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In  this  work  the  topological  derivative  concept  is applied  in  the  context  of topology  design  of  thermo-
mechanical  devices,  where  the linear  elasticity  system  (modeled  by the  Navier  equation)  is coupled  with
the steady-state  heat  conduction  problem  (modeled  by  the  Laplace  equation).  The  mechanical  coupling
term  comes  out from  the  thermal  stress  induced  by  the temperature  field.  We  consider  the  topology
design  of  bi-metallic  devices.  The  idea  is to maximize  the displacement  in  a given  direction  defined  on
eywords:
opological derivative
opology optimization design
hermo-mechanical devices/actuators

the  boundary  of  the  thermo-elastic  body  with  respect  to a bi-metallic  material  distribution.  The  topo-
logical  derivative  is  obtained  by  considering  the  nucleation  of  a small  circular  inclusion  with different
thermal  expansion  coefficients.  A  level-set  domain  representation  method  is  used,  together  with  the
derived  topological  sensitivity  formula,  to devise  a topology  design  algorithm.  Finally,  some  numerical
experiments  regarding  the  conceptual  design  of thermo-mechanical  devices  are presented.

©  2015  Elsevier  Ltd. All  rights  reserved.
. Introduction

In this paper we are interested in the topology design of thermo-
echanical devices, which consist of multi-flexible structures that

enerate an output displacement in a specified direction produced
y thermal expansions/contractions. In particular, the linear elas-
icity system (modeled by the Navier equation) is coupled with
he steady-state heat conduction problem (modeled by the Laplace
quation). The mechanical coupling term comes out from the ther-
al  stress induced by the temperature field. Since the multi-flexible

tructure transforms the thermal expansion/contraction output
isplacement by amplifying and changing its direction, then the
asic idea consists in maximizing the displacement in a given direc-
ion defined on the boundary of the thermo-elastic body with
espect to a bi-metallic material distribution.

Moreover, the development of such thermo-mechanical devices
equires the design of multi-flexible structures which are able

o produce complex movements originated from simple expan-
ion/contraction thermal effects. In particular, the performance
f these devices can be strongly enhanced by optimizing the

∗ Corresponding author. Tel.: +54 03515986019.
E-mail addresses: sgiusti@civil.frc.utn.edu.ar (S.M. Giusti), novotny@lncc.br

A.A. Novotny).

ttp://dx.doi.org/10.1016/j.mechrescom.2015.01.004
093-6413/© 2015 Elsevier Ltd. All rights reserved.
multi-flexible structures with respect to their shape and their
topology. A quite general approach to deal with shape and topol-
ogy optimization design is based on the topological derivative. In
fact, this relatively new concept represents the first term of the
asymptotic expansion of a given shape functional with respect
to the small parameter which measures the size of singular
domain perturbations, such as holes, inclusions, source-terms
and cracks. The topological asymptotic analysis was  introduced
in the fundamental paper by Sokołowski and Zolésio [1] and has
been successfully applied in the treatment of problems such as
topology optimization [2], inverse analysis [3], image processing
[4], multi-scale constitutive modeling [5], fracture mechanics
sensitivity analysis [6] and damage evolution modeling [7]. For an
account of new developments in this branch of shape optimization
we refer to the book by Novotny and Sokołowski [8].

The topological derivative concept is applied here in the context
of topology optimization design of thermo-mechanical devices.
The performance of the multi-flexible thermo-elastic structure is
maximized by introducing a set of small inclusions with differ-
ent thermal expansion coefficients only. For the sake of simplicity,
we consider that the elastic properties remains fixed, allowing

to avoid complicated derivations such as the ones presented in
Giusti et al. [9], where the topological asymptotic expansion of
the strain energy stored in a thermo-mechanical device, associ-
ated with singular perturbations in the elastic, thermal conductivity

dx.doi.org/10.1016/j.mechrescom.2015.01.004
http://www.sciencedirect.com/science/journal/00936413
http://www.elsevier.com/locate/mechrescom
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechrescom.2015.01.004&domain=pdf
mailto:sgiusti@civil.frc.utn.edu.ar
mailto:novotny@lncc.br
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Fig. 1. Thermo-mecha

nd thermal expansion coefficients, has been derived. In particu-
ar, here the topological derivative, obtained in its closed form, is
sed as a steepest descent direction in a topology design algorithm
f thermo-mechanical devices. Therefore, the simplified obtained
esult shall be useful in the conceptual design of such multi-flexible
tructures.

