posed upon displacement fluctuation fields in order to preserve the
macro-scale kinematics in the homogenisation process. This moti-
vates the introduction of the so-called kinematical admissibility re-
quirement, explained below.

Remark 3. The conservation of kinematical quantities is a novel
concept introduced in the present framework that establishes the
need for homogenisation rules connecting u,;, Gy; and Gy, to the
micro-scale field u,,. While averaging relation (27) is standard and
has been employed in Kouznetsova et al. (2002, 2004); Luscher
et al. (2010, 2012), (26) and (28) are postulated here in order to
establish such a connection between macro- and micro-scale kine-
matical fields. Differently from the aforementioned papers, in the
present approach the resulting kinematical micro-scale level con-
straints are entirely dependent on the definition of these averaging
relations.

4.3. Kinematical admissibility

Following the above discussion, we class as kinematically admis-
sible all micro-scale displacement fields u;, € V,, where

Vy = {v e H'(Q,). Ifgil vdQ, = uy,
I3 Qy
1
] Jg, Y = G
1 S
W/Q [(Vavex,) o) ] mu:GM}, (29)
M w

is the linear manifold of kinematically admissible micro-scale
displacements. The kinematical admissibility concept can be ex-
pressed equivalently in terms of the fluctuation of the micro-scale
displacement field @, as follows.
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First, by introducing (24) into the right hand side of (26), and
using (23), we readily obtain

1 1 .
Uy = —— [uM+GMx,L+—GM[(xM®xM) —J]+u#] a2,
12,1 Ja, 2
1
=Uy+ = a,d,. 30
gt f, B4 =
Then, (26) is satisfied provided that
/ i, d, = 0. (31)
Qu
Next, by replacing (24) in (27), we get
1
Gy = —— Gy + Gyx,, + V, 1, |dQ
0= Ty Lo ome Sl

— Gy + L/ Vi, dS2,.. (32)
|Qu| Q
Then, (27) is satisfied provided that
V,u,d2, =0, (33)
2
or, equivalently,

/ @i, ®n, diQ, — 0. (34)
39,

where n,, is the outward unit vector normal to 9€2,. Further, by
introducing (24) into (28), and using (23) and (25), we obtain

1 )
Gu = 7/ [(Gu + Gy + Vi) @x,0) 0] 1] d2,
|Qu| Q

1 -
Gy + —— / [(V,Luu ®X,,) 0171]5 ds,. (35)
12l Jo,
Then, (28) is satisfied provided that
- s
/Q (Vi ©%,)0) 1] d2, =0, (36)
”

For any vector v, and recalling that J-! is symmetric, the following
holds

(Vovex,) o] = (Vuve J7'x,))
= (V,u.((.quu) ®V))t -V® 071 VMX;/.)T
= (Vu((x) ev) —ve ] (37)

Hence, from (36), and bearing in mind that (31) must hold, we
obtain

/Q [(Vyii, @%0) o) '] de,

n

- /sz [(Vu(d %) ®iy,)) —1, ®Jf1]s ds2,

= /m [(VM((J_]XM) ®ﬁu))t]sdgﬂ - [(/Q
= [ [0 R0 250 a2,

i

i, dszﬂ> ®J-1]S

m

- [ [0 e, 00 00,

_ / i, ®n, ® J7'x,)]° ddS, =0, (38)

where () is a transpose operation defined in Appendix A.
Then, (36) can be equivalently expressed as a boundary con-
straint as follows:

/} (8, 0, @x,) 0 1] ddg, =0. (39)

oM

It is important to highlight that in the derivation of (39) we have
made use of the fact that (31) is satisfied. That is, constraint
(36) can be written as a boundary constraint only if the field @,
has zero mean value over the entire micro-scale domain.

Remark 4. It is important to point out that the derivation of the
boundary conditions comes naturally as a consequence of the con-
servation of homogenised kinematic quantities in the transition
between scales. A different approach to obtain boundary condi-
tions for a high-order model is proposed in Luscher et al. (2010,
2012), where orthogonality conditions are postulated to derive in-
dependent boundary constraints at the RVE level.

Remark 5. Comparing to previous works, the kinematical con-
straint given by (31) was not considered in Kouznetsova et al.
(2002, 2004); but it was acknowledged in Luscher et al. (2010,
2012) for the displacement fluctuation field. Nonetheless, it is not
clear in the latter works whether the constraint (31) is effectively
considered for the admissible variations of the fluctuation field
in the principle of virtual power. In turn, constraint (36), which
leads to (39), is completely new. Specifically, constraint (31) al-
lows a correct characterisation, through duality, of homogenised
forces; and, constraint (39) provides a general form to ensure the
conservation of second-order kinematics in the transition between
scales. In Kouznetsova et al. (2002, 2004) the argument to con-
struct a boundary condition resembling (39) is similar to the one
employed here; however, it is not the same, because for the deriva-
tion of boundary conditions from these constraints it is necessary
to make use of (31), which, as already mentioned, is not consid-
ered in Kouznetsova et al. (2002, 2004). Differently, the criterion
to construct boundary conditions in Luscher et al. (2010, 2012) is
based on orthogonality arguments, which yield different kinemati-
cal constraints.

Hence, the micro-scale displacement u,,, given by (24), is kine-
matically admissible for a given triad (uy, Gy, Gy), if it satisfies
(31), (34) and (39), that is if @, € V,,, where

ven,di, =0,

P, = {v cH(2). / vdQ, =0,
2 9%,

/m [(v®nu®xﬂ)oj‘1]sd89M=0}. (40)

Note that space V,, can be equivalently defined using only volume
constraints:

D, = {veHl(Qu),f vdsz,Fo,f V,vdQ, =0,
Q Q

/ [(Vavex,) o) 1] de, :o}. (41)
"

Clearly, the set of constraints (31), (34) and (39) that defines V,
in (40) is equivalent to the set (31), (33) and (36) that defines V,
in (41). In fact, these two sets of constraints over the fluctuation
field @, are equivalent to the original relations between macro-
scale and micro-scale kinematical descriptors given by the set of
Eq. (26), (27) and (28) which define the linear manifold V,, in (29).
That is, assuming that u,, is expanded as in (24), then u, €V, if
and only if @i, € V.

