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Abstract
The effects of interpersonal interactions on individual’s agreements result in a social aggre-

gation process which is reflected in the formation of collective states, as for instance, groups

of individuals with a similar opinion about a given issue. This field, which has been a long-

standing concern of sociologists and psychologists, has been extended into an area of

experimental social psychology, and even has attracted the attention of physicists and

mathematicians. In this article, we present a novel model of opinion formation in which

agents may either have a strict preference for a choice, or be undecided. The opinion shift

emerges, in a threshold process, as a consequence of a cumulative persuasion for either

one of the two opinions in repeated interactions. There are two main ingredients which play

key roles in determining the steady states: the initial fraction of undecided agents and the

change in agents’ persuasion after each interaction. As a function of these two parameters,

the model presents a wide range of solutions, among which there are consensus of each

opinion and bi-polarization. We found that a minimum fraction of undecided agents is not

crucial for reaching consensus only, but also to determine a dominant opinion in a polarized

situation. In order to gain a deeper comprehension of the dynamics, we also present the the-

oretical framework of the model. The master equations are of special interest for their non-

trivial properties and difficulties in being solved analytically.

Introduction
When a group of inter-related individuals discuss around a given item, they are prone to
change their initial opinions in order to get similar to or dissimilar from other subjects in the
group. This interpersonal dynamics leads to different consequences which can be categorised
either by consensus or coexistence of opinions. Furthermore, if the topic is a binary
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statement, as for example a pro-against issue, the coexistence of opinions turns out to be a
polarized state, where a fraction of agents holds a given opinion and the rest of the group
takes the opposite one.

These kind of situations naturally lead to questions like: What are the mechanisms leading
to the formation of these collective states? Can we predict the final collective outcomes when
different mechanisms compete among each other, as for instance, when some individuals tend
to agree and others to disagree?

A numerical modelling approach could be a powerful tool for facing these kind of questions
and testing how an elected interaction mechanism between pair of agents leads to the forma-
tion of collective states. The typical approach to model the formation of opinion is to assume
that an individual either adopts the opinion of a neighbour or decides based on an average of
neighbouring opinions. We take a different conjecture, that the process of opinion formation
emerges from an underlying dynamics. Here, we develop a novel model based on the combina-
tion of the interaction-based persuasion and a threshold-driven opinion change dynamics.

In sociological research, the concept of threshold was introduced in the seminal papers of T.
Schelling [1] and M. Granovetter [2] when explaining the micro-macro link and the aggrega-
tion processes. From the psychological perspective, accumulative-threshold models have been
successfully used [3, 4] in the analysis of binary decision making problems.

The formation of opinion’s collective states and mechanisms that generate them have been
largely studied in sociology and social psychology [5–9] among others. There are five main the-
ories that explain group opinion dynamics [10, 11]: Social comparison theory [5, 12, 13]; Infor-
mation or Persuasive arguments theory (PAT) [14, 15]; Self-categorization theory [16–18];
Social decision theory [19–21] and Social influence network theory [10]. Mostly, these theories
are focused on interpersonal interactions, and are useful because they draw attention to the
emergence of communication patterns. Essentially, this deepens the understanding of the
group dynamics, in particular, when combined with an appropriate mathematical model.

From a theoretical point of view, much of the existing modelling progress on opinion
dynamics has been addressed within a physics-based framework, where the behavioural mech-
anism of social influence is derived from analogies with physical systems, in particular spins
[22, 23]. The variety of existing models assume that individuals hold binary or continuous
opinion values (usually distributed between -1 and 1), which are updated through repeated
interactions between neighbouring agents. Different models assume different rules for opinion
adaptation, such as imitation [8], averaging over individuals with similar opinions [24], the
majority rule [25], or more sophisticated rules [26, 27]. The classical models [28–30] predict
consensus, meanwhile models with mechanism of negative influence (disliking of dissimilar
ones) naturally will give place to bi-polarization. However, in last years new models with inter-
esting features appeared, as for instance, a model of continuous opinion based on persuasive
arguments theory where bi-polarization can be produced without including negative influence
explicitly [31]. Also, competition between the two antagonist mechanisms, as persuasion and
compromise among agents with different degree of agreement about a given issue, has been
explored in [32].

In this work we present an agent-based model for a population of interdependent individu-
als who simultaneously participate in an artificial interaction process. The individuals can have
either one of the two opposing views, and also be undecided. After random encounters, agents
may increase or decrease their persuasions depending on the opinion of the opponent [32, 33].
These social interactions produce cumulative changes that can eventually lead to the change of
opinion: a shift in opinion occurs when the persuasion exceeds a certain threshold. Thus, the
opinion formation is an emerging process which depends on the underlying dynamics of the
persuasion of each individual in a given issue.
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There are exist different models in the literature which consider the undecided individuals,
see for instance ([34–37]). However, the model to be discussed in this paper has its novelty in
the combined features mentioned above.

We analyse the equilibria reached by this population and the convergence properties of the
system for a wide range of parameter’s values. Three main collective states can be seen: bi-
polarization, consensus and convergence of undecided agents. Moreover, the model shows that
the initial fraction of undecided agents could be crucial in the determination of consensus or
the dominance of a given opinion in a polarized situation. We also analyse how the system can
reach the mentioned collective states in a regime with initially low concentration of undecided
individuals. Finally we sketch the exact dynamical equations in order to frame the model
within the non-linear and non-local first order differential equation formulation.

