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ABSTRACT: The trace of tensors that account for chiroptical response of the
H2O2 molecule is a function of the HO−OH dihedral angle. It vanishes at 0° and
180°, due to the presence of molecular symmetry planes, but also for values in the
range 90−100° of this angle, in which the molecule is unquestionably chiral. Such an
atypical effect is caused by counterbalancing contributions of diagonal tensor
components with nearly maximal magnitude but opposite sign, determined by
electron flow in open or closed helical paths, and associated with induced electric
and magnetic dipole moments and anapole moments. For values of dihedral angle
external to the 90−100° interval, the helical paths become smaller in size, thus
reducing the amount of cancellation among diagonal components. Shrinking of
helical paths determines the appearance of extremum values of tensor traces
approximately at 50° and 140° dihedral angles.

1. INTRODUCTION

After some earlier observations of Hougen,1,2 Longuet-Higgins
proposed the idea of feasible permutations and permutation-
inversions, which may be achieved without passage over a high
potential barrier, for semirigid molecules, and argued that
practicable operations form groups which could be interpreted
as the molecular groups of both rigid and nonrigid molecules.3,4

In the light of the arguments raised by Longuet-Higgins3 and
of further investigations,5−8 the hydrogen peroxide molecule,
H2O2, could not be regarded as a chiral system. Actually, free
rotation about the O−O internuclear axis precludes separation
of enantiomers in the gas phase, or in solution, at room
temperature. However, the existence of a hindering potential
permits us to define a preferred equilibrium configuration as
that energetically more stable.
Values given in an early study by Hunt et al.9 for trans and cis

potential barrier heights are 386 and 2460 cm−1, respectively;
the potential-function minima are located 111.5° from the cis
configuration and the activation energy for interconversion
through the trans configuration is 4617.6 J mol−1. In an accurate
ab initio study on the equilibrium structure and torsional
potential energy function of hydrogen peroxide, Koput10

reported Vtrans = 377 cm−1 and Vcis = 2545 cm−1.
However, hydrogen peroxide is considered by many

theoreticians to be an archetypal example of axial chirality,
which, for systems not possessing a stereogenic center, refers to
stereoisomerism resulting from the nonplanar arrangement of
substituent groupsordered according to the Cahn−Ingold−

Prelog priority rules (atoms in the case of H2O2) about a chiral
axis.11

The configurations in axially chiral systems are specified
using the stereochemical labels Ra or Sa: the chiral axis is viewed
end-on and the sense of either configuration is identified as that
of the clockwise or anticlockwise rotation of a group (the H
atom of an OH bond for H2O2), starting with the end of the
molecule that is closest, then finishing with the end that is
farthest.
An alternative designation, P (plus) or M (minus), is based

on the helicity of a configuration, because an axially chiral
structure is characterized by a helical, i.e., screw-shaped,
geometry. Accordingly, P, or Δ, is used for a right-handed
helix, whereas M, or Λ, is used for a left-handed helix. These
labels are displayed in Figure 1 to distinguish the enantiomers
of hydrogen peroxide.
Some typical properties of H2O2, e.g., electric dipole−

magnetic dipole polarizability, related to the optical rotatory
dispersion (ORD),12,13 isotropic polarizability of proton
nuclear magnetic shielding,14 and parity violation energy,15,16

have been studied as functions of the dihedral angle between
the OH bonds.
A common feature of the curves reported is that, as expected,

each property vanishes for values 0° and 180° of the dihedral
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angle, corresponding to C2v and C2h point-group symmetries,
characterized by the presence of a σv′ and σh molecular
symmetry planes. However, another recurring feature is
constituted by a null value of these properties evaluated in
the proximity of 90°, which cannot be related to the existence
of pseudorotations: that conformation is by all means chiral.
The analogous distinctive characteristic has been reported also
for H2S2.

