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Abstract. In this paper, we use probabilistic arguments (Tug-of-War
games) to obtain the existence of viscosity solutions to a parabolic prob-
lem of the form

Koty (Du)ue(z,t) = 1(D*ud (5 1) (Du), Jz.4)(Du)(z,t)) in Qr,
u(z,t) = F(x) on T,

where Qpr = Q x (0,7] and I is its parabolic boundary. This problem
can be viewed as a version with spatial and time dependence of the
evolution problem given by the infinity Laplacian,

we(w,t) = <D2u(x,t)£—z|(x,t), ‘g—uu'(x,t)) .

1. INTRODUCTION

Our goal in this article is to look for parabolic PDEs that may arise as
continuous values of Tug-of-War games when one takes into account the
number of plays that the players play and considering sets of possible move-
ments that may depend on space and time. In this way, we obtain what we
can call a natural way of defining a parabolic problem involving the infinity
Laplacian with spatial and time dependence.
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Solutions to the infinity Laplacian (D?u(x, t)‘g—z‘(x, t), ﬁD)—“ul(m, t)) =0 ap-
pear naturally when one considers absolutely minimizing Lipschitz exten-
sions (AMLE) of a Lipschitz function F', defined on the boundary; see the
survey [3] and [9] (see also [2, 6, 11, 12, 13]). This equation (and also the
p—Laplacian) was related to continuous values of Tug-of-War games, see [21].
See also [2, 4, 5, 14, 16, 17, 18, 20, 22] and, for numerical approximations,
[19].

The evolution problem given by the infinity Laplacian, is given by

Dv

Dy (2.1)). (1.1)
For existence, asymptotic behaviour and further properties of the solutions,
we refer to [1, 10].

Recently, see [18], probabilistic methods (based on Tug-of-War games)
were used to obtain mean value characterizations of solutions to parabolic
PDEs, including the equation (1.1). The Tug-of-War game that is related to
this equation, see [18], can be briefly described as follows: a Tug-of-War game
is a two-person, zero-sum game. That is, two players are in contest and the
total earnings of one are the losses of the other. Let T' be a positive constant
and Q be a bounded smooth open subset of RY. We consider the parabolic
cylinder Qp = Qx (0, T] with the parabolic boundary I' = 9Qx [0, T|UQ2x {0}
and, for a fixed n > 0, we define a strip around the parabolic boundary
Iy =Q, x (—n%,0]U 6, x (0,T], where Q, = {z € RV : dist(z, Q) < n} and
0, = {r € RN\ Q: dist(x,0Q) < n}. Let F : I'; - R be a Lipschitz
continuous function (the final payoff function). The rules of the game are
the following: At the initial time, ¢y, a token is placed at a point xg € €.
Then, a (fair) coin is tossed and the winner of the toss is allowed to move

Dv
i, t) = <D2U(l‘, D] (@)

the game position to any x1 € B(zo) and the time is decreased by ce? (c
is just a normalizing constant, see [18]). At each turn, the coin is tossed
again, and the winner chooses a new game state zy € B¢(z_1) while time
decreases at each time ce?. Once the token has reached some (z,,7) € T,
the game ends and the first player earns F(z,,7) (while the second player
earns —F'(xz,,7)). This game has an expected value u(zg) (called the value
of the game) that verifies the Dynamic Programming Principle (DPP),

ue(z,t) =1 sup uc(y,t—ce®)+3 inf wuc(y,t—ce?) (1.2)
YEBe(z) Y€ Be(x)

