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Abstract. We undertake a bifurcation analysis of a velocity coupled system of two classical nonidentical Van
der Pol oscillators to understand the appearance and structure of 1:k parameter regions with syn-
chronized states as we vary the coupling and the frequency mismatch. These regions include multi-
stability of solutions and are formed by classical tongues bordered by curves of limit point bifurcation
of periodic orbits with an isola structure and an additional subregion surrounded by curves of torus
bifurcations and a curve characterized by a geometrical tangency condition. Symmetry arguments
explain the difference between the even and odd k cases.
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1. Introduction. First recognized in 1665 by Huygens, who observed two mechanically
coupled clocks [12], synchronization phenomena are ubiquitous in science, nature, engineering,
and social life. Systems as diverse as singing crickets, cardiac pacemakers, firing neurons, and
applauding audiences exhibit a tendency to operate in synchrony [23]. Loosely speaking,
synchronization could be defined as an adjustment of rhythms of oscillating objects due to
their weak interaction. It is a universal phenomenon and can be understood within a common
framework based on modern nonlinear dynamics [3, 10]. A rather mathematical but unifying
definition of the different types of synchronization can be found in [5].

The Van der Pol oscillator [34, 35] is the canonical example of a planar limit cycle. It
has been extensively studied by the dynamical systems community from both the theoretical
and the numerical point of view and is a necessary character in any textbook on dynamical
systems [10, 18, 30].

The applications of the Van der Pol oscillator start with the classical work by Van der Pol
himself [36], who applied it to an electrical model of the heart [36]. Since then, it has been
used, for instance, in a mathematical model based on interconnected relaxation oscillators for
the slow wave electrical circuit of the gastrointestinal tract [20], in a heuristic model of neuron
interactions [14], in the modeling of circadian rhythms [26], in the rhythm synchronization in
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a model of the heartbeat [8], in synchronization of electromechanical devices [39], in control of
biped locomotion [13], and as a simplified model of the self-excited vibrations in turbomachine
blades [4].

It is well known that the forced case exhibits complex dynamical behavior, and the cou-
pled version has become the basic model of nonlinear dynamical systems undergoing mutual
synchronization.

The phenomena of synchronization, oscillator suppression, and total oscillator death are
universal phenomena that have already been studied for other systems.

Vance and Ross [37], Aronson, Ermentrout, and Kopell [2], and Taylor and Kevrekidis [33]
have established the generic bifurcation structure for the transition from quasi periodicity and
synchronization to the regime of oscillator suppression as the coupling (or forcing) increases.
They have shown, for instance, how the 1:1 resonance tongue is bounded at the top by a saddle-
node bifurcation curve, how the 1:2 tongue ends with one or more period-doubling bifurcation
curves, and how the 1:3 tongue ends with a loop of its delineating saddle-node bifurcation
curve around the so-called period-3 resonance point on the torus bifurcation curve. This is
the curve that, between the resonance tongues, marks the transition from quasi periodicity
to oscillator suppression. For weak resonances, the delineating saddle-node bifurcation curves
are tangent to the torus bifurcation curve in their respective resonance points.

A similar result was obtained by Sturis et al. [31] in a study of the response of the ultradian
oscillations in human insulin secretion to an oscillatory intravenous glucose infusion. It may
also be worth noting that similar phenomena have been observed in a spatially extended
electronic oscillator [21].

Taylor and Kevrekidis [32] and Ermentrout [9] have considered the transition from oscilla-
tor suppression to total oscillator death. They have observed, for instance, that two different
Hopf bifurcations of the equilibrium point may be involved and that a small region of torus
dynamics may develop from the point of intersection between these two Hopf bifurcation
curves.

The idea of coupling several Van der Pol oscillators has been extensively used in the
literature and started with, to the best of our knowledge, an analytical treatment of two
coupled Van der Pol oscillators in [1]. The corresponding bifurcation behavior was studied
in [11] and [29]. Two weakly coupled identical and detuned Van der Pol oscillators analyzed
by means of perturbative and topological methods can be found in [24]. An indirect coupling
via a bath was analyzed in [6], and multistability of solutions was found in [22]. Natural
extensions of the model by including delay or a nonautonomous term can be found in [19] and
[17], respectively.