Remark 6. The complete characterisation of the space of admis-
sible displacement fluctuation fields, V,,, provides the kinemat-
ical foundation upon which the principle of multi-scale virtual
power is to be regarded. That is, the constraints that play a role
in (40) (or, equivalently, in (41)) inevitably affect the micro-scale
mechanical equilibrium problem. Therefore, since novel kinemati-
cal constraints are derived in the present work, they will result in
a novel multi-scale model.
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Remark 7. The space V, introduced above is the space of mini-
mally constrained displacement fluctuations such that the kinemat-
ical relations between both scales are satisfied. Any subspace,
17; C V. can be adopted as a kinematically admissible space of dis-
placement fluctuations and should serve, in this sense, to derive
more kinematically constrained multi-scale submodels (e.g. models
based on the assumption of null RVE kinematical boundary con-
ditions for the displacement fluctuation field, or on suitable gen-
eralisations to this high order setting of periodic boundary con-
straints). This choice of “working” space of kinematically admissi-
ble displacement fluctuations is rather arbitrary and, if a realistic
model is to be derived, should be made so as to capture the real
kinematics of the physical problem in question as closely as possi-
ble.

Finally, it should be noted that, since all the kinematical con-
straints on 1, are homogeneous, it follows that the corresponding

virtual actions, denoted i, satisfy @, € V.

5. Principle of Multiscale Virtual Power (PMVP)

Having completely characterised the kinematics of the multi-
scale model in question, we shall now proceed to state the Prin-
ciple of Multiscale Virtual Power- one of the pillars of the multi-
scale variational framework developed in Blanco et al. (2016). This
principle effectively postulates that the total virtual power is con-
served across scales and, by means of standard variational argu-
ments, leads univocally to the homogenisation formulae for the
relevant force- and stress-like quantities, as well as to the micro-
scale equilibrium equations appropriate for the present model.

For the sake of completeness, and to gain further insight
into the theory, two equivalent forms of this principle are dis-
cussed here, namely the Primal Variational Statement and the La-
grange Multiplier Variational Statement, presented respectively in
Sections 5.1 and 5.2.

5.1. Primal variational statement

This version of the Principle of Multiscale Virtual Power is es-
tablished by considering that the kinematical constraints, discussed
in Section 4, are embedded in the definition of the kinematical
functional space V,, defined by (40) or (41).

Let us firstly introduce the total virtual power at a macro-scale
point Xy, according to the macro-scale problem (1). The total vir-
tual power is a linear functional of the triad (iiy, Gy, Gy) whose
form is

P, (A, G, Gu) = |2, (Pyr - Gy + Qur - G — fiyr - ). (42)

Since our aim here is to describe the micro-scale mechanics by
means of the classical continuum theory with inertia effects, the
total virtual power of the RVE is, in turn, a linear functional of only
the virtual micro-scale displacement field, @, and its first gradi-
ent, V1. Its classical form is

P (d1,, V) :/Q (P - Vil — (£, — i) - 6,) d2,.. (43)

where P, is the first Piola-Kirchhoff stress tensor, f,, and p, are,
respectively, the micro-scale body force and mass density fields.

The Principle of Multiscale Virtual Power for the present case
states that the total virtual power at a given point Xy of the
macro-scale must equal the total virtual power produced at the
associated micro-scale domain €2, for all kinematically admissi-
ble virtual fields. That is, the following variational equation must
be satisfied,

|2, (P - Gyt + Qui - G — fiu - T )

- /Q Py - Vit — (£, — pyeity) - ,) A2,
Y (@i, Gy, Gy) and Vi, kinematically admissible. (44)

Or, equivalently, by introducing (24) in the above, the Principle of
Multiscale Virtual Power can be expressed as

Py - Gy + Qu - Gy — iy - iy

1 - . 5
- @ /Q P, - Gy + GuX, + Vi) A,

1 / .
—= f, — pui
|QM| Q“( w— Pully)
R ~ 1. 2
.(uM + GyX, + §GM[(XM *Xu) —Jl+ uu> sz,
Y (fiy, Gy, Gu) € R? x R x (R¥373)S Vi, € V. (45)

Remark 8. For further comparison with previous contributions in
the field, note that PMVP (45) takes into account the effect of
micro-scale body forces (including micro-scale inertia) in the phys-
ical coupling between scales. This effect was accounted for in
Kouznetsova et al. (2002, 2004). In turn, although body forces were
incorporated in the multi-scale formulation proposed in Luscher
et al. (2010, 2012), recall that the model developed here is based
on a different expansion of the micro-scale fluctuation field (kine-
matical insertion operation), resulting in a different expansion of
the admissible variations #,, that, as a consequence, characterises
a different space V,. This affects the way in which the kine-
matical descriptors (displacement and deformation gradient) ex-
ert power against dual counterparts (force and stress). Therefore,
the mechanical equilibrium is modified, and so are all subsequent
homogenisation procedures derived from the PMVP. This will be
clearly shown in the homogenised formulae derived in what fol-
lows.

5.2. Lagrange multiplier variational statement

The main reason for using this alternative Lagrange multiplier-
based form of the PMVP is that it naturally unveils the reactive
forces and stresses resulting from the kinematical constraints in-
corporated in the definition of the space V,, that takes part in
(45). As we shall see later, such reactions add significant insight
into the fundamental link that exists between the postulated kine-
matical constraints of the RVE and the homogenised force- and
stress-like quantities that appear at the macro-scale.

