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Modeling of the Hysteretic I –V Characteristics of
TiO2-Based Resistive Switches Using the

Generalized Diode Equation
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Abstract— An equivalent circuit representation for the
conduction characteristics of TiO2-based resistive switches based
on the generalized diode equation is reported. The proposed
model consists of two antiparallel diodes with series and parallel
resistances representing the filamentary current pathway span-
ning the oxide layer and the possible parasitic conduction effects.
The model accounts for the pulse-induced hysteretic behavior
exhibited by the I–V characteristic after electroforming. Three
different approaches, each one of them with increased complexity,
are assessed: 1) constant; 2) nanowire-like; and 3) sigmoidal diode
amplitude. In all cases, the logarithmic conductance of the diodes
is modeled using a logistic-type threshold function.

Index Terms— Resistive switching, MIM, TiO2.

I. INTRODUCTION

DESPITE the major technological advances achieved in
the last years in the fabrication of metal-insulator-

metal (MIM) information storage cells for nonvolatile memory
devices [1], a simple and flexible analytic model able to
represent the wide variety of quasi-static current-voltage (I–V )
characteristics exhibited by resistive switching (RS) devices
is still lacking. On the other hand, several models have been
proposed to account for the switching dynamics using physics-
and/or circuit-based approaches [2]–[8]. Physically, the
RS effect in MIM devices has been ascribed to the alternate
formation (low resistance state, LRS) and dissolution (high
resistance state, HRS) of a filamentary current path spanning
the oxide film following a redox process [1]. The filament
is initiated by the so-called electroforming process, which is
statistically consistent with the percolation theory of oxide
breakdown [9]. Interestingly, no clear dependence of both LRS
and HRS on the dielectric thickness has been found yet, which
is an indication that the current is presumably driven by the
narrowest section of the filament regardless of its specific
location (bulk or interface). This limitation for the electron
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Fig. 1. (a) Szot’s model for the RS mechanism [15]. The two antiparallel
diodes and the resistance represent the HRS and LRS states, respectively.
(b) Schematic of the potential barrier with height EB sandwiched between
metal electrodes with electrochemical potentials μL and μR. (c) Equivalent
electrical circuit model including series (RS) and parallel (RP1 and RP2)
resistances.

flux is often modeled by a material [7], [8], [10]–[12] or
virtual [13], [14] potential barrier. In this letter, we modeled
the I–V characteristics of TiO2-based MIM resistive switches
using an extension of Szot’s equivalent electrical circuit for the
HRS ↔ LRS transition [15] [see Fig. 1(a)]. Starting out from
the generalized diode equation [16], three different approaches
for the hysteretic I–V curves are assessed. The connection
with the physics of filamentary conduction is also discussed.

II. EXPERIMENTAL DETAIL

The RS effect in crossbar patterned Al(50 nm)/TiO2(50 nm)/
Au(50 nm) structures was investigated. TiO2 films were grown
by reactive sputtering with a pressure of 20 mTorr and a power
of 150 W at room temperature. The bottom (BE) and top (TE)
electrodes were deposited by the thermal evaporation method.
All the measurements were performed with BE grounded.
Three devices with area 100 μm2 were electroformed (aprox.
−11 V) with current compliances ICC of 50, 100, and 150 μA.
After electroforming the devices exhibited bipolar RS as
shown in Fig. 2(a). The RS pulsed I–V characteristics were
obtained following a two-step process. First, voltage ramps
consisting of pulses (4 ms duration) of increasing/decreasing
amplitude with step 25mV, were applied and the current mea-
sured. A time interval of 1 s in between pulses was considered
in order to minimize the effects of Joule heating of previous
pulses [17]. Second, the remnant two terminal resistance was
measured in between the pulses by means of a non disturbing
constant voltage at 0.1 V. Fig. 2(b) illustrates the resistance
hysteresis switching loop for different compliance values.
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Fig. 2. (a) I–V characteristics measured in Al/TiO2/Au structures after elec-
troforming with different current compliances ICC. (b) Resistance hysteresis
switching loops associated with the curves shown in (a). Current compliances
are used to limit the degradation of the device.

III. MODEL DESCRIPTION AND FITTING RESULT

According to quantum theory, the current that flows through
a nanojunction characterized by a tunneling barrier or subband
structure of height EB can be approximated by the expres-
sion [18]:

I = IL→R − IR→L

≈ A
{
exp

[−γ (EB − μL)
] − exp

[−γ (EB − μR)
]}

(1)

where A and γ are constants that depend on the particular
features of the barrier shape and injection mechanism con-
sidered [19]. μL and μR are the electrochemical potentials at
the left and right reservoirs of the junction, respectively [see
Fig. 1(b)]. Under the application of a positive bias V > 0,
μL − μR = eV so that (1) can be rewritten as:

I (V ) ≈ I0
[
exp (βV ) − 1

]
(2)

which is formally equivalent to the ideal diode equation.
I0 = A exp(−β�) is referred to as the diode amplitude,
� is the barrier height with respect to μR, e the electron charge
and β ≈ d ln(I )/dV the logarithmic conductance of the diode,
i.e. the slope of the I–V curve in log-linear axes. For V < 0 a
similar equation, with the appropriate signs, holds. As pointed
out in [18], for β � 1, I (V ) ≈ AβV , thus the potential barrier
is associated with a resistance (Aβ)−1. This is consistent
with the diode-resistor transition depicted in Fig. 1(a), but
at variance with the magnitude of I expected in either case.
Notice that for EB < μL, the barrier vanishes for part of
the electron injection window which can, in principle, accom-
modate a linear I–V characteristic with the right magnitude.
In this regard, the barrier height modulation is the physical
mechanism behind the quantum point-contact (QPC) model
for RS devices [13]. In order to extend Szot’s approach for
RS [15] to other material systems than the one considered here,
for the sake of generality, series (RS) and parallel resistances
(RP1, RP2) are included in the circuit model. Physically,
Rs may represent a remnant local potential barrier, while RP1
and RP2 may represent localized and area distributed parallel
leakage current pathways, respectively [10], [11].