The article is organized as follows: the model and the interaction dynamics are presented in
section Analysis. The results are presented and discussed in section Results. We conclude in
section Discussion and provide a theoretical development of master equations in Appendix.

Analysis
In order to study the opinion formation process in groups we develop a simple agent-based
model that includes the relevant features for modelling the opinion dynamics: positive social
influence (in successive interactions individuals with the same opinion become more similar)
and negative influence (disliking of dissimilar others).

We consider a population of N individuals (i = 1,2, . . ., N), each one simultaneously partici-
pating in interpersonal interactions, which can be understood as an exchange of some kind of
information between two agents over the issue in question. The population has the following
characteristics: each individual is represented as an agent i, and holds the persuasion Ci. The
variable Ci vary between Cmax and −Cmax, and represents being fully aligned with one of the
opinions or totally opposed with it.

In addition, agent i has an opinion Oi which stands for agent’s posture on a given issue at
period t. The opinion variable Oi can take three values of attitude towards an issue: positive Oi

= +1, negative Oi = −1, and neutral Oi = 0. Note that the negative opinion does not have a nega-
tive connotation about the issue in question. The negative sign is due to the numerical repre-
sentation of the opinion.

The opinion is fully determined by the persuasion of agent in the following way: If Ci is
greater than a given positive threshold, Ci > CT, the agent has a positive opinion Oi = +1, and if
it is less than a given negative threshold, Ci < −CT, the agent’s opinion is negative Oi = −1. If
the agent is not convinced enough to decide with any definite position, then he is undecided
and Oi = 0 (see Fig 1(a)).

Dynamics
We are interested in the equilibria reached by the system when agents meet and interact in suc-
cessive periods. We model this as a process where agents may increase or decrease their persua-
sions after each interaction depending on whether the opponent has positive or negative
opinion. These social interactions produce cumulative changes that can eventually lead to the
change of opinion: a shift in opinion occurs when the persuasion exceeds a given threshold.

The interaction dynamics between agents is the following: whenever two agents i and j inter-
act, the agents’ persuasion values Ci and Cj are modified by an amount bounded by kΔ, depend-
ing on the opinion of both individuals. This parameter, Δ, is a measure of how an agent
changes the persuasion after a given interaction.

Interaction-Driven Opinion Dynamics in a Three State Model
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This social influence mechanism works by moving the respective persuasions of their exist-
ing positions to new positions depending on the opponent. This way the opinion shift is not
based on the imitation of opinions of the neighbours (like the typical imitation behaviours),
but is due to a cumulative persuasive dynamics.

The way in which the two social ingredients of the interacting dynamics (positive and nega-
tive social influence) is implemented, will produce an “anti-flocking effect”: Dissimilar individ-
uals repel (caused by mechanism of negative influence) if they differ in opinions and approach
each other if their opinions are similar (positive social influence). This last is in line with the
fact observed by Wood [38] where individuals sharing a common attribute tend to get closer in
opinions.

More formally, at each time step t, the states of the agents after interaction are updated
according to the following rules, also illustrated in Fig 1(b):

Fig 1. Schematic representation of the opinion dynamics. Panel (a): Relation between persuasion (C) and opinion (O). Each persuasion interval ([−Cmax,
C
−T], [−C − T, CT],[CT, Cmax]) defines one of the three opinion values (O = −1, 0, +1 respectively). Moreover, each interval is divided in sub-intervals of length

Δ. Panel (b): Description of how persuasion is modified via pairwise interactions in three different cases: Same opinion (top panel), opposing opinions (middle
panel) and formed opinion vs undecided.

doi:10.1371/journal.pone.0139572.g001
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• If agents share the same opinions or are both undecided, Oi(t) = Oj(t), and Ci(t)> Cj(t) then
they approach (agents influence each other so that their persuasions become closer)

Ciðt þ 1Þ ¼ CiðtÞ � D;

Cjðt þ 1Þ ¼ CjðtÞ þ D:

• If agents hold different opinions, Oi(t) = +1, and Oj(t) = −1 then they repel

Ciðt þ 1Þ ¼ CiðtÞ þ D;

Cjðt þ 1Þ ¼ CjðtÞ � D:

If one of the agents has an opinion and another one is undecided, they approach. In this case
the dynamics is asymmetric simulating the fact that is not the same convincing someone
who does not have any opinion yet that making someone change his opinion.

• If Oi =�1 and Oj = 0 then

Ciðt þ 1Þ ¼ CiðtÞ � D;

Cjðt þ 1Þ ¼ CjðtÞ � kD:

We also implement that if two agent i and j interacts and jCi − Cjj< Δ, then Δ = Δeff, where

Deff ¼ jCi�Cjj
2

.

Summarising, the main parameters of the model are:

• Δ is a sensitivity parameter which measures how much the persuasion of an agent changes
after each interaction. The smaller it is, the more interactions agent needs to get convinced.

• P0 is the initial fraction of undecided agents.