For the present model, the Lagrange multiplier variational state-
ment is obtained by simply removing the kinematical constraints
of the space V,, defined by (40) or (41) and then enforcing these
constraints by means of appropriate Lagrange multipliers in the
PMVP. For convenience, we shall enforce these constraints explic-
itly in their volume integral format. i.e., we will work with (31),
(33) and (36) (as in definition (41)). These constraints will be asso-
ciated with the Lagrange multipliers denoted ¢, T and M, respec-
tively. Accordingly, the Principle of Multiscale Virtual Power (45) is
rewritten as

Py - Gy + Qur - Gy — fiy - iy

1 PP N
= m /;2” PIL . (GM +GMX;I. + Vﬂuﬂ)dgl’«

1
(fy — ppiiy)
] Quu Pully

1, .
: (uM + Guxy + EGM[(X}L ®x;) -]l +uu> a2,

1 1 .
+e‘(7 ﬁdQ>+c~<—fﬁdQ)
|Q/4| Q " a |QM| Q . .
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N 1 N 1 2
(g7 f, Vo) =T (1 f, Vil d)

- <|Qlu| /Q (Vi © %) OJ_l]SdQM)

- wu(lggﬁ fszu[(vuﬁuggxﬂ)oJ*l]Sdszﬂ)

Y(iiy, Gy, Gy) € B3 x R¥3 x (R¥33)S, Vi1, e H'(Q,).
V&, T, M) e R3 x R3S x (R3373)S, (46)

where the signs of the terms containing the Lagrange multiplier
have been chosen for convenience.

It should be noted that the volume constraints (33) and
(36) were used to derive boundary conditions (34) and (39) in
Section 4. However, it must be observed that in order to obtain
(39) the restriction (31) has been used. Thus, the boundary con-
straint (39) is not independent from (31). In the Primal Variational
Statement this fact has no consequences because fields in ¥, au-
tomatically satisfy (31). However, in the Lagrange Multiplier Vari-
ational Statement restriction (39) can not be used, and it requires
the enforcement of the original (volume) constraint (36).

Remark 9. Clearly, variational formulation (46) is valid for the case
of the minimally constrained space of admissible fluctuation fields,
that is V. If an RVE model with additional boundary constraints is
considered, it is necessary to replace the terms associated to con-
straints (33) and (36), that is, the terms corresponding to the La-
grange multipliers T and M, and their variations T and M, by terms
with the following form

_f £, -, daszu_f r, 8,409, ri el (47)
0y, [ om

where L is an appropriate space that characterises the structure
of the Lagrange multiplier r;, and its variation. In other words,
this space characterises the nature of the constraint. For exam-
ple, in the case of zero fluctuation i, imposed over d€2, we have
L=H"12(3Q,). For the sake of clarity, in the forthcoming de-
velopments the minimally constrained model (variational formula-
tion (46)) is considered, and the connection with other (more con-
strained) models will be made as appropriate.

6. RVE equilibrium problem and homogenisation formulae

Within the framework of the Method of Multiscale Virtual
Power of Blanco et al. (2016), the RVE equilibrium problem as
well as the homogenisation formulae for the force- and stress-like
quantities are derived from the PMVP, by means of straightforward
variational arguments. The variational Eq. (45) is perfectly suited
to this end, as it includes all the ingredients needed to complete
the characterisation of the multi-scale model. Here, however, we
shall opt to use the equivalent Lagrange multiplier formulation
(46) instead. Since our main aim in this paper is to look deeper
into the second-gradient multi-scale formulation, the adoption of
(46) will be very useful in providing a clear insight into the role
played by the reactive forces caused by postulated RVE kinematical
constraints.

6.1. Micro-scale equilibrium problem

We start by deriving the RVE equilibrium equation. To this
end, we simply set fiy; =0, Gy =0 and Gy =0 in (46), which
leads to the following RVE variational equilibrium problem: find
i, € H'(R,,) and the triad (¢, T, M) € R? x R¥*3 x (R3*373)S such
that

Iéﬁ/g [P, = T+ M %)) - Vi,

—((f, — ppiiy) —© ﬁu] a2,

1 1
+é-(— ﬁdQ)—T-(— Vi dsz)
1Qul Jg, " 1Qul Jg, *“H

_,c,"(L/ [(Vﬂﬁﬂg;x#)o_]—llsd{z#)zo
|Qu| Q

Vi, e H'(Q,), V& T, M) € R? x R¥S x (RP33)3, (48)

Next, we set ¢ =0, T =0 and M = 0 in (48) to obtain

/ [P, — T+ M@ %)) - Vb,

—((f, — ppiiy) — ) - ﬁlj,] d2, =0
Vi, € H' (Q,). (49)

Integrating by parts the first term in (49) gives

—/Q [divy (P — (T+ MU %)) + (£, — puiiy,) — ¢l -, dS2,,

+ fa (P — (T+M(~"x,)))n,, - i, dIQ, = 0
Ql‘«

Vi, € H'(Q,). (50)

Since T and M are constant tensors, the previous expression is
equivalent to

—/ [div,, Py — M+ (£, — pyui) — ] - 1, <2,
Qu

+ /3 (P — (T+M(~"x,)))n,, - i, dIQ, = 0
Ql‘«

Vi, € H' (Q,). (51)

which, by means of a trivial variational argument, leads to the
strong form of the RVE equilibrium:

puily —div, Py, =f, — (c+MJ71)  in Q,, (52)

P,n, = (T+M(J'x,))n,  ondL,. (53)

Remark 10. If a model with more boundary constraints is consid-
ered (see Remark 9) then Eqs. (52) and (53) read

ppty, —div, P, =f, —¢c  in Q, (54)
P,n,=r, onad,. (55)

That is, the traction over the boundary is fully defined by the La-
grange multiplier r,.

This, together with the following equations naturally derived
from (48),

/Q i, dS, = 0, (56)
fQ Vi, 492, = 0, (57)
/Q (Vi ©X,) 0 ' dy = 0, (58)

comprise the subset of Euler-Lagrange equations that characterises
the RVE (or micro-scale) equilibrium problem. Obviously, from pre-
vious developments we have that Eqs. (56), (57) and (58) are
equivalent to (31), (34) and (39), respectively.