The paper is organized as follows. The optimal problem consist-
ng in maximizing the performance of thermo-mechanical devices
s stated in Section 2. The associated topological asymptotic analy-
is with respect to the nucleation of a small inclusion with different
hermal expansion coefficient is developed in Section 3. Finally,
everal numerical results associated with topology design of bi-
etallic devices are presented in Section 4. The paper ends in

ection 5 with some concluding remarks.

. Problem formulation

In this section the optimization problem in which we  are dealing
ith is introduced. It consists of maximizing the displacement in

 given direction defined on the boundary of the thermo-elastic
ody with respect to a bi-metallic material distribution. Thus, let us
onsider an open and bounded domain  ̋ ∈ R

2, with boundary ∂˝,
epresenting an elastic solid body subject to thermo-mechanical
eformation effects. The following shape functional is introduced:

(u) := −
∫
� �
e · u, (1)

here e is a given direction prescribed on the boundary � �⊂ ∂˝.
he thermal–mechanical displacement u is solution to the follow-
ng thermo-mechanical variational problem

 ∈ UM :

∫
˝

�(u) · ∇�s =
∫
˝

Q (�) · ∇�s ∀� ∈ VM. (2)

The displacement field on the boundary � D ⊂ ∂  ̋ satisfies u|�D =
, being u a prescribed displacement. Therefore, the set UM and the
pace VM are defined as

M : = {ϕ ∈ H1(˝;  R
2) : ϕ|�D = u} and

M : = {ϕ ∈ H1(˝;  R
2) : ϕ|�D = 0}. (3)
We  assume that � �∩ � D = ∅. The Cauchy stress tensor �(u) is
efined as:

(u) := C∇us, (4)
emi-coupled problem.

where ∇us is used to denote the symmetric part of the gradient of
the displacement field u, i.e.

∇us := 1
2

(∇u + (∇u)	). (5)

The induced thermal stress tensor Q(�) is defined as:

Q (�) := CB�. (6)

In addition, C  denotes the four-order elasticity tensor and B
denotes the second-order thermo-elastic coupled tensor. In the
case of isotropic elastic body, theses tensors are given by:

C  = 2	I + 
(I ⊗ I) and B = ˛I ⇒ CB = 2˛(
 + 	)I, (7)

with 	 and 
 denoting the Lame’s coefficients, and  ̨ the ther-
mal  expansion coefficient. In terms of the Young’s modulus E and
Poisson’s ratio � the above constitutive response can be written as:

C  = E

1 − �2
[(1 − �)I + �(I ⊗ I)] and CB = ˛E

1 − �
I. (8)

Finally, the temperature field � in (2) is solution to the following
variational problem

� ∈ H1
0(˝) :

∫
˝

q(�) · ∇� =
∫
˝

b� ∀� ∈ H1
0(˝), (9)

where b is a prescribed distributed heat source in ˝.  The heat flux
operator q(�) is defined as

q(�) = −K∇�, (10)

where K is a second-order tensor representing the thermal conduc-
tivity of the medium. In the isotropic case, tensor K can be written
as

K = kI, (11)

being k the thermal conductivity coefficient. See details of the cou-
pled system in Fig. 1. Therefore, our optimization problem can be
written as:

Minimize G(u), subject to (2).  (12)