From (2) and Fig. 1(c), the corresponding equation reads:

I (V ) = I0 {exp [β (V (1 + RS G P2) − I RS)] − 1}
−I0 {exp [−β (V (1 + RS G P2) + I RS)] − 1}
+ (V − I RS) G P1 + V G P2 (1 + RS G P1) (3)

Fig. 3. Experimental I–V (symbols) and model (lines) results in the negative
bias region for the three compliances investigated. Dotted, dashed and solid
lines correspond to approaches a), b) and c), respectively.

where GP1 = 1/RP1 and GP2 = 1/RP2. Assuming that
each diode is active at a time, (3) can be solved using the
Lambert-W function as [16]:

I (V ) = sgn(V )
{
(β RS)−1 W

[
β I0 RSκ exp (βκ(|V |+ I0 RS))

]

+ κ (|V | G P1 − I0) − |V | G P2} (4)

where κ = (1+GP1 RS)−1, sgn is the sign function and
|x | is the absolute value of x . In this letter, the logarithmic
conductance of the diodes is modeled using the threshold
function:

β(V ) = βMin + βMax − βMin

1 +
(

βMax −β0
β0−βMin

)
exp

[−βr Vφ

] (5)

which provides a continuous transition βMin ↔ βMax during
the application of the voltage sweep [20]. βMin, βMax, βr,
and βMin < β0 < βMax are the maximum, minimum,
switching rate, and initial value of β, respectively. Vφ is the
applied voltage with an additional phase shift. This parameter
determines the set and reset voltages at which the transition
HRS ↔ LRS takes place. Since β = β(V ), notice that (4) is
strictly valid for the steady values β = βMin and β = βMax.
In what follows, three particular approaches for the diode
amplitude are assessed.

A. Constant Amplitude (Dotted Line in Fig. 3)

For I0 constant, (3) can be expressed as:

I (V ) = 2I0 sinh [β (V (1 + RS G P2) − I RS)]

+ (V − I RS) G P1 + V G P2 (1 + RS G P1) (6)

which corresponds to the models reported in [21] and [22] with
RS = 0 and RP1 = RP2 = ∞. Since there is no relationship
between I0 and β, in general, it is hard to capture the behavior
of the LRS and HRS I–V curves in the whole bias range.
However, this approach is useful for modeling the transition
between two nonlinear I–V curves that are not too far apart.
As shown in Fig. 3, the deviation from the experimental data
can be significant if one attempts to reproduce the negative
differential resistance region accurately. The deviations can be
compensated in part using the series and shunt resistances.
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Fig. 4. (a) Experimental and theoretical I–V characteristics calculated using
approach (c) for three current compliances. (b) Effect of the transition rate β
on the I–V curves. (c) Effect of the phase shift φ on the I–V curves.

B. Quantum-Wire Amplitude (Dashed Line in Fig. 3)

Alternatively, (6) can be expressed as:

I (V ) = 2Im
exp (−β�)

β
sinh [β (V (1 + RS G P2) − I RS)]

+ (V − I RS) G P1 + V G P2 (1 + RS G P1) (7)

so that I0 = Im exp[−β�]/β in (4). Im and � are fitting
constants. (7) closely resembles the expression for the current
given by the QPC model in the soft-breakdown mode [20].
Notice also that (7) is similar to (2) and to the gap modulation
model of Guan et al. [8] except for the factor β in the
denominator of I0. Moreover, for � = 0, the expression for the
RS I–V characteristics in solid electrolytes is obtained [23].
Now, β and I0 are correlated: a lower logarithmic conductance
is associated with larger diode amplitude. In the limit β → 0
(LRS), (7) yields a linear I–V independent of β and �, key
parameters for setting both the HRS current magnitude and
its slope. This approach is suitable for modeling the transition
between exponential (HRS) and linear (LRS) I–V curves.

C. Sigmoidal Amplitude (Solid Lines in Figs. 3 and 4)

In this case I0 in (4) is driven by an expression similar to (5)
but with parameters I0Max, I0Min, I0r, and I0Min < I0 < I0Max.
This is a physically unrestricted approach. Since the number
of parameters increases significantly this approach provides
the best fitting results in the whole bias range for the three
current compliances considered in this letter [see Fig. 4(a)].
As illustrated in Fig. 4(b) and (c), the model nicely fits the
I–V characteristics in log-linear axis as well. Notice the effect
of βr and φ on the model curves. When I0 and β are in
phase, the model can deal with the switching between two
exponential I–V curves. However, if the sigmoidals are in
counterphase, the model can represent the switching between
an exponential and a linear I–V .

IV. CONCLUSION

An equivalent circuit for the hysteretic I–V characteris-
tics of TiO2-based MIM structures after electroforming was
presented. The model extends Szot’s circuital description
for RS, incorporating series and parallel resistances and a
threshold function to account for the transition between the
high and low resistance states. This basic approach can

be further extended by including memory effects, aging
effects, stochasticity, etc., on the model parameters as well as
physics-based switching rules for the threshold function.
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