Finally, we remark that the micro-scale equilibrium problem
is completely characterised when the micro-scale force per unit
volume f;, is given, together with a constitutive relation P, =
Pu(Vyuy,) for the micro-scale Piola-Kirchhoff stress.
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6.2. Body force homogenisation formula

The homogenisation formula for the body force can be obtained
by simply setting € =0, T=0, M=0, Gy =0, G,y =0and i1, =0
in (46). This gives

1 )
fy = 7/ (£, — ppiiy) A (59)
2.l Ja,

Moreover, we could decompose it into inertial and non-inertial
contributions to the macro-scale body force f,;, which allows us
to arrive at the following expressions (see (1))

1

Ay = =
|QM| Q

Pully, dS2,,, (60)

1
bziffdsz. 61
M |Q/L| QM,u. " ()

Remark 11. While the homogenisation formula (59) has been nat-
urally derived within the present framework as the dual object
that exerts power against the constant (uniform in space) compo-
nent of the micro-scale displacement field, i.e. uy, (see (24)), no
homogenisation formula of this kind was derived in Luscher et al.
(2010, 2012) from the balance of virtual power between scales.

6.3. Generalised stresses homogenisation formulae

Seeting €¢=0, T=0, M=0, G =0, Gy =0 and @, =0 in
(46) leads to the homogenisation formula for Py;:

1 .
Py = —[ (P — (F — ppuiiy) @ X)) dS2,. (62)
12l Ja,

As already anticipated, the tensor Py, possesses inertial and a non-
inertial components, the former being a consequence of the inertia
forces in the micro-scale. In the context of expression (1), putting
Py = Ay + Sy, we could arrive here at the following identities

1 ..
Au = o [ puiy ®%, %, (63)
12,1 Ja,

1
stif (P, — £, ®%,)dQ.. (64)
|Qu| Q

Remark 12. From expression (62) it is seen that Py; depends on
i, both explicit and implicitly. The explicit dependence is eas-
ily seen from the decomposition Py = Ay + Sy, introduced above,
where Ay accounts for such explicit dependence. However, it is
important to notice that there is still the implicit dependence in
the tensor Py, which, through the equilibrium problem (49), also
depends on 1,. This implies that there exists an implicit depen-
dence of Sy, on ii,.

A fundamental homogenisation formula equivalent to (62) is
proved in Appendix B. It expresses the macro-scale stress tensor
Py as a function of RVE boundary data alone as

1
P =—/ t, ®Xx,d02,, (65)
MUl Jog, T

where t, =P, n,.

While expression (62) can be seen as a weak homogenisation
formula, the equivalent formula (65) is understood as a strong
homogenisation formula, as its derivation requires the use of the
strong form of the equilibrium equations.

Remark 13. For models with more boundary constraints, for which
(54) and (55) hold, following the same procedure that led to

(65) (see Appendix B), the same formula remains valid, and in this
particular case reads

1

Py=-—~—
"R o,

r, ®X,d02,, (66)

with r, the corresponding Lagrange multiplier (see Remark 9).

Finally, by setting ¢=0, T=0, M=0, i,=0, Gy =0 and
u, =0, Eq. (46) gives

— 1 S
@ = i1 Jo, (ro%0
1 ..
- j(fu — Pully) @ (X ® Xy, —J)) asa,. (67)

As with Py, we can understand the tensor Qy as having inertial
and a non-inertial components, that is, we can write Qy = Ay +
Ry, where

1 1 .
Ay = —/ SPplly ® (X, Xy, —]) dS2,, (68)
|Q;L| Q2 2

1

Ry = ——
|Q/t| Q2

1
((P,L ©%X)° ~ 5y ® (X B, —])) A,  (69)
Remark 14. Similar to Remark 12, from expression (67) it follows
that Qy depends explicitly and implicitly on i1, the latter through
the relation between P, and i, established by the equilibrium
problem (49).

In Appendix C it is proved that, like Py;, Q) can also be ex-
pressed as a function of RVE boundary data alone

1 1 1
Qu+s@Qu el = —f L ex, 0%,d0Q,.  (70)
2 12,1 Jag, 2

Analogously, expression (67) could be understood as a weak ho-
mogenisation formula, while formula (70) can be seen as a strong
homogenisation formula.

Remark 15. For models with more boundary constraints (54) and
(55) hold. In such case, the Lagrange multiplier M is not present
in the formulation, and following the same procedure that led to
(70) (see Appendix C), it is easy to show that instead of (70), the
following formula holds

1 1r,l(»px,tch,idasz,u (71)

=57/ >
M |QM| E)QMZ

with r, the corresponding Lagrange multiplier (see Remark 9).
Again, a formula depending solely on boundary data has been re-
covered.

Remark 16. In the absence of forces per unit volume (f, =0)
and inertia effects (i, = 0), the homogenisation formulae (62) and
(67) coincide with those derived in Kouznetsova et al. (2002,
2004); Luscher et al. (2010, 2012). Nonetheless, the formulae
(62) and (67), which have been shown to be equivalent to (65) and
(70), have striking differences when compared to the results re-
ported in Luscher et al. (2010, 2012). In contrast to the present
results, the homogenised stresses in such contributions cannot
be expressed as a function of boundary data alone. The present
paper extends our previous findings for the first-order theory
(de Souza Neto et al., 2015) to second-order models with body
forces, and highlights the fact that macro-scale stresses must
necessarily remain identifiable in terms of RVE boundary data
alone. This is a fundamental property in the definition of macro-
scale variables, pointed out by Hill in (Hill, 1972). A further dif-
ference with respect to Luscher et al. (2010, 2012) is that the
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contribution of the body forces f;, to the high-order macro-scale
stress tensor Qy, is generated here by the tensorial product with
X X, =D

6.4. Reactions to RVE constraints and homogenised forces and
stresses

In kinematically-based mechanical variational settings, Lagrange
multipliers typically used to enforce kinematical constraints are re-
actions to the constraints they are meant to enforce. In the context
of the Principle of Multiscale Virtual Power (46), c is the reactive
force required to enforce constraint (31), T is the reactive stress to
constraint (33), and M a higher-order stress reactive to (36).

