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Abstract In this paper we shall introduce the notion of o -
ideals in the variety of pseudocomplemented residuated lat-
tices. We shall also give some characterizations of the stonean
pseudocomplemented residuated lattices.
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1 Introduction

It is well known that a subset / of a Boolean algebra A
is an ideal iff the subset —=(/) = {—a | a € I} is a filter,
where —a is the negation of a. For distributive pseudo-
complemented lattices we do not have an equivalent result,
but we can identify an interesting class of ideals where
there exists a similar result. A o-ideal in a distributive
pseudocomplemented lattice A is an ideal I such that I =
{a|3x € I (a* v x = 1)}, where a* is the pseudocomple-
mentof a. If I is a o-ideal, then there exists a filter F such that
I =((F)*]={a|3f € F:(a < f*)}. This class of ideals
was introduced by Cornish 1977 (see also Cornish 1973) to
study congruences and sheaf representations of distributive
pseudocomplemented lattices, and to give some characteri-
zations of Stone lattices.
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A distributive pseudocomplemented residuated lattice is
a distributive residuated lattice A = (A, V, A, o0, —,0, 1)
such that it satisfies the equation x A —x = 0, where
—x = x — 0 (see Torrens 2011; Chajda et al. 2007; Cignoli
2008; Cignoli and Esteva 2009). The main objective of this
paper is to introduce the notion o -ideal in the variety of dis-
tributive pseudocomplemented residuated lattices and give a
characterization of stonean distributive residuated lattice in
terms of o -ideals.

The paper is organized as follows. In Sect. 2 we will recall
some notions that will be needed in the sequel. In Sect. 3 we
shall define the notion of o -ideal in the variety of distributive
pseudocomplemented residuated lattices. We shall give some
properties of this class of ideals, and we will give charac-
terizations of the class of distributive pseudocomplemented
residuated lattices that satisfy the Stone identity.

2 Preliminaries

For basic notions in residuated lattices we refer to Chajda
etal. (2007), Galatos et al. (2007), Hohle (1995) and Turunen
(1999), and for basic concepts in distributive lattices we refer
to Balbes and Dwinger (1974). First, we recall the definition
of a distributive residuated lattice.

Definition 1 Anintegral bounded residuated lattice-ordered
commutative monoid, or distributive residuated lattice, for
short, is an algebra A = (A, V, A,0,—,0,1) of type
(2,2,2,2,0,0) satisfying the following conditions:

R1 (A, v, A, 0, 1) is a bounded distributive lattice,
R2 (A, o, 1) is a commutative monoid,
R3xo(yVvz)=(xoy)V(xo2),

Rd(xo(x = y)Vvy=y,
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RSx—=> (y—=>20=koy) — g,
R6x - (xVvy) =1

We denote by DRL the variety of distributive residuated
lattices.

In the next lemma we list, for further reference, some well-
known properties which we will use throughout this paper.
Proofs of these properties can be found, for example in Hohle
(1995).

Proposition 1 Let A € DRL. Then the following conditions
hold forall x,y,z € A:

I.x<yiffx—>y=1

2. zox <yiffz<x — y.
3. Ifx <y, thenxoz<yoz
4. xoy <ux,y.

Proof 1.1f x < y, then by condition R6 of Definition 1, x —
(xVy) =x— y=1.1If x > y = 1, then by the condition
R4 of Definition I (x o(x — y))Vy=(xol)Vy =y.
The property 2 follows by the condition RS of Definition 1.
The others properties are well known. O

Let A € DRL. We define a unary operation — by
—x=x— 0,

foreach x € A. Asusual this operation is called the negation
operation. The following properties are well known.

Proposition 2 Let A € DRL. The following identities and
quasi-identities hold true in A :

x <y, then =y < —x,
. TX = T,

L x < oy,

X > Ty =Yy > T,

1.

2

3

4

50 x >y < -y — -y,
6. xo—x =0,

7. =(x Vy)=—x Ay

8. —m—x oy < == (xoy).

Definition 2 (Torrens 2011; Cignoli 2008; Cignoli and
Esteva 2009) A distributive pseudocomplemented residu-
ated lattice is a distributive residuated lattice A such that
x A—x =0, forall x € A.