A generic trajectory in the case of two nonidentical oscillators would be quasi-periodic,
and the invariant tori and their bifurcation should play a preeminent role in the description
of the global dynamics. For an extensive treatment of tori continuation and their bifurcation
and a review of the related works, we refer the reader to [28] and [25].

In a recent work [16] the case of nonidentical velocity coupled Van der Pol systems was
numerically investigated, and a so-called broadband synchronization region was identified in
which the two oscillators perform periodic orbits with commensurate periods. More precisely,
by means of an appropriate Poincaré three-dimensional section they found that, for an un-
bounded region in the frequency mismatch parameter and moderate values of the coupling,
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one of the subsystems performed one full revolution, while the other completed k full revo-
lutions; i.e., the 1:k synchronized state. We will take this statement as a working definition
of synchronization that implies additionally that the solution under consideration is periodic
and stable. We are aware that this is not the only definition of synchronization [5], but it is
the one considered by the authors of [16], whose results are under analysis. For instance, we
do not require that the flow of the orbit lies on the surface of a torus. This may lead to an
interpretation of our results which seems to be in conflict with previous work. We will recall
this fact whenever appropriate.

The well-known Arnold tongues that emanate from the zero coupling limit act as bridges
toward the broad synchronized region and appear in an ordered and monotonic way in k as we
increase the frequency mismatch parameter. In [16] Kuznetsov and Roman identified, among
other features, the 1:1, 1:3, and 1:5 synchronization tongues that appear with decreasing width
as the classical theory predicts, but did not analyze the case of even k values. In addition,
the border and structure of the upper part of the tongues that overlaps with the main 1:1
broadband region were designated as degraded top for their geometrical shape and were not
completely explained.

In this paper we undertake a bifurcation analysis of this velocity coupled system of two
classical nonidentical Van der Pol oscillators to understand the appearance and structure of
1:k parameter regions with synchronized states as we vary the coupling and the frequency
mismatch. We will show that these regions include multistability of solutions and are formed
by classical tongues bordered by curves of limit point bifurcations of periodic orbits with
an isola structure and an additional area surrounded by curves of torus bifurcations and a
curve characterized by a geometrical tangency condition. We will also show that symmetry
arguments explain the difference between the even and odd k cases.

2. The model. The model under study is formed by two classical Van der Pol oscillators
represented by the following system of second order differential equations:

(2.1)

{
ẍ− (1 + λ− x2)ẋ+ x = μ(ẏ − ẋ),

ÿ − (1− y2)ẏ + (1 + δ)y = μ(ẋ− ẏ).

For the sake of simplicity and to compare with the results of [16] we have considered only
a dissipative coupling (velocity dependent) instead of a reactive one (position dependent) or
a combination of both. An interesting and recent review on the different coupling options,
including a mixing of positions and velocity (conjugate coupling), can be found in [27].

The parameter λ in the first equation controls the appearance of the Hopf bifurcation,
the parameter δ is the frequency mismatch, μ parametrizes the dissipative coupling, and, as
usual, the dot denotes the time derivative.

In the absence of coupling, the two oscillators have a stable limit cycle with, in general,
different frequencies. In addition, it is intuitive to think that, for almost identical oscillators
(small λ and δ), a moderate amount of coupling will bring the system into a synchronized
state. The question of interest is to understand what happens for arbitrary values of the
parameters, i.e., for which value of the parameters these two oscillatory subsystems enter a
synchronized state.

The authors of [16] undertook an extensive numerical investigation of the parameter de-
pendence of the solutions of (2.1) by scanning a fine grid in the δ-μ parameter plane for fixed λ.
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They also performed some asymptotic expansions to understand the structure of the solutions.
They identified regions where no oscillations were present (the so-called death of oscillation
region), as well as regions where the two subsystems were oscillating in a 1:1 synchronized
state. More interestingly, by means of a three-dimensional Poincaré section they were able to
detect parameter values for which one of the subsystems performed k complete oscillations,
whereas the other did only one, a 1:k synchronized state. Furthermore, they completed the
analysis by repeating the computation for different values of λ and by monitoring the evolution
of the different regions.