• CT is the threshold beyond which the agent is no longer undecided and adopts an opinion.

• k is a variable which simulates an asymmetric dynamics between an undecided agent and the
one with a formed opinion. Values k> 1 imply that the persuasion of the undecided is modi-
fied by a factor k with respect to the other one.

Given the details of the interaction dynamics, we are interested in the following question:
Do the interactions among the agents with different opinions bring the group to consensus or
bi-polarization?

We present the results of simulations in the next sections. All the simulations are done for
systems with N = 10000 agents. Results are averages over ensembles Nev = 100 equivalent con-
figurations, corresponding to different realisations of the random initial conditions.

Results
In this section we present the steady states of the model and discuss their properties as a func-
tion of the relevant parameters. The aggregate behaviour is characterised in terms of the fraction
of agents who state an opinion i, Si, where i = {+, −, 0}. Given that Si(t) is a function of time, we
call Pi� Si(0) the initial fraction of agents who has an opinion i, and Ti� Si(tasint) the fraction
of agents who have come to a definite position on an issue or have “no opinion” at convergence.

Interaction-Driven Opinion Dynamics in a Three State Model
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There are two features of the model that, a priori, are preferred to be fixed: first, opinions
should be equally likely; second, it is assumed to be easier for undecided agents to adopt an
opinion because they get persuaded, than for those who have an opinion to change it and
become “undecided”. The first feature is implemented in a way that once the initial fraction of
undecided agents, P0, is chosen, the rest of the agents are equally distributed with either one of
opinions (±1). When we change this condition, we will call P+ the fraction of agents with O =
+1 after the undecided were assigned. The second feature is implemented by setting k = 2. The
persuasions of agents are drawn at random from an uniform distribution within each opinion.

For better description and interpreting interaction effects is especially useful to take in Fig 1.

Equilibrium States
We start with analysing the steady states Ti� Si(tasint) as a function of P0 and Δ. We vary 0.01
� P0 � 0.99 and 0.01� Δ� 1.0 with steps of 0.01. Equilibria P0 = 0 and P0 = 1 are already
absorbing states, in both cases the interaction will not change the opinions of the agents. If ini-
tially all agents are undecided, they will remain undecided. On the contrary, if agents are
equally distributed between the two extreme opinions, the distribution of opinions will remain
unchanged.

Results are obtained with asynchronous updating where the procedure is iterated until con-
vergence. The steady state is reached when T0 = 1 or T0 = 0, i.e. agents are either all undecided
or all have an opinion.

As a result of simulations, the system converges to one of these three equilibrium states:

(a) T0: All undecided (T0 = 1).

(b) T+ T−: Consensus (either T+ = 1 or T− = 1).

(c) Tbp: Bi-Polarization (T0 = 0, 0< T+ < 1 and 0< T− < 1).

Given the constraint S0(t) + S+(t) + S−(t) = 1 (8t), if T0 = 0, the equilibria are either consen-
sus of one of the extreme opinion (b) or bi-polarization (c).

Fig 2 shows the Fundamental Phase Diagram (FPD) that depicts existence of different
regions of the system under equilibrium. In this Phase Diagram we analyse the prevalence of
each equilibria for every pair of values of P0 and Δ within the specific range.

The Phase Diagram exhibits three different regions (see Fig 2):

T0, delimited by large values of P0 and small values of Δ, where the equilibrium state is charac-
terised by convergence of undecided agents (hT0i = 1).

T+ T−, delimited by large values of P0 and intermediate values of Δ, where the equilibrium state
is characterised by consensus of either of the two opinions (hT+i = 1 or hT−i = 1).

Tbp, delimited by low values of P0 when Δ is small and by all values of P0 when Δ is large, where
the steady state is defined by a bi-polarization of opinion (hT0i = 0, 0< hT+i< 1 and 0<
hT−i< 1).

The Fundamental Phase Diagram (FPD) can be understood in terms of the positive and
negative social influence described before: interactions between agents sharing a common attri-
bute (i.e., same opinion) force them get closer in persuasion C [38], bringing them to the cen-
ter, meanwhile interactions between dissimilar agents, move them away from T0. The result of
these two competing opposing forces depends on the initial fraction of undecided agents P0,
and the sensitivity parameter Δ (see Fig 2).

When Δ is small, the situation is dominated by agents that change persuasions very little
after pairwise interactions. Thus, many of these interactions are needed in order to produce a
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change in their opinions. Here, the fraction P0 is important because it determines what will be
the final state of this dynamics (all undecided (hT0i = 1) or none (hT0i = 0)).

Instead, when Δ increases, the preference for an agent to adopt extreme opinions (due to the
asymmetry given by k, see Fig 1(b)) is more evident and is reflected in the fact that the more
initially undecided agents are needed in order for the system to reach the final state with “all
undecided”. As a consequence, the border of region T0 grows monotonically with Δ until it
encloses with P0 = 1. When Δ is large, the final state is bi-polarization (region Tbp) indepen-
dently of the initial density of undecided agents.