Let A € DRL.If x A—x = 0, then —x is the pseudocom-
plement of x in A as a lattice, i.e., y A x = 0 if and only if
y < —x.Indeed, suppose y Ax = 0.Then yox < yAx =0,
and since —x = x — 0, we have y < —ux.

The variety of distributive pseudocomplemented residu-
ated lattices will be denoted by DPRL.

An implicative filter or i-filter of abounded residuated lat-
tice A is asubset F' C A satisfying the following conditions:

@ Springer

Flifae Fanda < b,thenb € F,
F2ifa,b e F,thenaob € F.

Alternatively, an implicative filter can be defined by prop-
ertiesFl and F3:ifx € Fandx — y € F,theny € F. An
implicative filter is proper if F # A, i.e.,if 0 ¢ F. We note
that every i-filter F is a filter, i.e., F is closed under A.

The set of all i-filters of A is denoted by Fi° (A). For a
subset X C A, we denote by (X) the i-filter generated by X,
ie., (X) = ﬂ {F € Fi° (A) : X C F}.If X = {a}, we write
(a) by ({a}). We note that

(X)={aeA:3Ixg,...,xr € X(xg0---0x; <a)}.

In particular, (x) = {a € A : x" < a, for some n > 0}, for
x € ALIf F € Fi°(A) and a € A, then (FU{a}) =
{xeA:3f e FAn e N(f od" < x)}.

A filter P of A is primeifa v b € P, implies thata € P
orb € P,foralla,b € A. We denote by Pr(A) the set of all
prime filters of A. A prime i-filter is an i-filter P such that
P is prime. We denote by Pr°(A) the set of all prime i -filters
of A.

The set of all filters of the bounded distributive lattice
(A, Vv, A,0,1) is denoted by Fi (A). The set of all lattice
ideals of (A, V, A,0,1) is denoted by Id (A). The filter
(ideal) generated by a subset X is denoted by F(X) (I (X)).

Let A € DPRL. A filter (i-filter) U is maximal, if it
is proper and there are not other filters (i-filters) contained
between U and A. In the theory of distributive pseudocom-
plemented lattices is well known that a proper filter U is
maximal if Va € A (a ¢ U iff —a € U). We note that if U
is a maximal filter, then U is prime.

The following result, called prime i-filter theorem is fun-
damental in all that follows.

Theorem 1 Let A € DRL. Let F € Fi° (A) and I € Id (A)
such that F N1 = (. Then there exists P € Pr°(A) such that
FCPand PNI =0.

Proof See Galatos et al. (2007). O

Corollary 1 Let A € DRL. Let F € Fi° (A).

1. Foreacha ¢ F there exists P € Pr°(A) such thata ¢ P
and F C P.

2. F=({P €Pr°(A): F C P}.

3. Ifa # 1there exists amaximali-filter U suchthata ¢ U.

Lemmal Let A € DPRL. Let P € Pr (A).

1. If ~a ¢ P then there exists Q € Pr (A) such that P € Q
anda € Q.

2. If ~a ¢ P then there exists a maximal i-filter U such that
PZCUanda€eU.
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Proof (1) Let —a ¢ P.Consider the filter F (P U{a}). Then
0 ¢ F(P U {a}), otherwise there exists p € P such
that p Aa = 0. Since poa < p Ana = 0, we get
that p < —a, but this implies that —a € P, which is a
contradiction. Thus the filter F'(P U {a}) is proper. Then
by the prime filter theorem for distributive lattices (see
Balbes and Dwinger 1974) there exists Q € Pr (A) such
that P C Q anda € Q.

(2) Tt follows by (1).

O

Lemma2 Let A € DPRL. Ifa < —=by Vv ---V —b,, then
—a € ({b1,...,by}).

Proof Assume that a < —by VvV --- VvV =b,. If —a ¢
({b1, ..., by}), by Theorem 1 there exists P € Pr°(A) such
that by,...,b, € P, and —a ¢ P. By Lemma 1, there
exists Q € Pr(A) such that P € Q, and a € Q. So,
—=by V---V =b, € Q,and as Q is prime, =b; € Q for
some 1 < i < n. Then b;, =b; € Q, and this implies
that b; A =b; = 0 € Q, which is impossible. Thus,
—a € {{b1,...,by}). o

3 o-Idealsin DPRL

Let A € DPRL. For each ideal I of A we consider the
following set

o(l)={ae A| (malVvI=A},

where we recall that (x] is the principal ideal generated by
x. We note that @ € o (1) iff there exists x € [ such that
—aVx=1.

