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Stone style duality for distributive nearlattices

SERGIO CELANI AND ISMAEL CALOMINO

ABSTRACT. The aim of this paper is to study the variety of distributive nearlattices
with greatest element. We will define the class of N-spaces as sober-like topological
spaces with a basis of open, compact, and dually compact subsets satisfying an ad-
ditional condition. We will show that the category of distributive nearlattices with
greatest element whose morphisms are semi-homomorphisms is dually equivalent to
the category of N-spaces with certain relations, called N-relations. In particular,
we give a duality for the category of distributive nearlattices with homomorphisms.
Finally, we apply these results to characterize topologically the one-to-one and onto
homomorphisms, the subalgebras, and the lattice of the congruences of a distributive
nearlattice.

1. Introduction and preliminaries

Implication algebras, also called Tarski algebras, were introduced by J. C.
Abbott in [1]. It is well known that this class of algebras is the algebraic
semantic of the {— }-fragment of the classical propositional logic. Abbott [1]
established a bijective correspondence between the variety of Tarski algebras
and the class of all upper-bounded join-semilattices for which every principal
filter is a Boolean lattice. The implication algebras are an example of a more
general case, i.e., upper-bounded join-semilattices where each principal filter
is only a lattice. They are called nearlattices. These structures have been
investigated by W. H. Cornish and R. C. Hickman in [11] and [14], and recently
by I. Chajda, R. Halas, J. Kithr and M. Kolatik in [7], [8], [9] and [10]. The
class of nearlattices is a variety. This fact was proved first by Hickman in [14],
and subsequently by Chajda and Kolafik in [10]. In this latter paper, they
show that the class of distributive nearlattices is a variety of a certain type.

Topological dualities are very useful in the study of various types of al-
gebras. In [12], G. Grétzer gave a topological representation for distributive
semilattices extending the known topological representation due to Stone for
bounded distributive lattices and Boolean algebras [15]. Grétzer’s represen-
tation was extended in [5] to a full duality. Similarly, a full duality between
Tarski algebras and certain topological spaces with a distinguished topological
basis of compact and open subsets was developed in [6]. In this paper, we will
present a Stone style duality for distributive nearlattices with greatest element
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that extends the ones developed in [6]. We will introduce the notion of N-
space and we will prove that there is a dual equivalence between the category
of distributive nearlattices with greatest element, whose morphisms are semi-
homomorphisms, and the category of N-spaces with certain relations, called
N-relations. As a particular case, if the distributive nearlattice has a least
element, we obtain a bounded distributive lattice and the well-known repre-
sentation of Stone. Later, this duality is a generalization of the Stone duality
for bounded distributive lattices. Moreover, if every prime ideal is maximal,
then the distributive nearlattice is a Tarski algebra. Thus, we obtain the
representation of Tarski algebras developed in [6].

The paper is organized as follows. In Section 2, we will recall the definitions
and some basic properties of distributive nearlattices. Also, we prove that ev-
ery prime ideal is maximal if and only if the distributive nearlattice is a Tarski
algebra. In Section 3, we will introduce N-spaces and we will prove that any
distributive nearlattice A is isomorphic to the dual distributive nearlattice of
some N-space, and conversely that for any N-space, there exists a distributive
nearlattice A that is homeomorphic to the dual space of A. In Section 4, we
shall define the category of N-spaces with N-relations and we will apply the
results of Section 3 to prove that there exists a correspondence between semi-
homomorphisms of distributive nearlattices and N-relations. Later, we will
extend these results to homomorphisms and N-functional relations. In Sec-
tion 5, we shall give several applications of duality developed in the previous
sections to describe some algebraic concepts. First, we give a dual description
of 1-1 and onto homomorphisms. We will show a topological representation of
lattices of subalgebras and congruences of distributive nearlattices.

Let us consider a poset (X, <). A subset U C X is said to be increasing
(decreasing) if for all z,y € X such that x € U (y € U) and = < y, we
have y € U (z € U). The set of all decreasing subsets of X is denoted by
Pi(X). For each Y C X, the increasing (decreasing) set generated by Y is
M)={reX:IyecYy<z} (Y]={reX:IyecYaz<y}). Y ={y},
then we will write [y) and (y] instead of [{y}) and ({y}], respectively. The set
complement of a subset Y C X will be denoted by Y¢ or X \ Y.

A join-semilattice with greatest element is an algebra (A4, V, 1) of type (2,0)
such that the operation V is idempotent, commutative, associative, and aV1 =
1 for all @ € A. As usual, the binary relation < defined by z < y if and only if
x Vy =y is a partial order. In what follows, we shall write simply semilattice.

A filter of a semilattice A is a non-empty subset /' C A with 1 € F, such
that if z <y and x € F, then y € F, and if x,y € F, then x Ay € F whenever
x Ay exists. The set of all filters of A is denoted by Fi(A). The intersection of
any collection of filters is again a filter. For any non-empty subset X C A, the
set F(X)={a€ A:3xy,...,2, € X,I11 A -Azxy and 21 A- - - Az, < a} is the
filter generated by X. A filter F is said to be finitely generated if F = F(X)
for some finite non-empty subset X of A. The set of all finitely generated
filters of A will be denoted by Fif(A).
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A subset I of a semilattice A is called an ideal if for every z,y € A, if x <y
andy € I, then z € I, and if z,yy € I, then x Vy € I. The set of all ideals of A
is denoted by Id(A). The least ideal containing X is called ideal generated by
X and will be denoted by I(X). We shall say that a non-empty proper ideal
P is prime if for all x,y € A, if x Ay exists and is in P, then z € P or y € P.
The set of all prime ideals of A will be denoted by X (A).

2. Nearlattices

In this section, we will recall the definitions and basic properties of distribu-
tive nearlattices with greatest element.

Definition 2.1. A nearlattice is a semilattice A where for each a € A, the
principal filter [a) = {x € A : a < z} is a bounded lattice with respect to the
induced order < of A.

In [14], R. C. Hickman proves that the class of nearlattices forms a variety.
Since the operation meet is defined only in a corresponding principal filter, we
will indicate this fact by indices, i.e., A, denotes the meet in [a). Note that if
x,y € [a) and b < a, then z,y € [b) and 2 A, y = x Ay y. The operation A is
not everywhere defined, and so nearlattices are partial algebras only. However,
they can be treated as total algebras via the ternary operation m on A defined
by

m(z,y,a) = (xVa) A, (yVa). (%)

Lemma 2.2. Let A be a nearlattice, and let m be defined by (x). The following
identities are satisfied:

(1> m(x,y,x) =,

m(z, z,y) = m(y,y, ),

m(m (ZB z,y), m(z,x,y),z) = m(w,x,m(y,y,z)),
(z,y,2) = m(y, z, 2),

3

(m(z,y,2),w, z) =m(z,m(y,w, 2), z),

(@, m(y,y,x),2) = m(z,z, 2),

(m(z,x, 2),m(x,x, z),m(z,y, 2)) = m(x,x, z),
( m(y,y, z),

(
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Let (A,m,1) be an algebra of type (3,0) satisfying the identities (1), (2),
and (3) of Lemma 2.2. If we define x Vy = m(z,z,y), then (A,V,1) is a
semilattice with greatest element. We can introduce the induced order <
by z < y if and only if m(z,z,y) = y. It is clear that < is an order on
the set A which coincides with the induced order of the assigned semilattice
(A, V,1). The following theorem shows that nearlattices can be regarded as
pure algebras.
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Theorem 2.3. Let (A, m, 1) be an algebra of type (3,0) satisfying the identities
(1)-(9) of Lemma 2.2. Then the assigned semilattice S(A) = (A,V,1) is a
nearlattice, where for every a € A and x,y € [a),

z Nay =m(z,y,a).

Let (S,V,1) be a nearlattice and A(S) = (S,m,1) be an algebra with the
ternary operation m given by (x). Then S(A(S)) = S. On the other hand, if
(A,m, 1) is an algebra of type (3,0) satisfying the identities (1)—(9) of Lemma
2.2, then A(S(A)) = A.

By Lemma 2.2 and Theorem 2.3, there is a one-to-one correspondence be-
tween nearlattices and ternary algebras satisfying the above conditions. So, we
shall alternate between these two faces of nearlattices and use that one which
will be more convenient. The class of all nearlattices, considered as ternary
algebras, is a variety. We denote by A the variety of nearlattices.

As in lattice theory, the class of distributive nearlattices play a special role.

Definition 2.4. Let A € N. Then A is distributive if for each a € A, the
principal filter [a) = {z € A:a < z} is a bounded distributive lattice.

Example 2.5. Let (X, <) be a poset. Then (P4(X), m,X) is a distributive
nearlattice where m(A, B,C) = (AUC)N(BUC) for every A, B,C € Py(X).
The triple (P4(X), m, X) is of great importance because any distributive near-
lattice can be embedded into a distributive nearlattice of this form, as we will
prove later (see also [8]).

The distributivity of a nearlattice A can be characterized in terms of the
ternary operation m or the set Fi(A). The following result can be found in [8],
[10] and [11].

Theorem 2.6. Let A € N. Then A is distributive if and only if satisfies
either of the following identities:

(1) m(x7 m(y’ y’ Z)’ w) = m(m(x7 y’ w)7 m(:L.7 y? w)’ m(x7 Z’ w>)7

(2) m(z,z,m(y, z,w)) = m(m(z,z,y), m(z,z,2),w).

We will denote by DN the variety of distributive nearlattices.

Theorem 2.7. Let A € N'. The following conditions are equivalent:
(1) A is distributive.

(2) (Fi(A)U{0},C) is a distributive lattice.

(3) (Fif(A), Q) is a distributive lattice.