However, for each pixel in the δ-μ parameter representations of the solutions of equa-
tions (2.1) [16, eqs. (1)], only one state was assigned to the system, precluding the possibility
of multistability, and the transition from one state to another was not completely explained.

We will see that a bifurcation-based approach based on continuation of solutions provides
a complementary point of view that clarifies the representation of the solutions and helps in
completing the puzzle, in particular, in identifying the geometrical mechanism in the upper
part of the synchronization tongues (the so-called degraded top region). As we will see later
(section 3.2), Kuznetsov and Roman overlooked some observable structures associated with
even values of k.

3. Results. The basic tool for our study has been the continuation of the unique equilib-
rium point of the system, which turns out to be the origin. The simplicity of the model allows
some analytical treatment so that the curves of the equilibria bifurcation can be worked out
with standard linear algebra techniques.

In general terms, for any given value of λ, the equilibrium is stable for large values of δ
and large values of μ; i.e., when the two subsystems have very different values of frequencies
or the coupling is very strong, any oscillatory solutions are suppressed.

As we decrease any of these parameters, the equilibrium loses its stability via a Hopf
bifurcation where a pair of complex conjugate eigenvalues crosses the imaginary access with
nonzero velocity and a limit cycle is born. This first bifurcation can be fully characterized by
computing analytically the first Lyapunov coefficient which turns out to be negative, indicating
that the bifurcation is supercritical and, consequently, the emanating periodic orbit is stable.
This Hopf bifurcation condition can be traced in two parameters (δ-μ) to identify the onset of
synchronized states and is presented in Figure 1 for λ = 0.25. It is clear from our definition in
section 1 that any stable periodic orbit corresponds to a synchronized solution, because the
system is oscillating in a periodic and stable condition. A geometrical analysis of the orbit
will tell us whether it is a 1:k synchronized state or something more exotic.

By further decreasing the value of μ, the origin undergoes a second Hopf bifurcation in
which the other pair of complex conjugate eigenvalues crosses the imaginary axis, meaning that
the already unstable equilibrium becomes doubly unstable and a second family of unstable
periodic solutions is born. According to our results, this second bifurcation has no direct
influence in the synchronization phenomenon.

This second curve of Hopf bifurcation in the δ-μ plane is shown in Figure 1 and does not
separate regions of observable different dynamical behavior because the equilibrium before
and after the crossing was already unstable. We should remark that the case λ = 0 is a
special case where the two Hopf curves coincide (in fact, are equal to a horizontal segment at
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Figure 1. Bifurcation diagram of the equilibrium at the origin for λ = 0.25. The yellow region is where
the origin is stable and no oscillations are present (death of oscillation area). The upper green curve is the
first Hopf bifurcation (supercritical), where the origin loses its stability, and the lower one is a second Hopf
bifurcation for the already unstable equilibrium. The red vertical segment is the route that we will take to look
for further structure in the diagram.

μ = 1). The curve in this degenerate case is a curve of double Hopf bifurcation where the two
pairs of eigenvalues cross with nonzero velocity at the same time. In this case, the emanating
solution is a torus if no resonances are present. We will discuss later in this section the role of
tori in the dynamics. For λ �= 0 we have analytically proved that the two Hopf curves do not
intersect and that each bifurcation curve involves the same pair of eigenvalues all the way.

The outcome of this equilibrium analysis is that outside the yellow region in the upper
right corner the system is in a state of oscillatory behavior, but we still have to determine
whether or not we should call it synchronized. In [16] the unbounded horizontal strip below
the first Hopf bifurcation was termed the broadband synchronization region.

The next step in our search for global understanding of the dynamics in this oscillatory
region is to compute the family of periodic solutions that is born at the first Hopf curve as one
of the parameters is varied, and trace its stability and possible bifurcation by monitoring the
Floquet multipliers. This kind of analysis has to rely on numerical algorithms, and we have
made extensive use of AUTO, a well-known and tested continuation code in the dynamical
systems community [7, 15].