3. Topological asymptotic analysis

The topological derivative with respect to the nucleation of a
small circular inclusion with different thermal expansion coeffi-
cient is now derived. This derivative represents the first order term
of the topological asymptotic expansion of a shape functional with
respect to an infinitesimal singular domain perturbation. See, for
instance, the book by Novotny and Sokołowski [8].
In order to introduce these ideas, we  consider that the domain
 ̋ is submitted to a non-smooth perturbation confined in a small

region Bε(x̂) of size ε with center at an arbitrary point x̂ ∈ ˝.  Thus,
let us introduce a characteristic function  = 1˝ associated to the
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the following theorem:

Theorem 1. The topological derivative of the shape functional (1) is
given by

DT (x̂) = (1 − �)B�(x̂) · �(v)(x̂), (26)
Fig. 2. Topologic

nperturbed domain, so that it is possible to define a characteristic
unction associated to the topological perturbed domain in the form
ε(x̂) = 1˝ − (1 − �)1Bε(x̂)

, where � ∈ R
+ is the contrast parameter

n the material property of the medium, see Fig. 2. Then we  assume
hat a given shape functional  (ε(x̂)), associated to the topologi-
al perturbed domain, admits the following topological asymptotic
xpansion

(ε(x̂)) =  () + f (ε)DT (x̂) + o(f (ε)), (13)

here  () is the shape functional associated to the unperturbed
omain, f(ε) is a function such that f(ε) → 0+, with ε → 0. Func-
ion x̂ → DT (x̂) is the so-called topological derivative of   at the
oint x̂. Thus, the topological derivative can be seen as a first order
orrection factor over  () to approximate  (ε(x̂)).

Several methods were proposed to calculate the topological
erivative. In this paper, we apply the so-called topological-shape
ensitivity method developed in Novotny et al. [10], which is based
n the following result (see also Novotny and Sokołowski [8]):

T (x̂)  = lim
ε→0

1
f ′(ε)

d

dε
 (ε(x̂)). (14)

The derivative of  (ε(x̂)) with respect to ε can be seen as the
ensitivity of  (ε(x̂)), in the classical sense [11], to the domain
ariation produced by a uniform expansion of the perturbation Bε.
n fact, we have

d

dε
 (ε(x̂)) = lim

t→0

 (ε+t(x̂)) −  (ε(x̂))
t

, (15)

here  (ε+t(x̂)) is the shape functional associated to the per-
urbed domain, whose perturbation is given by Bε+t . Therefore, we
an use the concept of shape sensitivity analysis as an intermediate
tep in the topological derivative calculation.

In particular, we consider a contrast only in the thermal expan-
ion coefficient, which drastically simplifies the analysis [9]. Then,
he constitutive properties C  and K remains fixed, while the per-
urbed thermal expansion coefficient is given by:

εB :=
{
B in  ̋ \ Bε
�B in Bε

(16)

Then, by considering (16), the topologically perturbed problem
eads

ε ∈ UM :

∫
˝

�(uε) · ∇�s =
∫
˝

Qε(�) · ∇�s ∀� ∈ VM, (17)

here the perturbed tensor Qε(�) takes the form

ε(�) := �εCB� = �εQ (�). (18)

Therefore, the shape functional G, defined by (1), associated now

ith the above perturbed problem reads

(uε) := −
∫
� �
e · uε. (19)
ivative concept.

Before proceed with the analysis, let us state the following
important result:

Lemma  1. Let u and uε be solutions to the original and perturbed
problems respectively given by (2) and (17). Then, the following esti-
mate holds true

‖uε − u‖H1(˝;R2) ≤ Cε, (20)

where C is a constant independent of the control parameter ε.