One of the most important results in the theory of distributive lattices is

Birkhoff’s Prime Ideal Theorem. We have a theorem analogous for the variety
of distributive nearlattices. See [13] or [8].

Theorem 2.8. Let A € DN. Let I € Id(A) and let F € Fi(A) such that
INFE =0. Then there exists P € X(A) such that I C P and PN F = {.
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Corollary 2.9. Let A € DN. Then every proper ideal of A is the intersection
of prime ideals.

Proof. Let I be a proper ideal of A. For each a ¢ I, we have IN[a) = @. Since
[a) € Fi(A), by Theorem 2.8 there exists P, € X(A) such that I C P, and
a¢ P,. Thus, I =({P, € X(A):a ¢ I}. O

Let A € DN; consider the poset (X (A),C) and p: A — Py(X(A)), defined
by ¢(a) ={P € X(A):a ¢ P}. We have the following result.

Theorem 2.10 (Representation theorem). Let A € DN. Then A is
isomorphic to the subalgebra p(A) = {p(a) : a € A} of Pa(X(4)).

Proof. 1t is clear that ¢(a) € Pg(X(A)) for all a € A. It is also easy to check
that ¢(a V b) = ¢(a) U @(b), (1) = X(A), and if there exists a A b, then

wla Ab) = p(a) Np(b). So, p(m(a,b,c)) = m(p(a), pb), (c)). It follows that
¢ is 1-1 by Theorem 2.8. Thus, A = p(A). O

Definition 2.11. Let A € DN and I a non-empty ideal of A.

(1) We say that I is irreducible if for every I, Is € Id(A) such that [y NIy =1,
then Iy =1 or Iy = 1.

(2) We say that I is maximal if it is proper and for every J € Id(A), if I C J,
then J =1 or J = A.

Similar to the theory of distributive lattices, we have the following result.

Lemma 2.12. Let A € DN. Let P € Id(A).

(1) If P is irreducible, then P is prime.

(2) If P is mazimal, then P is prime.

(3) P is maximal if and only if for alla € A, if a ¢ P, then I(PU{a}) = A.

Proof. (1): Let P be a irreducible ideal. Let a,b € A be such that a A b exists
and aAb € P. Then (a A b] = (a]N(b] C P. We prove that (PV(a])N(PV(b]) C
PV ((a]N(b]). Let € (PV(a])N(PV(b]). Then there exist p1, ps € P such that
x < p1Vaand z < paVb. Since P is aideal, p = p;Vps € P and pVa,pVb € [x).
As [x) is a distributive lattice, z < (pV a) Ay (pVb) = pV (a Ab). Hence,
x € (PU{aAb}] =PV ((a] N (b]). The other inclusion it is immediate. So,
P = (PV(a])N(PV (b]) and consequently, a € P or b € P. Thus, P is prime.
(2): Clearly, every maximal ideal is irreducible, so (2) follows from (1).
(3): If P is maximal, then it is clear that I(P U {a}) = A, for all a ¢ A.
Conversely. Suppose that there exists @ € Id(A4) such that P C Q, i.e.,
there exists a € Q \ P. We prove that Q@ = A. Let b € A. So, b€ I(PU{a}),
i.e., there exists p € P such that b < pVa. AspVa € Q and @ is an ideal,
be Q. Thus, @ = A. O

Let A € DN and a,b € A. Suppose that b € [a). We define the sets
b ={zcA:zvb=1}and b} ={z € A:I(x Ab) and z A b= a},

where the set b depends of a.
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Lemma 2.13. Let A € DN and a € A.

(1) b" is a filter.
(2) bt is closed under join.

Proof. (1): We prove that b' is a filter. Let x,y € A such that » < y and
z€b’. ThenzVvb<yVbandzVb=1. So,yVb=1andycb'. Let
x,y € b" such that x Ay exists. Since [b) is a distributive lattice, (z Ay) Vb =
(xVb)Ap (yVb)=1. Thus,z Ay €b’ and b' is a filter.

(2): Let 2,y € bl. Then there exist z A b and y A b such that z A b = a
and y Ab=a. Thus,a <z Aband a < yAb. As [a) is a distributive lattice,
(xAbB)V(yAb) = (xVy)Aub=a. So, xVy€Ebt. O

If every prime ideal of a distributive nearlattice is maximal, then we have
a Tarski algebra or implication algebra introduced by Abbott [1].

Theorem 2.14. Let A € DN'. The following conditions are equivalent:

(1) For alla € A, [a) is a Boolean lattice.
(2) FEvery prime ideal is mazimal.

Proof. (1) = (2): Let P € X(A) and a ¢ P. Let us consider I(P U {a}); we
prove that I(P U {a}) = A. Suppose that I(P U {a}) C A. Then there exists
x € A such that z ¢ I(PU{a}). So, by Theorem 2.8, there exists @ € X(A)
such that a € Q, P C Q and = ¢ Q. Let p € P. Since p < pVa and [p) is a
Boolean lattice, there exists z € [p) such that (pVa)Vz =1and (pVa)Az = p.
As (pVa)Az e P and P is prime, we have pVa € Porz€ P. lf pVa € P,
then a € P, which is a contradiction. If z € P, then z € . Thus, we have
aVz=(pVa)Vz=1¢cQ, which is a contradiction because @ is prime.
Therefore, I(P U {a}) = A and P is maximal.

(2) = (1): Let a € A. We prove that [a) is a Boolean lattice, i.e., that every
b € [a) has a complement. Let b € [a) such that b # 1 and b # a. Suppose
that b has no complement. Let us consider the sets b' and b-. It follows that
b¢ b and b ¢ b-. We prove that I(b- U {b}) is a proper ideal of A. In effect,
if 1 € I(bl U {b}), then there exists z € b> such that zVb=1. So,zAb=a
exists, which is a contradiction because we assumed that b has no complement.
Then 1 ¢ I(b-U{b}) and there exists P € X (A) such that b € P and b C P.
Now, we prove that a ¢ F(P°U {b}). If a € F(P°U {b}), then there exists
p ¢ P such that p A b exists and p Ab < a. Since pV a,b € [a) and [a) is a
distributive lattice, we have

(pVa)ANgb=(pAb)V(anb)=(pAb)Va=a.

So,pVa € bt and pVa € P. As P is an ideal, p € P, which is a contradiction.
Then a ¢ F(P°U {b}) and by Theorem 2.8, there exists @ € X(A) such that
a€Q,QNP=0,and b ¢ Q. So, Q C P. Since every prime ideal is maximal,
we have P = Q. Therefore, b € P and b ¢ P, which is a contradiction. Then
b has a complement and [a) is a Boolean lattice. O



Stone style duality for distributive nearlattices 133

A filter P of a distributive nearlattice A is prime if for all x,y € A, if
xVy € P, then x € Porye P. It is easy to see that an ideal P is prime if
and only if P€ is a prime filter. Moreover, in the case of Tarski algebras, the
concepts of filter and deductive system coincide.

3. Topological representation

In this section, we will define the dual topological space of a distributive
nearlattice, called N-space, and we will prove that any distributive nearlattice
can be represented by means of an N-space.

3.1. N-spaces. We recall some topological notions. A topological space
(X, Txc) with a base K will be denoted by (X, ). A subset ¥ C X is ba-
sic saturated if Y = ({U; : U; € K and Y C U}, i.e., it is an intersection of
basic open sets. The basic saturation Sb(Y") of a subset Y is the smallest basic
saturated set containing V. If Y = {y}, we write Sb({y}) = Sb(y).

Given a topological space (X, K) we consider the following family of subsets
of P(X): Dx(X) ={U : U°® € K}, i.e., Di(X) is the set of complements of
elements of K.

Definition 3.1. Let (X, ) be a topological space. Let Y be a non-empty
subset of X.

(1) We say that Y is irreducible if for every U,V € Dy (X), we have that
UNV eD(X),and Y N(UNV)=0 implies Y NU=0Por Y NV = 0.

(2) We say that Y is dually compact if for every family F = {U; :i € [} CK
such that ({U; : i € I} C Y, there exists a finite family {U3,...,U,} of
F such that UyN---NU, CY.

It is easy to see that Sb(z) is irreducible for all x € X. We will introduce
on X the following relation: z <y iff y € Sb(x).

We note that Sb(z) = [x). The relation < is reflexive and transitive, but not
necessarily antisymmetric. The following result is well known, but we include
it for the reader’s convenience.

Lemma 3.2. Let (X,K) be a topological space.

(1) If each irreducible basic saturated subset is the saturation of a unique
single point, then < is an order relation.
(2) The relation < is an order if and only if (X,K) is Tp.

Proof. (1): It is easy to check that < is reflexive and transitive. Finally, to
show that is antisymmetric, suppose that * < y and y < x. Then Sb(z) =
Sb(y). By uniqueness, = = y holds.

(2): Let z,y € X such that 2 # y. Since < is an order, z £ y or y £ .
Suppose, for example, that £ y. Then y ¢ Sb(z), i.e., there exists U € K
such that x € U and y ¢ U. Thus, (X, K) is Tp.
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Conversely, we prove that < is antisymmetric. Let x,y € X such that x <y
and y < z, i.e., y € Sb(z) and = € Sb(y). Suppose that z # y. Since (X, K) is
To, there exists U € Dy (X) such that z € U¢ and y ¢ U°. But y € Sb(z) and
y € U€, which is a contradiction. O

Now, we define the topological spaces that are dual to distributive nearlat-
tices.

Definition 3.3. An N-space is a structure (X, KC) such that

(1) K is a basis of open, compact, and dually compact subsets for a topology
T on X.

(2) For every U, V,W € K, we have (UNW)U(VNW) € K.