for every (z,t) € Q x (0,7). In the above equation, it is understood that
ue(z,t) = F(x,t) for (x,t) € I'). This formula can be intuitively explained
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from the fact that the first player tries to maximize the expected outcome
(and has probability 1/2 of selecting the next state of the game) while the
second tries to minimize the expected outcome (and also has probability 1/2
of choosing the next position). As € — 0, we have that u. = v uniformly
and this limit v (that is called the continuous value of the game) turns out
to be a viscosity solution to (1.1) with the Dirichlet boundary condition
v(z,t) = F(z,t), for (z,t) € I'. The fact that the limit is a solution to
the equation can be intuitively explained as follows: for a smooth function
¢ with non-zero gradient, the maximum in B.(z) is attained at a point
on the boundary of the ball 0B(x) that lies close to the direction of the
gradient, that is, the location of the maximum is close to z+eD¢(x)/|Do(x)|.
Analogously, the minimum is close to x — eD¢(z)/|Dé(x)| and; hence, the
DPP, equation (1.2), for the smooth function ¢ reads as

Do(x,t — ce?)
Bast) = Byt — o) ~ 6w+ e oot = o)

Do(z,t — ce?
—i—%(]ﬁ(x — elDzEx:t — 662;’7t — ce2> — ¢(x,t — ce?),
that is a discretization of the equation. Note that the right hand side is
a discretization of the second derivative in the direction of the gradient.
This formal calculation can be fully justified when one works in the viscosity
sense, see [18].

As we have mentioned, our goal in this paper is to show that one can
obtain existence of viscosity solutions to more general parabolic equations
when one allows the possible movements of the players. To be more precise,
our main concern in this paper is to answer the following question:

What are the PDEs that can be obtained as continuous values of Tug-of-
War games when we replace the ball Be(x) with a more general family of sets
Ac(z,t)?

To answer this question, we have to assume certain conditions on the
family of sets Ac(z,t) and the way that they behave as € — 0 (see Section
2 for details). If we play the same game described before with the possible
positions given by the sets Ac(z,t), the DPP reads as

1 1
ue(z,t) ==  sup  u(y,s)+ = inf  w(y,s).
2 (y,)eAc(z,t) 2 (y.s)€A (1)
Following our previous discussion for the case of balls, we can guess that the
limit PDE as € — 0 will depend on the point at which a smooth function ¢
with non-zero gradient attains its maximum (and its minimum) in A.(z,t).
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Our conditions on the sets A¢(x, t) are such that there is a preferred direction
where the maxima and the minima of a smooth function ¢ with non-zero
gradient are closely located when ¢ — 0. This preferred direction depends
on the spatial location and on the gradient of ¢ at that point. We call
such direction J, 4 (De(x,t)). Also, due to scaling properties of the sets,
there is a preferred time that depends on x,t, and D¢. We refer to this as
Kz (Dé(x,t)). With this in mind our main result reads as follows:

Under adequate assumptions on the family of sets Ac(z,t), there is a uni-
form limit (along a subsequence) as € — 0 of the values of the game, v, that
18 a viscosity solution to

Ky (Du(z,t))u(x,t) = %(Dzu(m, t)J (@) (Du(w, 1)), J (g ) (Du(w,t)))

in Qr = Q x (0,T], with boundary condition u(x,t) = F(x) on the parabolic
boundary T'.

Uniqueness for this general problem and regularity issues seem delicate
and are left open.
Organization of the paper. In Section 2, we describe the Tug-of-War
game, introduce the precise set conditions that we assume on the family of
the set A.(x,t), state the DPP for our game and prove that the game has
a value and the comparison principle for values of the game. In Section 3,
we prove that the e—value of the game converge uniformly to a continuous
function; finally, in Section 4, we show that the limit is a viscosity solution
to our parabolic equation.

Throughout this paper, the points in RV are denoted by z = (x!,... ,a:N)
| - | denote the 2—norm in R, (-,-) denote the usual inner product of R,
the ball of center zyp € RY and radius p > 0 is denoted by B(zg,p) and
7,7 : RV*1 5 R denote the projections with respect to the z—axis and
t—axis respectively. Finally, let S denote the space of symmetric N x N
matrices.

)

2. DESCRIPTION OF THE GAME

Now, we describe the Tug-of-War game, following [16, 18].