Proof 1. Let us subtract (2) from (17). After taking into account
the definition of the contrast �ε in Eq. (16), we obtain∫
˝

�(uε − u) · ∇�s = (� − 1)

∫
Bε

Q (�) · ∇�s. (21)

By taking � = uε− u as test function in the above equation, we
get∫
˝

�(uε − u) · ∇(uε − u)s = (� − 1)

∫
Bε

Q (�) · ∇(uε − u)s. (22)

From the Cauchy–Schwarz inequality there is∫
˝

�(uε − u) · ∇(uε − u)s ≤ C1‖Q (�)‖L2(Bε;R2)‖∇(uε − u)s‖L2(Bε;R2)

≤ C2ε‖uε − u‖H1(˝;R2), (23)

where we  have used the interior elliptic regularity of function �.
Finally, from the coercivity of the bilinear form on the left hand
side of the above inequality, namely,

c‖uε − u‖2
H1(˝;R2)

≤
∫
˝

�(uε − u) · ∇(uε − u)s, (24)

we obtain

‖uε − u‖2
H1(˝;R2)

≤ Cε‖uε − u‖H1(˝;R2), (25)

which leads to the result with C = C2/c.

By taking into account the above result and (14), we  can state
where the function v is the solution of the following variational problem

v ∈ VM :

∫
˝

�(v) · ∇�s =
∫
� �
e · � ∀� ∈ VM. (27)
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roof 2. By considering the nucleation of an inclusion Bε in the
omain  ̋ at point x̂, the state equation (2) can be written as

ε ∈ UM :

∫
˝

�(uε) · ∇�s =
∫
˝

Q (�) · ∇�s

+ (� − 1)

∫
Bε
Q (�) · ∇�s ∀� ∈ VM.

(28)

The shape derivative of the cost functional defined by (19) can
e written as:

˙ (uε) = −
∫
� �
e · u̇ε, (29)

here the superimposed dot denotes the (total) material derivative
ith respect to ε. On the other hand, the derivative of the state

quation (28) with respect to the parameter ε is given by

˙ ε ∈ VM :

∫
˝

�(u̇ε) · ∇�s = (� − 1)

∫
∂Bε
Q (�) · ∇�s ∀� ∈ VM. (30)

By choosing � = v as test function in (30) we have the equality

˝

�(u̇ε) · ∇vs = (� − 1)

∫
∂Bε
Q (�) · ∇vs, (31)

here v is solution to the auxiliary problem (27). On the other hand,
y taking � = u̇ε in (27), we obtain the following equality

˝

�(v) · ∇u̇sε =
∫
� �
e · u̇ε. (32)

Then, by comparing the last two results we get the following
dentity

� �
e · u̇ε = (� − 1)

∫
∂Bε
Q (�) · ∇vs, (33)

here we have considered the symmetry of the bilinear forms.
inally, by introducing the above expression in (29) and using the
nterior elliptic regularity of functions � and v, we can write

˙ (uε) = (1 − �)

∫
∂Bε
Q (�) · ∇vs

= 2�ε(1 − �)Q (�)(x̂) · ∇vs(x̂) + o(ε2), (34)

hich leads to the result by setting f(ε) = �ε2 in (14).

. Numerical results

The obtained result (26) can be combined with a level-set
omain representation method for solving the topology optimiza-
ion problem we are dealing with. The resulting algorithm is now
xplained in details for the reader convenience. It has been pro-
osed by Amstutz and Andrä [12] and consists basically in looking
or a local optimality condition for the minimization problem (12)
ritten in terms of the topological derivative and a level-set func-

ion. Therefore, the domain  ̋ is divided into two subdomains
1 and ˝2, representing the thermo-elastic parts with higher

nd lower thermal expansion coefficients, respectively. Let us then
ntroduce a level-set function � ∈ L2(˝) of the form:

1 = {�(x) < 0 a.e. in ˝}  and ˝2 = {�(x) > 0 a.e. in ˝},  (35)

here � vanishes on the interface between both subdomains. A
ocal sufficient optimality condition for Problem (12), under the

onsidered class of domain perturbation given by circular inclu-
ions, can be stated as

T (x) > 0 ∀x ∈ ˝.  (36)
rch Communications 65 (2015) 1–8

Therefore, let us define the quantity

g(x) :=
{

−DT (x), if � (x) < 0,

DT (x), if � (x) > 0,
(37)

allowing for rewrite the condition (36) in the following equivalent
form{
g(x) < 0, if � (x) < 0,

g(x) > 0, if � (x) > 0.
(38)