Consensus and Bi-Polarization
Given the global picture of the stable solutions, we look into the details at the dynamics which
makes the systems reach these states. Furthermore, we restrict the discussion to regions T+ T−

and Tbp where the equilibrium states are consensus and bi-polarization, respectively, because
region T0 does not represent any interest neither from the social nor the individual point of
view. For example, the statistics on undecided voters indicate that most individuals have pre-

Fig 2. Fundamental Phase Diagram. Dominant steady state solution as a function of P0 and Δ. We identify three different regions: region T0, convergence
of undecided; region T+ T−, consensus of opinions +1/-1 and region Tbp, bi-polarization. In the simulations CT = 1, k = 2, Cmax = 3 were used.

doi:10.1371/journal.pone.0139572.g002
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existing beliefs when it comes to politics, and relatively few ones remain undecided late into
high-profile elections [39].

Let’s start with region Tbp, which deserves a closer look. Phase Diagram (see Fig 2) only
gives information about this region regarding to whether is dominated by the coexistence of
opposing opinions, but it does not clarify if one opinion prevails, or both exist in equal parts.

Fig 3 helps clarify these questions by showing that:

• For small values of Δ, both opinions exist, among which one is dominant and the other one is
dominated. The degree of dominance depends on P0. This can be seen in the diverging
branches (Fig 3, black and red circles), which represent T+ and T− for different simulations at
different values of P0 and Δ = 0.01. The distance between the branches follows a linear rela-
tion with P0, meaning that in the final state, the undecided agents go to one or the other opin-
ion with the same probability, given that initially they were equally distributed.

• For large values of Δ, the distribution of opinions is about 50% each, as it can be seen in Fig 3,
panel (b).

Fig 3. Analysis of Bi-polarization Region Tbp.Main Panel (a): Distribution of positive (T+, black circles) and negative opinions (T
−

, red circles) and their
averages (hT+i, hT−i black and red thick lines respectively) as a function of P0 for Δ = 0.01. The two branches in the bi-polarization regions mean the presence
of dominant and dominated opinions for this value of Δ. Insets: Panel (b): Same quantities for Δ = 0.9. For large values of Δ, there does not exist a dominant
opinion. Panel (c): Bimodal distribution of positive and negative final opinions for P0 = 0.20 and Δ = 0.01.

doi:10.1371/journal.pone.0139572.g003
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• Given that initially neither of the two opinions is preferred, both are equally likely. This is
reflected in the fact that, on average, either of hT+i and hT−i are 50% (Fig 3, solid lines in
main panel), but their distributions are bimodal. An example of this bimodal distribution
can be observed in Fig 3, panel (c) for P0 = 0.20.

As was mentioned earlier, there are two competing mechanisms that act as persuasion
forces and drive agents either towards the center (C = 0) or the extremes (C = ±Cmax), giving
place to the two symmetric solutions: all undecided (T0) and bi-polarization (Tbp). However,
there exist a region of space parameter, T+ T−, where all agents adopt, equally likely, either one
of the two extreme opinions, involving a symmetry breaking in the dynamics. This kind of
behaviour takes place for high values of P0 and for intermediate values of Δ. In Fig 4, we plot
the average fraction of agents with each opinion as a function of time, for a representative
point of this region (P0 = 0.80 and Δ = 0.55).

In all the events the fraction of undecided agents, S0, goes to zero after an initial transient
time. On the contrary, the fraction of agents with opinion, S+ and S−, prevails with the same
probability and therefore their averages, hS+i and hS−i, go to 0.5 (see Fig 4 black and red lines
respectively).

Fig 4. Analysis of Consensus Region (T+ T−

). Averaged opinion dynamics for a representative point in region T+ T− of the Fundamental Phase Diagram (P0

= 0.80, Δ = 0.55). The plot shows the averaged evolution in time for each opinion dynamics (< S+ >, black, < S
−

>, red and < S0 >, green). It can be observed
that undecided population grows until it reaches a value above 80% in the first time steps but finally one of the populations with defined opinions becomes
dominant with the same probability. Evolutions are averaged over Nev = 10000.

doi:10.1371/journal.pone.0139572.g004
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This behaviour can be understood if we retain that the change in agent’s opinion emerges
from the interchanging dynamics of the persuasion variable C. In Fig 5, we plot the histograms
of persuasion C, for different periods of the time dynamics of a single event, where all the
agents reach consensus with opinion O = +1.

In order to make clear that the final dominant opinion does not appear from any little dif-
ference in initial conditions, we choose, for this single event, a perfectly symmetrical initial con-
dition: 8000 undecided agents (half with C� 0 and the other half with the same values of C but
with opposite sign), 1000 agents with O = +1 and 1000 with O = −1 and the same (but negative)
values of persuasion variable C. The distribution of C within the interval corresponding to each
opinion is constant, as can be seen in the histogram for t = 0. We can see that, after perfectly
symmetrical initial conditions, some undecided agents with persuasion value close to threshold
adopt ±1 opinions but then a vast majority of agents became undecided. This can be under-
stood because, given the high proportion of undecided, these drive the agents toward the center

Fig 5. Analysis of Consensus Region (T+ T−

). Evolution of Persuasion’s histograms for a single event. They show how undecided seems to win for times
between 20 and 30, but the asymmetry in the persuasion distribution together with the mechanism described in the text makes all the agents adopt one of the
opinions.

doi:10.1371/journal.pone.0139572.g005
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(near C = 0). However these new distributions are not perfectly symmetrical, as can be appreci-
ated from times t = 9 to t = 27. At this point of the evolution the dynamics is driven by interac-
tions between decided (O = +1 in this case) and undecided agents near the threshold CT. Here,
we should remind that, when these types of agents interact, the decided agent changes its per-
suasion C by Δ while the undecided changes C by 2Δ. This asymmetry in interactions makes an
initially undecided agent near the threshold to become “more decided” than an initially decided
one near the threshold and the consequence after several interactions will be a drift from unde-
cided to decided agents, producing the consensus in the population.