Let F': T';, — R be a bounded Borel function, F' is called the final payoff
function.

Tug-of-War game with spatial and time dependence. A Tug-of-
War game is a zero-sum game between two players (Player I and Player II).
At the beginning a token is placed at a point (xg,tp) € Qr and we fix € > 0.
Then, the players toss a fair coin and the winner decides a new game state
(z1,t1) in a set A.(xo,tp), that depends on the position (xg,tp) and will
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be defined later. Then, the coin is tossed again and the winner chooses a
new game state (xg,t2) € A:(x1,t1). They continue playing the game until
the token hits the parabolic boundary strip I'.. At the end of the game,
Player II pays Player I the amount given by the payoff function F', that
is, Player I earns F'(x,,t;) and the Player II earns —F(z,,t,), where 7 is
the number of rounds (a stopping time) that takes the game to end. Later,
we will show that 0 < 7 < 400 (see Remark 2.2). This procedure yields
a sequence of game states (xo,to), (x1,t1),..., (s, t;), where every (xg,t),
except (xg,tp), are random variables, depending on the coin tosses and the
strategies adopted by the players. A strategy S; for Player I is a collection
of measurable mappings S; = {S}g }i—1, such that the next game position is

SE (o, t0), (x1,t1), - s (Thy th)) = (Ths1, thr1) € Ae(ah, tr),

if Player I wins the coin toss, given the partial history ((xo,to), (x1,1),. ..,
(zr,t;)). Similarly, Player II plays according to the strategy Srr. The next
game position (zx41,tk+1) € A:(zk, tg), given the history ((zo,t0), (z1,%1),
ooy (xg, tg)), is selected according to a probability distribution

p("(an tO)’ ($1,t1), AR (xkvtk))

which, in our case, is given by the fair coin toss.
The fixed starting point (xg, tg), the domain Qp and the strategies S; and
Srr determine a unique probability measure IP’?; s;; on the space of plays

(Qp UT:)*°. We denote by Egiogfg the corresponding expectation. If Sy and
Str denote the strategies adopted by the Player I and II respectively, given
(7o, t0) € Q, the expected payoff is given by IE(;IO;?B [F(xr,t:)]. The e—value

for the Player I, when starting from (xo,tp), is then defined as
uj(wo, to) = supint BSOS F (27, )],
S; Srr

while the e—value of the game for the Player II is given by
. it
it (w0, to) = inf sup ESO0 [F (s, ).

Now, we will describe the family of subsets of Q7 U I'. that encode the
possible movements of the game.
We consider a family of sets {A(,?) }(5,+)eq, With the following properties:
For every (z,t) € Qr,
Al. A(z,t) is a compact subset of B(0,1) x [—¢/2,¢/2] (0 < ¢ < 1) such
that (0,0) € A(z,t);
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A2. For all s € my(A(z, 1)), the set A%(z,t) := {y € RN : (y, ) € A(z,1)}
is symmetric with respect to the origin;

A3. Continuity respect to (z,t) : Given (z,t) € Qp, if {(xn, tn) }nen C Qr
and (xy,t,) — (x,t) as n — oo, then for every (y, s) € A(xz,t), there
exist (yn,sn) € A(zn,tn), such that (yn,s,) — (y,s) as n — oo.
Moreover, if (yn,sn) € A(xn,tn) and (yn, sp) — (y,s) as n — oo,
then (y,s) € A(z,1);

A4. For every v € RV \ {0}, there exists a unique (z,7) € A(z,t) such
that

min{(v,y): y € m(A(z,t))} = (v, 2).
From now on, Ji, ;) (v) and I(, 4 (v) denote the point 2 and the time
r respectively. Observe that

(v, S, (v)) # 0,
and
(Jw,) A0); Iy (M) = (S, (V) (1) ()
for any A > 0. Therefore, (J, ) (v), [(z)(v)) depends only in the
direction of v. Moreover, (—J(g ) (v), I(2,4)(v)) € A(x, )

max {{0,9): y € w1 (A(z, 1))} = (v, ~ Ty (0).

