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1. Introduction

Dynamical systems are one of most extensively studied
subjects in physics. Mathematically, a dynamical system
can be defined as a quadruplet (X,%, 1, 7) where X is a
set (typically, the phase space in classical mechanics), X
is a sigma-algebra on X, p is a finite measure on X and
map 7: X — X is a measure-preserving transformation
(see Section 2.1). Physical interpretation of this abstract
definition is that a dynamical system gives a fixed rule
which describes time dependence of a point (state of sys-
tem) in a geometrical space (the phase space). This rule
is deterministic in the sense that for a given time interval
only one future state follows from the current state.

From its origins in Newtonian mechanics to its subse-
quent measure theoretical definition numerous tools have
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been developed both theoretical and practical in dynamical
systems theory. Some of these are discrete maps, bifurca-
tion theory, topological knots, etc. These give different
descriptions' of dynamical systems. However, in many
cases most important is the asymptotic behavior of dynam-
ical system? (mathematically, t — o). This is the case of
approach to equilibrium and we can use tools of chaos the-
ory to study the evolution to equilibrium. Related to this,
classical chaos presents several approaches which are
related to each other: algorithmic complexity [8], Lyapunov
exponents [9,10] and Ergodic Hierarchy [1,11]. For instance,
Brudno theorem [8] relates complexity with Kolmogorov-
Sinai entropy [8] while Pesin theorem [8] relates Ergodic

T More precisely, they give local and global descriptions of flux of a
dynamical system. Since in this paper we will not use concept of flow, we
will not expose any discussion about it. For more details see [9,10,12].

2 For example, in synchronized dynamical systems like Kuramoto model
(see p. 42 of [13], p. 164 of [14]).
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Hierarchy with Lyapunov exponents. The relationships
between these chaos indicators is illustrated in the “chaos
pyramid” of Fig. 1. According to this structure, Ergodic Hier-
archy is one of features of classical chaos.

Ergodic Hierarchy ranks the chaotic level of a dynamical
system according to the way in which correlations
between two arbitrary distributions cancel for large times
(t — oo). For example, in classical mechanics a typical cor-
relation C(A, B), between two sets A and B of the phase
space M, is C(A,B) = u(AnNB) — u(A)u(B) where u is a
measure defined over subsets of M. If u(M)=1 then
U(A) can be interpreted as probability of A. In such case,
C(A,B) can be interpreted as the difference between prob-
ability of A and B simultaneously and product of probabil-
ities of A and B. In this sense C(A,B) is a correlation that
“measures” how independent are events A and B. More-
over, Ergodic Hierarchy ranks chaotic level of a dynamical
system through correlations C(A, B). For the quantum case,
Quantum Ergodic Hierarchy (QEH) [2,3] also expresses how
correlations are canceled for large times, but in this case
quantum correlations are defined between states and
observables as quantum mean values (p(t)|0).

On the other hand, we have an important tool called
Spectral Decomposition Theorem (SDT) [1] which describes
asymptotic behavior of dynamical systems. Roughly speak-
ing and assuming certain hypotheses about the evolution
of system, it says that any density of a dynamical system
tends asymptotically (t — co) to a sum of localized densi-
ties (more precisely, normalized characteristic functions).
As we mentioned above, Ergodic Hierarchy ranks asymp-
totically chaos between two distributions or densities. So
we can expect some kind of connection between Ergodic
Hierarchy and Spectral Decomposition Theorem. In fact, a
connection is established in Theorem 8 (see Section 3)
which gives necessary and sufficient conditions for ergodic,
mixing and exact levels of Ergodic Hierarchy according to
SDT decomposition.

For quantum systems, quantum chaos is a discipline in
constant evolution which began in 70’s with pioneering
experiments of microwave billiards [4,12,15,16] and it is
well known as the study of quantum mechanical aspects
of quantum systems which have a chaotic classical
description. Typical approaches that emerged from this
evolution were scars [4,12], WKB approximation [4,17],
and Random Matrix Theory [4,15]. A reasonable definition
that takes into account the main characteristics of quan-
tum chaos was given by Berry [18]: “a quantum system is
chaotic if its classical limit is chaotic”. This was taken later
on to be a possible definition of quantum chaos.

Lyapunov Exponents

Pesin Theorem Brudno Theorem

Ergodic Hierarchy Complexity

Fig. 1. “Chaos pyramid” is a diagram for relationships between Ergodic
Hierarchy, Lyapunov exponents and complexity through Pesin and
Brudno theorems.

As we mention in introduction of part one [2], that
there are many ways to define quantum chaos by complex-
ity (see [19,20]), exponential divergence trajectories (see
[21,22]), treatment of chaos based on the introduction of
non-linear terms in the Schrodinger equation [23] and
non-unitary evolution of a quantum system as an indicator
of quantum chaos [24]. However, as mentioned in [2], the
study of chaos based on QEH takes into account that clas-
sical limit may not exhibit chaotic behavior which would
be a threat to Correspondence Principle (CP). In paper
[25] we discuss and give an alternative way to study chaos
in quantum systems based on fundamental graininess and
the classical statistical limit which is compatible with CP.

As in previous works [2,3,25], in this paper we study
quantum chaos from Berry’s definition and Quantum Ergo-
dic Hierarchy [2].

The main goal of this paper is a Quantum Version of
Spectral Decomposition Theorem (QSDT) which gives a
direct connection with QEH and classical limit. In addition
we consider the degree of generality of QSDT which make
it useful as a framework for quantum chaos. All these
aspects are in accordance with conceptual foundations in
context of Belot-Earman program [8]. Other relevant con-
sequences of QSDT are: A characterization of first two lev-
els of QEH (see Theorem 10 of Section 4.2) plus a simple
connection between these levels and quantum spectrum
in the classical limit (see Section 5). In Section 2 we begin
introducing a brief review of minimal notions of density
theory for the development of following sections.

2. Theory of densities and Markov operators

Historically, the concept of density has only recently
appeared in order to unify descriptions of phenomena of
statistical nature. Clear examples of this are Maxwell
velocity distribution and quantum mechanics, considered
as attempts to unify theory of gases and as justification
for the derivation of Planck distribution of black body radi-
ation respectively.

Moreover, development of modern physics demon-
strated the usefulness of densities to give a description of
systems with a large number of freedom degree which
have an uncertainty by ignorance. In this section we
introduce a brief review of theory of densities and Markov
operators based on dynamical systems formalism [1].

2.1. Density functions and dynamical systems

We begin recalling mathematical elements of dynami-
cal systems theory. As we mentioned in introduction, these
elements and definitions can be given within the frame-
work of measurement theory® [1,11]. Given a set X, X is a
o-algebra of subsets of X if it satisfies:

M Xex.
(DA BeS=A\BeX.
() (Bj) € = = UB; € £

3 In this paper this will be our mathematical framework.
4 Index i must run out a countable set.
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A function p on X is a probability measure if it satisfies:

(I u:X—10,1] and u(X) =1.
(I) For all countable family of pairwise disjoint subsets
(Bi) € Z = p(UiB;) = 37 u(By).

A measure space is any shortlist of the form (X, Z, u).
Given a measure space (X, X, [), a measure preserving trans-
formation or automorphism T is a function T : X — X which
satisfies:

VAeX: w(T'A) = uA) (1)

Then we say that family of transformations t:=
{T; : X — X}, satisfying Eq. (1) and (see Definition 7.2.1.
of [1])

(a) To(x) =x for all x € X.

(b) Ty, (Te, (X)) = T¢ysr, (x) forall x e X and ¢4, £ € R.

(c) The mapping (t,x) — T¢(x) from R x X into X is
continuous.

is a group® of measure preserving automorphisms and we
call it a dynamical law t. With these definitions, we say that
quaternary (X, X, i, 7) is a dynamical system.

In dynamical system theory the central notion is
the definition of density: Given a dynamical system
(X,Z.1,7) and DX, 2, 1) = {f € "X, Z, 1) : f > 0; |f]| =
1} any function f € D(X, Z, i, 7) is called a density.

In classical mechanics it is usual to take X = M as phase
space, £ =P(M) as power set of phase space, u as
Lebesgue measure and T, as time evolution transformation
governed by Hamilton equations. This context will be
clarified in the next sections. In addition to dynamical
system definition other fundamental concept is the notion
of Markov operator. This important class of operators is
presented below.

2.2. Markov operators

Given a classical system S with an initial state given by a
density f, we know that its temporal evolution will be
determined by Liouville equation. Except in simple cases
we know that this equation has no exact solution and thus
we are forced to use another strategy to study the evolu-
tion of system. In this sense Markov operators are very
useful because their properties allow us to know the
asymptotic behavior of densities. General behavior of
densities can be well developed in both dynamical and sto-
chastic systems. Markov operators contain global informa-
tion concerning densities in the asymptotic limit t — oo.
Under certain hypotheses on Markov operators we have
conditions for existence of an equilibrium density f, which
physically corresponds to equilibrium approach. The
approach to equilibrium in the limit t — co by means of
Markov operators will be the link between classical limit

5 In the general case 7 is required to be a semigroup, i.e. in semidynam-
ical systems (see Definition 7.2.3 of [1]). In dynamical systems 7 is a group
while in semidynamical systems 7 is required to be a semigroup. Therefore,
the dynamical systems are invertible while the semidynamical systems
may not be invertible.

and Quantum Spectral Decomposition Theorem. This will be
considered in Section 4. We present a brief review of
minimal concepts for the development of this paper begin-
ning with the following definition (see [1], p. 32).

Definition 2.1 (Markov Operator). Given a measure space
(X,Z,1) a linear operator P:L' — L' is called a Markov
operator if it satisfies:

(a) Pf = 0.
(b) |IPf|| = If|| forall f e L', f > 0.