Lemma3 Let A € DPRL. Let I be an ideal of A. Then
o (1) is an ideal such that o (I) C 1.

Proof 1Tt is clear that o (/) is a decreasing subset of A such
that 0 € o(I). Leta,b € o(l), ie., (—a] v I = A and
(=b]v I = A. As 1 € A, there exists x, y € I such that
—aVx=1and —=bVvy=1. Weprovethata Vb € o(1).
Suppose thatavb ¢ o (I),i.e., (—(a v b)]vI # A.So, there
exists ¢ € A such that ¢ ¢ (—(a Vv b)] Vv I. From Theorem 1
there exists P € Pr (A) such that ((—m(a vb)]VI)NP =,
andc € P.So,—(aVvb) ¢ Pand I N P = (. By Lemma
1 there exists Q € Pr(A) suchthat P € Qanda Vv b € Q.
As I NP = (@, we have that x, y ¢ P. Then, —a, —b € P.
Asavb e Qand Q is prime,a € Q or b € Q. In the
first case we obtain that —a,a € Q, and as Q is a filter,
—a Aa = 0 € Q, which is impossible. If b € Q, then we
obtain also a contradiction. Thus, (—(a Vb)]V I = A, ie.,
avbeo(l).

We prove that (1) € I.If a € o(I) buta ¢ I, there
exists P € Pr(A) suchthat PN I = P and a € P. As

—a VvV x = 1 for some x € I, we get that —a € P, whichis a
contradiction. Thus, o (1) C 1.

Definition 3 Let A € DPRL. Let I be an ideal of A. We
shall say that I is a o-ideal if I = o ().

Now we prove that each o-ideal is generated by a set
—(F)={—~f: f € F}, where F is an i-filter.

Proposition 3 Let A € DPRL. Foreachideal I there exists
F € Fi°(A) such that o (1) = 1 (—=(F)).

Proof Let I be an ideal. Consider the set
F={aeA|(—a]lVvI=A}.

We prove that F is an i-filter. It is clear that F is increasing.
Leta, b € F.Thenthereexistsx, y € I suchthat——aVvx =
——bVvy =1.Letz =xVvy e I.Then——avz = —-—bVvz =
1. So,

(—|—|a V Z) le) (—|—|b V Z) =2z V (—|—|a le) —|—|b) = 1’

and as m—ao——b < ——(aob), wehave that 7V (——(aob))
= 1,i.e.,aob € F. Therefore, F' € Fi° (A).
We prove that I (—(F)) € o(I). Letx € I(—=(F)). Then
there are elements fi, f2, ..., fu € Asuchthatx < —f] Vv
-V =ofyand (—m—fi]v I = A, foreach 1 <i < n. Then
there exist yq, ..., y, € I such that

1:—|—|f1\/y1:-~-:—|—|fn\/yn_

We prove that —x V y; V- - -V y, = 1. Suppose the contrary.
Then there exists P € Pr(A) such that —x ¢ P and y; Vv
-+ Vy, ¢ P.By Lemma 1 there exists O € Pr(A) such
that P € Qand x € Q. So, =—f; € P,foralll <i <n.
So,=fi V.-V —f, € Q,and Q is prime, —f; € Q for
some 1 < i < n. From —f;, =—f; € Q we obtain that
—fi AN—=—=f; = 0 € Q, which is impossible. Therefore,
—“xVyiV---VvVy,=1.Asy V---Vy, €I, wehave that
xeo(l).

We prove that o(I) € I(—(F)). Let x € o(I). Then
—xVy=1forsomey e I.So,~—(—x)Vy=—-xVy=1.
Then —x € F, and thus =—x € —(F). Since x < ——x, we
getthat x € 1(—(F)). O

A stonean residuated lattice is a distributive bounded
residuated lattice A satisfying the Stone equation

—xV-o—x =1. @))

The variety of distributive stonean residuated lattices is
denoted by DSR L. Now we give different characterizations
of distributive stonean residuated lattices.