Further to the above comment, we prove in Appendix D that
these reactive force- and stress-like quantities in fact satisfy

C= f[\/l, (72)
T="Py, (73)
M = Q. (74)

That is, the homogenised body force f; is simply the reaction to
the kinematical constraint (31). The homogenised stress Py, is the
reaction to (33) and the homogenised higher-order stress Q) is a
reaction to constraint (36).

Remark 17. The characterisation of Lagrange multipliers given by
(72)-(74) has been obtained under the assumption of minimal con-
straints for the RVE kinematics (see variational Eq. (46)). For mod-
els with further boundary constraints, expression (72) turns into
the following

c="fy - r,doS2,. (75)

1
|Q/4| iom
while the characterisation of the Lagrange multiplier r, depends
on the definition of the space L (see also Remark 9).

Remark 18. Now that the meaning of the Lagrange multipliers is
fully understood, the RVE equilibrium problem (49) reveals that
the virtual power exerted by the fluctuation of the stress state
given by f’u =P, — (Py+Qu(J'x,)) equals the external virtual
power exerted by the fluctuation of the force per unit volume
fy = (f. — puiiy) — fy, for all @i, € H'(Q).

These findings provide a very significant insight into the na-
ture of homogenised force- and stress-like quantities in RVE-based
multi-scale theories which, to our knowledge, has not been re-
ported in the literature. Their identification as reactions required to
enforce the postulated RVE kinematical constraints provide a very
clear link between the kinematics of the RVE and the resulting ho-
mogenised force- and stress-like quantities “visible” at the macro-
scale level. Obviously, this implies that RVE kinematical constraints
and homogenisation formulae for force- and stress-like quantities
cannot be postulated independently and that, if ignored, may lead
to inconsistencies in the resulting theory.

Finally, we remark that for the sake of completeness, we
present in Appendix E an alternative, yet equivalent, variational
formulation in which the constraints (26), (27) and (28) are di-
rectly enforced, and from which the same physical interpretation
of Lagrange multipliers is obtained.

6.5. Generalised “uniform” boundary traction formula

Under the assumption of minimal RVE kinematical constraints
(31), (33) and (36), the tractions on the RVE boundary were found
to be given by (53), in terms of the Lagrange multipliers T and M.

In light of the identities (73) and (74), the RVE boundary traction
field in this case (minimal constraints) reads

P.n, = Py +Qu(J~'x,))n,  on dL,. (76)

This identity generalises, to the present second-gradient multi-
scale model, the concept of uniform RVE boundary tractions associ-
ated with minimal constraints in the classical (first-gradient) RVE-
based mechanical theory. In the classical theory, this reads simply
de Souza Neto et al. (2010)

P,n, =Pyn, on dQ,. (77)

Remark 19. It should be noted that, if further constraints are
incorporated into the RVE kinematics (e.g. properly generalised
boundary periodicity, homogeneous kinematical boundary condi-
tions), then (76) no longer holds in general. However, all other
findings concerning the reactive nature of homogenised forces and
stresses remain valid, regardless of the particular set of constraints
chosen to describe the kinematics of the RVE.

7. Tangent operators

For the sake of simplicity we shall assume in the present sec-
tion that the mechanical problem is quasi-static. We shall also as-
sume that the micro-scale constitutive behavior is defined through
a standard constitutive functional of the form P, =P, (V, u,),
which, in view of (24), can be written as

PM = PH (GM + GMXH + Vuﬁﬂ). (78)

In addition, we have a relation @, =1i,(Gy,Gy) established
through the micro-scale equilibrium problem, which is repeated
here in the quasi-static case for the sake of readability

f [P, (Gay + GarX + Vi) - Vi — £, - 8,]d 2, = 0
Q/J-

Vi, eV, (79)

In such case, expressions (62) and (67) state that the ho-
mogenised objects Py; and Qy are (multi-scale) functionals of the
form

Py = Py (G, Gu), (80)

Qu = Qu(Gpm, Gy). (81)

Now, we are interested in calculating the following tangent opera-
tors (tensor order is also shown for clarity)

4th order DGPI\/[[(SGM] = %P)\/I(GM + 1t6Gy, Gyy) s (82)
=0
d
5th order  DgPu[8Gum] = EPM(GM7 Gu+7TéGy)| .,  (83)
=0
d
5th order  D¢Qu[8Gu] = EQM(GM + 178Gy, Gw)| . (84)
=0
d
6th order DGQM[(SGM] = EQM(GM’ Gy + 'L'SGM) . (85)
=0

It can be readily verified that these tangent operators are com-
posed of a Taylor-like component (explicit dependence with re-
spect to Gy and Gy, which ignores the contribution of fluctua-
tions) and a fluctuation component (implicit dependence through
the fluctuation displacement field @,,). For example, for the tan-
gent operator DgPy, the Taylor component, denoted by DEPM, is
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easily obtained as follows

DEPy[8Gy]
1 d
|§2 A T P, (Gy+713Gm+GuX, + V1, (Gy, Gy)) i aQ,
g =0
] ~
=191 Jo Cu(Gm + GuXy + Vi, (Gy, Gy))0Gy d2),
H m
1
:[W |, Cn dQ/L]‘SGMv (86)
wlJa,

where C,, is the classical fourth order tangent constitutive operator
of the material in the micro-scale. Therefore, we have

D{Py = L/ C, dQ. (87)
|QM| Q

Similarly, the fluctuation contribution to the tangent operator, de-
noted DgPy, is obtained as follows:

DePu[8Gu]
1 d

|Q | o dz PM(G)\/I-FG[\/[XM-FVMUM(G[\/]-FT(SG[\/[, G)\/I))
m

e,

=0

1
- 7|Qu| /Q ColS,8Gy]dSy. = [7|Qu| /Q Cp oS, dQM]SGM,

(88)

that is (see Appendix A for the definition of operations)

DePy = L/ CpoSudQy,. (89)
12l Ja,

In the above, the fourth order tensor S, represents the tangent

relation between V1, and Gy, i.e. Vi, =S,5Gy, and is ob-

tained by linearizing problem (79). That is, S, is characterised by

the following linear problem:

/Q Cu Vi, - Vi, dS2y = — /Q CubGyr - Vil dS2,,
I3 M

Vi, €V, (90)