In addition, we require that,
J(x,t) : BB(O, 1) — ({')7T1(.A(.%', t))

is surjective.

Example 2.1. We now give some examples of possible choices of sets A(z, ).

(1) For any (x,t) € Qr, we define
Al('rvt) = {(y7 8) € B(07 1) X [_%7%] : |y|2 + |8|2 < pQ}a
where 0 < p < min{1, ¢/2}. For this family of sets,
Ty (V) Ly (v)) = (= £, 0)

for all (z,t) € Q7 and v € RV \ {0}.
(2) For any (x,t) € Qr, we define

As(a,t) == {(y,5) € B(0,1) x [0,5]: |y* < 22}

C

where 0 < p < 1. Then
() (0), L2y (0) = (— %, <) for all (z,t) € Qr and v € RV \ {0}.
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Then, we define the set of possible movements for any (z,t) € Q7. Given
(z,t) € Qr and € > 0 small, the set of possible movements in (x,t) is given
by a scaled version of the original family of sets. We let

Ac(z,t) = {(2,t) + (ey, e85 — 2<EL) : (y,5) € Az, 1)} . (2.1)

In the rest of this section, we only assume that the family {A(x,t)} 4 1eqr
has property A1l. The rest of properties will be used in the following sections.

Remark 2.2. Since, by assumption A1 the time t; decreases at least ce? at
each round of the game, given (z,t) € Qp we have that 0 < 7(z,t) < 5 +1.
Then, the number of rounds that the player need to end the game when
starting from (zg, to) is finite.

We have a Dynamic Programming Principle for our game. For the proof,
see [15, Chapter 3].

Lemma 2.3 (DPP). The e—value of the game for the Player I satisfies

ui(z,t) =35 sup  uj(y,s)+3 inf  wuj(y,s) if(x,t) € Qr,
(y,5) €A (z,t) (y,8)€A:(2,t)
ui(z,t) = F(x,t) if (x,t) € T..
The e—value function for the Player II, uj;(z,t), satisfies the same equa-
tions.

Our next goal is to state a comparison principle for the e—values functions
and then, we will show that the game has a value.

Definition 2.4. A function v is a subsolution of DPP if

v(z,t)>1  sup  w(y,s)+4  inf  w(ys
( ) Q(y,S)EAE(a:,t) (y ) Q(y,s)GAE(a:,t) (y )

for (z,t) € Qp. Respectively, the supersolutions are defined by reversing the
inequality for v, that is

v(z,t) <1 sup  v(y,s)+ 1 inf v (y, s
(@8) 2(y,s)€A5(x,t) (%:) 2(y,s)eA5(x,t) (v:5)

for (z,t) € Qr.
Theorem 2.5 (Comparison Principle). Let Q2 C RY be a bounded open set

and v be a subsolution (supersolution) of DPP andv < F (v>F)inT., we
have that u3; > v (uj <wv) in Qr.

Hence, we have that uj (uj;) is the lowest (largest) function that satisfies
the DPP with boundary values F.
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Theorem 2.6. Let Q@ C RY be a bounded open set and F a given payoff
function in I';. Then, the game has a e—value, i.e., u; = ug;.

The proofs of above theorems are analogous to the proofs of Theorem 4.4
and Theorem 4.5 in [18], respectively.

Observe that, using Theorems 2.5 and 2.6, we have that there exists a
unique function that verify the DPP with a fixed boundary datum.

Theorem 2.7. Let Q C RY be a bounded smooth open set and F a given
payoff function in I',. There exists a unique function u. in Q that verifies
the DPP with boundary values F. Moreover, the function u. coincides with
the e—value of the game.

Theorems 2.5 and 2.7 imply the comparison principle for functions that
verify the DPP.