17

To the best of our knowledge, the reasons for the presence of
this additional vanishing value of chiroptical properties of H2O2
has not been explained. The present paper attempts to interpret
the results found for the electric dipole−magnetic dipole
polarizability and for the anapole magnetizability, which is a
peculiar quantity characterizing chiral molecules in the presence
of magnetic field.18−23

2. THEORETICAL BACKGROUND
Standard tensor formalism is employed, e.g., the Einstein
convention of implicit summation over two repeated Greek
subscripts is in force. The third-rank Levi−Civita pseudotensor
is indicated by ϵαβγ. The SI units are used throughout.
Electronic operators are denoted by boldface letters, e.g., for

the electric and magnetic dipoles,12,13,23

μ ̂ = − R̂e (1)

̂ = − ̂m L
e
m2 e (2)

using capitals for global electronic operators, e.g., for position
and angular momentum,
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or specifying the vector components, e.g., for the anapole
operator,20
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related to that for the magnetic quadrupole,24,25
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The mixed electric dipole−magnetic dipole polarizability is
defined by the nonsymmetric parity-odd, time-even, second-
rank tensor12,13,22,23

∑κ ω
ω ω

μ′ = −
ℏ −
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a j j m a
1 2

( )
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The anapole magnetizability aαβ is also a nonsymmetric
parity-odd, time-even, second-rank tensor,18−23 characterized
by striking analogies with καβ′ . It is given by the sum of
paramagnetic and diamagnetic contributions,

= +αβ αβ αβa a ap d
(6)
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One can at once verify, from eqs 7 and 8, that the average
anapole magnetizability contains only the paramagnetic
contribution, i.e.,

̅ = ≡αα ααa a a(1/3) (1/3) p
(9)

because aαα
d vanishes identically.

The sum rule23 arrived at by summing the terms in the
numerator of eq 7,

∑ ⟨ | ̂ | ⟩⟨ | ̂ | ⟩ =α α
≠

a a j j m a( ) 0
j a (10)

corresponds to the Condon sum rule26 for rotational strengths
Raj,

∑ ∑ μ= ⟨ | ̂ | ⟩⟨ | ̂ | ⟩ =α α
≠ ≠

R a j j m a( ) 0
j a

aj
j a (11)

Because the molecular response properties defined by eqs 5
and 6 are accounted for by second-rank tensors that are not
symmetric under the exchange of the indices, it is useful to
divide them23,27−32 into three parts. For any nonsymmetric Tαβ

tensor one can write

δ= ̅ + Σ + ϵ *αβ αβ αβ αβγ γT T T (12)

̅ = ααT T
1
3 (13)

δΣ = − ̅ ̅ = = ̅αβ αβ αβ ααS S S S T
1
3 (14)

= +αβ αβ βαS T T
1
2

( )
(15)

* = ϵγ γδ δϵ ϵT T
1
2 (16)

where the different terms are referred to as

• Tαα, trace,
• T̅δαβ, isotropic (or spherical) part,
• Σαβ, symmetric traceless anisotropic part (or deviator

33),

• ϵ * = −αβγ γ αβ βαT T T( )1
2

, antisymmetric part.

The same terminology (deviator, etc.) was employed recently
by Tomassini et al.34 in the definition of Raman optical activity

Figure 1. M (on the right) and P (on the left) enantiomers of the
hydrogen peroxide molecule, also denoted as Ra and Sa, respectively,
according to an alternative nomenclature, with the subscript “a”
referring to “axially chiral”.11
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(ROA) robustness parameters. The connection between
robustness angles and dissymmetry factors in vibrational
circular dichroism (VCD) spectra has been dealt with in a
more recent paper.35,36

The symmetric S matrix has real eigenvalues s = UtSU and
orthogonal eigenvectors U. Through simple calculations one
obtains

∑

∑
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Equations 17−20 define the magnitude of the anisotropy of the
deviator, which is the same as
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+ + + +

+ +

S T T T T T T

T T T T

T T

( )
1
3

[( ) ( ) ( ) ]

1
2

[( ) ( )

( ) ]

xx yy yy zz zz xx

xy yx yz zy

zx xz

2 2 2 2

2 2

2
(21)

The relationship

ΣΔ =S Tr 2 (22)

defines the anisotropy of the deviatoric part of a nonsymmetric
Tαβ tensor. The square root, ΔS, of the right-hand side in eq 22
is frequently used to designate the anisotropy of a symmetric
Sαβ tensor.