(3) For every irreducible basic saturated subset Y of X, there exists a unique
x € X such that Sb(z) =Y.

Remark 3.4. (1) By Lemma 3.2, the relation < is an order in an N-space.

(2) It is clear that an N-space is automatically Ty and every U € Di(X) is
decreasing.

(3) By item (2) of the Definition 3.3, we have that for every U,V € K,
(UNVYU(UNV) =UNV € K. Therefore, K is closed under finite intersections
and (Dx(X),U, X) is a semilattice.

(4) We note that N-spaces are a generalization of topological spaces asso-
ciated with Tarski algebras introduced in [6].

Let us prove that the triple (Dx(X), U, X) has the structure of a distributive
nearlattice.

Theorem 3.5. Let (X,K) be an N-space. Then (Dx(X),U, X) is a distribu-
tive nearlattice.

Proof. Let C' € Dx(X). We consider [C) = {U € Di(X) : C C U} and show
that ([C),N¢, U, C, X) is a bounded distributive lattice. Let A, B € [C'). Then
C C A and C C B. Since Di(X) is a semilattice, AU B € [C). On the other
hand, by condition (2) of the Definition 3.3, we have

(AUC)Ne (BUC) = ANg B € De(X).

Then ANg B € [C). Further, (AUC)Neg (BUC) = (ANg B) U C and
[C) is a bounded distributive lattice. Thus, (Dx(X),U, X) is a distributive
nearlattice. ]

The structure (D (X), U, X) will be called the dual distributive nearlattice
of X.
We will give some equivalences of item (3) of Definition 3.3.

Proposition 3.6. Let (X, K) be a topological space where K is a basis of open
and compact subsets for a topology Tic on X. Suppose (UNW)U(VNW) e K
for every U, V,W € K. The following conditions are equivalent:
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(1) (X,K) is Ty, and if {U; :i € I} and {V; : j € J} are non-empty families
of Dic(X) such that {U; : i € I} C \J{V; : j € J}, then there exist
Ui,....,U, and V1,..., Vi such that Uy N---NU, C V3 U---UV, and
Uin---NnuU, GDK(X)

(2) (X,K) is Ty, every U € K is dually compact, and H: X — X (Dx(X))
defined by H(x) ={U € Dx(X) : 2 ¢ U} for each x € X, is onto.

(3) Fvery U € K is dually compact and for every irreducible basic saturated
subset Y of X, there exists a unique x € X such that Sb(z) =Y.

Proof. (1) = (2): Tt is clear that every U € K is dually compact and H is well
defined. Let P € X(Dy(X)). We prove that

F=N{U;:Ui ¢ PYNN{VF:V; € P} #0.

If 7 =0, then N{U; : U; ¢ P} CJ{V; :V; € P}. Thus, there are Uy,...,U,
and V1, ..., Vj such that UyN---NU,, C V1U---UV and U N---NU, € Dic(X).
Since ViU---UV, € P and P is an ideal, Uy N---NU,, € P. As P is prime, we
have that U; € P for some 1 < i < n, which is a contradiction. Then F # 0,
i.e., there exists x € {U; : U; ¢ P} N {Vf Ve P}, which implies that
P = H(x).

(2) = (3): Let Y be an irreducible basic saturated subset of X. Let us
consider the set Py = {U € Dx(X) : Y NU = 0}. It is easy to see that Py
is an ideal of Dy (X). We prove that Py is prime. Suppose that there exists
U NnU; € DK;(X) such that Uy NUy; € Py. Then Y N (Ul n UQ) =0. Since Y
is irreducible, Y NU; =0 or Y NUy = 0, i.e., Uy € Py or Uy € Py. Thus, Py
is a prime ideal of Dy (X). Since X is Tp, the map H is injective, and as H
is onto, there exists a unique y € X such that H(y) = Py. Now it is easy to
check that Y = Sb(y).

(3) = (1): By Lemma 3.2, X isTp. Let A={U;:i€Itand B={V,:j €
J} be non-empty families of Dx(X) such that ({U; :i € I} CY{V;:j e J}.
If I(B)NF(A) = 0, then by Theorem 2.8 there exists P € X (Dx (X)) such that
I(B) C Pand PN F(A) = 0. Let us consider the set Y = ({W°: W € P}.
It follows that Y is a basic saturated. We see that Y is irreducible. Let
UV € Di(X) such that UNV € Di(X) and Y N (UNV) = 0. Then
Y CUcU Ve Since U°U V€ is dually compact, there exist Wq,...,W,, € P
such that Wfn...NWs C U°UVe ie, UNV C Wy U---UW,. Thus,
UNYV € P and by the primality of P, U € P or V € P. It follows that
YNU=0or YNV =1(. So, Y is irreducible. By hypothesis, there exists a
unique y € X such that Sb(y) = Y. It is easy to see that H(y) = P. Then
BCH(y)and Hly)NA=0. Thus,y € ({U;:i€ I} and y ¢ | J{V; :j € J},
which is a contradiction. So, there exists @ € F(A) N I(B), i.e., there exist
Uy,...,U, € Aand Vi,...,V, € B such that Uy N---NU, € Di(X) and
Uupn---nU, € Q C ViU---UYV, Therefore, we have Uy N---N U, C
Viu---uV. O



136 S. Celani and I. Calomino Algebra Univers.

Following the definition given in [3], we recall that a Stone space (also called
spectral space) is a topological space (X, K) such that the following hold:

(1) (X,K) is Tp.

(2) The family K of all compact and open subsets is a ring of sets and a basis
for a topology 7x on (X, K).

(3) f {U; : i € I} and {V; : j € J} are non-empty families of non-empty
compact and open subsets and (\{U; : i € I} C|J{V; : j € J}, then there
exist U1,...,Un and Vl,...,Vk such that Ulﬂ"'ﬂUn ngLJ"'UVk.

By Proposition 3.6, we see that Stone spaces are a particular class of V-
spaces.

Remark 3.7. We note that if (X, K) is an N-space, then X € K iff Di(X)
is a bounded distributive lattice iff K is a ring of sets. Moreover, by item (2)
of the Definition 3.3, we have that IC is a ring of sets iff IC is the set of all
compact and open subsets of X. So, we obtain the well-known topological
representation for bounded distributive lattices given by M. H. Stone in [15].

3.2. The dual space of a distributive nearlattice. We will provide a
construction which shows that any distributive nearlattice A is isomorphic to
the dual distributive nearlattice of some N-space. In other words, we will
prove that for any distributive nearlattice A, there exists an N-space (X, K)
such that A = Di(X).

Let A € DN. Let us consider the set X(A) and the family of sets

Ka = {X(4)\ pla) = pla)° : a € A},
where we recall that p(a) = {P € X(A):a ¢ P} for a € A. We note that
X(A) = U{p(a)° : a € A} because any prime ideal is non-empty. Moreover,
for any a,b € A and P € X(A) such that P € ¢(a)® N ¢(b)°, there exists
c=aVbe Asuch that P € p(c)® = ¢(a)® Ne(b)¢. Thus, the family K4 is a
basis for a topology 74 on X(A). Let us denote by F(A) = (X(A),K4) the
topological space associated with A, called the dual space of A.

Remark 3.8. Tt is immediate to see that F(A) is Tp.

Proposition 3.9. Let A € DN and let F(A) be the dual space of A. If
{p(b;) : b; € B} and {¢(c;) : ¢; € C} are non-empty families of Dx, (X (A))
such that

MHeles) : ¢ € CF CU{w(bi) : b € B,

then there are by,...,b, € B and c1,...,c, € C with
eler) N Npler) C @(br) U---Up(by)

such that ¢c1 N\ -+ A ¢ exists.

Proof. Let I(B) be the ideal generated by B, and let F(C') be the filter gener-
ated by C. If I(B) N F(C) = (), then by Theorem 2.8, there exists P € X (A)
such that I(B) C P and PN F(C) = 0. Moreover, P ¢ p(b;) for every b, € B.
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So, P ¢ U{¢(b;) : bj € B}. On the other hand, P € ¢(c;) for every ¢; € C,
ie., P € N{e(c;) : ¢; € C}, which is a contradiction. Thus, I(B) N F(C) # 0.
Then there exist by,...,b, € Band c¢y,...,c; € C such that ¢y A---Acp exists
and c1 A+ -Acg < bV - -Vb,. Therefore, we have ¢(c1 A+ Ack) C p(byV---Vby,)
and @(c1)N---Np(er) C b)) U---Up(by). O

For each I € Id(A) and each F' € Fi(A), consider the sets
al)={PeX(A):I1¢ P} and [B(F)={PeX(A):PNF =0}

It is easy to prove that a(I) = J{p(a) : a € I} and B(F) = ({¢(b) : b € F}
for each I € Id(A) and F € Fi(A), respectively. In particular, we have the
following result for finitely generated filters.

Lemma 3.10. Let A € DN. Let F = F({b1,...,b;}) be a finitely generated
filter. Then B(F) = @(by) N---Np(bk).

Proof. Let P € B(F). Then PNF = ( and {by,...,b,} € P°. Thus, b; ¢ P
for every b;. Therefore, P € ¢(by) N ---Np(bg). Conversely, let P € ¢(by) N
-+-N@(br). Then {by,...,bp} C P°. Since P is a prime ideal, P¢ is a filter
and F({b1,...,bx}) € P°. Thus, PNF =0 and P € 3(F). O

In the following proposition, we characterize certain special subsets of the
dual space of a distributive nearlattice.

Proposition 3.11. Let A € DN and let F(A) be the dual space of A.

(1) A subset Y C X(A) is basic saturated in F(A) if and only if there exists
an ideal I of A such thatY = a(I)°.