From condition (b) it follows that P is monotonic, that is
if f, gL' with f > g then Pf > Pg. Markov operators
satisfy important properties that will be crucial in the der-
ivation of a Quantum Version of Spectral Decomposition
Theorem (see [1, p. 33]).

Theorem 1. Let (X, Z, i) be a g-algebra and let f € L'. If P is
a Markov operator then:

(I) IPf]| < |If]l (contractive property).
(D) |Pf(x)] = PIf(x)].

The notion of fixed point of a Markov operator is funda-
mental to establishing the approach to equilibrium of a
density (see [1], p. 35).

Definition 2.2 (Fixed Point). Let P be a Markov operator. If
f € L'with Pf = f then fis called a fixed point of P. In a more
general way, any f € D(X, Z, u) that satisfies Pf = f is called
a stationary density of P.

A family of automorphisms {T.},., representing the
evolution of any dynamical system is a special class of
Markov operators called Frobenius-Perron operators. They
are defined as follows (see [1], p. 36).

Definition 2.3 (Frobenius-Perron Operator). Given a
measure space (X,X,u) and T:X — X a non singular
automorphism (i.e. uw(T~'(A)) =0 for all A€ X such that
1(A) = 0) the unique operator P:L! — L! defined for all
A € X by the equation

[ proou@ = [ feont @)
A T-1(A)
is called the Frobenius—Perron operator corresponding to T.

From Eq. (2) we have that Frobenius-Perron operator is
linear and has the following properties (see [1], p. 37).

Theorem 2. Let T be an automorphism. If P and P, are the
Frobenius-Perron operators corresponding to T and T"
respectively. Then we have that

(1) Jx PF(x)p(dx) = [y f(x)p(dx).
(I1) P, = P".

The adjoint of a Frobenius-Perron operator is defined as
follows (see [1], p. 42).
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Definition 2.4. (Koopman Operator). Given a measure
space (X, X, 1) and T : X — X a non singular automorphism,
the unique operator U : L** — L* defined for all f € L* by

Uf(x) = f(T(x)) 3)

is called the Koopman operator corresponding to T.

From Eq. (3) we have that Koopman operator is linear
and has the following properties (see [1], p. 43):

Theorem 3. Let T be an automorphism. If U and U, are the
Koopman operators corresponding to T and T" respectively.
Then
M NUfll~ < Wfllpe-
(I U, = U™
(1) (P.f.g) = (f,U,g) forevery f e L', g L™, neNy.

where (f,g) = [, f(x)gx)u(dx) forall f e L', g e L™

Now we recall the Ergodic Hierarchy of dynamical sys-
tems (see [1], p. 66).

Theorem 4. (Ergodic, Mixing and Exact). Let (X, X, 1) be a
normalized measure space, T:X — X an automorphism
and P, U the Frobenius-Perron and Koopman operators
corresponding to T. Then:

(Q) T is ergodic <= limnﬂwﬁzzzo(P"f,g) = lim,_,
I kolf Ug) = (f, 1)(1,8) forall f e L', g € L.
(b) T is mixing <= lim, ...(P"'f,g) = lim, ...(f,U,g) =

(f,1)(1,g) forallf e L', gel™.
(c) Tis exact <= lim,_..|P"f — (f,1)|| =0 for all f € L".

From these definitions (see [1] p. 73) it follows that®
EXACT = MIXING = ERGODIC (4)

It should be noted that levels are substantially different
from each other.” To end this section we introduce the
notion of constrictive operator which allow us to ensure
the existence of an equilibrium density (see [1], p. 87).

Definition 2.5. (Constrictive operator). A Markov operator
P will be called constrictive if there exist a precompact set

F C L' such that for all f € D(X, Z, p):

lim,_..d(P"f, F) = limy_inf, - |P"f —g|| =0 (5)

A relevant result is that every Markov constrictive oper-
ator has an equilibrium density (see [1], p. 87).

6 Ergodic, mixing and exact correspond to Césaro limit, weak limit and
strong limit respectively. The terms “Césaro”, “weak” and “strong” indicate
the type of convergence of sequence {P"f} to 1 (see Theorem 4.4.1 of [1]).

7 A full distinction between ergodic, mixing and exact is illustrated by
first six successive iterates of a random distribution of 1000 points in
X=100,11x[0,1] with the corresponding transformations
Sergodic(X,Y) = (V2+x,V3+y) (mod 1), Smixing (X,¥) = (X +¥,X +2y) (mod
1) and Sexact(X,y) = 3x+y,x+3y) (mod 1). In each case the effect of
transformation is to move around the space, spread throughout space and
quickly spread throughout the space corresponding to the ergodic, mixing
and exact levels respectively (see Figs. 4.3.3-4.3.5 of [1]).

Theorem 5. Let (X, X, 1) be a normalized measure space, and
P:L' = L' a constrictive Markov operator. Then P has a
stationary density, i.e. there is a f, € L' such that Pf, = f,.

The existence of equilibrium densities can be consid-
ered relevant to obtain a theoretical framework for
quantum chaos. For instance, in quantum billiards the
statement of quantum ergodicity is equivalent to the
statement of uniform equidistribution of probability den-
sity for eigenstates. Moreover, this fact can be translated
to quantum language through Wigner transform such that
equilibrium state of any closed quantum system with con-
tinuous spectrum is represented by the weak limit p. (see
[26, p. 889, Eq. (3.28)]).

3. The Spectral Decomposition Theorem of Dynamical
Systems

With all the mathematical background of previous
section we are able to present one of the main results
of dynamical systems theory called the Spectral
Decomposition Theorem (SDT) (see [1, p. 88]).

Theorem 6. (The Spectral Decomposition Theorem
(version I)). Let P be a Markov constrictive operator. Then
there is an integer r, two sequences of nonnegative functions

g eDX, 2,1, kel*i=1,...,r, and an operator
Q : L' — L' such that for all f € L', Pf may be written as
Prx) = szmgi(x) SO 6)
where 7

lf) = [ Skt = 0. ki) @)

The functions g; and the operator Q have the following
properties:

(I) gi(x)gj(x) =0 for all i+ j, so that functions g; have
disjoint supports.

(I) For each integer i there exists a unique integer o.(i) such
that Pg; = g,. Further a(i) # a(j) for i#j thus the
operator P just permutes the functions g;.

(1) |P"Qf|| — 0 as n — oo for every f € L.

Assuming that time evolution has a constrictive Perron-
Frobenius operator then Eq. (6) describes the evolution of
any density having an initial term which oscillates
between densities g;. We note that Qf is associated with a
relaxation process which we will analyze in Section 5. By
property (II) of Theorem (6) we have

P'F(x) = ()8 (X) + P QF(X)
i=1
= oy (%) + Quf (%) (8)
i=1

where Q,.f(x) =P"'Qf(x) and {a"(i)} is the inverse
permutation of {o"(i)}. When the measure space is
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normalized and Markov operator P has a constant
stationary density f, (e.g. if P is a Frobenius-Perron opera-
tor this is equivalent to (i invariant, see [1], p. 46) Spectral
Decomposition Theorem takes the following compact form
(see [1], p. 90).

Theorem 7. (Version (II) of The Spectral Decomposition
Theorem). Let (X, X, i) be a normalized measure space and
P:L' —1I' a constrictive Markov operator. If P has a
stationary density then the representation of P'f takes the
simple form for all f € L!

P - ij(,»(f)n, () + Quf () ©)
where i

14(%) = [1/u(A)] 14 (10)
UA,»:XwithA,ﬂAj:Q) fori=j (11)
(llm‘l8

H(A) = (A if § = (i) for some n. (12)

Theorem (7) characterizes the Ergodic Hierarchy levels
by means of permutation {¢"(i)} (see [1], p. 92-94).

Theorem 8. (The Spectral Decomposition Theorem
and Ergodic Hierarchy). Let (X,X,u) be a normalized
measure space and P:L' —I' a constrictive Markov
operator. Then

(I) P is ergodic <= permutation {o(1),...,a(r)} of
sequence {1,...,r} is cyclical (that is, for which there
no is invariant subset).

(II) If r = 1 in representation of Eq. (6) = P is exact.

(1) If P is mixing = r = 1 in representation of Eq. (6).

It should be noted that, under hypothesis of Theorem 8, P
mixing implies P exact. Then since P exact implies P mixing
(see Eq. (4)) it follows that P exact <= P mixing <=
r =1 (see Remark 5.5.1 of [1]).

Theorem (7) says that if classical Hamiltonian is such
that Frobenius-Perron operator P associated to time
evolution T admits an equilibrium density f, then in the
asymptotic limit (n — oo) the state of the system
Unf(x) = f(Ta(x)) will oscillate between characteristic func-
tions 1, (x) with a remainder term Q,f(x) going to zero. In
next section we will see that a quantum version of SDT
(called QSDT) contains relevant information about quan-
tum spectrum. We have seen that constrictiveness of a
Markov operator P and normalization of measure space
are sufficient to ensure the existence of stationary densi-
ties and to obtain a representation of their time evolution
by means of SDT.

8 In Egs. (9)-(12) the index i runs over a countable set.

4. The Quantum Version of Spectral Decomposition
Theorem (QSDT)

The aim of this paper is to obtain a quantum version of
SDT, called the Quantum Version of Spectral Decomposition
Theorem (QSDT), that can be useful to study quantum
systems in the classical limit and to give an alternative
framework for quantum chaos according to Berry’s defini-
tion. In this section we begin by defining the mathematical
concepts of this approach considering the observables as
central objects and the states as functionals of those. In
order to apply QSDT to open quantum systems (see Sec-
tion 6) we consider the quantum characteristic algebra A
whose elements O € A are observables not necessarily
self-adjoint. In other words, Hermiticity condition O = Ot
can be relaxed and this is motivated for several reasons
some of them we can list below:

(a) The interest in the study of non-Hermitian Hamilto-
nians related with the interpretation of some
properties such as transfer phenomena, nuclear
resonances, typical of open systems.