We have chosen a value of δ = 10 for the λ = 0.25 diagram, guided by the numerical
evidence along the red segment in Figure 1. The resulting bifurcation diagram for the family
of periodic solutions is shown in Figure 2, where we plot the norm of the solution as a
function of the bifurcation parameter μ. Around μ = 1.25, the origin undergoes the above-
mentioned Hopf bifurcation (HB) and heads toward the low coupling region. Along the way
we have marked several labels (a–d) corresponding to special solutions that will be referred to
throughout the paper. Centered around μ = 1 we find a loop with three changes of stability
along the branch.

The first stability change as we follow the branch is a limit point (LP1) around μ = 0.9,
where the branch turns back and loses stability and the μ parameter begins to increase its
value. The branch is drawn with a dashed line to denote that the corresponding periodic
solution is unstable (and therefore not observable in simulations) until it reaches a second
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Figure 2. One-parameter bifurcation diagram as μ varies along the red segment in Figure 1 for λ = 0.25
and δ = 10. The vertical axis is the norm of the solution. The branch emanates from the origin at a standard
supercritical Hopf bifurcation with its usual local square root shape for the amplitude. Labels a–d are stable
periodic solutions. A first limit point (LP1) is found at μ ∼ 0.9, where the branch loses stability. At a second
limit point (LP2) the stability is recovered only to be lost again later at a torus bifurcation (TR1). In the
interval [LP2, TR1] the system is bistable.

limit point (LP2), where it recovers the stability and turns back again to decreasing values of
μ. The branch of periodic solutions is drawn with a solid line until it reaches a bifurcation
point where the stability is lost again in what is called a torus bifurcation (TR1), where a pair
of Floquet multipliers leaves the unit circle with a nonvanishing imaginary part. The surviving
unstable main branch heads toward the uncoupled limit. Note that, in this case, within the μ
interval [LP2, TR1] the system is bistable. It is important to note that the relative position
of these three bifurcations (two LPs and a TR) varies with δ and really determines the lower
border of the region where stable periodic orbits exist in the δ-μ diagram. In a numerical
simulation (as in [16]), the observed solution would depend on the initial condition and the
basin of attraction of the different solutions. However, if we were aware of this multistability
situation, we could determine the basins of attraction of both stable limit cycles, as shown
in [38].

The next step in our research is to continue in two parameters this special solution, namely
the locus in the δ-μ plane of the two LPs and the TR. We have done this with the help of
AUTO, and the results are three more curves in the bifurcation diagram displayed in panel
(a) of Figure 3. The point of contact of these tongues with the μ = 0 axis could be predicted
just by computing the ratio of the uncoupled periods of the limit cycle of the two Van der Pol
oscillators. The synchronization tongues act as bridges of periodic orbits between the μ = 0
limit and the broadband synchronization region.

We display three tongues of 1:k synchronized states bordered by curves of limit points of
periodic orbits. The leftmost green tongue centered on δ = 0 corresponds to a 1:1 state, the
central blue one is the 1:3 synchronized state explained in Figure 2, and the narrow rightmost
black tongue corresponds to a 1:5 resonance. The solid magenta curve is the locus of torus
bifurcation of periodic orbits. Figures 3(b) and 3(c) zoom in on the upper part of the tongues
to highlight the interaction between the torus bifurcation and the presence of a cusp of limit
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Figure 3. (a) Two-parameter (δ-μ) continuation of the bifurcation of periodic orbits for fixed λ = 0.25.
We display three tongues of 1:k synchronized states bordered by curves of limit points of periodic orbits. The
leftmost green tongue corresponds to a 1:1 state, the central blue tongue is the 1:3 synchronized state explained
in Figure 2, and the narrow rightmost tongue corresponds to a 1:5 resonance. These tongues are only a subset of
the full 1:k synchronization region. The magenta solid curve is the locus of torus bifurcation of periodic orbits.
Subfigures (b) and (c) zoom in close to the upper part of the tongues to highlight the interaction between the
torus bifurcation and the presence of a cusp of limit points of periodic orbits for k = 3 and k = 5, respectively.

points of periodic orbits for k = 3 and k = 5, respectively. We will later show that there is
even finer structure around these bifurcations.

Based on these two parameter continuations, we can identify the borders of the synchro-
nization regions: the upper part of the region is bordered by a supercritical Hopf bifurcation,
and the lower part is bordered by a torus bifurcation except where the 1:k tongues appear
and connect the so-called broadband synchronization with the uncoupled case (μ = 0).