(2) A subset U C X(A) is open in F(A) if and only if there exists a filter F
of A such that U = B(F)°.

(3) A subset U C X(A) is open and compact in F(A) if and only if there exist
ai,...,an € A such that U = B(F({a1,...,an}))".

(4) Fuvery element of K4 is an open, compact, and dually compact subset of
F(A).

(5) For every a,b,c € A, [p(a)N(c)]U[p(b)Np(c)] € Ka.

Proof. (1): Let Y C F(A) be basic saturated. Then Y = ({p(b)° : b € B}
for some B C A. Let us consider the ideal I = I(B). So, we have o(I)¢ =
M{p(a)¢ :a € I}. We prove that Y = «(I)°. It is evident that a(I)° C Y.
On the other hand, let P € ({p(b)°:b € B} and let a € I. Then there exist
b1,...,by € B such that a < by V-V b,. Thus, p(a) C ¢(b1) U---Up(by,),
or equivalently, ¢(b1)° N --- N @(by)® C p(a). Since N{p()¢:be B} C
e(b1)¢ N - N(by)¢ we have P € ¢(a)®. As this holds for a € I, then
PeN{pla):aecl}=a(l)".

(2): Let U be an open subset of F(A). Since K4 is a base for a topology
Taon X(A),U={p):be B} for some B C A. Let us consider the filter
F = F(B). We prove that U¢ = 3(F). Let P € U¢; then b ¢ P for every
b € B. We prove that b ¢ P for every b € F. In the contrary case, if b € P for
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some b € F, then there exist by,...,b, € B such that by A --- A b, exists and
by N---Ab, <b. So, by A---ANb, € P and as P is prime, we have b; € P for
some b;, which is a contradiction. Therefore , PN F =@ and P € 3(F).

(3): Let U be an open and compact subset of F(A). By item (2) above,
we have U = B(F)° = U{p(a)°:a € F} for some filter F' on A. Since U is
compact, there exists {a1,...,a,} C F such that

U=(a1)*U---Uplan)® = [p(ar) N---Nplan)]” = B(F({ar, ..., an}))*
The converse follows from Lemma 3.10.

(4): For every a € A, ¢(a)° = B([a))¢. By (3), we have that ¢(a)® is an
open and compact subset of F(A). It follows from Proposition 3.9 that each

¢(a)° is dually compact.
(5): Let a,b,c € A. Then

[p(a)® N(e)TUpd) Ne(e)]=plaVe)UpbVe)
=p((aVe)Ae (V)

where (a V ¢) Ae (bV ¢) exists in [¢) and p((aV e) Ae (bV )¢ € Ka. O

Remark 3.12. In distributive semilattices (see [5]), the set of all open and
compact subsets forms a basis for a topology. In the case of distributive
nearlattices, not all open and compact subsets of the topology 74 are of the
form ¢(a). Indeed, if U C X(A) is open then U = |J{¢(b)°:b € B}, for
some subset B C A. If U is compact, there exist by,...,b, € B such that

U=@br) V- Up(ba)® = [p(br) 0 --- N p(bn)]°.

But we have o(by) N---Np(b,) = @by A--- Aby,) only in the case that the
infimum by A --- A b, exists.

Theorem 3.13. Let A € DN. Then F(A) is an N-space and the mapping
p: A — Di,(X(A)) is an isomorphism of distributive nearlattices.

Proof. By Propositions 3.6, 3.9, 3.11, and by definition of Di ,(X(A)), we
have A > Dy, (X (A)), where ¢ is the isomorphism. O

Let (X,7) be a topological space. We will denote by O(X) the set of all
open subsets of X. Let us denote by KO(X) the set of all compact and open
subsets of X. Note that O(X) is a lattice and KO(X) is a join-semilattice,
under set inclusion.

Remark 3.14. Let A € DN. Then KO(X(A)) is a distributive lattice.

Lemma 3.15. Let A € DN and let F(A) be the dual space of A.

(1) The lattices Fi(A) and O(X(A)) are isomorphic under the mapping
U: Fi(A) — O(X(A)) defined by U(F) = B(F)°.

(2) The isomorphism ¥ induces an isomorphism between the lattices Fip(A)

and KO(X (4)).

Proof. This follows from Proposition 3.11 (2) and (3), respectively. O
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There is a natural question when an N-space is homeomorphic to the dual
space of a distributive nearlattice. Given an N-space, we will prove that
there exists a distributive nearlattice A such that the dual space F(A) is
homeomorphic to the initial N-space.

Theorem 3.16. Let (X, K) be an N-space. The mapping H: X — X (D (X))
is a homeomorphism between the topological spaces X and X (Dx(X)).

Proof. By condition (3) of the Definition 3.3 and by Proposition 3.6, it follows
that H is well defined, 1-1, and onto. Now we will prove that H is continuous.
By Proposition 3.11, given an open subset U of X (D (X)), there exists a filter
F of Di(X) such that U = g(F)°. Let V. ={O: O € F}. Then V is closed
in X. Let us prove that H=1(U) = V. Let z € X. Then
x¢V iff 30eF(x¢O) if 30 € F(O € H(x))

it Hz)NnF#£0 it H(z)¢ B(F)

ifft H(x)eU iff e HYU).
Thus, H is continuous.

Let us prove that for all U € IC, H(U) € Kp,(x). Let U € K, then

x¢U iff zeU° ift U°¢ H(x)
iff  H(x) € p(U) iff H(x) ¢ o(U)",
where p(U°)¢ € Kp, (x). Therefore, H(U) = p(U°)°. O

4. Topological duality

In the previous section, we have seen that distributive nearlattices are re-
lated to NN-spaces. In this section, we will consider the algebraic category
whose objects are distributive nearlattices with semi-homomorphisms as ar-
rows, and we will prove that it is dually equivalent to the category whose
objects are IN-spaces with certain binary relations as arrows.

Recall the definition of semi-homomorphism of distributive nearlattices.

Definition 4.1. Let A,B € DN. We say that a map h: A — B is a semi-
homomorphism if for every a,b € A,

(1) h(aVb) = h(a)V h(b),

(2) h(1)=1.

Note that a semi-homomorphism h: A — B preserves the natural order,
ie., ifa <b, then h(a) < h(b). Moreover, if a Ab exists, then h(a) Ah(D) exists.
Indeed, as a A b < a,b, then h(a), h(b) € [h(a A Db)). Since B is a nearlattice,
h(a) A h(b) exists.

A homomorphism from the distributive nearlattice A into the distributive
nearlattice B is a semi-homomorphism A such that for all a,b € A, if a AD
exists, then h(a A b) = h(a) A h(b).



140 S. Celani and I. Calomino Algebra Univers.

Remarks 4.2. Let A,B € DN and h: A — B a semi-homomorphism. Then
h is a homomorphism if and only if [b) C [a1) V [ag) implies [A(b)) C [h(a1)) V
[h(az)), for all a1, as,b € A. Indeed, suppose that h is a homomorphism. Let
a1, az2,b € A such that [b) C [a1) V [a2). Then, by the distributivity of Fi(A),
we have

[0) = [6) A ([a1) V [ag)) = ([b) Alar)) V ([b) Alaz)) = [bV ar) V [bV az).

Since (bV ai) A (bV az) exists, we have b = (bV ai) A (bV az). Then, as h is a
homomorphism and B is a distributive nearlattice, h(b) = h(b)V (h(a1)Ah(az))
and [A(b)) € [h(a1) A h(az)), i, [a(8)) € [h(ar)) V [h(az)).

Conversely, let ay,as € A such that a; A ag exists. Since h preserves the
natural order, h(ay A az) < h(ay) A h(az). Let z € B such that z < h(ay) and
z < h(az). Then [h(a1)) V [h(az)) C [z). Moreover, as aj A az exists, then
[a1 A az) = [a1) V [az). By hypothesis, [h(a; A a2)) C [h(a1)) V [h(az)) and

[h(ay A ag)) C [2), i.e., 2 < h(ay A az). Therefore, h(a; A az) = h(ar) A h(ag).
The following lemma gives a characterization of homomorphisms.

Lemma 4.3. Let A, B € DN. The following conditions are equivalent:

(1) h is a homomorphism.
(2) h=1(P) € X(A) for every P € X(B).

Proof. (1) = (2): Let P € X(B). If h"(P) = A, then 1 € h™1(P) and
h(1) = 1 € P, which is a contradiction because P is a proper ideal. Since h
preserves the natural order and it is a homomorphism, it follows that h=1(P)
is an ideal. Let a,b € A be such that a A b exists and a A b € h=1(P). Then
h{a Ab) = h(a) A h(b) € P. Since P is prime, h(a) € P or h(b) € P, i.e.,
a € h=Y(P) or b € h~1(P). Therefore, h~1(P) € X(A).

(2) = (1): We prove that h is monotone. Let a,b € A such that a < b.
Suppose that h(a) £ h(b). Then there exists P € X(B) such that h(b) € P
and h(a) ¢ P; thus, b € h=!(P) and a ¢ h~*(P), which is in contradiction with
h~1(P) being an ideal. Now we prove that A is a homomorphism. If h(1) < 1,
then there exists P € X(B) such that h(1) € P, that is, 1 € h~!(P), which
contradicts (2). Thus, (1) = 1. Since h is monotone, h(a) V h(b) < h(a V b)
for all a,b € A. Suppose that h(a VvV b) £ h(a) V h(b). Then there exists
Q € X (B) such that h(a) vV h(b) € Q and h(a Vb) ¢ Q. So, h(a),h(b) € Q
and a,b € h~1(Q). Since h1(Q) € X(A), we have a Vb € h=1(Q). Thus,
h(a Vv b) € @, which is a contradiction. Therefore, h(a V b) = h(a) V h(b). By
a similar argument, we obtain that if a A b exists, then h(a A b) = h(a) A k(D).
So, h is a homomorphism. (I

We will denote by SDN(A, B) the set of all semi-homomorphisms from A
into B. Let us consider the following algebraic categories whose objects are
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distributive nearlattices:

SDN = Distributive nearlattices + semi-homomorphisms,

‘HDN = Distributive nearlattices + homomorphisms.