(b) In scattering systems one can consider quantum
resonances, i.e. “‘quasi-stationary states” instead of
scattering solutions [27]. These resonances can play
a similar role in open systems as eigenstates in
closed systems and their eigenvalues are complex
numbers with non zero imaginary part, see Sections
5.1.1 and 6.

(c) Any measurement on a wave system drastically
changes its properties by converting discrete energy
levels into decaying resonances called “quasi-
stationary states” which can be described by a
non-Hermitian Hamiltonian [28-30]. This situation
will be illustrated in Section 6.

(d) With the purpose to take into account non-unitary
time evolutions that appear in descriptions of open
quantum systems the introduction of non-Hermitian
observables becomes “natural” and fundamental
from a theoretical viewpoint.

(e) Non-Hermitian operators are frequently used to
mathematically represent potentials of open quan-
tum systems describing ionization or dissociation
where the system breaks up into freely moving
non-interacting subsystems, see p. 4 of [30].

(f) The complex expectation value A, = (0) = |Aple™ of
a non-Hermitian observable O can be physically
interpreted postulating that the absolute value |A|
and the phase o are measurable quantities, see p.
11 of [30].

We point out that conclusions obtained from QSDT will
be valid for both closed and open quantum systems.
However, in Section 6 we will only illustrate QSDT with
examples of open quantum systems in the research line®
of [31] which states: “The approach of linking chaos with

9 We mean that the examples presented in this paper belong theoret-
ically to the category of quantum systems within the approach of [31], i.e.
open quantum systems which are disturbed by the measuring process like
microwave billiards, etc.
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the unpredictability of the measurement outcomes is the right
one in the quantum case”. In this paper we will not discuss
this entropic approach of quantum chaos but it should be
noted that'®

closed quantum systems = hermitian obser vables
= “intrinsic quantum chaos”

open quantum systems = obser vables (herm. and non — herm.)
= genuine quantum chaos (13)

This distinction can be seem trivial and meaningless but
it allows to place algebra of hermitian operators and uni-
tary evolutions in the context of closed quantum systems.
On the other hand, second line of Eq. (13) places algebra of
operators (hermitian and non-hermitian) and evolutions
(unitary and non-unitary) in the context of open quantum
systems. Returning to the mathematical background, the
space of states is the positive cone

N={pecA:p)=1, p'=p, p(aa’)=0forallac A}
(14)

where the action p(0) of functional p € A’ on the observa-
ble O € A is denoted by (p|0). In other words, (p|0) is the
mean value of 0 in p, ie. (p|0) = (0), = tr(p0). When
O =1 this action is the trace of p which is equal to
tr(p) = p(1) = (p|1) = 1. We note the dual of A as A'.

In this approach the state is unknown and we only focus
in the study of expectation values (p(t)|0) for large times
t — oo. If for all p € A" there exists a unique p. € A’ such
that

lim,_..(p(t)|0) = lim,_..(UpUL|0) = (p.|0) (15)

we say that p has weak-limit p. (see [2] p. 248). Functional
p. is interpreted as the average value that would result if
state p(t) had a limit p, for t — cc. That is, p. is a weak
limit and not a limit in the (strong) usual sense. In other
words p, is an equilibrium state, in the weak sense, that
system reaches in its process of relaxation.

Now it is suitable to make the following remark. In

general, if evolution operator U, is not unitary (for example
when Hamiltonian is non-Hermitian, see Section 6)
then we will have that 0 < tr(p.) <1, ie. weak limit
p. € A\ N is considered an state not normalized. This
means that trace of any initial state p is not preserved
for non-unitary evolutions in the limit t — ooc. This is a typ-
ical feature of decoherence in open quantum systems
where interaction between a quantum system and its envi-
ronment produces a non-unitary evolution of reduced
state described by a master equation [32].

A fundamental mathematical element to study the clas-
sical limit of a quantum system is the Wigner transform.
From a quantum state p Wigner transform allows us to

10 The term “intrinsic” refers to quantum dynamical of closed quantum
systems described by wave functions of integrable square and thus
quantum evolution becomes almost periodic at least for the finite
dimensional case. In contrast, the term “genuine” is associated with the
approach based on that successive outcomes of a measurement can form
chaotic and unpredictable sequences [31].

obtain a function f(¢) defined over phase space I' that
can be interpreted, in the classical limit i — 0, as a distri-
bution probability governed by Liouville equation of classi-
cal statistical mechanics. We present a brief review of
some relevant properties of Wigner transform.

Let T = Myn.1) = RZ™D be the phase space. Wigner
transformation symb : A — A; sends quantum algebra A
to a “classical-like” A, algebra by (see [33-35]).

symb(f) = f(¢) = / (@ -+ Alflg — A)etd" ' A (16)

where f(¢) € A, are functions defined over space phase I"
where ¢ =(q',...,q""",p;,...,py""). The star product
between two operators f,§ € A is given by (see [33])

symb(f &) = symb(f) = symb(g) = (f = £)(¢) (17)
and the Moyal bracket (see [35]) is

- (symb() « symb(g) — symb(@) « symb()

symb( .1 (18)

{f»g}mb =

Two important properties are, see [33]

(f *&)(d) = F(d)g(d) +0(h), {f. 8}y = {f. 8} + O(H%)
(19)

The symmetrical or Weyl ordering prescription is used
to define inverse map symb!, that is

symb™'g(8).0/(¢)] = 3 (@9 + D) (20)

Therefore, symb and symb~' define isomorphisms
between the algebras 4 and A,

symb: A— A, symb': A, — A (21)
On the other hand, Wigner transformation for states is

p(¢) = (2mh)” " Vsymb(p) (22)

The fundamental property of Wigner transform used
throughout this paper is the preservation of inner product
between states p € A and observables O € A. From a phys-
ical viewpoint this property correspond to the invariance
of mean values calculated in A4 and 4, respectively. More
precisely,

p(0) = (0), = (p|0) = (symb(p)|symb(0))
= (p(9),0(¢)) = / g™V p($)0(¢) (23)
More generally, if A, B € A then we have (see [33,36])
tr(AB) = (A|B) = (symb(A)|symb(B)) = (A(¢), B(¢))
— [ as™Va)B(9) (24)

where A(¢) = (2rth)"""Vsymb(A) and B(¢) = symb(B).
At this point it is suitable to make the following
remarks and clarifications.
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(I) In this paper we use p(n) as a short notation of p
after n successive applications of U, i.e.

p(n) =Un)pU(n)" represents p after n arbitrary
time steps at constant intervals in a discretized time
evolution. More precisely, we consider that U(n) is
the one given by Hamiltonian or Floquet operator
[4]. Both cases are of great interest theoretically

and experimentally.'’ That is, we can choose U as
evolution operator and make the time step to be equal

to o« € R then we have p(n) = (e 'rz‘”)p(e*’ﬁfz‘“”) where

only in the unitary case we will have H' = H. More-
over, in applications of oscillating electric (or mag-
netic) fields we have Hamiltonians of the type
H = Hy + V(t) where Hjy is typically the Hamiltonian
of an atom or nucleus with a time-periodic potential
V(t). In this case the “natural” choice for U is the Flo-
quet operator so that p(n) represents an stroboscopic
observation of the system in p at time t = nt where t
is the periodicity of V(t) (see Section 4.1 of [4]). In
Section 5 we will take into account that the choice
of time steps is arbitrary.

(I) By “a time evolution operator U having a classical
evolution automorphism T” we will mean that if p
is a quantum state and p = symb(p) is its corre-
sponding density then Wigner transform of p(1)
(ie. p(1) is p after an application of U) is
symb(p(1)) = symb(UpUt) = poT. In other words,
Wigner transform connects evolution operator U
with automorphism T. Moreover, it follows that
symb(p(n)) = symb(U(n)pUm))y=poT" for all
n e NuU{0}.

These remarks will be fundamental for the develop-
ment of next sections.

4.1. The Quantum Spectral Decomposition Theorem (QSDT)

In previous section we presented a framework based on
the classical limit by means of Wigner transform. Now we
can write Spectral Decomposition Theorem (Theorem 7 of
Section 3) in quantum language. First, we assume that

o If U represents the evolution'? of a quantum system
then U has a corresponding classical evolution automor-
phism'® T defined over I" and T has an associated con-
strictive Frobenius-Perron operator P.

e There exists a stationary density f,, that is, Pf, = f,.

Under these hypothesis we have the following
Quantum Version of Spectral Decomposition Theorem.

1 For instance, when we have Hamiltonians with periodic time depen-
dences the theoreticians prefer periodically kicked systems while the
experimentalists prefer driven systems (see p. 138 and 139 of [4]).

2 By remark (I) of previous section we know that U is not necessarily
U = e~ given by Hamiltonian, i.e. U may also be Floquet operator.

13 Of course, we can make the natural choice of T as T:T — I' with
T(¢ = (q.p)) = ¢(1) = (q(1),p(1)), i.e. time step is equal to one and T is the
classical evolution operator determined by Hamilton equations. However,
the choice of time steps is arbitrary.

Theorem 9 (The Quantum Spectrgl Decomposition
Theorem (QSDT)). Let p € N and let O be an observable.
Then there exists pure states pi,pa,...,Pr; observables

(A)l,(A)z.,...,Or ; a permutation o : {1,...,r}—{1,...,r} and
Do € A’ such that

Zﬂ § (Pil0) + (Po(n — 1)[0) (25)
where'*
p(n)=Um)pUn)" and
p(rf) f"?ﬂ (n)" an (26)
4(p) = (pl0)

The states p; and po have the following properties:

(I) pipj = O(h) for all i # j. So that states p; are orthogo-
nal in the classical limit (h — 0). Moreover, we have
a decomposition of the identity:

1= wpiwitho; >0, > =1 (27)

1
(I) For each integer i there exists a unique integer o(i)
such that (Up;U1|0) = (pu|0). Further o(i) = a(j)
for i # j so operator U permutes the states p;.
(1) (po(n —1)|0)—0 as n—sco.