Theorem 2.8. Let Q C RN be a bounded smooth open set and v,u be
functions verifying the DPP with boundary values H and F in I'; respectively.
Then, if H < F, we have that v < u in Qrp.

As a consequence, we get that solutions to the DPP are uniformly bounded
for bounded e¢.

Corollary 2.9. Let Q C RN be a bounded smooth open set and u be a
function verifying the DPP with boundary values F' in I'c. Then,
ilng <wu(z,t) <supF for any (z,t) € Qp.

£

3. UNIFORM CONVERGENCE

In this section, we prove that, extracting a subsequence if necessary, we
have uniform convergence of u. as € — 0. To this end, we adapt some ideas
from [7] and we use the following modification of Arzela—Ascoli lemma, see
[17] for the proof.

Lemma 3.1. Let {f. : Qr — R, > 0} be a set of functions such that:

(1) There exist a positive constant C' so that |f-(x,t)| < C for every
e > 0 and every (z,t) € Qr.
(2) Given v > 0, there exist positive constants ro and g such that for
any € < g9 and any (z,t), (y,s) € Qr with |z — y| + |t — s| < ro, it
holds that |fe(z,t) — f-(y,s)| < v.
Then, there exists a uniformly continuous function f : Qr — R and a subse-
quence still denoted by {f-}es0, such that f- — f uniformly in Qr as e — 0.
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Now, let n > 0 and F': I';, = R be a bounded Borel function. We consider
the family of functions {u.}.>0, where u. are the e—values of the game with
payoff function F' for each € > 0. Observe that, by Corollary 2.9, we have
that

lue(x,t)| < sup |F(w,s)| V(z,s)€ Q. (3.1)
(w,s)eTy,
Therefore, the family {u.}.>o satisfies the first condition in Lemma 3.1.
Then, to prove the uniform convergence of the family, we only need to show
that {u.}.>o satisfies also the second condition of the lemma. To prove this,
we need to use properties A1-A2 for the family of sets {A(%,t)} (2 +)eay-

Remark 3.2. Observe that, by A2, any linear function I(z) = (v,z) + b is
a solution of the DDP (with F(z,t) = I(z) in T.), where v € RY and b € R.

Lemma 3.3. Let Q be a bounded convex domain with 0 € C? and positive
curvature, f : €, — R be a Lipschitz continuous function and assume that
the family of sets {A(z,t)} (s )eq, Satisfies the properties A1-A2. Then,
if we take F(x,t) = f(x) as our payoff function, given v > 0, there exists
positive constants ro and o, such that for any e < g9 and any (x,t), (y, s) €
Qr with |x—y|+|t—s| < 7o, it holds that |us(x,t) —u:(y, s)| < v, where ue is
the e—value of the game with boundary value F(x,t), i.e., {ucs}e>0 satisfies
the second condition of the Lemma 3.1.

Proof. We divide the proof in four cases.

Case 1. The case (z,t),(y,s) € T' is a consequence of the fact that f is
assumed to be Lipschitz.

Case 2. Now, we study the case (x,t) € Qp and (y,t) € T'. with y € O..
As in the proof of [7, Lemma 14], using that 0Q € C?, we can choose an
hyperplane IIj, such that Iy is tangent to {2 at some point yy € €2 and
y lies in the outward normal direction to 9 at yo. Via a translation and
rotation of the coordinate axes, we can assume that yo = 0 and Iy = {2V =
0}. Moreover, using that 9 has positive curvature, there exist a positive
constants k and K such that for U = B(0,k) x {z € RY: —k < 2V <k},
we have that

N—-1
ONU C {x eRN: 2N < _K Z(aﬂ‘)Q}.
=1

On the other hand, by the definition of O, if x € O, N U, there exists
z € O0NU such that |z — z| < e. Then, for any § > 0 if -85 < 2V < 8§ and
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0<e< (87?)1/2, we have that
N-1
K (a)? <246 + Ke* < 320,
i=1