At this point a comment is in order: we are following periodic orbits that, under our
working definition of synchronization, are in the 1:k synchronized state, but as mentioned in
section 1, if we would enforce that the dynamics should take place on the surface of a torus in
the continuation path, we would certainly obtain other regions and shapes of synchronization.
For instance, in our results we would probably include regions where a third harmonic com-
ponent could present in the time evolution of the orbit that an alternative definition would
probably rule out. However, within our definition of synchronization (which agrees with that
of [16] and other authors), the continuation and bifurcation results provide valuable insight
into the different regions in parameter space.

A systematic analysis of the bifurcation behavior of the branch of periodic orbits that
emanates from the Hopf curve reveals further structure within the tongues, namely, the ap-
pearance of isolas of periodic orbits detached from the main branch, as shown in Figure 4.

The panels on the left, i.e., (a), (c), (e), are one-parameter bifurcation diagrams, whereas
those on the right, i.e., (b), (d), (f), are two-parameter bifurcation sets. Panel (a) corresponds
to a bifurcation diagram as μ is varied for fixed δ = 9.492, (c) is for δ = 9.4917, and (e) is for
δ = 9.0. We have included a zoom around the “neck” of the loop to highlight the interaction
among the different curves of bifurcation. In the right-hand panels the curves of saddle nodes
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Figure 4. Formation of an isola of periodic orbits within the synchronization tongues. The panels on the
left ( (a), (c), (e)) are one-parameter bifurcation diagrams, whereas those on the right ( (b), (d), (f)) are two-
parameter bifurcation sets. Panel (a) corresponds to δ = 9.492, (c) is for δ = 9.4917, and (e) is for δ = 9.0.
We have included a zoom around the “neck” of the loop to highlight the interaction among the different curves
of bifurcation. Also note that the curve of tori is connected to a swallow-tail curve of saddle nodes of periodic
orbits (panels (b) and (d)). In the right-hand panels the curves of saddle nodes of periodic orbits inside the
synchronization tongue are depicted in blue and exhibit a swallow-tail shape, the curves of torus bifurcations
are black, and the green lines correspond to the Hopf bifurcation of the equilibrium.

of periodic orbits inside the synchronization tongue are depicted in blue and exhibit a swallow-
tail shape, the curves of torus bifurcations are magenta, and the green lines correspond to
the Hopf bifurcation of the equilibrium. The vertical red lines indicate the position of the
one-parameter bifurcation curves.

As δ is diminished, the isola is born precisely when the two limit points LP2 and LP5 in
the zoom of Figure 4(a) collide and are detected as a branch point (BP) where a branch of
nonsymmetric solutions will be born. In Figure 4(d) this corresponds to the tangency of the
red segment with one of the sides of the swallow tail. For even lower values of δ as in Figure
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Figure 5. The onset of the synchronized state reveals the structure of the degraded top. Panel (e) is a zoom
of the partial bifurcation diagram, Figure 3(a), for λ = 0.25, displaying part of the synchronization tongue in
blue, the region of death of oscillations in yellow, the Hopf curves in green, and the curve of torus bifurcations
in magenta. The red segment is the route toward the synchronization region. (a)–(d) are the y-ẏ projections
of orbits along the family of periodic orbits born at the first Hopf bifurcation at a fixed value of δ = 10 and
decreasing values of μ. (a) is a small circular periodic orbit close to the HB (μ = 1.25494), (b) is for μ = 1.9777,
where the lobe is starting to appear, (c) is the onset of 1:3 synchronization for μ = 1.17460, and (d) is inside
the 1:3 synchronization region for μ = 1.13711. The points a–d in panel (e) were also shown in Figure 2.

4(e), the isola is completely detached from the main branch and bordered by two limit points
of periodic orbits (labeled by LP1 and LP2).