Proof. We consider that triplet (X, %, u) is the one given by
classical mechanics, i.e. X = I" is the 2(N + 1)-dimensional
phase space, ~ = P(TI) is the power set of I" and p is the
Lebesgue measure. As is usual, we denote x € X by
p=(q",....q"",pl.....p)*"") €T and p(dx) by d*™ ¢
Let peN and let O be an observable. If we define
f = symb(p) and g = symb(0) then, multiplying Eq. (9) by
g and integrating over all phase space I" we have

/d2N+1 6 P'f(o Z)‘“ " )/rdZ(N+1)¢ 1a,(0)8(9)

4 / MV Quf(0g(d)  (28)
T

Equivalently,

(P'f.g) = Z? (148 + (P"'Qf8) (29)

Since (P"f,g) = (f,U"g) and (P"'Qf,g) = (Qf,U"'g) (ie.
Koopman operator U is the dual of Frobenius-Perron oper-
ator P both corresponding to automorphism T) we obtain'®

(f,U"g) = dun(F)(1a,8) + (Qf, U™ 'g) (30)
i=1

Now if we call p; = symb™' (1), po = symb ' (Qf) and
use  that U'g=goT" =g(n)=symb(0O(n), U 'g =
goT" ' =g(n—1) = symb(O(n — 1)) (see Eq. (3)) then

14 p(n) in the sense of the remark (I) of p. 11.

5 Throughout the demonstration we consider that T is an arbitrary
automorphism and not necessarily the classical evolution
Ti-1(¢ = (q,p)) = ¢(1) = (q(1),p(1)) given by the Hamiltonian equations.
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(symb(p), symb(O Zﬂ (f)(symb(py), symb(0))

+ {symb(po), symb(O(n — 1)))
(31)

If we call k; = symb(f),«) and use Eq. (7) then coefficient
Jan(p) (f) can be written as

() = /rdz(M”(bf(ti))krnu)((b) = {f ko)

= (symb(p),symb(Osn»)) = Ao (P) (32)

Therefore, Eq. (31) reads

(symb(p),symb(O p)(symb(pi),symb(0))

Z’m "
<symb<po),symb(0(n -1))
(33)

Finally, we can use the property of Wigner transform
given by Eq. (31)

YO € AYp e A : (p|0) = (symb(p),symb(0))
= [@" p)0) (34)

Using this property Eq. (33) can be expressed in quan-
tum language as

Z’v P)(pil0) +

We know that (p|O(n )) and (po|O(n — 1)) are equal to
|0

(p(n)|0) and (po(n — 1)|0) respectively, and then Eq. (35)
reads as

+ (PolO(n — 1)) (35)

(Po(n —1)|0) (36)

Z)Lx "l p1|o

Hence we have proved Eq. (25).

(I) We have
tr(pi) = (pil1) = (symb(py),symb (1))
~ (14,10 = [ @9 14 (9)
T

_ /r NV 11/ (A4, ()
=1/ [ V5 14(6)
~ /i) [

where we have used definition of 14, given by Eq.
(10), the Weyl symbol property (see Eq. (34)) and

that symb(1) = 1x. Thus tr(p;) = 1, i.e. p; € N for all
i. On the other hand if we apply Eq. (19) to f = 14,
and g = 1, we have
symb(pip;) = 14,(¢)14(¢) + O(h)

=0(h)ifi#j (38)
to both sides of Eq. (38) we

¢=[1/uA)luA) =1 (37)

Now applying symb™"
obtain

pipj = 0(h) if i #j (39)
On the other hand from Eqgs. (10) and (11) we have
1x = > ;14(Ai) 14, and therefore symb ' (1x) = symb™"
(Si(A)14) = Siu(A)symb ' (1,,) where we have
used that symb™' is a linear map. Now if we call
o = ((A;) since symb'(1x) =1 and p; =symb™'
(14,) then we obtain Eq. (27).

(I1) Due to part (II) of Theorem 6 and taking into account

that we are working under hypothesis of Theorem 7
we have

P1a = 1a, (40)

where o:{1,...,r}—{1,...,r} is a permutation
which satisfies oc( ) #= af) for i # j and thus operator

P permutes the functions 1. Let O be an observable
and g = symb(0). Then from Eq. (40) we have

<PTA,~,g> = (TAx(i)7g> (41)
and noting that
(P14, 8) = (14, Ug) = (symb(pi),symb(O(1)))

= (pil0(1)) = (UpU'[0) (14,5, 8)
= (symb(py),symb(0)) = (ps»|0)  (42)

then from Eq. (40) we have that (Up,U'|0) = (p4|0).
(1) Let O be an observable and ¢ > 0. Then by condition
(1) of Theorem 6 we have

HOH with O = symb( ) (43)
Then
(po(n —1)|0) = (symb(po(n — 1)), symb(0))

=(Quf.0) < [1QSlO]l <& (44)

Therefoge, from Eq. (44) it
(Po(n—1)|0)—0. O

follows that

4.2. Quantum Ergodic Hierarchy levels: ergodic, mixing and
exact

Theorems 7 and 8 can be used simultaneously to
determine ergodicity, mixing or exactness just by looking
at the terms in the sums on the right hand side of Eq. (6)
or Eq. (9). This observation holds also for the Quantum
Spectral Decomposition Theorem (QSDT, Theorem 9) sim-
ply because this is a translation to the quantum language
of its original version for dynamical systems. Therefore,
we can apply Theorem 8 and QSDT to obtain the following
theorem in order to characterize the Quantum Ergodic
Hierarchy levels (see [2] Theorems 1, 2 p. 261, 263).

Theorem 10 (Quantum Ergodic Hierarchy levels: Ergodic,
Exact and Mixing). Let S be a quantum system. Let p e N
and let O be an observable. If U is a time evolution operator
(i.e. representing a discretized time evolution in the sense of
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remark (I) of Section 4) whose classical analogue T (i.e.
representing the time evolution of the analogue classical
system in the sense of remark (II) of Section 4) has a
constrictive Markov operator P. Then

(1) U is ergodic <= permutation {o(1),...,0(r)} of
sequence {1,...,r} is cyclical (that is, for which there
no is invariant subset).

(I) If r = 1 in representation of Eq. (25) = U is exact.

(1) If U is mixing (see [2] Theorem 1 p. 261) = r=1 in
representation of Eq. (25).

Again, as in Theorem 8 we have U exact < U mixing <
r=1.

Proof. It is enough to use Theorems 8 and 9 simulta-
neously. O

In following subsections we examine the QEH levels
established by Theorem 10 and its consequences in more
detail. Since Theorem 10 does not distinguish between
mixing and exact we will only discuss the mixing case
(see Remark 5.5.1 of [1]).

4.2.1. A consequence of QSDT: homogenization of the mixing
level

Consider a quantum system that is mixing. Then from
Theorem 10 and Eq. (25) it follows that

(p(n)]0) = (p[01)(p110) + (Po(n — 1)]0) (45)

where 0, is an observable which does not depend on O.
Further, since quantum system is mixing then it has a weak
limit p. such that lim,_..(p(n)|0) = (p,|0). From this limit
and Eq. (45) we have

(p-10) = limy_..(p[01)(p110) + limy.o (Po(n — 1)|0)
= (p|01)(p110) (46)

since lim,_..(Po(n —1)|0) =0 (see (IllI) of Theorem 9).
Now, if we make O =1 in Eq. (46) given that (p.|1) =
tr(p.) =1 and (p1|1) =tr(p;) =1 we obtain (p|0;) =1
then (p.|0) = (p1|0) for all O observable. Therefore,
01 = p.. In other words, mixing level is physically respon-
sible for the homogenization of p and its evolution towards
the weak limit p,. In this sense we can say that QSDT gives
a physical interpretation of the mixing level.

4.2.2. The ergodic level: oscillation plus a term going to zero

From Theorem 10 we can obtain a necessary and suffi-
cient condition for ergodicity. A quantum system is ergodic
if and only if permutation o of

r

(Pm)10) = > _(Pl0s@)(P110) + (Po(n —1)|0) (47)
i=1

is cyclical and (po(n — 1)|0) — 0. Since « is cyclical there is

an integer N >0 such that oV(i)=i and a™N(i) =i for

i=1,...,r. That is, the inverse permutation o~! operates

on the indicesi=1,...,r as

(1,....,n—*"(2,3,....,r=2,r
~1,r,1)—""(3,4,....r
—1,r1,2). — AL (48)

After N successive steps we are back to the original
cycle (1,...,r). This behavior indicates that sum of
Eq. (47) will also return to its original value after N succes-
sive time instants. Then sum of Eq. (47) is periodic with a
period equal to N, i.e. with the same period as cycle o 1.
More precisely, we have

(p(0)|0) = (p|01)(7110) + (p]02)(P2]0) + ..
+(P10r-1)(Pr-110) + (P|0:) (pr]0) + (Po(~1)]0)
(p(1)]0) = (p|02)(1]0) + (p|03)(P2]0) +
+(P10y) (Pr-110) + (p|01)(P+|0) + (Po(0)|O)
(p(2)10) = (p|03)(P1]0) + (p104) (P2]0) + ...
+(Pl01)(Pr-110) + (p102)(pr|0) + (Po(1)]0)

(P(N)|0) = (p|01)(P1]0) + (p]02)(p2]0) +
+(Pl0r-1)(Pr-110) + (P10:) (pr]0) + (Po(N — 1)]0)
(P(N+1)|0) = (p|02)(p110) + (P|03)(p2]0) + ...
+(P10) (Pr-110) + (P101)(pr]0) + (Po(N)|0)

Then Y7 (0w ) (2i]0) = Yy (10,1 (pi]0). That
is, if we call F(n) = 3°1_,(p|04-nq1))(pi|O) then

F(N+1) =F(1) (50)

Thus sum F(n) is periodic with a period equal to N. More-
over, permutation « is cyclical then N = r. Therefore, we
see that in the ergodic case the mean values are composed
by an oscillating part plus a term which tends to zero for
large times (n goes to oo). From this remark we can obtain
a sufficient and necessary condition for ergodicity. Let S be
a quantum system having a constrictive markovian Frobe-
nius-Perron operator P associated with the temporal evo-
lution T of its classical analogue. Then we have

e S is ergodic < for all discretized time evolution'®
(with discrete time steps at constants intervals) any
mean value (p(n)|0) has only two terms, one of which
is an oscillatory function of n (with a period N equals to
the number of terms r of the QSDT decomposition given
by the Eq. (25)) and the other goes to zero for n — oc.