Then, for any 0 < § < % and 0 <e < (875)1/2

N-1
Cse C {w eRN K S (wh)? < 325} x (—88,88) C B(0, ps)
i=1

where C5. == ©.N{z € RN: —85 < 2V < 86} and ps = (%‘5)1/2 . Therefore,

flz) <a:= sup  f(z) VzeCse.
2€0:NB(0,ps)
Now, we consider the function v : RV x R = R, v(z,t) = az’¥ + b, where
a, b are given by a = —féjf;, b= 45&126 with 8 = sup.cq, f(2). Observe
that v is decreasing with respect to the space variable =V, v(z,t) = 8 on
{z e RY: 2N = —46}, v(x,t) = aon {z € RV: 2V = £} and, by Remark 3.2,
v is a solution of the DPP.
If a = 0, then we have a = . Then, by Corollary 2.9,

ue(z,t) <a VY(z,t) € QrUTlL..

Now, we consider the case a # 0. We observe that, if we take
O =an{zecRY: —45 <2V <0}, QL ={zecR:dis(z,) <e},
Il = (9L x (—%,0]) U (L \ ) x (0,7]),
we have that v and u. are solutions of DPP in Q). = Q x (0,7] with payoff
functions v and u. in I, respectively. Since, by definition of v, u(x,t) <
v(x,t) in I',, using Theorem 2.8, we have that
ue(x,t) < wv(z,t) in QL x (=%, T).

On the other hand, there exists £; > 0 (depending of §, a and f3), such that
v(z,t) <a+3(B—a)in (QN{zeRY: —§—c <2V <e}) x (=%, T for
all € < g1. Then, by an iterative process, we have that for any m € N there
exists £, > 0 (depending of , @ and f3), such that

us(w,t) < a+ ()" (8 - )

in (QN{z eRY: —§/4m —e <2V <e}) x (=2, T, for all € < &,
The argument needed to obtain an analogous lower bound is similar.
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On the other hand, since f is Lipschitz, we have
o — f(y)| < C8Y2 Wy e B(0,9).

Therefore, given v > 0, we can choose small §,e > 0 and large enough m € N
such that z € Q and y € ©, with |z —y| < §/4™ it holds

e (t) = F(y,8)| = luc(a.t) = f(y)| <v Vi€ (0,T]Vs € (=2, T]. (3.2)
Case 3. The case (z,t) € Qr and (y,s) € Q x (—¢2,0]. First, we assume
that © = y and Player I follows a strategy S7 where he points to y and Player
IT follows any strategy. Then, My = |z — x|*> — ke? is a supermartingale.
Indeed,
E%tgnﬂxk — x|z, x1, .. xp] < |opy — 22+ €2
Then, by the optimal stopping theorem and Remark 2.2, we have
it
EG, llor — 2] < C(t +&2)
where C' is a constant independent of x and . Thus, by Jensen’s inequality,
we get
4 1 1
B, s — o] < O + %) < O(FF +2).
Hence,
1 * 1
F(z,s) = LC(t2 + ) EGY [Flar,t:)] < F(w,5) + LO(t2 +¢)
where L is the Lipschitz constant of f. Then,
. t
ue(a,1) = supinf EG'y, [F (a7 1-)]

I

: ,t
2 g}fE%vgu [F('rT’tT)] > F(x, 3) _ Lc(tl/z + E).

Therefore,
us(z,t) — F(z,5) = us(x,t) — f(z) > —C(t/2 + ).
Similarly, choosing for Player II the strategy where he points to x, we have
that
ue(z,t) = f(z) < C(* +e).
Thus, we conclude that
Jus(2, 1) = f(z)| < C(t'/? +¢).