We will prove that these categories are dually equivalent, respectively, to the
following categories, which will be defined later:

NTR = N-spaces + N-relations,
NF = N-spaces + N-functional relations.

4.1. Duality for SDN. Let X; and X5 be two sets and let R C X; x X,
be a binary relation. For each x € X3, let R(z) = {y € X2 : (z,y) € R}.
Recall that R is serial if for all z € X1, we have that R(x) # 0.

Before studying the topological counterparts of semi-homomorphisms, we
consider the next example.

Example 4.4. Let (X1, K1) and (X2, K3) be two N-spaces. Let R C X x X5
be a binary relation. Suppose that R is serial. We define the mapping
hr: P(X2) — P(X1) by hg(U) = {z € Xy : R(z)NU # 0}. It is easy
to prove that hg € SDN(P(X2), P(X1)).

Definition 4.5. Let (X7, K1) and (X5, Ks) be two N-spaces. Let us consider
a binary relation R C X7 x Xs. We say that R is an IN-relation if it satisfies
the following properties:

(1) hr(U) € Dk, (Xy), for every U € Dj,(X32).
(2) R(z) is a basic saturated subset of Xs, for each z € X;.
(3) R is serial.

We will denote by N'R(X7, X3) the set of all N-relations between X; and
Xs. The following lemma characterizes condition (2) of Definition 4.5 by means
of the concepts developed in the previous section.

Lemma 4.6. Let (X1,K;1) and (X2, K3) be two N-spaces. Let R C X7 x X5
be a binary relation. Suppose that hg(U) € D, (X1), for every U € Dy, (X3).
Then the following conditions are equivalent:

(1) R(z) is a basic saturated subset of Xo, for all x € X;.
(2) For any (z,y) € X1 x X,

(z,y) € R iff i (Hx, (x)) € Hx, (y)-

Proof. (1) = (2): Let x € X; and y € Xs. If (z,y) € R, then it is easy to see
that hp'(Hx, (x)) C Hx, (y)-

Suppose that (z,y) ¢ R. Since R(z) is basic saturated, we have R(z) =
({V€¢:V € Di,(X2) and R(z) C V°}. Then there exists V € Dy, (X2)
such that R(z) C V¢ and y ¢ V¢ Thus, R(z)NV = ( and y € V, ie.,
v ¢ ha(V) € D, (X1) and V ¢ Hx, (y). So, hy! (Hx, () & Hx, (9).
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(2) = (1): Let z € X;. We prove that
R(z)={V°®:V € Dx,(X3) and R(z) C V°}.

Clearly, R(z) C({V°:V € Dg,(Xs2) and R(z) C V°}.

Let y € ({V°:V € Di,(Xs3) and R(z) C V°}. Suppose that y ¢ R(x).
Then hyp'(Hx,(z)) ¢ Hx,(y), ie., there exists V € Dy,(Xs) such that
hr(V) € Hx,(z) and V ¢ Hx,(y). Thus, x ¢ hr(V) and y € V. It fol-
lows that R(z) C V¢ and y ¢ V¢, which is a contradiction. O

Let {X1,K1), (X2, K2), and (X3, K3) be three N-spaces, R € NR(X1, X2),
and S € NR(X,, X3). Similar to the case of distributive semilattices devel-
oped in [4], the usual set-theoretic composition of two N-relations may not
be an N-relation. This motivates us to define a new composition of two V-
relations. Define S R C X7 x X3 by

(x,2) € (S*R) iff (VV € Di,(X3))(SoR)(x)NV =0=2¢V),
where S o R is the usual set-theoretic composition of R and S.

Remark 4.7. Note that So R C S % R, and if S o R is an N-relation, then
S*R=S50R.

We have the following result.

Lemma 4.8. Let (X1,K1), (X2, K2), and (X3,K3) be three N-spaces. Let
R e NR(Xl,Xg) and S € NR(XQ,X?,). Then

(z,2) € (S R) iff (hr o hs) ™' (Hx, (x)) C Hx,(2)-

Proof. Let (x,2z) € (S R). For V € Di,(X3), if (So R)(z)NV =, then
2 ¢ V. So, xz ¢ (hgohg)(V). It follows that (hg o hs)(V) € Hx, (x), which
means that V € (hg o hs) ' (Hx,(z)). Thus, for V € Di,(X3), if V €
(hrohs) Y (Hx,(x)), then V € Hx,(2), i.e., (hgohs) ' (Hx,(x)) C Hx,(2).
Conversely, we also obtain that if (hgohg) ! (Hx, (7)) C Hx,(2), then (z,z) €
(S *R). O

Remark 4.9. By Lemma 4.8, it is easy to see that (SxR)(z) = Sb((SoR)(z))
for every =z € X;.

Corollary 4.10. Let (X1,K1), (X2, Ks), and (Xs5,K3) be three N-spaces. Let
R e NR(Xl,XQ) and S € NR(XQ, X3). Then h(S*R)(U) = (hr o hg)(U).

Proof. Let U € Di,(X3) and z € (hr o hg)(U); then (hro hs)(U) ¢ Hx,(x),
and so U ¢ (hgrohg) 1 (Hx,(x)). Since D, (X3) is a distributive nearlattice,
by Theorem 2.8 there exists P € X (Dy,(X3)) with (hgohg) ' (Hx,(z)) C P
and U ¢ P. By Proposition 3.6, there exists z € X3 such that P = Hx,(z). So,
(hrohs) ™ (Hx, (z)) C Hx,(2) and U ¢ Hx,(2). It follows by Lemma 4.8 that
(z,2) € (S*R) and z € U, i.e,, (S* R)(z) NU # 0. Therefore, x € h(g.r)(U).

Conversely, let © € h(s.g)(U). Then (S * R)(x) "U # 0, i.e., there ex-
ists z € X3 such that (x,z) € (S« R) and z € U. By Lemma 4.8, we
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have (hROhS)il(HXI(l‘)) - HX3(2)~ Since U ¢ HXB(Z)7 so U ¢ (hR o
hs)fl(Hxl (I)) Thus, (hR o hs)(U) ¢ HX1 (Qj) Therefore, T € (hR o hs)(U)
O

The following technical result is needed to affirm that A'R, the N-spaces
with N-relations as arrows, is a category.

Theorem 4.11. Let (X1,K1), (X2, Ks), and (X3,K3) be three N-spaces. Let
R e NR(Xl,XQ) and S € NR(XQ,X3).

(1) <1 e NR(X1, X4).

(2) Rx <y = R = <5 *R.

(3) S*Re NR(X1,X3).

Proof. (1): Tt is easy to see that <; is serial and that <; (x) is a basic
saturated subset of Xo for all € X;. We prove that h<,(U) = U for all
U € Dk, (X1). By reflexivity of <y, we have U C h<, (U). Conversely, suppose
that h<,(U) € U. Thus, there exists € h<,(U) such that x € U°. So,
<y () NU #£ 0, ie., there is y €<; (z) and y € U. Then = <; y. By (2) of
Remark 3.4, U is decreasing and x € U, which is a contradiction. Therefore,
h<,(U) =U and <; is an N-relation.
(2): By Lemmas 4.6, 4.8 and (1) above, we have

(,2) € (Rx <1) iff (he, o hg) ™' (Hx, () € Hx, (2)
iff hp™'(Hx, (7)) C Hx,(2) iff (z,2) € R.

Analogously, <, *R = R.
(3): Let U € Dy, (X3). By Corollary 4.10, it follows that

h(s«r)(U) = (hgr o hs)(U) € Dk, (X1)

because S and R are N-relations. By Lemma 4.8, we have (S % R)(z) =
Sb((S o R)(x)) for all x € X;. Finally, since S o R is serial, we have that S R
is serial. So, S % R C X; x X3 is an N-relation. O

In Section 3, we studied the relationship between distributive nearlattices
and N-spaces. We complete the duality by studying the correspondence be-
tween semi-homomorphisms and N-relations.

Let A,B € DN and h € SDN(A, B). Let us define the following binary
relation R, C X (B) x X(A) by (P,Q) € Ry, iff h~1(P) C Q.

The following Proposition is needed to show later that there exists a con-
travariant functor from the category SDN into N'R.

Proposition 4.12. Let A, B € DN and h € SDN (A, B).

(1) For every P € X(B) and for every a € A, h(a) ¢ P if and only if there
exists Q € X (A) such that (P,Q) € Ry, and a ¢ Q.

(2) Ry, e NR(X(B), X (A)).

(3) If C € DN and k € SDN(B,C), then Ryop = Ry * Ry.



144 S. Celani and I. Calomino Algebra Univers.

(4) The mapping hg, : Dk, (X(A)) — Dx,(X(B)) satisfies
ppoh=hg, opa.

Proof. (1): Let P € X(B) and a € A. If h(a) ¢ P, then a ¢ h=(P). Since
h is a semi-homomorphism, it is easy to see that h~1(P) is an ideal of A.
Thus, h=1(P) N [a) = (. By Theorem 2.8, there exists @ € X(A) such that
h=1(P) C Q and Q N [a) = 0. Therefore, (P, Q) € R;, and a ¢ Q. Conversely,
by hypothesis, there exists @Q € X (A) such that (P, Q) € Ry, and a ¢ Q. Then
h=1(P) C Q and a ¢ Q. It follows that h(a) ¢ P.