In next section the physical interpretation of condition
(e) is studied which is the key to the characterization of
the ergodic systems spectrum.

16 Again, here we are considering that U(n) is the one given by the
Hamiltonian or at most given by the Floquet operator. That is, U(n) = e i*
(Hamiltonian evolution) or U(n) = [U(’C)]" (Floquet evolution, see Eq. 4.1.14
of [4]).



108 I. Gomez, M. Castagnino/ Chaos, Solitons & Fractals 70 (2015) 99-116

5. QSDT and the quantum spectrum

In addition to the characterization of mean values form
of Quantum Ergodic Hierarchy QSDT provides also a link
between QEH levels and spectrum. In this section we
extend this relationship to discrete case and continuous
case, and when both types of spectrum are present. We
point out the formalism we use was introduced by Anto-
niou et al. in order to a give a rigorous mathematical
description on the algebraic formalism of quantum
mechanics [37].

Moreover, although condition (e) of previous section is
a general result it is of great interest to examine the partic-
ular case U(n) = e~ ifn (i.e. the evolution operator is given
by the Hamiltonian) where « is a real parameter which
defines the discrete time steps. In this section we study
what conditions for ergodicity and mixing can be obtained
under this assumption.

5.1. Discrete spectrum

Let p € A be a state and let O be an observable. For sim-
plicity, we assume the spectrum is finite and discrete. Also,
we assume real eigenvalues. Let Eq, E, ..., Ey be the ener-
gies of the system with their corresponding frequencies
=50, =2 .. oy=" Let |1),]2),....|N) be their
correspondmg eigenvectors. We express any initial state
p in the basis {|i)}}, as

p= Zp\l l|+ij, (51)

e

Then considering U(n) = e-# the mean value of O in p
after n time steps is

Zp,O +Zp}JO e e epn (52)

A

On the other hand, by QSDT we have

0) = Jun(pil0) +
i=1

Then, combining Eqgs. (52) and (53) we obtain

Zplo+zpjj IOJ] (J om

A

(Po(n — 1)0) (53)

r

= 2ani (Pil0) + (po(n — 1)[0) (54)
i1
From Eq. (54) we can make the following
considerations.

(A) If we suppose the system is ergodic then
S Jan (i]0) is a periodic function and because
(po(n—1)]0) -0 for n—oo it follows that
S Zueny (Pi10) + (Po(n — 1)|0) is a quasi-periodic
function of n.'” The left hand side of Eq. (54) contains

17 If we add a function g(n) going to zero for n — oo to a periodic function
f(n) then the sum f(n) + g(n) is a quasi-periodic function.

the term Zl ]p, O; that is constant and therefore the
sum ZJ#},p ”"f “) s a quasi-periodic function
of n.

(B) Now suppose w; ==L, @, = h LN = N are ratio-
nally related. This means that there ex1sts ki, lj € N

such that
O _ ki i_q N (55)
C!)j lU

Now if we put wo = min{ws, ..., wy} then we have'®

wj:%wOVj:L...,Nandnj, mj e N (56)

On the other hand we know that each term'®
p;05e” ili—opat 1 C.C of non- dlagonal part of (p(n)|0) (see
Eq. (52)) has a period T;; =
essarily an integer and it depends on the values of w;, w;, o.
Moreover, using Eq. (56) we can write Tj as

. The number Tj is not nec-

o (u —0j;)

2mm;m;

——— Vi, j=1,...,N 57
o(n; — nj)wo 1 ’ (>7)

ij =
Now the trick is to choose a parameter o such that
non-diagonal part of (p(n)|0) is periodic. Consider the low-
est common multiple of products m;m; and the greatest
common divisor of all differences n; —n; denoted by
LCM{mim;} and GCD{mym; — njm;} respectively. If we
choose o = m then it is not difficult to see that
Zfijp;joﬁe*“‘“i*wﬂ“” is a periodic function of n. For this, it
is enough to show that each term p;0;e )" + C.C
takes the same value as in n=0 (i.e. p;0; + C.C) after n
steps where n=LCM{mym;}. If n=LCM{mm;} and

= 27
% = Gt o, We have

X ’i<nl":{.-y:xl{m’>“* 0GCDm; e oo LCM {mm;}
:pijoije i i

nymy—mm;  LCM{mym;)

- p;joge*iz"(m) +C.C
(58)
Since mym; — njm; is divisible by GCD{nm;m; — nym;} and

LCM{mym;} is divisible by m;m; then there exists
Kjj, L € Z such that

K; = mm; — n;m;

v GCD{n,»mj — njm,-} (59)
Li— LCM{m,m]}

v m;m;

Thus combining Eqs. (58) and (59) we have

8 From Eq. (55) it follows that %:%’ for all j=1,...,N. Now if make

n; = kijp and m; = l;p then we obtain the Eq. (56).
19 C.C denotes the complex conjugate.
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paoije—i(w;—(uj)om + CC= p;}oije—iZRKijLij + cC
= p;04 +C.C (60)

Therefore 31, pjOye “femen js a periodic function of n.
Now if we assume the system 1is ergodic then
S A (Pi]0) is a periodic function of n (see Sec-
tion 4.2.2.). Then we have

ZP,O +ijj e o Z’La Pr|o

i

(Po(n—1)]0)
(61)

is a non-trivial periodic function of n going to zero
for n—oo. Contradiction. Then S is not ergodic as we
assumed.

Summing up, given a quantum system S of finite
discrete spectrum with a constrictive and markovian
Frobenius—Perron operator P associated with the temporal
evolution of its classical analogue and considering
Umn) = e*’n“” from the considerations (A) and (B) we obtain
the following conditions for ergodicity.

(%) S is ergodic = quantum mean values (p(1)|0)
are quasi-periodic functions of n for all state p
and observable O.
(%%) If frequencies w; =5, w, =%,... wy
rationally related = S is not ergodic.
It is interesting to note that if we associate
frequencies w; =5, w, =%,... oy =& with
angular velocities w1, s, ..., wy of N indepen-
dent and autonomous oscillators then the con-
dition (%%) is the same that the one obtained
for rotation on the torus (see p. 190-193 of
[1]). A possible explanation for this fact is as
follows. QSDT allows to express mean values

(p(n)|0) of a quantum system S such that clas-
sical properties like ergodicity, mixing can be
translated into quantum language in the same
manner as the Spectral Decomposition Theo-
rem (SDT), i.e. looking the number of terms
and the periodicity of SDT (QSDT) decomposi-
tion (see Eqgs. (9) and (25)). Put in other words,
as well as SDT only gives conditions for classical
ergodicity (mixing) and does not distinguish
between two ergodic (mixing) dynamical sys-
tems the same happens with QSDT. If we have
two quantum systems S;, S, of finite discrete
(and real) spectrum QSDT does not distinguish
whether any of them is an harmonic oscillator,
a particle in a box, etc. But it only says that S; or
S, are not ergodic if any of them satisfy that

_ En
=Ev are

=80, =2, oy=% are rationally
related. Equivalently, condition (*%) can be
read as

(***) S is ergodic = frequencies w; = h Ly = %2, o
N = %N are not rationally related.

In the next section we examine the case of discrete
complex eigenvalues.

5.1.1. Discrete complex eigenvalues

Now we consider that eigenvalues are complex and
finite. This is the case of quantum systems described by
an effective non-hermitian Hamiltonian Hey that appears
in atomic, molecular, nuclear physics and in chemical
reactions. Let p € A be a sate and let O be an observable.
As in previous section, we assume that any state p after
n successive steps is given by U(n)pUt(n) where
Un) = e*’ﬁ%ﬂ"‘” and o« € R defines the time steps. Let
Ei = w1 + iy, E; = 03 +1),,...,Ey = @y + iyy be the com-
plex eigenvalues of Hoy. Non-Hermiticity of Hey yields two
set of eigenvectors called (1],(2|,...,(N| left eigenvectors
and [1),]2),...,|N) right eigenvectors (see Eq. (2) of [28])

Hegli) = Elli),  (IHey = GIE; j=1,....N (62)

satisfying conditions

G|k) —6yj, k=1,...,N (bi-orthogonality)

ZU I (completeness) (63)

where E; = w; + iy; gives the energy w; and the resonance
width —y; > 0 of jth resonance (see p. 3 of [28]). In a more

realistic case (see Section 6) we can suppose that only first
K eigenvalues are real with 1 <K <N, i.e. V= 0 for all

j=1,...,K. Again, we express p in the basis (co-basis)

DY (kI )
p= Zp,lz l\+Zp,J (64)

il

From Eq. (64) we have

(n)pU!
A N A
=0 | > pjli l\+2pj] VWi | On
i=1 i#

(w; —a)

i)l +ij,,e*' ) |

A

+ Z ,0 eZam—

Jj=K+1

((uj U])
* an g
T Z pjj’e
j#J or je{K+1,..N}

“”U>(l | (65)

Coefficients of last two sums of Eq. (65) contains
probabilities of transitions to eigenstates with complex
eigenvalues called “quasi-stationary states” whose reso—
nance width —y; is related to the lifetime I'; by —y; ~ ,
see p. 559 of [38]. Physically, [K + 1), K+ 2),...,|N) repre—
sent states of an open quantum system in interactlon with
an environment where the exponentially decreasing
coefficients of last two sums Eq. (65) can be interpreted
as probabilities of finding a particle in one of the states
K+ 1),|K +2),...,|N) “inside the system"”.