Finally, if z # y, we utilize the above inequality and we have that

|ue(, 1) = ue(y, s)| = |ue(z,t) = f(y)]
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1
< ue(,t) = f(@)| + | f(2) = f(y)| < Clz —y[ + 12 +¢).
Therefore, by (3.2) and the above inequality, given v > 0, there exist eg, rg >
0 so that
lus(z,t) — ue(y,s)| <v (3.3)

for all € < gg and for any (z,t) € Qp and (y, s) € ', such that |z —y|+ |t —
s| < ro.

Case 4. Finally, we study the case (z,t), (y,s) € Qr. We consider, as in
the proof of [18, Lemma 17],

Op = {(z,t) € Qr: d((z,1),T) > %}

where d((z,t),T') = inf{|z — y| + |t — s|: (y,s) € T'}, and the boundary strip
~ R ’[’0
= : < —7.
= {(@.t) e Qs d((=1).1) < 2}

Let (z,1), (y,s) € Qr such that |z —y|+ [t —s| < 7. First, if (z,1), (y,5) € I,
by comparison the values (z,t) and (y, s) to the nearby boundary values and
using (3.3), we have |uc(z,t) — us(y, s)| < v for all € < &.

Finally, the case (z,t),(y,s) € Qr. Without loss of generality, we can
assume that ¢ > s. Define

F(zh) =u.(z—x4y,h—t+s)+3v, for(zh)el.
Then, by the reasoning above,
F(z,h) > u:(zh) Y(z,h)eT.

Let 4. be a solution of DPP in Q7 with the boundary values FinT. By
comparison principle and uniqueness, we have

ue(z,t) < Ue(z,t) = ue(y, s) + 3v.
The reverse bound follows by a similar argument. O

Now, by (3.1) and using Lemma 3.1 and Lemma 3.3, we get the main
result of this section.

Theorem 3.4. Under the same hypothesis in Lemma 3.3, let {uc}e>o be
the family of solution of DPP in Qp with a fixed Lipschitz continuous datum
F(xz,t) = f(x) inT. Then, there exists a subsequence still denoted by {u.}e>0
and a uniformly continuous function u such that, u. — u uniformly in Qr
as e — 0.
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4. THE LIMIT EQUATION

Throughout this section, € is a bounded convex domain with 9Q € C?
and positive curvature, f : 2, — R is a Lipschitz continuous function, and
we take F(z,t) = f(z) as our payoff function. We assume that the family
of sets {A(2,1)} (z,1)cq, satisfies the full set of properties A1-A4.

The aim of this section is to prove that the function u, given by Theorem
3.4, is a viscosity solution of the following PDE

G(D?*u(z,t), Vu(z,t),u(z,t),2,t) =0 in Qrp, (41)

u(z,t) = F(x,t) in I, '
where D?u is the Hessian matrix of u and G : SV x RY x R x Qp — RV is
defined by

(=15 @y ()45 )s = 3 (M@ (v), Ty (v)) if v #0,
+

G(M £ = )
(M,2,5,2,%) {( Lefi, o (s) + 51 if v =0,

where J; 4y, I(54) are defined in Section 2 and f(m)(s) is defined as the
unique time, such that

(0, IA(M)(S)) € A(z,t), f(x,t)(s)s = min{rs: (0,7) € A(z,t)}

if s € R\ {0} and I, ;(0) := 0.

First, we will give the precise definition of viscosity solution to (4.1) fol-
lowing [8]. We denote by G* and G, the upper and lower semicontinuous
envelopes of G respectively, i.e.,

G*(M,v,s,x,t) :=limsup {G(M,@,§,§:,f):(M,ﬁ,§,a%,f)ECE(M,v,s,a:,t)},

e—0

where
C.(M, v, 5, 2,t) := {HM—MH+|s—§\+|v—a|+|x—gz\+|t—f| <5}

and G (M, v, s,z,t) := —(=G)*(M,v,s,z,t) for every (M,v,s,z,t) € SV x
RY x R x Qrp.