In this manner, the fluctuation component of the tangent operator
results
DgPy =

CpoS,dS2y,. (91)

1
|Qu| Q2
Then, we have the complete characterisation of this tangent oper-
ator
~ 1
DePy = DEPy + DgPy = m/ (Cp+CpoSy) dS2,. (92)
wl JQy,
In a completely analogous manner, we have that the Taylor con-

tribution to the operator DgP);, denoted by DEPM, is obtained as
follows:

DEPu[8Gu]
1 d
PM(GM-F(G]\/]-FT(SGM)XM—I—V u,u(GMvGM)) dQM
|Q | Qud 7=0
1 ~
=1 Js Cu (G + GuXy, + Vi, (Gyr, Gyr)) (8Gyx ) A2y,
wlJe,
:[L/ cu®xﬂagu]acm. (3)
2] Jo,
Hence, we obtain
DLPy = L/ Cp ®X,dQ,.. 04)
1Qul Ja,

The fluctuation component of this tangent operator, denoted
DgPy, is

DcPu[8Gu]
_ ls%l/mdiTP,L(GMJFGMx,ﬁVHﬁM(GM, G+ oG | d2,
- ﬁ/ C oS, (8Gyx,)] A2y

[IQ I/ (Cp0S,) ®X, Ay ]SGM, (95)
that is
DoPy = 1o |/ (Cpu0S0) @ X, dQy.. (96)

Then, the complete fifth-order tangent operator reads

DGPM:D—(I_-‘,PM‘i'ﬁGPM: (CM+CMOSM)®XM dQM

1
|Q;A| Q
(97)

Following the same procedure, it is straightforward to obtain
the characterisation of the fifth- and sixth-order tangent operators
DgQyp and DgQyy, given by

DcQum[8Gum] = DEQM[(Scm] + DcQu[8Gu]
- |/ ([(Cpt + Cp 08,)8Gu] ®%,)° d2y. (98)

DcQu[Gum] = DTQM[5GM] + DQu[8Gw]

/ ([((Cp+Cp 0 5,) 8X,)8Gw] @ X,0)° A2,

(99)

o]

8. Summary and concluding remarks

An RVE-based multi-scale model featuring a macro-scale
second-gradient theory linked to a first-order classical continuum
description at the micro-scale level has been derived and exam-
ined in detail within the general framework of the Method of Mul-
tiscale Virtual Power recently proposed by the authors in Blanco
et al. (2016).

The MMVP has been shown here to provide a robust frame-
work, whereby multi-scale models can be rationally derived in a
kinematically-driven fashion by means of the following clear and
well-defined steps:

(i) Postulation of the kinematics of the macro- and micro-
scales, i.e., definition of the kinematical descriptors of each
scale of the model. In the present case we have the triad
(up, Vyuy, Ve Vyuy) = (uy, Gy, Gyy) at the generic point Xy,
of the macro-scale, and the pair (u,, V,u,) of kinematical
fields over the RVE domain;

(ii) Postulation of kinematical insertion and kinematical homogeni-
sation such that kinematical quantities are preserved in the
scale transition. Here, kinematical insertion is defined by
(24) and kinematical homogenisation by (26)-(28). This leads to
the idea of kinematical admissibility, which automatically de-
fines the minimally constrained functional space of of kinemat-
ically admissible fluctuation fields of the RVE;

(iii) Mathematical duality then allows straightforward identifica-

tion of the force- and stress-like quantities compatible with
the kinematical assumptions at both scales, namely, the triad
(fv. Py, Q) at Xy, and (trivially) the pair (f, — pii,. Py) of
body force and first Piola-Kirchhoff stress fields over the RVE;
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(iv) Statement of the corresponding Principle of Multiscale Virtual
Power, (45) (or (46)), based on the duality pairings identified
in steps (i) and (iii), whereby the total virtual power of the
macro- and micro-scales are balanced. This principle leads nat-
urally, by means of straightforward variational arguments, to
the equations of equilibrium of the RVE as well as to the ho-
mogenisation formulae for the force- and stress-like quantities
of the model, and completes the characterisation of the multi-
scale model.

In addition, due to its variational basis, the MMVP naturally
provides insight into the foundations of the model. For example,
by re-writing the PMVP in the equivalent form (46), using Lagrange
multipliers, the impact of the kinematical hypotheses upon the re-
sulting model was made very clear, as the homogenised force- and
stress-like quantities of the macro-scale are identified as reactions
to kinematical constraints imposed upon the RVE. Also, the equiv-
alent representation of such quantities exclusively in terms of RVE
boundary data has been obtained in a straightforward manner.

Moreover, the present multi-scale model was developed in the
context of transient problems, also featuring relations that describe
the contribution of micro-scale inertia effects to the high-order
macro-scale continuum formulation. In this regard, the MMVP
allowed these inertia effects to be naturally incorporated in a
straightforward manner in the analysis.

Throughout the paper, conceptual differences and similarities to
existing theories have been highlighted, facilitating the analysis of
the contributions made by present approach.

In summary, we believe the MMVP to be a powerful tool to ad-
dress the development of new multi-scale models in a manner that
avoids potential inconsistencies. This appears to be particularly
true for models exhibiting distinct kinematics at the macro- and
micro-scales, such as the second-gradient model presented in this
paper. The method can be also very useful in analysing existing
multi-scale models, as the links between kinematics, equilibrium
and homogenisation rules are made clear, allowing an easy detec-
tion of possible inconsistencies. We also remark that the method
is by no means restricted to classical mechanical problems. Any
class of problems where a Principle of Multiscale Virtual Power
makes sense can be addressed by the MMVP. This encompasses the
multi-scale description of a wide range of phenomena, including
the formulation of RVE-based models of multi-scale fluid mechan-
ics, micro-scale strain localisation (Sanchez et al., 2013), micro- and
macro-scale fracturing (Toro et al., 2016), multi-scale solid dynam-
ics (de Souza Neto et al., 2015), transient heat transfer, particulate
media, among others. Some of these will be addressed by the au-
thors in forthcoming publications.
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Appendix A. Tensor algebra