Next step is to show how quasi-stationary states can be
interpreted in terms of QSDT. From Eq. (65) the mean value
of an observable O after n time steps reads
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(o )
Lon

ZP.O + Zﬂﬂ

A

N o
20
+ E p; Oje h
jK+1

N

j)
on (66)

(wj-0
1)

o
+ Z poet an o=,

J#i 4§ or je{K+1,...N}

Therefore, by QSDT we have
D ) (110) +

K ( J]—trJ[J N
_ . * —i L on p2on
_E piO,+§ p;Ope " + E p;0;e”™
i=1

A j=K+1

DS

j#i'd or je{k+1,..N}

(Po(n —1)]0)

(w;-a)

i
f J Von

5
ilﬂe

p; Oy’ (67)

Since (po(n — 1)|0) — 0 for n — oo and last two sums on
the right hand of Eq. (67) are the only terms that decay
then we have

(@ u

Zza (210)=>"p0 +ij,0 e (po(n—1)[0)

i=1 '

_ Z p OeZacn—

j=K+1 J# jor j'e{K+1,...N}

(w] u]) (»-j+-,vj’,)
p e i acne i on
il Oy

(68)

From Eq. (68) and Theorem 10 we conclude that the
number of “quasi-stationary” states |K+ 1),|K+2),...,
IN) determines chaotic nature of the quantum system.
For instance, if we have only one real eigenvalue E; then
we have maximum number of quasi-stationary states
12),13),...,|N). In this case K =1 and z{zlm(,)(p,wf)) is
equal to p,0;. Then r = 1, i.e. the system is mixing. When
K=2 we have two real -eigenvalues El,Ez and

S Aaengy) (p,\O) is equal to p,04 + p,0, + pnO]ze*

+05,02167" F2an that (by the arguments of the consider-
ation (B) of the previous section) is an oscillatory function
of n if w;,w, are rationally related and taking
o :m, ie. w; = r',’l—]lwo and w, :,’;—Zzwo. Then
by condition (e) of Section 4.2.2 we have the system is
ergodic.

We can see that in the finite spectrum case we have a
substantial difference between having real eigenvalues
and complex eigenvalues. In the case of real eigenvalues
(see condition (*%) of Section 5.1) we have seen that
natural frequencies rationally related imply the system is
not ergodic. While in the complex case if the real part of
eigenvalues are rationally related then from the first line
of Eq. (68) it follows the system is ergodic.?° Moreover,
in the complex case the decay term of QSDT, i.e.
(Po(n — 1)]0), is exponentially decreasing and provided by
resonances widths y; as we can see from the Eq. (68).

g - (Jz}

20 j.e. Using the same arguments of (B) of Section 5.1.

Summing up, we see that QSDT gives a characterization
of open quantum systems of discrete complex eigenvalues
where exponentially decreasing terms of mean values (the
right hand on second line of Eq. (68)) are associated with
the decay term of QSDT, (po(n — 1)|0). All the analysis
described in this section will be illustrated in some detail
with examples in Section 6.

5.2. Continuous spectrum

Now we assume that spectrum is continuous being
E, =hw € [0,00) the energies, |w) the generalized eigen-
vectors and = £ the natural frequencies. Let p be a state
and let O be an observable In order to obtain an approach
to equilibrium we restrict the space of observables and
consider only van Hove Observables (see [39,40] for a more
detail discussion). There is no loss of generality in this
restriction since observables not belonging to van Hove
space are not experimentally accessible (see [41] for a
complete argument). The components of a van Hove obser-
vable O are Og(w, ') = O(w)d(w — @) + O(w, a)) where
O(w)é(w — '), O(w,w') are singular and regular part of
O respectively. Then we can expand O in the basis
{lo) (], |o) (@]} as

o / 0() o) (w]deo + / / 0w, )| (69)

Therefore, mean value of O in p after n time steps is*?

(P(m)|0) = /p da)+/0

X / p(w, @) O(w, w)e @~ dupdw’  (70)
0

On the other hand, by QSDT we have

r

> (IO

2@)(Pi10) + (Po(n — 1)|0) =
i=1

= |, perowios |-

/ p(m, ) 0w, e @ dnda  (71)

(p(n)|0) =

If we assume that p(w, )" 0(w, @) € L'([0, c0) x
then by Riemann-Lebesgue Lemma we have

[0,00))

/ \ / " p(w, @) 0@, e @M depda —0 (72)
0 0

when n—oo. That is, using van Hove observables and
assuming that p(w, )" 0(w, ') € L'([0,%0) x [0, 00)) then
the system is mixing.

Moreover, from Eqgs. (70) and 72 it follows that
(A( )|())—>(ﬁr\0 J p)O(w)dw as n—oo  with

= [ p(o)’|w)(w|dw.

Therefore 0 has weak limit p.. Also, if system is mixing
then by Theorem 10 we have r = 1 in the sum of (71). Then
we have

21 By regular we mean, among other properties, that
flo, o) 0(w, ') EL ([0, 00) x [0,00)) for all f(w,w").
22 Again, p(n) = U(n)pUt (n) with U(n) = e~ and o € R.



I. Gomez, M. Castagnino/ Chaos, Solitons & Fractals 70 (2015) 99-116 111

(p(m)|0) = (p|01)(91]0) + (Po(n — 1)|0)

= /00o p(w) O(w)dw

+/ ‘ / p((l), w’)*O(co, w/)e—i(w—w’)andwdw/
0 0

(73)
Now since (p[01)(p1]0) and [;° p(w

stants and [;° [;° p(@, @) O(w, @")e @~ dpdey’ —0,
(Po(n — 1)|0)—0 then by Eq. (73) we obtain

(P101)(p110) = /0 e

(Po(n—1)[0) = / x / " pl,0) O(w,@)e @ dada
0 0
(74)

From Eq. (74) we see the physical interpretation of term
(Po(n — 1)|0): It is the manifestation of Riemann-Lebesgue
Lemma in closed quantum systems with continuous spec-
trum [26] where observable space is the van Hove space.
Therefore, the fact that mixing systems with continuous
spectrum are those with only one term (p|0;)(p1]0) in
decomposition given by Eq. (25) is a consequence of QSDT
where Riemann-Lebesgue Lemma is contained in term
(po(n — 1)]0). From these arguments it follows the follow-
ing property.

Summing up, given a quantum system S of continuous
spectrum with a constrictive markovian Frobenius—Perron
operator P associated with temporal evolution of its classi-
cal analogue and considering U(n) = e we have

)"O(w)dw are con-

) O(w)dw

() Sis mixing and the sum of QSDT decomposition (see
Eq. (25)) only contains the term (p|0;)(p;]0) which
is the constant part of quantum mean value of Eq.
(70), i.e. [;° p(w) O(w)dw. The term (po(n — 1)(0) is
the manifestation of Riemann-Lebesgue Lemma.

5.3. The general case: discrete and continuous spectrum

If both types of spectrum are present according to Eqgs.
(52) and 70 we have

Zplo + ijj l (J)J (l)J ,(n

il

+/Oop(w O(w)dw
0

+ / / p(w7 CO/)*O((L)7 w/)e—i(w—w’)acndwdw/
Jo Jo

(75)

where first two sums and last two integrals represent the
discrete and continuous contributions to spectrum respec-
tively. By QSDT we have

r

> (PO

i=1

(p(m)|0) = 2@)(Pil0) + (Po(n — 1)0) (76)

From Eqgs. (75) and (76) we obtain

Zplo +ijj wj LJ mn / p

i

+ / / p(w, G)I)*O(w., w/)efi(w—w’)ocnda)dwr

meo )(Pil0) + (Po(n —1)|0) (77)

From Eq. (77) we can analyze the different cases. Let S
be a quantum system having both types of spectrum as
in Eq. (75). Suppose S has a constrictive markovian Frobe-
nius-Perron operator P associated with the temporal evo-
lution of its classical analogue. One would be tempted to
think that this case is simply the superposition of discrete
and continuous cases each separately, but this is not so.

We begin with the ergodic case. From Theorem 10 and
Section 4.2.2 we know that S is ergodic if and only if sum
on right hand of Eq. (77) is periodic and we see the only
term on left hand of Eq. (77) that can be periodic is
Sy p;;05e " Here we see a substantial difference
from discrete case where we have S is ergodic
=0 p;0 e @)™ js quasi-periodic (see condition
(%) of Sectlon 5.1). Furthermore, the term (po(n — 1)|0)
which goes to zero should be associated with the only
decay term on left hand of Eq. (77), i.e. the “Riemann-
Lebesgue term” [,° ;% p(®, ") O(®w, ®")e @~ depde'.

Then we have
Zp,o £330pe 0 [ pleyorepdo
= Z P10,7)(Pi0)

'

% / / p((lL 0)/)*0((1)7 w/)e—i((u—(u/)mndwdw/
0 0

= (po(n —1)|0) (78)

Therefore we can see that in the ergodic case decay
term is only provided by continuous part of spectrum as
a consequence of QSDT. By contrast, in the mixing case this
situation is very different due to non-degeneration condi-
tion of quantum chaos. Let us see why this is so.