Summarising, the key of consensus in this model comes from this kind of interactions
where an almost persuaded (but still undecided) agent interacts with a weakly decided one and,
after the interaction, both adopt the same opinion but the initially undecided becomes more
persuaded than the other one. This kind of mechanism describes situations where a new inte-
grant of a group (in this case, those with O = +1) tries to act as a more authentic member of the
group than genuine members of same group.

In order to analyse the role of the parameters on the solution of the model, we also explored
the impact produced on the Phase Diagram when the threshold CT and the asymmetry param-
eter k are modified for Δ = 0.01. For this value of Δ, the systems presents only two solutions:
convergence of undecided agents or bi-polarization. Changing these two parameters does not
modify qualitatively the solutions of the model.

Increasing the threshold makes the intermediate interval in the persuasion space, which
defines agents to be undecided, to be larger. Less undecided are needed initially (at t = 0) in order
to have more of them at the end. This moves the transition Tbp! T0 slightly down (see Fig 6).

Instead, with increasing k, the tendency to adopt a definite opinion (+/ −1) after each inter-
action grows, and therefore, more undecided individuals are needed in order to achieve a final
state where they predominate. Thus, this moves the transition slightly up (see Fig 7). When the
asymmetry parameter is changed, the model moves between a pragmatic null “symmetric”
model (k = 1) and a more extreme asymmetric case (k> 2).

Howmany undecided are relevant?
In real social situations, the value of P0 depends on the underlying context, and it may be large
or small. Clearly, if we consider examples of voting elections, then assuming very large values
of P0 is less feasible. It is hard to imagine a social system where there is a huge percentage of
undecided voters. From the literature and web survey, this number is of orden 10–15%. In fact,
voting must be considered carefully because the term “undecided” requires correct precision
according to Gordon [40], and Galdi [41].

Instead, social examples of college decision (up to 50% of students enter college as “unde-
cided” [40]) or the choice of major (an estimated 75% of students change their major at least
once before graduation [40]) present situations where large values of P0 are justified.

In the previous section we showed that, when the initial fraction of undecided agents, P0 is
large, the system presents three solutions as a function of Δ: convergence of undecided for
small Δ, consensus of one of the two opinions for intermediate values of Δ and bi-polarization
for large values of Δ. On the other side, when P0 is small the equilibrium is only bi-polarization
because it is driven mainly by the repulsive force (see Fig 2). Thus, we are interested in the next
question: in systems with a relatively small fraction P0 what should be undertaken in order to
obtain the equilibria states observed previously.

We propose an alternative scenario for the interaction dynamics. Instead of implemented
repulsive effect, allow the individuals with opposing opinions repel with some positive proba-
bility Pr, in a similar way it was treated in [32]. Also we analyse the effect of breaking the initial
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symmetry in the distribution of dissimilar opinions. Recall that we call P+ the fraction of agents
with O = +1 after the undecided are assigned. The concentration of undecided is fixed. The
joint effect of these modifications produce an interesting result. The Phase Diagram for P+ vs
Pr (Repulsion probability) for initially low concentration of undecided agents and a small value
of Δ (P0 = 0.10 and Δ = 0.01) is presented in Fig 8.

When Pr = 1, agents with opposing opinions always repel and the equilibrium is a polarized
state as found in the Phase Diagram in Fig 2. When Pr < 0.5, agents sharing opposing opinions
may get attracted with probability (1 − Pr), and the steady state depends on the bias to any
opinion. If any of opinions initially prevails (P+ > 0.68 or P+> 0.32), then the population will
reach the consensus to this opinion. Otherwise, a convergence to “all undecided” for is
reached.

Both scenarios for the interaction dynamics analysed here are interesting from the social
point of view because, in turn, they correspond to the two different sides of the public debate:
“Do we learn more from the people with opposing opinions of our own?”. On one side there is
a view that we learn much more from people with similar opinions because we do learn more

Fig 6. Role of parameterCT. Regions of dominant solution as a function of P0 andCT for Δ = 0.01. This plot shows that in the low Δ region and with
symmetric distribution of opposing opinions, the system evolves either to bi-polarization or convergence of undecided, depending on the initial fraction of
undecided individuals, as have been seen in the Fundamental Phase Diagram (Fig 2).

doi:10.1371/journal.pone.0139572.g006
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arguments fortifying that belief and take things as facts. On the other side, there is a view that
we only learn if we look beyond: in a discussion with people with opposing thoughts we see the
different points of view, the exchange of thoughts, etc.