We observe that (38) is satisfied wether the quantity g coin-
cides with the level-set function � up to a strictly positive number,
namely ∃ � > 0 : g = �� , or equivalently

� := arccos

[ 〈g, � 〉L2(˝)

‖g‖L2(˝)‖� ‖L2(˝)

]
= 0, (39)

which shall be used as optimality condition in the topology design
algorithm, where � is the angle between the functions g and �
in L2(˝). Let us now explain the algorithm. We  start by choos-
ing an initial level-set function �0 ∈ L2(˝). In a generic iteration
n, we  compute function gn associated with the level-set func-
tion �n ∈ L2(˝). Thus, the new level-set function �n+1 is updated
according to the following linear combination between the func-
tions gn and �n

�0 ∈ L2(˝),

�n+1 = 1
sin �n

[
sin((1 − �)�n)�n + sin(��n)

gn
‖gn‖L2(˝)

]
∀n ∈ N,

(40)

where �n is the angle between gn and �n, and � is a step size deter-
mined by a linear-search performed in order to decrease the value
of the objective function G(un), with un used to denote the solution
associated to the nth iteration. The process ends when the condi-
tion �n ≤ � is satisfied in some iteration, where � is a given small
numerical tolerance. In particular, we can choose

�0 ∈ S =
{
x ∈ L2(˝); ‖x‖L2(˝) = 1

}
, (41)

and by construction �n+1 ∈ S, ∀n ∈ N. If at some iteration n the
linear-search step size � is found to be smaller then a given numer-
ical tolerance � > 0 and the optimality condition is not satisfied,
namely �n > �, then a uniform mesh refinement of the hold all
domain  ̋ is carried out and the iterative process is continued.

In this section three numerical examples of topology design
of thermo-mechanical devices are presented. We  assume that
these devices are made of two metallic materials with similar
mechanical constitutive properties and different thermal expan-
sion coefficients. In all examples we  consider the following
constitutive properties: E = 210 × 103, � = 0.3,  ̨ = 1.08 × 10−5 and
k = 80.0. The contrast parameter is given by � = 4.63 × 10−1. Fur-
thermore, the thick lines in the figures are used to denote clamped
boundary conditions. In the remainder part of the boundary, where
noting is specified, we consider homogeneous Neumann bound-
ary condition. The direction e is given by a unitary vector on � �.
In addition, we  consider a uniform heat source given by b = 1. The
thermo-mechanical problem (2), the steady-state heat conduction
problem (9) and the adjoint equation (27) are solved using the
standard finite element method (see for instance the books by
Zienkiewicz et al. [13] and Hughes [14]), with a uniform mesh
we consider the domain made by the material with higher ther-
mal  expansion coefficient. Finally, the black/white colors represent
the materials with higher/lower thermal expansion coefficients,
respectively.
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Fig. 3. Example 1: domain and boundary condition (a) and optimal material distribution (b).

Fig. 4. Example 1: normalized shape function vs. iterations.
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Fig. 5. Example 1: initial displac

.1. Example 1

In this example the domain  ̋ is characterized by a rectangle
f 2.0 × 1.0 of width and height, respectively, clamped on the thick
ine. The displacement on the middle point of the right side is to
e maximized in the direction e, as shown in Fig. 3(a). The opti-
al  distribution of materials is presented in Fig. 3. This result was

btained using a mesh with 12, 800 elements.
In Fig. 4 is presented the evolution of the shape function G(u)

hroughout the optimization process, normalize by the Euclidian
orm of the displacement of the initial guess ‖u0‖ evaluated on � �.
lso, some intermediate topologies are shown.

The previous results indicate that the optimal material distri-
ution is close to 50% of each one of them. Finally, the amplified
eformed configurations before and after the optimization process
re sketched in Fig. 5(a) and (b), respectively.
.2. Example 2

In this example we  perform the optimization of a L-shaped
eam, with 1.50 of height, 1.50 of length and 0.50 of width,
Fig. 6. Example 2: domain and boundary condition.

clamped on the thick line. The direction e is defined at the corner
of the L-shaped beam, as shown in Fig. 6. In this case, the angle
� is taken between 0◦ and 360◦. The problem is discretized into

184,320 finite elements.