37−42

From eq 17 one obtains the definitions of variance dividing
by 3, and of standard deviation of the eigenvalues f rom the mean
S,

∑σ = − ̅
=

s S
1
3

( )
i

i
1

3
2

(23)

Accordingly, eq 23 specifies a measure of variation of the
eigenvalues of the symmetric part of a nonsymmetric tensor
from its average value: a small (large) σ (or ΔS) indicates that
the eigenvalues si are close to (distant from) the mean S.
Relationships 17−20 and 21 and 22 define absolute

quantities, independent of the arbitrary coordinate systems
used to represent Tαβ and of the index of eigenvalues and
eigenvectors.
An alternative definition of anisotropy of a nonsymmetric

tensor, given by

Δ = − + ≡ − +T T T T S S S
1
2

( )
1
2

( )zz xx yy zz xx yy (24)

is sometimes used.43 At variance with definition (22), its
magnitude and sign depend on the coordinate system chosen,
which, in our opinion, makes the former, eq 22, preferable.

Figure 2. Diagonal components κxx′ , κyy′ , κzz′ and average κ′̅ = καα′ /3, in au, of the electric dipole−magnetic dipole polarizability, eq 5, of the P
enantiomer of hydrogen peroxide molecule as functions of the HO−OH dihedral angle, computed at the B3LYP level for the frequency ω =
0.0773571 au, equivalent to 3.198 × 1015 rad s−1 and λ = 5.890 × 10−7 m, corresponding to the sodium D line. Here and in the following Figures
3−6, the curves have been obtained by fitting 19 equally spaced points in the range 0°−180° of dihedral angle, which increases by an anticlockwise
rotation from C2v (with both OH bonds along the positive z axis) to C2h point-group symmetry. From the CODATA compilation,50 the conversion
factors from au to SI units are for angular frequency Eh/ℏ = 4.134 137 333 656 × 1016 rad s−1; for mixed electric-magnetic dipole polarizability e2a0

3/
ℏ = 3.607 015 63 × 10−35 m C T−1 ≡ m kg−1 s C2 per molecule.
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3. COMPUTATIONS

The equilibrium geometry of the H2O2 molecule was optimized
at the B3LYP44 level of accuracy via the GAUSSIAN code.45 A
large uncontracted (13s10p5d2f/11s7p4d) basis set, previously
tested for predicting anapole magnetizabilities of C4H4O2 cyclic

molecules,20 and other chiral molecules,21 has been employed
to compute electric dipole−magnetic dipole polarizability and
anapole magnetizability for 19 molecular conformations
corresponding to different values of the HO−OH dihedral
angle, using the DALTON code.46

Figure 3. Diagonal components axx, ayy, azz and average a ̅ = aαα/3 of the anapole magnetizability, eq 6, in au, of the P enantiomer of hydrogen
peroxide molecule as functions of the HO−OH dihedral angle, computed at the CCSD level. From the CODATA compilation,50 the conversion
factor from au to SI units per molecule for anapole magnetizabilities is e2a0

3/me = 4.175 756 62 × 10−39 J T−2 m.

Figure 4. Diagonal components axx, ayy, azz and average a ̅ = aαα/3, in au, of the anapole magnetizabiity of the P enantiomer of the hydrogen peroxide
molecule as functions of the HO−OH dihedral angle computed at the B3LYP level. See the caption to Figure 3 for the conversion factor to SI units.
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Calculations of the molecular tensors, eqs 5, 7, and 8, have
been carried out at the coupled SCF-HF level of accuracy,

equivalent to the random-phase approximation (RPA).47 The
effects of electron correlation have been estimated via density

Figure 5. Parameters quantifying the anisotropy of the κ′ tensor of the P enantiomer of the hydrogen peroxide molecule as functions of the dihedral
angle of HO−OH computed at the B3LYP level, for the frequency ω = 0.077 357 1 au. The conventional anisotropy Δκ′ = κzz′ − (1/2)(κxx′ + κyy′ ) is
represented in black, and the eigenvalues s1, s2, and s3 of the symmetric part, eq 15, are represented in blue, red, and yellow, respectively. The
anisotropy defined via eq 22 is represented in green. For conversion factors, see the caption to Figure 2.

Figure 6. Parameters quantifying the anisotropy of the a tensor of the hydrogen peroxide molecule as functions of the HO−OH dihedral angle
computed at the B3LYP level. The conventional anisotropy Δa = azz − (1/2) (axx + ayy) is represented in black, and the eigenvalues s1, s2, and s3 of
the symmetric part, eq 15, are represented in blue, red, and yellow, respectively. The anisotropy defined via eq 22 is represented in green. For the
conversion factor, see the caption to Figure 3.
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functional theory (DFT), taking into account the B3LYP44

functional. An attempt at sampling the quality of this functional
was made by comparison with coupled cluster singles and
doubles (CCSD) computations of anapole magnetizability.
Very small differences between beyond Hartree−Fock methods
were found, which do not affect the analysis of the following
Section.