(2): Let P € X(B). So, h~!(P) is an ideal of A. We prove that 1 ¢ h=1(P).
If 1 € h=(P), then h(1) = 1 € P, which is a contradiction because P is proper.
So, 1 ¢ h=Y(P). Then there exists Q € X (A) such that h=}(P) C Q. Hence,
(P,Q) € Ry, and Ry(P) is serial. We prove Ry (P) = ({pa(a)°: h(a) € P}.
If Q € Ry(P), then h~1(P) C Q. For each h(a) € P, a € h~1(P) C Q. So,
a € Q and Q € pa(a)¢. Therefore, Q € ({pala) : h(a) € P}. To see the
converse, suppose that @ € ({eva(a)® : h(a) € P} and Q ¢ Rp(P). Then
h=Y(P) € Q, i.e., there exists a € h~!(P) such that a ¢ Q. Thus, h(a) € P
and Q ¢ ¢a(a)¢, which is a contradiction. Finally, by (1), it follows that
vp(h(a)) = hg,(pa(a)) for all a € A. Thus, hg, (pa(a)) € pp(B) for each
va(a) € pa(A). Therefore, Ry, is an N-relation.

(3): It suffices to prove that for all P € X(C'), we have

(Rkon)(P) = Sb((Rn o Ri)(P)) = ({¢(a)® € Ka: (R o Ri)(P) € ¢(a)} .
If Q € (Rgon)(P), then h=1(k=1(P)) C Q. Let ¢(a)® € Ka be such that
(Rp o Ri)(P) C ¢(a)¢. We prove that Q € ¢(a), ie., a € Q. Suppose,
on the contrary, that a ¢ Q; then a ¢ h=1(k=1(P)). Since h(a) ¢ k~(P),
there exists R € X (B) such that k~'(P) C R and h(a) ¢ R. Again, since
a ¢ h™1(R), there exists S € X(A) such that h~}(R) C S and a ¢ S. Thus,
(P,R) € R and (R,S) € Ry. So, (P,S) € Rpo R and S € (R, o Ri)(P).
Then S € ¢(a)¢, or equivalently, a € S, which is a contradiction. Therefore,
a € Q and Q € Sb((Ry, o Ry)(P)).

Conversely, let Q € Sb((Ry, o Rg)(P)). We prove that h=1(k~1(P)) C Q.
Let a € h=Y(k~Y(P)). Tt is easy to prove that (Rp o Ri)(P) C p(a)®. So, by
hypothesis, @ € ¢(a)¢ and a € Q.

(4): This is an immediate consequence of (1). O

Remark 4.13. Let A € DN. If Id: A — A denotes the identity map, then
Rig={(P,Q) € X(A) x X(A): PCQ}=C.

By Theorem 3.13, Proposition 4.12 and the previous remark we can define
a contravariant functor X: SDN° — NR as follows: If A is a distributive
nearlattice, then X(A4) = (X(A),K4) and if h is a semi-homomorphism, then
X (h) = Rp.

To complete the duality, we prove that there exists a contravariant functor
from N'R into SDN. We have the following result.
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Theorem 4.14. Let (X1,K1) and (X2,K2) be N-spaces and let R belong to
NR(X1, Xs).

(1) The map hr: Di,(Xs2) — D, (X1) defined as in Example 4.4 is a semi-
homomorphism.
(2) The binary relation R C Xy x Xy satisfies Ry, o Hx, = Hx, o R.

Proof. (1): Since R is an N-relation, we have that hg(U) € Dy, (X;) for all
U € Dk,(X2). Thus, hg is well defined. If U,V € Dg,(X2), then clearly
hr(UUV) = hg(U)Uhgr(V). On the other hand, since R is serial, we have
hr(Xs) = X;. So, hg is a semi-homomorphism.

(2): Let (z,2) € Ry, o Hx,. Then there exists y € X (Dx, (X1)) such that
(x,y) € Hx, and (y, z) € Rp,,. By Theorem 3.16, Hx, and Hx, are bijections;
thus, Hx, () = y and there exists ¢ € X5 such that Hy,(t) = z. It follows
that (Hx, (z), Hx,(t)) € Rp,, and by Lemma 4.6, we have that (z,t) € R. So,
(x,z) € Hx, o R. The converse is similar. O

Remark 4.15. Let (X, ) be an N-space and let < C X x X be the N-relation
identity. By Theorem 4.11(1), we have h<(U) ={z € X : <(z)NU # 0} = U.
Therefore, h<: Di(X) — Dx(X) is the identity map.

By using Theorems 3.5 and 4.14, we can define a contravariant functor
D: NR — S8DN as follows: If (X,K) is an N-space, then D((X,K)) =
Di(X), and if R is an N-relation, then D(R) = hp.

So, by Theorems 3.16, 4.14, and Lemma 4.6, H is a natural equivalence
between the identity functor of AR and the composition functor X o D.

Analogously, by Theorem 3.13 and Proposition 4.12, we have that ¢ is a
natural equivalence between the identity functor of SDA and the composition
functor D o X.

We summarize the above results in the following theorem.

Theorem 4.16. The contravariant functors X and D define a dual equiv-
alence between the algebraic category of distributive nearlattices with semi-
homomorphisms and the category of N -spaces with N -relations.

4.2. Duality for HDN. We present a dual description of homomorphisms
between distributive nearlattices.

Lemma 4.17. Let A,B € DN and h: A — B be a homomorphism. Then for
each P € X(B) and Q € X(A), we have Ry (P) = Sb(Q) iff h~*(P) = Q.

Proof. Let Ry(P) = Sb(Q) and h™1(P) # Q. Since Q € Sb(Q) = Rn(P),
=Y P) C Q. If @ £ h™'(P), since h™'(P) € X(A) and h=*(P) C h=(P),
then h=1(P) € Ry(P) = Sb(Q), i.e.,, A1 (P) € N{pa(a): Q € pa(a)}. So,
a € h=(P) for all a € Q, or equivalently, @ C h~!(P), which is a contradic-
tion.
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Reciprocally, suppose that h~1(P) = Q. Then
HeR,(P)ifQ=h""(P)CHiffVac Alac Q= ac H)
it Voa(a) € Ka (Q € pa(a) = H € pala)?) iff H € Sh(Q).
Therefore, R (P) = Sb(Q). O

By Lemmas 4.3 and 4.17, we have a dual description of homomorphisms.
The above lemma leads to the following definition.

Definition 4.18. Let (X, ) and (X3, ICa) be two N-spaces. Let us consider
a binary relation R C X7 X X5. We say that R is an N-functional relation if

R is an N-relation satisfying that for each = € X7, there exists y € X5 such
that R(z) = Sb(y).

Using Theorem 4.16, we obtain the following result.

Theorem 4.19. The contravariant functors X |, and D |- define a dual
equivalence between the algebraic category of distributive nearlattices with ho-
momorphisms and the category of N-spaces with N -functional relations.

We will show that N-functional relations can be characterized by means
of special functions between N-spaces. Let (X1,K1) and (X2, K2) be Stone
spaces. We recall (see [3]) that a map f: X; — Xo is a Stone morphism if
f~1(U) is compact and open set of X; for each compact and open set U of Xo.
Equivalently, if U € Dy, (Xz) implies f~}(U) € D, (X1). In what follows, we
generalize Stone morphisms.

Definition 4.20. Let (X7, K1) and (X2, K2) be N-spaces. Amap f: X; — Xo
is an N-morphism if f=*(U) € D, (X3) for every U € Dy, (X3).

As N-spaces are a generalization of Stone spaces, it follows that Stone
morphisms are a special case of N-morphisms. We will denote by N'S the
category of N-spaces with N-morphisms.

Let (X1,/K1) and (Xo, Ks) be N-spaces and R C X; X X5 an N-functional
relation. We define fr: X1 — Xo by fr(x) =y iff R(xz) = Sb(y).

Lemma 4.21. Let (X1,K1) and (X2, K2) be two N-spaces. Let R C X1 x X5
be an N-functional relation. Then fr is an N-morphism.

Proof. We prove that f'(U) = hg(U), for all U € Dy, (X2). Let z € f5'(U).
Then fr(z) =y € U and Sb(y) NU # (. So, R(x) N U # 0, and therefore
x € hr(U). Conversely, if z € hg(U), then Sb(y) NU # (. Thus, there exists
z € Sb(y) = [y) such that z € U. Since y < z and U is decreasing, we have
y = fr(z) €U. So, z € f5"(U). Finally, as hr(U) € Dx, (X1), it follows that
fr is an N-morphism. O

Conversely, let f: X7 — X5 be an N-morphism. Consider the relation
Ry C X x X5 defined as follows: (x,y) € Ry iff f(z) <2 y.
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Lemma 4.22. Let (X1,K1) and (X3, Ks) be two N-spaces. Let f: X1 — Xo
an N-morphism. Then Ry is an N-functional relation.

Proof. Since f(z) <o f(x) for all x € X7, Ry is serial. Also, by definition, it
follows that Ry(x) = Sb(f(x)) = [f(z)). We prove that hg, (U) = f~1(U),
for all U € Dg,(X2). Let & € hg,(U). Then Ry(x) NU # 0, i.e., there exists
y € [f(x)) and y € U. Since U is decreasing, f(z) € U. So, z € f~Y(U).
Conversely, let z € f~1(U). Thus, f(z) € U and since f(z) € Rys(z), we
have Ry(x) N U # 0. Then x € hg,(U). Therefore, Ry is an N-functional
relation. ]

Finally, we have the following theorem.
Theorem 4.23. The categories NS and N'F are isomorphic.