We recall that in a stonean residuated lattice A is valid the
following equation

—|—|(_x o y) = =X ATy,

@ Springer
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(see Cignoli 2008). By this equation we deduce that =—(x"")
= ——(x o---0x) = ——x, and consequently we get that

ﬁ(xn) = —x.
This equation will be used in the following results.

Lemmad4 Let A € DSRL. Let P € Fi°(A).Then P is max-
imal iff —a € P, whena ¢ P.

Proof Assumethat P € Fi°(A)is maximal.Leta ¢ P.Then
0 € (P U{a}). So there exists p € P and n € N such that
poa”=0.S0,p <—a"=-aceP.

Let G € Fi°(A) such that P C G. If there exists a €
G — P,then —a € P.So, a, —a € G, and as G is an i -filter,
0=ao—-a e G,and thus G = A. O

Proposition 4 Let A € DSRL. For each proper o-ideal 1
there exists a maximal i-filter U such that I " U = .

Proof Let I be a o-ideal. By Proposition 3 there exists a i-
filter F such that I (—(F)) = I. We prove that I (—(F)) N
F = . Suppose that there exists a € I(—(F)) N F. Then
there exist f1, ..., f, € Fsuchthata < —fj Vv ---VvV —f,.
By Lemma 2, —a € ({f1,..., fu}) € F. Asa € F, we
have that 0 = a A —a € F, which is a contradiction. Then,
I(—(F))N F = @. By Theorem 1 there exists P € Pr° (A)
such that F € P and I (—(F)) N P = (. We prove that P is
maximal filter. Leta ¢ P.ByLemma4 we need to prove that
—a € P. As (P U{a}) N I(—(F)) # 0, there exists b € A
and there exist f, ..., f, € F such that

b<—-fiv-.--

Then —=b € {{f1, ..

V—=f,and poa” <b.
. fa)) ©F S Pand
p<d"—>b<-b—>—-d"=-b—> —aeP.

As P is an i-filter, we have that —a € P.Thus, P is maximal.
O

Theorem 2 Let A € DPRL. Then A is stonean iff I (—(F))
is a o-ideal, for each F € Fi(A).

Proof Let a € A. Consider the ideal I (——a). It is easy to
see that I (——a) = I (—([—a)). By hypothesis, I (—([—a))
is a o-ideal. As a € I(——a) then there exists x € I (——a)
such that —a v x = 1. But this implies that —a V —=—a = 1,
i.e., A is stonean.

Let F € Fi(A). Let I = I(—(F)). By Lemma 3,
o(I) € I. We need to prove the inclusion I C o (/). Let
a € I. Then there are elements fi, f2,..., fn € F such
thata < —f; v ... Vv = f,. From Lemma 2 we have —a €
({f1, f2. ..., fu}) € F.Then, =—a € —=(F) C I(—(F)).
So,1 =—aVv ——a € (—a]Vv I. Thus, (ma]l]VvI = A, ie.,
aco(l). O

Corollary 2 Let A € DSRL. Anideal 1 is a o-ideal if and
only if there exists F € Fi(A) such that [ = I(—(F)).

@ Springer

Proof If I is a o-ideal, then by Proposition 3 there exists a
filter F suchthat I = o (1) = I(—(F)). Conversely, if there
exists a filter F such that I = I (—(F)), then by Theorem 2,
I is a o-ideal.

Recall that a proper ideal / of a bounded distributive lattice
A is minimal iff /¢ = A — [ is a maximal filter.

Theorem 3 Let A € DPRL. Then A is stonean iff each
minimal prime is a o-ideal.

Proof Assume that A is stonean. Let / be a minimal prime
ideal. We prove that / C o (/). Leta € I. Thena ¢ I¢, and
by Lemma 4, —a ¢ I. As —a A ——a = 0 € I, and [ is
prime, =—a € I. As —a vV ——a = 1, we get thata € o (I).