The left-hand panel (a) is the one-parameter bifurcation diagram at a slightly lower value
of the frequency mismatch δ = 9.5 before the red segment in Figure 1. The branch of stable
periodic orbits is born at a supercritical Hopf bifurcation (HB), undergoes a torus bifurcation
(TR) where the stability is lost, and recovers the stability again at a torus bifurcation where
the pinching of the loop takes place. If we decrease δ further as in the right-hand panel (b), for
δ = 9.45 the loop completely detaches and we have an isola of periodic orbits with a lower part
of stable periodic orbits (solid line) and an upper part with unstable periodic orbits (dashed
line). The isola is bordered by two limit points, where the stable and unstable subbranches
merge and the whole object can be continued in δ and μ. Note that the isolas are within the
synchronization tongues of Figure 3.

3.1. The degraded top. In the previous section we used the term 1:k synchronized state
without an explicit comment on how to determine or measure the synchronization itself.
We know that at the point where the 1:k tongue emanates from the uncoupled case in the
neighborhood of the μ = 0 contact point, the two oscillators have rhythm adjustment and one
of the subsystems is rotating k times faster than the other, but it is not clear how far we can
get when μ > 0 before this geometrical feature is lost.

In fact, to understand how the system enters in a synchronized state, it is even more
instructive to start at the other end of the tongue, more precisely, at the upper Hopf curve,
and follow the orbit as we proceed toward lower values of μ, i.e., follow the route a-b-c-d in
Figure 2. The shapes of the y-ẏ projections of the orbits at those points are presented in the
left-hand panels of Figure 5. In panel (a) we see a round and small orbit, as predicted by Hopf’s
theorem, that starts to develop a lobe, as shown in (b) for lower values of μ. At label c the
lobe touches tangentially the horizontal axis at ẏ = 0. At a lower value of μ as in panel (d),
the lobe (which is now a loop) drops below the ẏ axis. At this point the subsystem y is
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performing three revolutions, while the subsystem x performs only one revolution (not shown
in the figure); i.e., the coupled system at (d) is in the 1:3 synchronized state, and the tangency
shown in panel (c) can be considered as the onset of 1:3 synchronization. Note that the orbits
cross the ẏ = 0 axis six times (three times in each direction) for a 1:3 synchronized state.

Incidentally, we should remark that all of the solutions along the route exhibit an inversion
orbital symmetry around the origin inherited from the Van der Pol system (2.1) which consists
of the change y → −y and x → −x without altering the time. The coupling term does not
destroy this symmetry if the transformation is performed simultaneously on the x and y
variables.

It is worth noting that all of these geometrical changes still occur far from the proper
synchronization tongues bordered by limit points (see the distance between point d and the
tongue in panel (e)). This means that in the route that starts at the Hopf bifurcation curve
toward the tongue the system enters a 1:k synchronized state from the geometrical point of
view long before reaching the tongue.

If we want to plot a region of synchronization in the δ-μ plane, we have to enlarge the
blue region outside the tongue. This phenomenon was noticed numerically by the authors
of [16] and given the name of degraded top. The origin of that name is that geometrically it
resembles a triangle-shaped hat on top of the tongue.

In fact, we can affirm that with the geometrical definition of synchronization of [16], the
synchronized transition in this region would not be a bifurcation and would not involve a
change of stability or new solutions; it is rather a geometrical feature (the tangency) that
determines the appearance of the synchronized state.

Although synchronization and oscillator suppression may, in many ways, be difficult to
distinguish in practice, they are two very different phenomena. Synchronization arises from the
quasi-periodic state through a saddle-node bifurcation on the surface of a torus and involves
the simultaneous generation of an unstable periodic orbit. Oscillator suppression involves the
unilateral suppression of the weaker oscillator and requires a reverse torus bifurcation in which
the torus disappears completely.

Note that the geometrical condition does not necessarily correlate with the stability. The
system could be entering the synchronized state, but the orbit itself could be unstable, which
would make the transition unobservable.

The lesson we learn is that in order to have a 1:k synchronized observable state, we need
to fulfill two necessary conditions simultaneously: the orbit must be stable, and we must have
crossed the tangency condition curve so that the loop crosses the axis more than twice.