Proof. Let (X1,K1) and (X2,K5) be two N-spaces. Let f: X; — X, be
a Stone morphism and R C X; x X5 an N-functional relation. We prove
that Ry, = R and fgr, = f. Indeed, we have (z,y) € Ry, iff fr(z) <oy
iff y € [fr(z)) = R(x) iff (x,y) € R. Similarly, we have fg,(z) = y iff
Ry(x) = ly) iff f(z) = y. O

It is immediately seen that Theorem 4.23 is an extension of Stone duality.

5. Application of the duality

In this section, we present several applications of the above isomorphism
for a dual description of some algebraic concepts of the theory of distributive
nearlattices.

5.1. Description of 1-1 and onto homomorphisms. Our next aim is
to give a dual description of 1-1 and onto homomorphisms. We define the
notion of strong 1-1 homomorphisms, which is a special case of 1-1 homomor-
phisms, and show that strong 1-1 homomorphisms and onto homomorphisms
of distributive nearlattices correspond to onto N-functional relations and 1-1
N-functional relations, respectively.

Definition 5.1. Let A,B € DN and h: A — B a homomorphism. We say
that h is strong 1-1 if for all n > 0 and a,by,...,b, € A,

[h(a)) C[R(b1)) V-V [h(by)) yields [a) C [by) V-V [by).
As an immediate consequence, we have the following result.

Remark 5.2. Let A, B € DN and h: A — B a homomorphism. If 4 is strong
1-1, then A is 1-1.

Remark 5.3. Note that if A and B are distributive lattices, the notions of
strong 1-1 and 1-1 homomorphisms coincide.



148 S. Celani and I. Calomino Algebra Univers.

Definition 5.4. Let (X1, /K1) and (X, K2) be two N-spaces. Let R C X x Xo
be an N-functional relation.

(1) We say that R is onto if for each y € Xo, there exists ¢ € X; such that
R(z) = Sb(y).

(2) We say that R is 1-1 if for each x € X; and U € Dg,(X;1) with z ¢ U,
there exists V' € Dx,(X32) such that U C hr(V) and « ¢ hr(V).

Theorem 5.5. Let A,B € DN and h: A — B a homomorphism. Then
(1) h is strong 1-1 iff Ry is onto,
(2) h is onto iff Ry, is 1-1.

Proof. (1): Suppose that h is strong 1-1. Let P € X(A). We prove that
I(h(P)) N F(h(P°)) = 0. Suppose the contrary. Then there are a € P and
D1,---,Pn € P¢suchthat h(pi)A---Ah(py) exists and h(p1)A- - -Ah(pn) < h(a).
Thus, [h(a)) C [A(p1)) V-V [h(pn)) and since h is strong 1-1, we have that
[a) C [p1) V-V [pn). As P¢is a filter, [p1) V-V [p,) € P° So, a € P,
which is a contradiction. Thus, I(h(P)) N F(h(P¢)) = () and by Theorem 2.8,
there exists @ € X (B) such that h(P) C @ and Q N h(P¢) = 0. Therefore,
h(P) C Q and Q C h(P), i.e., h(P) = Q. By Lemma 4.17, R}, is onto.

Conversely, let a,by,...,b, € A be such that [h(a)) C [h(b1))V -V [h(by)).
We prove that [a) C [b1) V -+ V [b,). Suppose that a ¢ [by) V-V [b,) =
[{b1,...,bn}). Then by Theorem 2.8, there exists @ € X (A) such that a € Q
and Q N [{b1,...,b,}) = 0. By hypothesis, there exists P € X(B) such that
Ry (P) = Sb(Q) and by Lemma 4.17, we have h=!(P) = Q. Thus, h(a) € P
and h(by),...,h(b,) ¢ P. But since [h(a)) C [h(b1)) V-V [A(by)), there is a
subset {bg,,..., bk, } C {b1,...,b,} such that h(bg, ) A--- A h(by,, ) exists and
as P is prime, there is by, € {bg,,...,by,, } such that h(by,) € P, which is a
contradiction. Therefore, [a) C [by) V --- V [b,) and h is strong 1-1.

(2): Suppose that h is onto. Let P € X (B) and ¢p(b) € Di, (X(B)) such
that P ¢ ¢p(b). Since h is onto, there exists a € A such that h(a) = b.
So, by Proposition 4.12, ¢p(b) = ¢p(h(a)) = hg,(pa(a)). Thus, ¢p(b) C
hg,(pa(a)) and P ¢ hg, (pa(a)). We have proved that Ry, is 1-1.

Now suppose that Ry is 1-1. Let b € B. For each P € X(B) such that
b€ P, we have P ¢ op(b). As Ry is 1-1, there exists pa(ap) € Dy, (X (A))
such that pp(b) C hg, (palap)) and P ¢ hg, (pa(ap)). Thus,

()" =hr,(palap))”: P ¢ ¢p(b)}.

Since pp(b)° is dually compact, there are ay,...,a, € A such that ¢p(b)¢ =

hr,(pa(a1)) 0N hg, (0alan))®. So, op(b) = hr,(palar V---Vay)) and
by Proposition 4.12, we have ¢p(b) = hg,(pa(a)) = ¢p(h(a)). Therefore,
vp(b) = pp(h(a)). By injectivity of ¢p, it follows that h is onto. O

Theorem 5.6. Let (X1,K1) and (X2, K2) be two N-spaces and R C X7 X Xo
be an N -functional relation. Then

(1) R is 1-1 iff hr is onto,
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(2) R is onto iff hr is strong 1-1.
Proof. This follows by Theorems 4.14 and 5.5. O

5.2. Congruences. Further, we focus on congruences of distributive nearlat-
tices. In [11], the authors have shown that congruence lattices of distributive
nearlattices are isomorphic to congruence lattices of certain lattices. Using the
representation from Section 3, we present a different characterization of these
lattices.

Clearly, by a congruence on a distributive nearlattice A is meant any equiv-
alence on A compatible with the ternary operation m. The corresponding
congruence lattice will be denoted by Con(A).

Recall that if (X, 7) is a topological space and Y is a subset of X, then the
family 7y = {UNY : U € T} of subsets of Y is a topology for Y called the
relative topology and the topological space (Y, 7y ) is a subspace of (X, T).

Lemma 5.7. Let (X,7x) be a topological space where K is a basis of the
topology Tic and let Y C X. Then the family Ky = {UNY : U € K} is a basis
for a topology Tic,, on'Y such that Ty C Tx, .

Definition 5.8. Let (X, 7x) be a topological space with a basis I of open
and compact subsets. Let Y C X. We shall say that YV is a K-subset of X if
UNY is a compact set in the topology 7y on Y, for each U € K.

Lemma 5.9. Let (X, Tx) be a topological space with a basis K of open and
compact subsets. Let' Y be a KC-subset of X. Then Ky ={UNY : U € K}
is a basis of open and compact subsets for a topology Tic, on Y such that
Ty = TKIy-

Proof. By Lemma 5.7, Ky = {UNY : U € K} is a basis for a topology 7k, on
Y and 7y C Tx,. We prove that Txc,, C Ty. Let O’ € Tk,.. So, there exists
a family {U; NY : U; € K} C Ky such that O’ = J{U; NY : U; € K}. Since
Y is a KC-subset of X, we have that U; NY is an open and compact subset in
the topology 7y on Y. Thus, O’ € Ty. O

The following result gives necessary and sufficient conditions under which
the pair (Y, Ky) is an N-space.

Theorem 5.10. Let (X,K) be an N-space and let Y C X. The following
conditions are equivalent:

(1) (Y,Ky) is an N-space.

(2) Y is a K-subset and if {U;NY i € I} and {V;NY : j € J} are non-empty
families of Dy, (Y') such that {U;NY i€ I} CHV,;NY :j € J}, then
there exist Uy, ..., U, and Vi, ..., Vi such that (UyNY)N---N(U,NY) €
D, (V) and (U1 NY)N---N{U,NY)C (ViNY)U---U(VNY).

Proof. (1) = (2): We prove that Y is a K-subset of X, i.e., WNY is a compact
set in the topology 7y on Y, for each W € K. Since K is a basis of 7x, it suffices
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to take a family {V; : i € I} C K such that WnNnY C | {VinY :V; € K}.
Let D = {V;NnY :V; € K}. Wedenote D = {VSNY :V;, € K}. As
(Y,Ky) is an N-space, we have that Di,(Y) = {U°NY : U € K} is a

distributive nearlattice. We prove that I(WeNY)NF (D) # (. Assume on the

contrary, i.e., I[WeNY)NF(D) = (). Then there exists P € X (D, (Y)) with
I(WenY) C P and PNF(D) = (). On the other hand, by Proposition 3.6, we
have H: Y — X(Dx, (Y)) is onto. So, there exists y € Y such that P = H(y).
Thus, WeNY € H(y) and VENY ¢ H(y) for all VSNY € D. Theny € WNY
andy ¢ (J{ViNY : V; € K}, which is a contradiction. So, I(WNY)NF(D) # 0
and there exist V¢, ..., V,¢ such that (VFNY)N---N(V,fNY) € Di, (V) and
VenyY)n---nvVeny)cwenY,ie, WNnY C(VinY)u---U(V,NY).
Therefore, W NY is a compact set of 7y and Y is a K-subset of X.

(2) = (1): Since Y is a K-subset, by Lemma 5.9, Ky ={UNY : U € K}
is a basis of open and compact subsets of 7, . It is easy to see that for every
UNY),(VNY),(WnY) e Ky,

[(UNnY)Nn(WnY)U[(VNY)Nn(WNY)] € Ky.
So, by Proposition 3.6, (Y, Ky) is an N-space. |

Given A € DN and 6 € Con(A), the natural homomorphism ¢g: A — A/
assigns to a € A the equivalence class gg(a) = a/f. Consider the set

Yo = {g;(P) : P € X(A/0)}.