4. DISCUSSION

Figure 2 shows that the average κ′̅ = καα′ /3 computed at the
B3LYP level is significantly smaller than the diagonal
components, because they are characterized by different signs.
The trace καα′ vanishes for a dihedral angle of ≈100°, which is
promptly explained: κzz′ is nearly maximum in the proximity of
this value, offsetting κxx′ and κyy′ , which have minima at ≈65°
and ≈90°, respectively: they annihilate each other on summing.
Consistent with the extremum values of the diagonal
components in that range, the anisotropy Δκ′ evaluated via
the conventional definition, eq 24, is close to its maximum at
≈90°, as observed in Figure 5.
Analogous patterns are observed for the anapole magnet-

izability, in the vicinity of 85° and 90°, respectively for the
CCSD and B3LYP calculations; see Figures 3 and 4. In
particular, the anisotropy Δa from eq 24 is minimum for ≈90°,
as shown in Figure 6.
Having found that null average values of chiroptical

properties of hydrogen peroxide at a dihedral angle of ≈90°
are due to cancellation of contributions with opposite sign of
diagonal tensor components, one can conjecture that an
analogous effect is likely to take place in any axially chiral
molecule, e.g., in alkenes with conjugated double bonds, CH2
CHCHCH2, and biphenyls for a rotation about the central
CC σ bond. Biphenyls with large substituents at the ortho
positions on either side of the central CC are characterized

by restricted rotation about it, owing to steric hindrance. If the
substituents are different, a chiral biphenyl exists as a pair of
axially chiral atropisomers that may exhibit features analogous to
those observed for H2O2.
An explanation can now be found for the existence of

extremum values of the diagonal components at ≈90° in the
light of perspicuous classical models proposed by Kauzmann.48

The electrons of chiral molecules in the presence of optical
fields move along helical paths; thus let us consider a beam of
plane-polarized light propagating in the x direction, impinging
on the H2O2 molecule represented in Figure 1. The time-
dependent electric field Ez, Figure 7, induces an oscillating
magnetic moment in a spiralling path, assimilated to a solenoid,
whose axis lies in the same direction.48 It is determined by the
time derivative Ėz of the electric field via the κzz′ component of
the electric dipole−magnetic dipole polarizability,12,13,37

κ ωΔ⟨ ̂ ⟩ = − ′ ̇ −m Ez zz z
1

(25)

Analogously, the magnetic field By of the polarized wave
induces an electric dipole moment48 in a coil spiralling about an
axis parallel to the y axis; see Figures 1 and 7.12,13,37

μ κ ωΔ⟨ ̂ ⟩ = ′ ̇ −By yy y
1

(26)

Plane-polarized light beams shone in the y and z directions will
induce electric and magnetic dipoles in a similar way. Now, the
mechanism magnifying the absolute value of the diagonal
components of κ′ in the vicinity of a dihedral angle of 90° is
seen to depend on the shape and size of the helical path
observed in the direction of its axis. In the bottom of Figure 7
the shrinking of a section of circular helix with axis parallel to
the y axis, corresponding to 90°, is displayed for increasing or
decreasing values of the dihedral angle. An analogous
mechanism is expected to shrink the vertical helix and taper

Figure 7. Electrons moving backward and forward along helical paths, under the influence of the fields of a plane-polarized light beam, induce
oscillating dipole moments,48 eqs 25 and 26, determined by the electric dipole−magnetic dipole polarizability, eq 5, of H2O2. A section of the helix
with axis parallel to the y axis has nearly maximal area for a dihedral HO−OH angle close to 90° and shrinks by increasing or decreasing this value,
which reduces the magnitude of κyy′ .
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off κzz′ . Light beams shone along the z or x axis would
determine a similar phenomenology.
Figures 3 for CCSD and 4 for B3LYP calculations, displaying