It would be very useful to detect the tangency condition and to be able to trace it in the
δ-μ plane, as this would indicate the border that would limit the synchronized state from above.
Although it is not a bifurcation and no standard test function can be used to characterize it, we
will set up an appropriate boundary value problem that is suitable for numerical continuation
as follows:

(3.1)

⎧⎪⎪⎨
⎪⎪⎩

x′ = Tx1,
y′ = Ty1,
x′1 = T [(1 + λ− x2)x1 − x− μ(x1 − y1)],
y′1 = T [(1− y2)y1 − (1 + δ)y − μ(y1 − x1)],
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Figure 6. Two-parameter curves of tangency conditions that border from above the synchronization regions
for k = 3 (blue) and k = 5 (black). The solid and dashed lines denote stability and instability, respectively.

with the boundary conditions

(3.2)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x(0) = x(1),
x1(0) = x1(1),
y(0) = y(1),
y1(0) = y1(1),
y′(0) = 0,
y′1(0) = 0,

where we have introduced two auxiliary variables x1 = ẋ and y1 = ẏ to write the second
order ODE system (2.1) as a four-dimensional first order system of ODEs, and have scaled
the time so that the period of the solution appears explicitly as a parameter and the time
interval is [0, 1]. The prime denotes the derivative with respect to this scaled time (see [7, 15]
for a complete treatment of the continuation method).

The first four boundary conditions impose periodicity on the solution, whereas the fifth is
just to establish a time origin and ensure that at time zero we have zero velocity and avoid the
phase shift playing a role equivalent to that of the Poincaré phase condition in the standard
continuation of periodic orbits. The last boundary condition is the crucial one and imposes
the geometrical tangency condition of the lobe at the beginning (and at the end due to the
periodicity) of the orbit.

The starting point for the 1:3 tangency threshold continuation is the orbit shown in Figure
5(b).

The boundary value problem (3.1), (3.2) is well posed, and the number of free parameters
is equal to the number of boundary conditions minus the dimension of the system plus one;
in our case, npar = nbc − n+ 1 = 6 − 4 + 1 = 3. These three parameters will be δ, μ, and T ,
which, in general, will change along the curve.

The results of this continuation are shown in Figure 6 for k = 3 (blue curve) and k = 5
(black curve). For the latter case we have followed another route to the synchronization
tongues for δ = 26.2409 and located a second tangency for μ = 1.10433. The solid or dashed
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Figure 7. The structure of the degraded top for k = 3 (a) and k = 5 (b). The blue region corresponds to
the 1:3 resonance, whereas the black one corresponds to the 1:5. The pointed form of the resonance tongue in
Figure 5 is no longer present because it has been enlarged by the degraded top. Note that, as expected, the k = 5
region is narrower than the k = 3 region.

line denotes the stability of the solution and, as discussed above, does not depend on the
tangency but on the fact of having crossed the torus or limit point curves. The points of
contact between the k = 3 and k = 5 curves could be tricky and have to be numerically
analyzed with care.

Above these curves the tangency has still not occurred, and, consequently, the system is
still not in the synchronized state. On the other hand, as soon as we step into the other side
of the curve, the lobe drops below the ẏ = 0 axis and two new crossings appear. Note that if
the orbit is symmetrical, a twin lobe and crossings develop at the other side of the origin.

Figure 7 shows the new synchronization region that we have explained with the boundary
value tangency continuation. The pointed form of the resonance tongue of Figure 5 is no longer
present, as it has been enlarged by the degraded top. For this value of λ it is a triangle-shaped
region not connected to the Hopf curve, surrounded from above by the tangency condition and
from below by a torus bifurcation curve. Precisely where this torus curve develops a cusp-like
structure the synchronization tongue bordered by limit points of periodic orbits penetrates
into the new region. This compound synchronization region is what the authors of [16] called
the degraded top. We have followed this region for different values of λ, and the tangency
border itself develops additional structure; a detailed analysis will be published elsewhere.

The continuation of this tangency condition identifies the upper border of the synchronized
region and the corresponding route to synchronization.

3.2. Even k synchronization tongues. In previous sections we have described and char-
acterized the synchronization tongues corresponding to odd values of k (see Figure 3) that
were born at the μ = 0 line. As this uncoupled case consists of two attracting limit cycles,
the resulting tori are hyperbolic and, generically, persistent under small perturbations. This
means that we would also expect to find even k tongues.
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However, with our numerical procedure that starts with a branch of periodic orbits at the
upper Hopf curve and the location of a limit point bifurcation, or with the extensive numerical
scanning of the authors of [16], initially no traces of them were found.