Discussion
In this manuscript we presented a three-state opinion model based on the cumulative persua-
sion-threshold dynamics produced by repeated interactions in a social environment. Given
that each agent can have either of the two opposing opinions or be in an undecided state, this
models applies only for circumstances like a pro-against issue.

We presented the main stationary results of the numerical simulations as a function of the
relevant parameters and found that the model is able to reproduce all the expected collective
behaviours. In its initial formulation the model shows, as a function of Δ, three different collec-
tive states: convergence of undecided, consensus of either of the two opinions and bi-polariza-
tion. Multiple stable states are only possible for large values of P0, the initial fraction of
undecided agents. A situation where most of individuals are initially undecided could be

Fig 7. Role of parameter k. Regions of dominant solution as a function of P0 and k for Δ = 0.01. This plot shows that in the low Δ region and with symmetric
distribution of opposing opinions, the system evolves either to bi-polarization or convergence of undecided, depending on the initial fraction of undecided
individuals, as have been seen in the Fundamental Phase Diagram.

doi:10.1371/journal.pone.0139572.g007
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presented in low information scenarios about the topic in debate, as for example the discussion
about the environmental impact of fracking in US [42], or the choice of major [40].

A paradigmatic scenario of low values of P0 is, for instance, a two-candidate political elec-
tion, where typical values of undecided in previous poll give percentages around 10–15%. The
initial formulation of the model predicts bi-polarization as the only possible collective state for
this range of values of P0. This is due to the repulsion mechanism assumed in the model by
which two individuals with opposing opinions repel from each other. If we relax this condition
and let the system start from a non-symmetrical initial condition as was explained in previous
section, the model can also show the same three mentioned collective states as a function of Pr
and P+, as is shown in Fig 8.

The presented model has very basic assumptions, as for instance, all the agents are identical
(all have the same threshold) and the sensitivity in their persuasions after each interaction is
not partner-dependent. Also each agent can interact with everyone and there is no any social

Fig 8. Alternative Phase Diagram. Regions of dominant solution as a function of P+ (Bias) and Pr (Repulsion probability) for initially low undecided
concentration and small Δ (P0 = 0.10 and Δ = 0.01). If Pr = 1, agents with opposing opinions always repel and the steady state is a polarized situation as we
found in the Phase Diagram in Fig 2. When Pr < 0.5, it can happen that agents with opposite opinions get approached enough and the steady state depends
on the bias to some opinion. If one of opinions initially prevails (P+ > 0.68 or P+ > 0.32), then the population will go to the consensus of this opinion. Otherwise,
a convergence of undecided agents is reached.

doi:10.1371/journal.pone.0139572.g008
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network underlying the interaction among them. But even in this simple scenario, the model
presents a very rich behaviour, with different collective states appearing in different parame-
ter’s region. Preliminary simulations in this direction (not shown in this work) show that cer-
tain types of underlying social networks produce the existence of metastable asymptotic states
where a non-negligible fraction of undecided agents still coexists with agents of the two oppo-
site opinions. These kinds of states, which are not possible in the present formulation, are
expected to be present, for instance, in a two-candidate political election, where undecided or
blank votes is one of the outcomes in the final results. Further analysis in this direction are left
for a future work.

Along the results shown in this manuscript, we were able not only do a detailed analysis of
the numerical simulations of different features of this model, but also to give a glimpse to a the-
oretical approach of this model (see appendix). In the corresponding section, we were able to
write down the exact master equations for the evolution of the probability of having a given
persuasion C, si (i = +, −, 0) and sketch a set of difference equations for this variables. The equa-
tions are easily put in context in their continuous version. Then, it can be seen that the master
equations are a nonlinear coupled system of first order differential equations of hyperbolic type
including nonlocal terms and nonlocal boundary conditions. As long as we know, there are
rather few works in solving this kind of equations and the difficulties they present to be solved,
as was mentioned in the corresponding section. We let the solution of these equations for
future work that is currently under research.

Finally, we would like to mention the potentiality of this model. This formulation is general
and covers the social main stream theories of group opinion dynamics. In particular, it is com-
patible with the persuasive argument theory. The effect of persuasive arguments can be mod-
elled by introducing the set of arguments available to individuals for an interpersonal
communication arguments exchange as was done in [31]. The model is also consistent with
social decision theory, because from a purely formal point of view, one can assume any mecha-
nism for opinion revision, be it weighted averages of the group initial opinions, or imitation
dynamics of the neighbours if the networks of interactions is included, etc. Also, the model
may be generalised to self-categorisation theory, similar to Salzarulo [43]. We leave these
extensions for future work.

Appendix: Theoretical Approach
In order to gain a deeper comprehension of the dynamics of this model, we present in this sec-
tion the deduction of the master equations corresponding to the dynamics of the system.

Briefly, we present here a nonlinear system of nonlocal conservation laws, and let us remark
that there are few models of this type even for a single equation. For instance, in the works of
Deffuant, Neau, Amblard and Weisbuch, see [44, 45] in opinion dynamic models, among oth-
ers, where only agents with similar opinions can interact, they obtained nonlocal terms involv-
ing a small neighbourhood of a given opinion and they simplify them performing Taylor
expansions, recovering local equations of porous media or Fokker-Planck type. Of course, this
is possible only in the frame of bounded confidence models, not enabling long range
interactions.