Let a,b,c,... be vectors, A,B,C,... second order tensors and
A, B, C,... third order tensors. We introduce the following opera-
tions, most of them defined in terms of the standard internal prod-
uct between two vectors denoted by a - b:

e given A=a; ®a, and b, then Ab = (a, -b)a;;

e given A=a; ®a,, then AT =a, ®@ay;

e given A=a;®a, and B=b; ®b,, then A-B=(a;-by)(ay-
by);

e given A=a;®a,; and B=b; ®b,, then AB= (a, -by)(a; ®
by);

e given A =a; ®a, ®az and b, then Ab = (a3 -b)(a; ® ay);

e given A=a;®a,®as and B=b; ® b, ® b3, then A-B = (a; -
by)(az - by)(as - bs);

e given A=a;®a®as
(a3 -by) (a3 -by)ay;

e given A=a;®a;®az and B=b;®b,, then AocB=(a3-
by)(a; ® a; ® by);

e given A=a;®a;®a;, then AT =a;®as;®a,, and AS=
J(A+AT);

e given A=a; ®a, ®as, then A'=a3 ®a; ® ay;

e given A=a;®a,®az3®ay and B=Db; @b, ® b3 ® by, then
AoB = (as-by)(as-by)(a; ®a; ®b; @ by);

e given A=a;®a,®az3®ay and B=b; ®b,, then AB= (a3
by)(as-by)(a; ®@ a);

e given A=a;®a,®a3®as,®as and B=b; b, ® b3, then
2AB = (a3 - by)(as - by)(as - b3)(a; ® a).

and B=b;®b,, then AB=

Appendix B. Homogenisation of Py; from boundary data

Let us find a homogenisation formula equivalent to (62) that ex-
clusively depends on boundary information. To do this we write

P, dQ, — / P, V,x, d,
Q Qu

—/ div, P, ® X,, d2,, +/ P,n, ®X,doS2,.
Q %,

(B.1)
Using (B.1) and the equilibrium form (52) into (62) yields

1 . .
Py = —[/ (—div, P, ®Xx, — (f, — puiiy) ®X,)dQ2,
|Qu| Q

+/ Pﬂnu®xﬂdas2“]
A

1
[—/ (C+MJ‘1)®x#dQM+/ t#®xﬂd8§2M]
[€2,] Q. 9%,

1
= m/asz t, ®X,d02,, (B.2)
'

where we denoted P, n;, = t,, the traction over the boundary 92,
and where we have used the assumption (23) and the fact that c,
M and ] are constant entities. Thus

1

Py= -
12,1 Jaq,

t, ®X,d02,. (B.3)

Appendix C. Homogenisation of Q; from boundary data

Let us again find a homogenisation formula for Q) depending
exclusively upon boundary data. Firstly, in Appendix F it is proved
that the following relation holds

1 .
/ (P, ®x,)°dQ, = —2/ div, P, ® X, ® X, d2,
Q Qp
1
+ i/asz P,n, ®x, ®x%,d0S2,. (C1)
"

Considering (C.1) and the equilibrium (52) into (67) results
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1, . "
Q= gy [, (5@ = G pui)

1 .
® (% ® %) + 5 (£ — peit) ®J)] s,

1 1
120 e §Punu®xu®xu dos2,
)L
1 1
:_|Qu| Q#Z(H_MJ ) ®X, ®X,dR,
1 1 i
+ —Igul 5(/9 (f, - pMuM)dQM> ®]J
%
1 1
+m/éﬂ 2tM®XM®XMd89
1 L1 )
=f§<c+MJ f—lgﬂlfﬂ (fu*puuu)dgu) ®]
m
1 1
|Qu| o 2t" Xy @ X, d0S2,. (C2)
M

Hence, using (59), we have

1 1 1
Qm+7(c+MJ*1—fM)®J:—/ Sty ® X, ® X, O,
2 |Qu| lom 2

(C3)

In view of the results given by identities (D.3) and (D.9), obtained
in Appendix D, we finally arrive at the following equation

1 1

1
Qu+s@Q Hel=—5—] 5
M 2( M.' ) J |Q[J,| 3QMZ

t, ®X, ®X,dI2,. (C4)

Appendix D. Physical meaning of the Lagrange multipliers

Let us explore the meaning of the Lagrange multipliers in the
variational formulation (46), that is, for the case of minimally con-
strained fluctuations.

Consider that 1, is the constant vector function in the varia-
tional Eq. (49). Then, we arrive at the following relation

[ (= puis) - )2 ~o. (D)

"

Since the Lagrange multiplier c is itself a constant, we have

c= L/ (£ — ppitiy) dS2,., (D.2)
|Q;A| Q

or, in view of (59)
C= f[\/l. (D.3)

Consider the homogenisation formula for Py, derived in (B.3).
Now, introducing the expression for the traction t, =P,n, ob-
tained in (53) into (B.3), yields

1
Py = 7/ (T+M(J 'x,))n, @x, dIQ,. (D4)
|Qu| 02,

For simplicity, consider Cartesian coordinates and, recalling

(23) and that T, M and ] are constant tensors, let us develop the
right hand side in the expression above

1
[Pulij = oA /BQM([T]ik + (Mg I Tmn X Tn) [ T[] A2,
1
= Mg /9 LA EE

+ [ML-km[rl]mnﬁ / Xl ), 492,

)
= Mg Jo, ax,, 95

# Mlanld oy [ g (o) 82
- mikﬁ [ e,

+ Mhinl] s |, bl + W) 492,
— [Tl + [M1,~kmu-11mk|§;ﬁ [ EATE

+ MIgnld g [ Dol

= [T];;. (D.5)

Hence, we obtain
T =Py. (D.6)

Consider now the homogenisation formula for Qy obtained in
(C.3). Using the result derived in (D.3) and the expression for the
traction t, = P,n, given by (53) into (C.3), leads to