Assume that there exists a € A such that —a vV ——a # 1.
Then by the prime filter theorem, there exists P € Pr (A)
suchthat —aVv——a ¢ P.Sinceevery prime filter is contained
in amaximal filter, we have that there exists a proper maximal
filter U suchthat P C U.If —a € U,thena ¢ U.AsI = U¢
is a proper minimal ideal, and by hypothesis [ is a o-ideal,
we have that there exists x € [ such that —a Vv x = 1. Since
P is prime and —a ¢ P, we getthatx € P C U, whichisa
contradiction. Thus, —a ¢ U, i.e.,—a € U° = o(U°). Then
thereexists x ¢ U suchthat—avx = 1.But—avx =1¢€ U
and as it is prime, —a € U or x € U, which is impossible.
Thus, —a v =—a = 1, and A is stonean. O

Definition 4 Let A € DSRL. Let I be an ideal of A. We
shall say that / is an a-ideal if =—a € I, whenever a € 1.

We note that as a < ——a, for alla € A, an ideal I of A
is an o-ideal iff Va € A (a € I iff ——a € I).

It is not hard to prove this adaptation of the prime ideal
theorem.

Proposition 5 Let A € DPRL. Let F € Fi(A) and I be
an a-ideal such that F NI = (). Then there exists a prime
a-ideal J suchthat FNJ =@and 1 C J.

Lemma S5 Let A € DSRL. If I is a prime a-ideal 1, then
(—-(Ic)] is a prime ideal.

Proof Let I be aprime a-ideal. We first prove that (—(/ C)] -
I.Leta € Aand x ¢ I suchthata < —x.Thenx < ——x <
—a. So, —a ¢ I, and since ~a A =—a = 0 € [ and [ is
prime, =—a € I. So, a € I, because [ is decreasing.

Since 1 € 1, we have that 0 = =1 € (—=(/°)]. Leta, b €
- C)]. Then there are elements x, y ¢ I such thata < —x
andb < —y.Letz =xVy.As[isanideal, z ¢ I, and since
a <—-zand b < —z, we get that a vV b < —z. Thus, (—-(IC)]
is an ideal.

We prove that (—|(IC)] isprime. Leta Ab € (—1(16)]. Then
aAnb € I.As | isprime, we can assume thata € I, and taking
into account that / is an «-ideal, we get that =—a € [. Since
—aV——a=1¢l —a¢l So,——ae—()C (=]
Thus, (=(I)] is a prime ideal.



Distributive pseudocomplemented residuated lattices

1777

Theorem 4 Let A € DPRL. Then the following conditions
are equivalent:

1. A is stonean,
2. (—|(IC)] is a prime ideal for each prime a-ideal I.

Proof The direction (1) = (2) follows by the previous
lemma. We prove (2) = (1). Suppose that there exists
a € A such that —a vV ——a #* 1. Let us consider the
ideal (—a Vv ——a]. As =—(—a V —=—a) = —a V ——a, we
have that 7 is a proper «-ideal. Then by Proposition 5 there
exists a prime «-ideal J such that I € J. We note that —a,
——a € J. By hypothesis the ideal (—(J C)] is a prime ideal.
Itis clear that (—-(JC)] C J.Weprove thata, —a ¢ (—|(JC)].
Ifa e (—|(.IC)], then there exists d ¢ J such thata < —d.
So,d < ——d < —a, and as —a € J and J is decreas-
ing, we obtain that d € J, which is a contradiction. If
—a € (—=(J°)], then there exists g ¢ J such that —a < —g.
So, g < ——g < ——a, and as ——a € J, we obtain that
g € J, which is an absurd. Thus, a, —a ¢ (—-(JC)]. Since
(—-(JC)] isprime,a A —~a =0 ¢ (—-(JC)], which is impossi-
ble, because (—-(JC)] is an ideal. Therefore, —a vV ——a =1,
foralla € A. m|

Theorem 5 Let A € DPRL. Then A is stoneaniff I = o (1)
for every a-ideal 1.

Proof =) Let I bean«-ideal. Leta € I. Then ——a € I. As
A is stonean, ~a VvV ——a = 1.S0,a € o (I). Thus, I = o (I).

<) Leta € A. Consider the principal ideal (——a] = 1.
It is clear that 7 is an «-ideal. As a < ——a, we get thata €
I = o (I). Then there exists x < ——a such that —a vV x = 1.
Thus, —a vV =—a = 1, and consequently A is stonean. O
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