Today, nonlinear equations are pervasive in theoretical and applied models, and there exist
a growing literature on nonlocal problems. In opinion formation models, we can cite only the
work of Aletti, Naldi and Toscani [46], where the mean value of the opinionsm(t) appears in
the transport term,

@tu ¼ g@xðð1� x2Þðx �mðtÞÞuÞ; ðx; tÞ 2 ½0; 1� 	 ð0;1Þ;
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here γ 2 [−1, 1], andmðtÞ ¼ R 1

0
yuðy; tÞdy, although this term appears only as a mean field

effect on the opinion. With a different motivation, inspired in the dislocation dynamic of crys-
tals, Ghorbel and Monneau considered in [47] the following equation:

@tu ¼ ðcðxÞ þ
Z
R

φðuðx � y; tÞÞdyÞ@xu; ðx; tÞ 2 R	 ð0;1Þ;

and similar equations appeared in continuum mechanics in the theory of deformations and
fractures, see for example [48] and the references therein.

It is worth noticing that there are few theoretical results and numerical methods for these
problems, which are under active research. Let us mention that the limit as the nonlocal terms
shrink to local ones gives an ill-posed problem, i.e., a porous media equation backward in time
similar to the ones appearing in the Weisbuch-Deffuant type models. Recall that ill-posed
problems lacks the continuity respect to small variations of the initial data, and this explains
why the system is difficult to analyze from both the numerical and theoretical point of view.
The study of the equations will appear in a separate work, due to the highly technical character
of the analysis.

In order to obtain the partial differential equations describing the model, let us look at the
system as composed by three populations, according the opinions of the agents. Lets recall
than an agent with opinion O = +1 has a persuasion C 2 [CT, Cmax], another with O = 0 has C
2 [CT, −CT] and an individual with O = −1 has C 2 [−Cmax, −CT]. We divide the interval corre-
sponding to each opinion inM = Δ−1 subintervals. Given the evolution of the persuasion
according to the interaction-evolution rules detailed in previous sections, the best way to
describe the dynamics of the model is in terms of the density of agents with a given persuasion.
With this goal we define this density for 1� j�M and t� 0,

sþðj; tÞ ¼
#fi 2 ½CT þ ðj� 1ÞD;CT þ jDÞg

N
;

s0ðj; tÞ ¼
#fi 2 ½�CT þ ðj� 1ÞD;�CT þ jDÞg

N
;

s�ðj; tÞ ¼
#fi 2 ½�CT � ðj� 1ÞD;�CT � jDÞg

N
;

which represent the fraction of agent of each opinion with persuasion in each interval of length
Δ. In this way we can obtain a coupled system of 3M difference equations governing the evolu-
tion of the density of agents.

We call Sk�j
i ðtÞ ¼ Pj

k¼1 siðj; tÞ, Sk�j
i ðtÞ ¼ PM

k¼j siðj; tÞ, and recall that Si(t) is the fraction of

agents with opinion i, where i 2 {+, −, 0}.
In the following, we omit the variable t in the right hand side of the equations for brevity.

After some characteristic time τ, depending on the rate of the interactions, we have that the
variation on the density of agents is given by the balance between gain and loss terms. For
example, when O = −1, we have

s�ðj; t þ tÞ � s�ðj; tÞ ¼ G�ðj; tÞ � L�ðj; tÞ

where the term G− corresponds to those agents located at j − 1 which interact with an agent
with opinion O = +1 or an agent with opinion O = −1 and a stronger persuasion, plus those
agents located at j + 1 which interact with an agent with neutral opinion O = 0 or an agent with
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opinion O = −1 and a weaker persuasion:

G�ðj; tÞ ¼ 2s�ðj� 1Þ½Sþ þ Sk�j
� � þ 2s�ðjþ 1Þ½S0 þ Sk�j

� �:

On the other hand, the loss term corresponds to interactions between an agent located at j with
another agent in any other location,

L�ðj; tÞ ¼ �2s�ðjÞ½1� s�ðjÞ�:

So, in this way we obtain the following system of equations:

s�ðj; t þ tÞ � s�ðj; tÞ ¼ �2s�ðjÞ½1� s�ðjÞ� þ 2s�ðj� 1Þ½Sþ þ Sk�j
� �

þ2s�ðjþ 1Þ½S0 þ Sk�j
� �;

sþðj; t þ tÞ � sþðj; tÞ ¼ �2sþðjÞ½1� sþðjÞ� þ 2s�ðj� 1Þ½S� þ Sk�j
þ �

þ2sþðjþ 1Þ½S0 þ Sk�j
þ �;

s0ðj; t þ tÞ � s0ðj; tÞ ¼ �2s0ðjÞ½1� s0ðjÞ� þ 2s0ðj� 1ÞSk�j
þ þ 2s0ðjþ 1ÞSk�j

þ

þ2s0ðjþ kÞS� þ 2s0ðj� kÞSþ
for 2< j<M.