By Lemma 4.3, q;l(P) € X(A) for all P € X(A/0).
We are ready to prove the following results.

Proposition 5.11. Let A € DN and let F(A) be the dual space of A. Let
0 € Con(A). Then (Yy,Ky,) is an N-space.

Proof. We prove that ¢(a)® NYy is compact in the topology 7Zy,, for each
(a)® € Ka. Since K4 is a basis of Ty, it suffices to take {¢(b)¢: b€ B} C K4
such that ¢(a)°NYy C U{e(b)°NYy : b€ B} for some B C A. We prove that
there exist by,...,b, € B with YpNp(a)® C (e(b1)°NYp)U---U(p(by)°NYy).
Consider B/0 = {b/6 : b € B}, so (a/0] N F(B/6) # 0. Suppose the contrary;
then there exists Q@ € X(A/#) such that a/6 € Q and QN F(B/6) = 0.
Then ¢; '(Q) € X(A) and ¢, (Q) € ¢(a)*NYs € U{p(b)°NYy : b € B}
Therefore, there exists b; € B such that qe_l(Q) € o(b;)° ie., b; € qa_l(Q).
Thus, gg(b;) = b;/0 € Q, which is a contradiction because QN F(B/§) = 0.
So, we have proved there are by,...,b, € B such that by A --- A b, exists and
b1/ON---Aby, /0 < a/f. We see that ¢(a)°NYy C (p(by)°NYy)U- - -U(p(by)°NYy).
Let P € YpNy(a)®. Thena € P and P = g, ' (Q) for some Q € X(A/6). Thus,
qo(a) = a/0 € Q and (by A--- Aby)/0 € Q. Since @ is prime, there is b; for
some j, such that b; /0 € Q, i.e., b; € g5 *(Q) = P. So, we have P € o(b;)¢ for
some b; € {b1,...,b,}. It follows that P € (p(b1)°NYp)U---U(p(b,)°NYs) and
that ¢(a)® MYy is compact in the topology Ty,. Therefore, Yy is a K-subset.
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To complete the proof, let {¢(b;) Yy : b; € B} and {¢(c;) NYy: ¢; € C}

be non-empty families of D, (Yy) such that
MMele;) Yy :¢; € CF S U{p(bi) Y 2 bi € B}

Let B/0 ={b/60 : b€ B} and C/0 ={c/0:ce C}. U I(B/0)NF(C/) =0,
then there exists Q € X (A/0) such that I(B/6) C Q and QNF(C/0) = (). Then
4, (Q) =P e Yy AsI(B/0) C Q,so P ¢ U{p(b;)NYy :b; € B}. On the
other hand, since Q N F(C/0) = 0, we have P € ({p(c;)NYy : ¢; € C'}, which
is a contradiction. Thus, I(B/0)NF(C/#) # 0, so there are by, ...,b, € B and
€1, .. ¢, € Csuch that c;A- - -Acy exists and ¢1 /OA- - Acg /0 < by /OV-- Vb, /6.
Finally, it is easy to see that

k n
_ﬂl(SD(Cj) NYy) C _Ul(cp(bi) NYp).
j= i=
So, by Theorem 5.10, (Yy, Ky, ) is an N-space. O

The above results motivate the following definition.

Definition 5.12. Let (X,K) be an N-space and let Y C X. We shall say
that Y is an N-subspace if the pair (Y,Ky) is an N-space. The set of all
N-subspaces of X will be denoted by S(X).

Let A € DN and let Y be a subset of A. Define the binary relation 8(Y") C
AXx Aby (a,b) €0(Y) iff p(a)°NY =p(b)°NY.

Lemma 5.13. Let A € DN. Then the binary relation 0(Y) is a congruence
of A.

Theorem 5.14. Let A € DN and let F(A) be the dual space of A. Then the
mapping F: S(X(A)) — Con(A) defined by F(Y) = 0(Y) is an dual isomor-
phism.
Proof. By Lemma 5.13, F' is well defined. Let Y7,Y> € S(X(A)) such that
6(Y1) = 6(Y2). Suppose that Y7 ¢ Ys, ie., that there exists P € Y; with
P ¢Y,. Consider the set
F={eb)NYz:0(b) ¢ H(P)} N[ Hep(a)NY2:pa) € H(P)}.
If F # (), then exists Q € F and H(P) = H(Q). Thus, since H is 1-1, we have
P = Q € Y3, which is a contradiction. Therefore, F = () and
M) MYz :9(b) ¢ H(P)} € U{p(a) N Y2 p(a) € H(P)}
Since Y5 is an N-subspace, Proposition 3.9 implies there exist aq,...,a, and
bi,...,br such that by A --- A by exists and
(p(b1) NY2) NN (p(br) NY2) C (p(a1) NY2) U+ U (p(an) NY2).

Let b = by A---Abp and a = a1 V -+ Va,. So, p(b) NYs C p(a) N Ya.
Thus, ¢(a)NYs C ¢(b)° NYs and the pair (a V b,a) € 0(Y2) = 6(Y1). Then
elaVvb)NYs = ¢(a)NYr. Since P € ¢(a)®NYi, we have P € ¢(a V b)°,
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ie, aVb € P. As P is an ideal, b € P, which is a contradiction because
©(b) ¢ H(P). This shows that F is 1-1.

Now we prove F is onto. For 6 € Con(A), let Yy = {q, '(P) : P € X(A/0)}.
By Proposition 5.11, Yy is an N-subspace of X (A4). We see that 6(Yy) = 6. Let
(a,b) € 0. If Q € p(a)NYp, then a ¢ Q and there exists P € X (A/0) such that
Q = g, '(P). Thus, go(a) = a/0 ¢ P. Since a/0 = b/, we have qy(b) ¢ P.
So, b ¢ g, (P) = Q and @ € ¢(b) NYy. Analogously, we obtain ¢(b) NYy C
v(a)NYy, and therefore p(a) MYy = @(b)NYy. So, p(a)NYy = p(b)°NYy and
(a,b) € 0(Yp). Conversely, let (a,b) € 8(Yy). Then ¢(a)°NYy = p(b)° N Y.
Let P € X(A/#). We have

@(a) ¢ P iff a¢q'(P) iff gy ' (P) ¢ pla)
iff g, ' (P) ¢ o(a)°NYy=(b)NYy iff g, ' (P) ¢ ¢(b)°
iff b¢q,'(P) iff  qo(b) ¢ P,

ie., go(a) € P iff go(b) € P for all P € X(A/#). We prove gop(a) = qo(b).
Suppose that gg(a) £ go(b). Then (go(b)] N [go(a)) = @ and by Theorem 2.8,
there exists Q € X (A/6) with (go(b)] C Q and Q N[ge(a)) = 0. So, gs(b) € Q,
but gg(a) € @, which is a contradiction. Thus, gs(a) < gg(b). Analogously,
q0(b) < qo(a) and gg(a) = go(b). Then a/0 = b/0 and (a,b) € 6. O

5.3. Subalgebras. As usual, by a subalgebra of a nearlattice A is meant a
subset of A closed under the ternary operation m. The lattice of subalgebras
of A will be denoted by Sub(A).

Definition 5.15. Let (X,K) be an N-space. A subset ) # £ C K will be
called an N-basic set if for any U, V,W € L, (UNW)U(VNW) € L.

Given an N-space (X, K), let NB(X) denote {£ C K : £ is an N-basic set}.
Lemma 5.16. Let (X,K) be an N-space. Then (NB(X),C) is a lattice.
For A € DN, let T(B) denote {p(b)¢ : b € B}, for each B € Sub(A).

Proposition 5.17. Let A € DN. The mapping T: Sub(A) — NB(X(A)) is
an order preserving function.

Proof. Let B € Sub(A). It is clear that T(B) C 4. If U, V,W € T'(B), then
there are a,b, c € B such that U = ¢(a)%V = ¢(b)¢, and W = ¢(c)°. Thus,

UNW)uU VW) =[p(a)*Ne(e)Tulpb) Ne(e)] = p(mla,b, ).

Since B is a subalgebra of A, m(a,b,c¢) € B and (UNW)U(VNW) € T(B).
So, T(B) is an N-basic set of X(A). It is easy to show that the function T
preserves the order. O

Let A € DN and £ € NB(X(A)); consider S(£) = {a € A : p(a)¢ € L}.
We have the following lemma.

Lemma 5.18. Let A € DN and L € NB(X(A)). Then S(L) € Sub(A4).
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Proof. We will prove that S(L£) is closed under the ternary operation m. Let
a,b,c € S(L). Since L is an N-basic set and (a)?, ¢(b)%, v(c)¢ € L, we have
[p(a)® N ()T U [p(b)* Np(c)] € L. But
[p(a)® N () TUp()* Ne(c)] = plaVe) Up(bVe)
=p((aVe)Ac (V) = p(m(a,b,c))e.

So, m(a,b,c) € S(L). O

Theorem 5.19. Let A € DN. Then the lattice of subalgebras of A is isomor-
phic to the lattice of N-basic subsets of KC4.

Proof. Let B € Sub(A4). Then a € S(T(B)) iff p(a)¢ € T(B) iff there exists

b € B such that ¢(a)® = ¢(b)¢ iff a =b. So, a € B and S(T(B)) = B.
Conversely, let £L € TB(X(A)). Then U € T(S(L)) iff there exists a € S(L)

such that U = ¢(a)° iff U € L. Thus, T(S(L)) = L. O
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