In the mixing case we have that S is mixing if and only
r =1 in the sum on right hand of Eq. (77) and this happens
if and only if double sum on left hand of Eq. (77) is
constant. In this case there is no oscillatory term or quasi-
periodic term and all frequencies w; are equal, e.g. w; = wo
forallj=1,...,N. Then energy levels are degenerated. But
if we recall that non-degeneration is a necessary condition
of quantum chaos then this situation should not be physi-
cally admissible. Thus the only possibility that w; are non-
degenerated without any oscillatory or quasiperiodic term
is if double sum Z,#, POy e~ @M of Eq. (77) can be
approximated by a double integral in order to apply
Riemann-Lebesgue Lemma. In other words, discrete part
must be quasicontinuous, i.e. adjacent energy levels are
very close. More precisely, considering discrete part is
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supported in an interval [a, b] such that** [a,b] N[0, 00) = 0
with N equispaced frequencies ;=a+9=0%=% and
j=1,...,N then sums on left hand of Eq. (77) must be
replaced by

b—a b—a

Zp,o —>Zp w))0(@) Ay Awj=g— Aoy =g—
S g0y
sl

—>ZZp w;, ) 0(wj, w)e " Aw;Awy (79)

Ji =15

where A®; = 52 is the length of segment [, ;4] and
AwjAw; = (ﬁ’,:q)z is the volume of square [wj,wj1]x

[y, wy,4]. Now since discrete part is quasicontinuous then

frequencies j are very close and we have Aw; = =4 <« 1,
i.e. we can take limit N — oo in sums of (79). In such case
we can approximate sums of Eq. (79) by integrals and we
have the replacements®*

w—w, Awj—dw, AwjAo;—dodo’

ZP @;)0
ZZP @y,

Jji'=1j#f

/ / p(a)7 w/)*o(w’ a)/)e—i(m—m')indwdw/
a.b]x[a.b)\{(w,w):we[a,b]}

(wj)Awj— \ b]p(a))O( Ydw

—i(m:—)
O(wj, w)e™ ™" A Ay —

:// p((/l)7 w/)*o((/mw/)e—i(u)—w/)xndwdw/ (80)
a,b]x[a.b
Therefore, for the quasicontinuous case Eq. (77) becomes

/ o(@)0(w)do> + / " o) O()do
(a,b] 0

b
/ / plw, ) 0(w, e @~ dmdw’
a,b]x[a.b]

(P101)(p1]0)

+ / p(w, @) O(w, w)e @~ dmday
0

= (po(n —1)|0) (81)
That is,

[ poedo-
[a,bJU[0,50)

// p(CO (i)/)*O(CO, w/)e—i(w—m’)andwdw/
a,b]x[a,b]u[0,00) x[0,00)

= (po(n—1)0) (82)
Now if we apply Riemann-Lebesgue to double integral
of Eq. (82) then this integral can be associated with term
(Po(n — 1)|0). Moreover, we can see how quasicontinuous

(P101)(p110)

23 Since [0, 00) is the continuous part of spectrum and we assume non-
degeneration.

** It is understood that integrals [ [, wiab] A [ fio o (@ opocaby OF
Eq. (80) are equal since {(w,w): w € [a,b]} is a zero measure set of plane
{(@,0")} = R0 x R>o.

part {w; = a+ ¢ j—1 ... N} joins with continuous
part w € [0, 00) m the limit N — oo expressed in integrals
f[a.b]u[o,x) and ff[a.b]x[u.b]u[o,oo)x[o_m of Eq. (82).

Summing up, given a quantum system S having both
types of spectrum, discrete and continuous, with a con-
strictive and markovian Frobenius-Perron operator P asso-
ciated with the temporal evolution of its classical analogue
we have

e Sis ergodic = nondiagonal term of the discrete part of
any quantum mean value (i.e. the second term of the
right hand of Eq. (75)) is a periodic function of n.

e Sis mixing <= discrete part is quasicontinuous.

6. QSDT applications

In this section we apply the QSDT to two examples®® to
illustrate its physical relevance: Microwave billiards and a
phenomenological Gamow model. As we pointed out in
Sections 4 and 5.1.1, both examples are open quantum sys-
tems that can be described by an effective non-Hermitian
Hamiltonian.

6.1. Quantum ergodic and quantum mixing: microwave
billiards

Microwave billiards are special examples of scattering
systems [4,5]. Typically, to determine the spectrum of such
systems antennas are used as scattering channels. An
external coupling determines the resonances positions
and widths, and the spectrum of microwave billiards are
modified by the presence of the coupling antennas. We
can start with an expression for the scattering matrix
(see [4] p. 221) R
S=1 72iW?%W (83)

E —Hy +iWWt

where 1 is the identity matrix, Hy is the undisturbed
Hamiltonian assumed to be a N x N truncated matrix and
matrix elements W,, of W contain information on the
coupling strengths of the kth channel to the nth resonance.
The poles of scattering matrix are eigenvalues of the effec-
tive Hamiltonian

H=H, — iWW! (84)

Information on widths and shifts induced by antennas
is completely contained in the eigenvalues of effective
hamiltonian H. Effective Hamiltonians of this type have
been extensively used in nuclear physics [42-47]. We are
only interested in the limiting case of large coupling
strengths where H is dominated by the term —iWW!. The
key is to select a basis where this term is diagonal and
Hy is treated as a perturbation. If we have K channels with-
out loss of generality we may assume that the K vectors Wy,
with components W, are mutually orthogonal,

WW, = ZW;ka = [Wi* o (85)
n

25 We omit exact case since by QSDT (Theorem 10) we have U exact <
U mixing.
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Then we can take the orthogonal basis formed by the K
vectors Vi :“% and the N — K vectors i, where Hy is
diagonal in subspace generated by vectors i1, (see [4] p.

221 and 222). Using first order perturbation theory the
eigenvalues of H are

E = 9Hov —ijwy| 1<K

U (86)
E =ujHoiy [>K
Now we can consider the Hamiltonian
H= ZE,\V, i+ Z Epn|tm) (] (87)

m=K+1

which is a first order approximation of effective
Hamiltonian H. We have renamed Vi, as |v),|un)
respectively, and Hamiltonian % has been expressed in
two sums to analyze different cases according to the
number of channels K. Also, left vectors (V,|, (un| are those
defined by Eqgs. (62) and (63). We consider an initial state p
given by

23

=17

+ { Z po'/'.|v0'><1j/1| + hc} (88)
=14

j=K+1

NN
PVl + D D P lthm) |

m=K+1m'=K+1

me N\ge

where p; = (i|plj) for all i, j=1,...,N and first two sums
of Eq. (88) are diagonal blocks corresponding to the sub-

spaces spanned by {|v)}; and {[un)}y_y., respectively.
Third term of Eq. (88) contains nondiagonal elements of
p which connect subspaces spanned by {|v)}f,,
«{\u,ﬂ)]»',:’1:,<+1 and h.c. denotes the hermitian conjugate oper-
ation. We rename 9/Ho¥; and it},Hotl, as 7, and w, for all
I, m. Again, operator U(n) is given by U(n) =e ™" so p
after n steps is

p(n) = U(mpU(n)’ = e Fon pefion
gy
e

[vi) (v

4((},,, o

Xn -
[tm) (U |

Z pmm/e

m=K+1m’'=K+1

K N W —i(yg—w,)on -
+ {Z 3 e e T ) i + h.c.} (89)

o=1,=K+1

Then the mean value of an observable O in p after n
steps is

(p(n)|0) = tr(p(n)0)

= ZZPW Oype”

I=11=1

+ Z Z Pmm mm’e

m=K+1m'=K+1

+ {Z 3 Py 0ce e T 4 h.c.} (90)

(Iwy+ W,/Dm i(yp=yy Jom

—i(mm— wm, Jon

o=1,=K+1

where 0; = (i|0j) for all i, j=1,...,N. From Eq. (90) we
see that first and third sums decay exponentially as
n — oo while second sum oscillates according to frequency
differences @, — w,y. This remark is crucial in order to
analyze different cases according to number of channels
K. By QSDT we have

.
(p(M)0) =D (p10s2)(Pil0) + (Po(n — 1)[0) 91
i=1
Considering the previous remark and comparing Eqgs.
(90) and (91) we have

r N N

Z(IMOT"(U)(pi‘O)* Z Z pmmfomm’e

i=1 m=K+1m'=K+1

(Po(n— 1)|0) Zzpuou

I=17=

K N .
_Wglan  —i(yg—w;)on
+{§ > 5006 T e T

o=1,=K+1

|(v)m —Opy 7)omn

\WIMWI,\ Jon —1( N=ry) Jon
h

+h.c.}

(92)

First line of Eq. (92) shows the oscillatory part of
(p(n)|0) while second line of Eq. (92) expresses the decay
terms of (p(n)|0). This can be considered as a “global”
QSDT characterization of first order Hamiltonian spectrum
of microwave billiards.

Going into more detail, we consider a rectangle
microwave billiard whose quantum mean values (at first
order) are given by Eq. (92). In this case unperturbed

Vi

Hamiltonian H, has frequencies #="72" @ — Al",lﬁ
which can be considered rationally related*® for all
I=1,...,K;m=K+1,... N then by arguments of consider-
ation (B) of Section 5.1 we have double sum of the first line
of Eq. (92) is a periodic function of n. Now varying number
of channels K we can obtain different chaotic transitions from
integrable regime to chaotic one.

We begin with K =0 that corresponds to integrable
case W =0. Then |w;| =0 for all [=1,...,K in Eq. (86)
and quantum mean values have no terms going to zero,
e.g. all terms of (p(n)|0) in Eq. (90) are oscillatory. Since
there is no term that tends to zero then QSDT does not
apply in this case.

Case 1 <K < N — 1. In this case W # 0 and we have an
exponential decay of (,bo(n —1)|0) with characteristic
times 7, = W Te =y forall |, I'o=1,... K. Since

frequencies «; are rationally related for all

=K+ 1,...,N then right hand of first line of Eq. (92) is
a periodic function of n. Therefore, from QSDT we have that
microwave billiard is ergodic for 1 <K < N —1 (see end of
Section 5.1). This case corresponds to pseudointegrable
regime (K = 1) and chaotic regime (K > 1).