In Fig. 7 are presented the following obtained results in terms of
the angle �: the horizontal displacement uoptx (Fig. 7(a)), the vertical
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Fig. 7. Example 2: horizontal displacement (a), vertical disp

isplacement uopty (Fig. 7(b)), the Euclidian norm of the displace-
ent ‖uopt‖ (Fig. 7(c)) and, finally, the volume fraction of material
ith higher thermal expansion material (Fig. 7d). Notice that in

ig. 7(a)–(c), the results are normalized by the Euclidian norm of the
isplacement of the initial guess ‖u0‖ and all quantities are evalu-
ted on � �. The optimal material distributions (topologies) for eight
elected angles � are presented in Fig. 8. Finally, as an example of
he deformation of the device before and after optimization, in Fig. 9
s sketched the amplified deformed configurations for � = 90◦.

.3. Example 3
In this last example we perform the optimization of a U-shaped
eam, with 1.5 of height, 2.0 of length and 0.5 of width, which is
imply supported in order to eliminate the rigid body motions. The
isplacement is to be maximized in the directions e defined at the

Fig. 8. Example 2: obtained topol
ent (b), norm of the displacement (c) and final volume (d).

opposite corners of the domain, as shown in Fig. 10(a). The optimal
distribution of materials is presented in Fig. 10, where the problem
has been discretized with 294, 912 finite elements.

In order to evaluate the influence of the finite element mesh
in the optimization procedure, in Fig. 11 we present the obtained
topologies for three different meshes. As can be seen through an
inspection of the figures, the meshes do not have too much influ-
ence on the results, at least from a qualitative point of view.

The amplified displacement of the device before and after the
optimization process is sketched in Fig. 12(a) and (b), respectively.

Observe that the obtained results can be used as the conceptual
design for actuators or inverters. Initially, the deformed configura-

tion of the U-shaped beam is given by a simple uniform expansion.
Then, after the optimization process, the new distribution of mate-
rial produces a deformation similar to a grip mechanism (inverting
the direction of the displacement in the top part of the beam).

ogies for different angles �.
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Fig. 9. Example 2: initial displacement (a) and final displacement (b).

Fig. 10. Example 3: domain and boundary condition (a) and optimal material distribution (b).

Fig. 11. Example 3: obtained topologies for different number of finite elements.
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Fig. 12. Example 3: initial displacement (a) and final displacement (b).
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. Concluding remarks

In this work the conceptual topology design of thermo-
echanical devices has been addressed. The idea was  to maximize

he displacement in a given direction defined on the boundary of
he thermo-elastic body with respect to a bi-metallic material dis-
ribution by introducing a set of small inclusions with different
hermal expansion coefficients only. In order to avoid complicated
heoretical derivations such as the ones developed in Giusti et al.
9], the elastic properties have been fixed. By introducing a con-
rast only on the thermal expansion coefficients, the derivations
ecome much simpler, allowing us to focus on the main contri-
ution of the paper, namely, the conceptual design of bi-metallic
evices using the topological derivative concept. In addition, such
n incomplete sensitivity has been able to properly minimize the
hape function, leading to satisfactory solutions. For the approach
resented in this work, a closed form for the topological deriva-
ive associated with the nucleation of a small circular inclusion
ith different thermal expansion coefficient has been derived. The

btained result has been used as a steepest descent direction in an
ptimal design algorithm. Several numerical experiments associ-
ted with conceptual topology design of bi-metallic devices have
een presented. Notice that the proposed methodology is very sim-
ly (easy and fast numerical implementation) and does not require
ny additional constraint in the formulation of the optimization
roblem. In particular there exists an optimal distribution of the
wo metallic materials in the design domain without imposing a
onstraint in the final volume fraction of any of the two  phases.
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