In this section we present a simple symmetry-based argument that explains why this is the
case if we do not include some symmetry-breaking solutions in our search. We will show how
the combined symmetry of the four-dimensional system (2.1) inherited from the symmetry of
each separate Van der Pol oscillator forces the parity of k to be odd for symmetrical periodic
solutions.

Let us consider two symmetry operators Sx and Sy that actuate only on one of the sub-
systems by changing the sign of the x or y variable, respectively, without altering the time
variable. The combination of both operators is another symmetry, S = SxSy. It is evident
that for μ = 0 the system (2.1) is both Sx and Sy symmetric, and consequently it is also S
symmetric.

The geometrical interpretation of this S operator is that for symmetrical periodic solutions
we can reconstruct the whole orbit by knowing just half of it. If T is the period of the orbit
and u(t) = (x(t), ẋ(t), y(t), ẏ(t)) is the state, then for any time t, the following relation holds:

(3.3) u

(
t+

T

2

)
= Su(t).

Furthermore, for μ = 0 the symmetric solution u(t) = (x(t), ẋ(t), y(t), ẏ(t)) at a p:q reso-
nance (with gcd(p, q) = 1), where the bifurcating in the μ solution performs p full revolutions
in subsystem x, whereas the subsystem y performs q full cycles, satisfies

(3.4) u

(
t+

T

2

)
= Sp

xS
q
yu(t).

However, for μ �= 0 the coupling term mixes the x and y variables, and Sx and Sy acting
independently are not symmetries of the system; only S retains this property in the coupled
region.

The symmetry relation (3.4) can persist for μ �= 0 only in the case that Sp
xS

q
y = S, that

is, when both p and q are odd. For the 1:k resonance this means that k has to be necessarily
odd.

Consequently, a forced symmetry-breaking bifurcation happens as soon as μ �= 0 for even
values of k. This implies that in order to locate the new unsymmetrical synchronization
tongues for even values of k the periodic orbits have to undergo a pitchfork or symmetry-
breaking bifurcation.

If we return our attention to Figure 4(d), we have already found one of those bifurcations
while analyzing the appearance of isolas. From this bifurcation point it is possible to launch
and continue a family of nonsymmetrical periodic solutions that allowed us to locate even k
tongues halfway between any of the two consecutive odd k tongues. In Figure 8 we present the
final bifurcation diagram of the coupled Van der Pol oscillators (2.1) for λ = 0.25, including
the even k tongues. This new structure completes the bifurcation diagram in a consistent
and appealing way. The narrow red tongue between the green symmetric k = 1 and the blue
symmetric k = 3 tongues corresponds to the nonsymmetrical k = 2. The same holds for the
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Figure 8. Complete two-parameter bifurcation diagram including the nonsymmetric even k tongues. The
narrow black tongue corresponds to the nonsymmetrical k = 2, the green region corresponds to symmetric k = 1,
and the blue tongues correspond to symmetric k = 3.

red k = 4 tongue. Note that only the narrowness of the k = 2 and k = 4 tongues is still not
well understood, and, probably, a full theoretical symmetry bifurcation analysis is needed to
understand this nongeneric behavior.

4. Conclusions. We have undertaken a bifurcation analysis of a velocity coupled system of
two classical nonidentical Van der Pol oscillators to understand the appearance and structure
of 1:k parameter regions with synchronized states as we vary the coupling and the frequency
mismatch. These regions include multistability of solutions and are formed by classical tongues
bordered by curves of limit point bifurcation of periodic orbits with isola structure and an
additional subregion surrounded by curves of torus bifurcations and a curve characterized by
a geometrical tangency condition. Symmetry arguments explain the difference between the
even and odd k cases.

The bifurcation approach undertaken in this work could be extended by continuing the
families of tori and their bifurcations with the techniques of [28] to try to further clarify the
interaction between tori and limit points of periodic orbit bifurcations. The extension of this
result to other values of λ and to the negative μ and δ parameters is deferred to future work.
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