components and average value of the anapole magnetizability as
functions of the HO−OH dihedral angle, are characterized by
features similar to those observed for κ′, i.e., vanishing a ̅ and
extremum values of the axx and azz components at angles close
to 90°. Remarkably, the ayy component is much smaller than
the others, and comparatively less affected by a change of
dihedral angle.
To interpret this effect, one can tentatively assume that a

magnetic field By induces a toroidal flow about the y axis, and
consequently an anapole moment18,23 in that direction, as
found for dithiins.49 The magnitude of this anapole moment is
much smaller than that of the anapole moments in the x and z
directions, according to Figures 3 and 4. In any event, further
investigations and plots of magnetic-field induced current
densities are needed to visually check this hypothesis.
To understand the value of the definition of tensor

anisotropy relying on eq 22, let us examine Figure 5, which
illustrates the dependence of the eigenvalues of the symmetric
part of the καβ′ tensor on the HO−OH dihedral angle. The
largest value of the eigenvalue s1 is found at 0°, i.e., for the C2v
molecular symmetry. It diminishes quite smoothly on
increasing the angle, and it vanishes together with s2 (with a
minimum at ≈60°) and s3 (with a maximum at ≈100°) at 180°,
i.e., for the C2h symmetry.
Whereas the anisotropy Δκ′ designated via eq 24 vanishes at

0° and 180°, passing through a maximum at ≈90°, the
anisotropy ΔS defined by eq 22, giving a measure of the
dispersion of the eigenvalues si from the mean S, is quite large
in the interval 0−60°; then it diminishes, vanishing together
with the eigenvalues at 180°.
At the ends of the range of dihedral angles considered in

Figure 2 for the κ′ tensor, Txx = Tyy = Tzz = Sxx = Syy = Szz = S =
0, and because the trace of the S matrix is conserved on
diagonalizing, S = s1 + s2 + s3 = 0 at 0° and 180°. Because s3 also
vanishes at the ends, Figure 5, then either s2 = −s1 at 0° or s1 =
s2 = 0 at 180°, as shown in the same figure. An analogous
pattern is observed for the anapole magnetizability in Figures 4
and 6. The curve representing the eigenvalue s2 as a function of
the dihedral angle passes through a saddle point in the
proximity of 90°, where s3 and Δa reach a minimum value. The
eigenvalue s1 and the anisotropy ΔS have a maximum at ≈70°
and ≈80°, respectively.
These results provide more detailed and reliable information

on the intrinsic anisotropy of chiroptical tensors than definition
(24).

5. CONCLUDING REMARKS
Accurate beyond Hartree−Fock calculations show that the
average value κ ̅′ of the electric dipole−magnetic dipole
polarizability tensor of hydrogen peroxide, formally related to
its optical rotatory power (whose observation is, however,
precluded by free rotation about the O−O bond), vanishes in a
configuration close to that of equilbrium geometry, correspond-
ing to a dihedral HO−OH angle ≈100°, at which the molecule
is certainly chiral.
This third point of vanishing rotatory power, in addition to

those occurring at 0° and 180°, which correspond to C2v and
C2h point-group symmetries, respectively, does not depend on
the existence of pseudorotations, e.g., symmetry planes.
Analogous results, observed previously for other tensor

properties typical of axially chiral molecules (as well as for
the scalar parity-violation energy), were found also for the
average anapole magnetizability of H2O2.
The present investigations demonstrate that these additional

points of vanishing tensor trace are due to mutual cancellation
of diagonal components with opposite sign, characterized by
extremum values in the range ≈65−100° of the dihedral angle,
at which tensor anisotropies, evaluated via two definitions, also
have nearly maximal magnitude.
However, extremum values of diagonal components are

physically explained in terms of open helical paths of electrons
for the electric dipole−magnetic dipole polarizability and of
closed helical paths, i.e., toroidal flow, for the anapole
magnetizability. The magnitude of the diagonal components
of chiroptical tensors depends on the shape and size of these
paths: they shrink by increasing or decreasing the dihedral
angle ≈100°, which corresponds to the maximum calculated
values.
Analogous effects, in particular the presence of additional

vanishing average values of chiroptical tensors, are expected to
take place for other axially chiral molecules, e.g., atropisomers.
Eventually, because ORD and ROA are intimately connected,
the approach adopted in the present study would be useful also
in other contexts, e.g., theoretical prediction of ROA
parameters as functions of the dihedral angle in axially chiral
systems.
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