Qu + %(MJ”) ®J
1

1
=12 e i(T+ M 'x,))n, ® X, @ X, dIS2,. (D.7)
23 m

Analogous to the previous development, let us consider Cartesian
coordinates, recall (23), take into account that T, M and J are con-
stant tensors and that MT =M and J =J7. Then, the development
of the right hand side in expression (D.7) gives

[Qulie + 5 [Mlmn 1 ol

1 1

= m‘/zmﬂj([’r]il + [M]ilm[.rl]mn[xu]n)[null[xulj[xu]k daQu
11

= Mg gy [, I xceda,

+ M) m%'g;f' L, Bl e 92,

1

=My 2] Jo, a[x, T

([XM]][X,LL]k) dQ

+ [M]yml]™ 1]mn ([xu] [xu]][xu]k) dQ

2|, |/ 8[xu]

1 1
=My gy f, alRcle Ul 42,

1 1
+ [M]ilm[]q]mnimfgu ([l]nl[xu]j[xu]k
+ [l Xp In (X dk 4+ M X 1n[X 0 1) d2,
= M fei Do+ Mo g [ Dol 49

l
2T ., ebblede,
u

1
Xy nlX ] dS2
2 |QU«| /“[ /A]n[ /L]k 1%

T R R Y A RCA TS

+ [M]xlmu 1]m

+ [M]ijm[.l mn=

S M 0t 3 IM T 0 (M i3~ Ty

S b1 D0+ 5 Mg+ 5 M LT
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1 1
+ E[M]ijk + E[M]ikj

= 2 IMlinlI il

= %[M]nm[J’l lim 1k + [Mjk.-

Now note that the second term in the left hand side is identical
to the first term in the right hand side, therefore we arrive at the
following result

M = Qu.

(D.8)

(D.9)
Appendix E. Alternative analysis of the Lagrange multipliers

Alternatively to the variational formulation (46), let us enforce
kinematical constraints (26), (27) and (28) through Lagrange multi-
pliers, which are denoted by c*, T* and M*, respectively. The Prin-
ciple of Multiscale Virtual Power (45) is then rewritten as follows

PM'CM+QM Gy — fiy -ty

- @ |/ (P, - Vi, — (£ — pyi,,) - ) <2,
i

1
—c -ty - — i, dQ )
( TN /Q e
1
4 (cM_ TN fﬂ V,u, dQ,L>
+ 1 (G- L/ Va2,
12l Jo,
. 1
N .(GM / [(V,u, @%,) o] ' d22 )
+ M*.<GM f (Vb ©%,) 0] 115 dS2, )
IQHI
Y (fiy, Gy, Gy) € B> x R¥3 x (R¥3)S Vi, e H'(R,),
V@, T M) e R? x R3S x (R3*33)S, (E1)

Rearranging terms in (E.1) leads to
(Py —T) - Gy + (Qu = M") - Gy — (fy — ) -y
- |Q]*| fm [~ (T + M (7'%,)) - Vi,
—((f, — ppiiy) — ) -ﬁu] a2,

- (uM— u/LdQM)

1
|Q/L| Qu
+T*‘(GM_L/ Vu“udgu>
|Qu| Q,
- 1
+M '(GM_if [(Vu“/i@xu)o]qlsdgﬂ)
12l Ja,

Y (fiy, Gy, Gu) € B> x B33 x (R¥33)S Vi, e H'(R,),

V@, T M) e R? x R3S x (R3*33)S, (E.2)
Clearly, restrictions (26), (27) and (28) are now natural conditions
that follow as Euler-Lagrange equations from (E.2). Moreover, note

that (24) is no longer taken into consideration. Thus, we readily
obtain the physical interpretation of the Lagrange multipliers

c = fM, (E.3)
T =Py, (E4)
= Q. (E.5)

Comparing, respectively, (E.3), (E.4) and (E.5) to (D.3), (D.6) and
(D.9), we obtain that the Lagrange multipliers from variational

Eq. (46) are the same as those from variational formulation (E.2),
that is ¢* =c¢, T* =T and M* = M. This implies that both varia-
tional formulations, (46) and (E.2) are equivalent. In other words,
the enforcement of constraints (26), (27) and (28) leads to the
same result as when the enforcement of constraints (31), (33) and
(36) is considered.

Appendix F. Auxiliary calculations
For simplicity let us consider Cartesian coordinates to see that
[(Pu ® xu)s]ijk
1
= E([P/L]ij[xu]k + [Pu]ik[xu.]j)
1 a[x.]; X, i
=3 ([P/L]ilWH]][xﬂ]k + [P/L]ilﬁ[xu]j)

_1 [P ];
2 (apey Pl bxudo) = SR

- Pl )

+ 3 (pey (Pl - ot d )
- Pl gt
ad a[ M]ll

:m([[’ﬂ]ﬂ[xu]]‘[x#]k) i ][xu]][xu]k

- %([Pu]u[xu 1i6u + [Pu]il[xu]kajl)
_ a[xiﬂ]l([m”[xulj[xulk) 3[[ “]]" X, ][,
— S (Pl + [Pyl

0
= m([l’u]il[xu]j[xﬂ]k)

[P, ]y

- a[XM]l [xll. ]j[x/t]k - [(PM ® XM)S],‘jk. (F.l)

Thus, integrating over the micro-scale domain €2, it results

/ [Py ® X))y A2

N ./;2“ [B[X i ([P Ll X0 150X, 1)

a[P//.]ll
a[x,.]

(%] {Xu T — [P ®xﬂ>51,-,-k] d<,.. (F2)
that is
2/9#[(1)# ®xu)S]ijdeu

9 [P, ];
= [, [pey (Pelibsabixad - GEqtiinal] a2, 53)

and taking the first term in the right hand side to the boundary
results

2 /Q [Py ® X, i 42

- / [P Ll [, ) 1%, ) D2,
A

0 [P/l. ]il
, 0[Xuli

(X 10X ]k dS2,.. (F4)
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Therefore, this finally implies
1 .
/ (P, ®X,)°dS2y, = —5/ div, P, ® X, ®X,, A,
Qu Qu
1
+ i/m P.n, ®x,®x,d0S2,. (F5)
n
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