Case K =N — 1. When K = N — 1 we have (po(n — 1)|0)
decays exponentially  with  characteristic  times
Ty = To = for all [, I'o=1,...,N—1 and right

—h__
[Wil+[wy |

26 This assumption is reasonable since dimensions of billiard can be
adjusted such that frequencies are rationally related. Indeed, since only
frequencies %z are related with term ;. 1(P10y )(f),\() (see first line of
Eq. (92)) then it is enough to consider that frequenc1es Gu are rationally
related.
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hand of the first line of Eq. (92) has only one term, pyyOnn-
Then by QSDT it follows that r =1 and this means that
microwave billiard is mixing. Therefore, microwave billiard
is mixing for K = N — 1. This case corresponds to a fully
chaotic regime with maximum number of terms that decay
exponentially.

The case K = N is physically excluded because all quan-
tum mean values (p(1)|0) can not tend to zero.

Therefore, application of QSDT to microwave billiards
says that increasing of coupling channel number K can be
interpreted as chaotic transitions from integrable (K = 0)
to ergodic (1 <K< N-1) and from ergodic to mixing
(K=N-1).

6.2. Quantum mixing case: a phenomenological Gamow
model

Phenomenological Gamow model type [6,7] is perhaps
one of simplest and more illustrative examples of decoher-
ence and approach to equilibrium of a quantum system.
Our system is a single quantum oscillator embed in a
environment composed of a large bath of noninteracting
quantum oscillators which can be considered a continuum.
Degeneracies of this system render it convenient for appli-
cation of Hamiltonian analytic extension (see [6,48-50]) in
order to obtain a non-Hermitian effective Hamiltonian %’
given by

H= izkm) (k| (93)

where z, = k(wo —iy,) are complex eigenvalues (except
Zo = wy), k=0,1,2,... Natural frequency of single oscilla-
tor is wp and 7y, is associated with relaxation time tz by
tg = % (see [7] p. 288). In other words, 7, is inversely pro-
portional to decay rate of dumping of single oscillator. We
consider an initial state p given by

P =33 pralki (94)

k=0m=0
where  py, = (kiplm) and py >0, P =pi, Wwith
k,m € Ny. State p after n time steps is given by

p(n) = Pool0) (0] + > pree 277 k) (k|

DD P T (95)
k=0m=0k#m N
Then mean value of an observable O in p after n time
steps is
(p(m|0) = = > _(klp(m)Olk)
k=0
Z n)0}y, = ZZ{P )} {0}
k=0 k=0m=0

o] o
_210,
= PooOoo + Zpkkokke wt
k=1

i i 01 Ohme 5 (96)

k=0m=0.k=m

+

27 In fact, in this non-Hermitian case we have H =Y z.[k)(k| =
S oZi|m)(m| = H' due presence of complex eigenvalues z, (k # 0) with
nonzero imaginary parts.

where (n|Ojm) = O,,, with k, m € N, and parenthesis with
subindexes {p(n)0}., {P(M)}n, {0}, are notations for
corresponding matrix elements of p(n)0,p(n) and O
respectively. On the other hand by, QSDT we have

r

> (P4l 021 (Pil0) + (Po(n — 1)]0)

i=1

= o000 + E:Pkkokk“f2 L
k=1

+Z Z pkmokmeJTO(ker)n 97

k=0m=0.k=m

Since first term p,,0go on right hand of Eq. (97) is constant
and remaining terms tends to zero when n — oo (due
presence of decreasing exponentials) then sum on left
hand of Eq. (97) must consists of only one term, i.e. r = 1.
From this fact it follows that po(n — 1) = p(n) — py,|0)(0]
is associated with decay modes z, (k # 0). Therefore, from
Theorem 10 (II, IIT) it follows that Gamow model is mixing.
Moreover, we can obtain weak limit of state p (see [2] Sec-
tion 6.3 def. B). From Eq. (97) we have

r

(P()]0) = > (Py|0s-23) (Pi10) + (Po(n — 1)|0)— PoyOoo
i=1
= Poo(P100//0) for n—oc (98)
where pjg,0 = |0)(0|. That is, pw = pge|0)(0] is the weak

limit of p.?
7. Conclusions

Assuming that the classical limit of a quantum system
has a constrictive Markovian Frobenius-Perron operator
associated with its classical evolution T we presented a
Quantum Version of Spectral Decomposition Theorem of
dynamical systems (Theorems 6 and 7) we called Quantum
Spectral Decomposition Theorem (QSDT, Theorem 9).
QSDT gives a representation of expectation values of all
observable O characterizing ergodic level of QEH by pres-
ence of an oscillatory term (see Eq. (49)) and at the same
time contains Riemann-Lebesgue Lemma for van Hove
observables in the mixing case (see Eq. (74)). Moreover,
in the mixing case QSDT provides a physical interpretation
of “homogenization” (see Egs. (45) and 46) which is repre-
sented by the state p; that is weak limit of p.

Considering that quantum evolution is given by
U(n) = e i.e. a discretized evolution at constants inter-
vals where the parameter « € R defines the time step,
QSDT links QEH levels with spectrum. More precisely,
when the spectrum is discrete we have that quasi-period-
icity of quantum mean values is a necessary condition for
ergodicity and linear dependence ir1 the ring of integers
of energy frequencies w; = EW‘ Ly = LN = h is a suf-
ficient condition for non-ergodicity (see Condltlon (%K) of
Section 5.1).

28 Non-normalization of p,, = Pool0)(0] is a consequence of non-Hermi-
ticity of Hamiltonian H given by Eq. (93). This is so because if O = I from Eq.
(96) we have tr(p(n)) is decreasing and tr(p(n)) = (p(n)|l) — pyy When
n — oo. Therefore, 0 < pyy <1 and pyy =1 < py, =0 forall k0.
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For the complex discrete case QSDT gives us a
characterization of quasi-stationary states (see Eq. (68))
where exponentially decreasing terms of any mean value

(p(n)|0) are associated with decay term (po(n — 1)|0). This
can be considered as a QSDT characterization of open
quantum systems described by an effective and non-
Hermitian Hamiltonian.

For the continuous case we have that mean values
of van Hove observables are composed by two terms,
diagonal and non-diagonal, whose physical interpretation
can be analyzed by means of QSDT decomposition. The
terms [;° p(w) O(w)dw and [;° [° p(w, @) O(w, ')

_jlo-of)

e i "dwdw' can be identified with (p|0;)(p1]/0) and
(Po(n —1)|0) respectively, see Eq. (74). In other words,
mixing case corresponds to continuous spectrum with a
van Hove algebra. When both spectra are present QSDT
give us two conditions (see Section 5.3).

e Quantum system is ergodic then non-diagonal term of
discrete part of spectrum is a periodic function of n,
see Eq. (78).

e Quantum system is mixing if and only if discrete part of
spectrum can be approximated by a quasicontinuous,
see Eqgs. (79) and (80).

As we pointed out in Section 5.3, the general case is not
the superposition of discrete and continuous cases simul-
taneously. In the ergodic case periodic term is provided
by discrete part of spectrum while decay term is contrib-
uted by continuous part of spectrum. On the other hand,
in the mixing case both continuous part and discrete part
provide decay terms associated with (po(n — 1)|0) where
discrete part is necessarily quasi-continuous. Roughly
speaking, we can say that continuous part “forces” to dis-
crete part to be periodic in the ergodic case and to be
quasi-continuous in the mixing case.

In Section 6 we apply QSDT to two examples, micro-
wave billiards and a phenomenological Gamow type
model. In the first case QSDT allows us to characterize cha-
otic transitions, from integrable regime to chaotic one, of
microwave billiards in terms of the number of channels
K. When there is no channels (K =0) mean values
(p(m)]0) are oscillatory which corresponds to integrable
regime. For a number of channels K such that
1 < K < N —1%° QSDT says that microwave billiard is ergo-
dic which corresponds to pseudointegrable regime (K = 1)
and chaotic regime (K > 1). This results due presence of
terms that decay exponentially with a rate inversely propor-
tional to the coupling strength |W,| for all 6 =1,... K (see
Eq. (92)). This seems physically reasonable since a large
coupling strength |W,| > 1 implies a high scattering channel
which corresponds to a small characteristic time
T = Mf’—a‘ < 1, i.e. the exponential decay is fast. When
K=N-1 QSDT says that microwave billiard is mixing
which corresponds to fully chaotic regime where mean val-
ues (p(n)|0) contain a maximum number of terms that
decay exponentially (see Eq. (92)). We summarize QSDT

29 N is the dimension of truncated matrix of undisturbed Hamiltonian Ho.

Table 1
QSDT characterization of microwave billiards*®
Number of Quantum mean values QEH level,
channels K (p(n)|0) regime
K=0 Oscillatory None,
integrable
1<K<N-1 Exponential decay terms Ergodic,
chaotic
K=N-1 Maximum number of Mixing, fully
exponential terms chaotic

30 Again, we consider dimensions of billiard can be adjusted such that

S il i i
unperturbed Hamiltonian Ho has frequencies % = 170" ©n _ tnfoln

which are rationally related.

characterization of microwave billiards in the following
table.

From Table 1 we see that increasing of number of chan-
nels implies an increasing of chaotic level. System starts
with an integrable regime for K = 0, enters to a chaotic
ergodic regime when 1 < K < N —1 and finally reaches a
fully chaotic mixing regime for K = N — 1, i.e. as number
of antennas increases system becomes more chaotic. This
can be considered as a QSDT characterization of microwave
billiards in the limit of large coupling strengths.

In the case of Gamow model QSDT decomposition
determines its mixing level, see Eq. (97). Moreover, given
an initial state p its weak limit p,, = po,|0)(0| can not be
normalized due non-Hermiticity of effective Hamiltonian
H, see Eqgs. (93) and (98).

We hope that all these features provided by QSDT can
be useful in shedding light on quantum chaos in future
studies through more examples and theoretical essays.
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