For j = 1,2 andM, the equations are slightly different, as for instance can be seen for s−:

s�ð1; t þ tÞ � s�ð1; tÞ ¼ �2s�ð1Þ½1� s�ð1Þ� þ 2s0ð2ÞS�
þ2s�ð2Þ½S0 þ Sk�1

� �;

s�ð2; t þ tÞ � s�ð2; tÞ ¼ �2s�ð2Þ½1� s�ð2Þ� þ 2s�ð1Þ½Sþ þ Sk�2
� �

þ2s�ðjþ 1Þ½S0 þ Sk�j
� � þ 2s0ð1ÞS�;

s�ðM; t þ tÞ � s�ðM; tÞ ¼ �2s�ðMÞ½1� s�ðMÞ� þ 2s�ðM � 1Þ½Sþ þ s�ðMÞ�;

Up to here, we can see that the equations are rather difficult to study, but we can gain more
perspective if we move from this discrete version to a continuous model. We can do that by
introducing (smooth) functions ui(x, t), i 2 {0, +, −}, defined for (x, t) 2 [0, 1] × [0,1) such
that

uiðjD; tÞ ¼ siðj; tÞ;

and we can approximate the spatial partial derivative as

D@xuiðjD; tÞ 
 siðjþ 1; tÞ � siðj; tÞ 
 siðj; tÞ � siðj� 1; tÞ; ð1Þ

and the temporal partial derivative as

t@tuiðjD; tÞ 
 siðj; t þ tÞ � siðj; tÞ:

Also,

Sk�j
i ðtÞ 


Z jD

0

uiðy; tÞdy; Sk�j
i ðtÞ 


Z 1

jD

uiðy; tÞdy;

We assume that τ = Δ, which corresponds to a time scaling of the rate of interactions.
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After some algebra, the continuous version of the master equations reads as

1

2
@tu�ðx; tÞ ¼ @x½u�ðx; tÞð

R x

0
u�ðy; tÞdy �

R 1

x
u�ðy; tÞdyÞ�

þ@x½u�ðx; tÞð
R 1

0
u0ðy; tÞdy �

R 1

0
uþðy; tÞdyÞ;

1

2
@tuþðx; tÞ ¼ @x½uþðx; tÞð

R x

0
uþðy; tÞdy �

R 1

x uþðy; tÞdyÞ�

þ@x½uþðx; tÞð
R 1

0
u0ðy; tÞdy �

R 1

0
uþðy; tÞdyÞ;

1

2
@tu0ðx; tÞ ¼ @x½u0ðx; tÞð

R x

0
u0ðy; tÞdy �

R 1

x
u0ðy; tÞdyÞ�

þ2@x½u�ðx; tÞð
R 1

0
u0ðy; tÞdy �

R 1

0
uþðy; tÞdyÞ:

The boundary conditions for s− are given by

u�ð0; tÞ ¼

Z 1

0

u�ðy; tÞdyZ 1

0

u�ðy; tÞdy þ
Z 1

0

uþðy; tÞdy

0
BBB@

1
CCCA2u0ð0; tÞ;

@xu�ðM; tÞ ¼ 0;

and the ones corresponding to u+ are similar. The no flux boundary condition at x = 1 follows
from the assumption that the persuasions are saturated at ±Cmax. For u0, there are two non
zero Dirichlet boundary conditions similar to the one for u−(0, t), reflecting the incoming
agents with opinions O = ±1.

In this way we have obtained a nonlinear coupled system of first order differential equations
of hyperbolic type including nonlocal terms and nonlocal boundary conditions.

Few remarks are in order:

• We have obtained a system of conservation laws, since the total mass of the solution is con-
served, that is, for every t� 0,

u�ðtÞ þ uþðtÞ þ u0ðtÞ ¼ 1:

Some mathematical properties of the solution, like positivity, seems difficult to prove,
although the model clearly generates nonnegative solutions.

• The partial differential equation for each opinion has two competing terms: a coalescent one,

@x½u�ðx; tÞ
Z x

0

u�ðy; tÞdy �
Z 1

x

u�ðy; t
� �

dyÞ�

depending on the own distribution ui, which tends to concentrate the agents around the
mean value of the opinion i; and the other one is a pure transport term,

@x½u�ðx; tÞ
Z 1

0

u0ðy; tÞdy �
Z 1

0

uþðy; tÞdy
� �

;

which drives the population to ±Cmax, ±CT depending on the densities of the other two popu-
lations, as was shown in previous sections.
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• The coalescent terms @x½uiðx; tÞð
R x
0 uiðy; tÞdy�

R 1
x uiðy; tÞdyÞ� changes signs, suggesting the

existence of shocks (but perhaps they are smoothed by the transport term). Let us suppose

that
R 1
0 uiðy; tÞdy � C, and let us call μi(t) the median of the distribution ui, i.e.,Z miðtÞ

0

uiðy; tÞdy ¼
C
2
:

We can rewrite the equation as

1

2
@tui ¼ @x uiðx; tÞ 2

Z x

0

uiðy; tÞdy � C

� �� �
;

and, for x 2 (0, μ(t)), the characteristic curves travel from left to right, and for x 2 (μ(t),1)
they travel from right to left. Hence, we can expect the formation of a shock curve along the
trajectory of μi(t).

We believe that they are out of the scope of this paper and deserve a lengthier discussion.
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