Definition 4.1. A function u € C(Qr) is a viscosity solution to (4.1) if
u(x,t) = F(x,t) on I' and the following two conditions hold:

(i) For every ¢ € C*Y(Qr), such that uw — ¢ has a strict minimum at
(x0,t0) € Qr we have

G*(D*¢(z0, to), Vé(z0, t0), (0, t0), To, to) > 0;
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(ii) For every ¢ € C*Y(Qr), such that u — ¢ has a strict mazimum at
(zo,t0) € Qr, we have

G (D*¢(wo, to), Vé(xo, to), ¢(x0, to), zo, to) < 0.
Now, we characterize the upper and lower envelopes for the function G.
Lemma 4.2. For any (M,v,s,z,t) € S¥ x RNV x R x Qp, we have

G(M,v,s,z,t) ifv+#£0,

G*(M v,S8, T t) = max 1*Cr et1 ) . 4
s Uy oy by ——7r + == S—*MZ,Z 7 U—O,
(z,r)eA(z,t){( c 5) 3¢ V}oif
and
G(M,v,s,z,t) if o0,

(z,r)EA(z,t)

Proof. We only prove the characterization for G*, the proof for G, is similar.
Step 1. First, we prove that G*(M,v, s, z,t) = G(M,v,s,z,t) if v # 0.
Let (My, vp, Spy Tn,tn) = (M, v, s,2,t). As v # 0, we can assume that v, #
0. Then, by definition, for any n € N,
G(MTL) Un, Sn, T, tn)

= (_% (mn,tn)(vn) + CJgril) Spn — %<MTLJ(:En,tn)(Un)7 J(mn,tn)(vn»-

Since (Ja,, ) (Vn); Lz ) (Vn)) € A(Tn,tn) C B(0,1) x [—35, §] for every n €
N, there exists a subsequence still denote by {(J(z,, ,)(Vn)s Lzp,t) (Vn)) fnen
and (y,7) € B(0,1) x [~§,—5], such that

(S tn) (Vn) Lz ) (Vn)) = (y,7) as n — 400,
Moreover, by A3, (y,r) € A(z,t). Then, by definition of (J(, ) (v), L) (v)),
we have that

<’U,y> > <U1 J(x,t) (U)> (42)
On the other hand, by A3, there exist (yn, ) € A(zp,ty) such that

(Yn>mn) = (Jiz)(v), Lz (v)) as n — +o0.
Thus, by definition of (J, +,)(Vn); L(z, +,)(vn)), We have
<UTL7 y?’L> Z (vna J(xn7tn)(lvn)> V’n S N

Then, taking limit as n — 400 and using (4.2), we get (v,y) = (v, Jz4)(v))-
Thus, by A4, y = J, 4 (v) and r = I, 4)(s), we have

G(Mm Un,y Sny Tn,y tn) — G(Mv v,s,T, t)
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as n — +oo and; therefore, G*(M,v, s, z,t) = G(M,v, s, z,t) if v # 0.
Step 2. Now, we consider the case v = (0 and we show that

* _1l-c C+1 — =
G*(M,0,s,z,t) < (z,rl)g?él}%z,t) {( =T+ )s <Mz z}}

Let (My,, vy, Sny Ty tn) — (M, 0, s, 2,t). If v, = 0 for n large,

G(My,vp, Sp, T, tn) = (—l—ch(xmtn)(sn) + 0‘51) Sn
Then, as in step 1, extracting a subsequence still denoted
{(Mp,, Un, Spy Ty tn) bnen,
we have that (0, f(xmtn)(sn)) — (0,70) € A(z,t), and; therefore,
G(My, vy, Sy T, tn) = (—Crg + <) s (4.3)
If v, # 0 for n large,
G(My,Vn, Sp,y Ty ty) = (—%I(zmtn)(vn) + CH) Sn
~ 3 (M T (2 1) (Vn)s T 1) (Vn))-
Then, arguing again as in step 1, extracting a subsequence that we still

denote by {(My,, Un, Sn, Tn, tn) }nen, we have that there exist (w, h) € A(x,t)
such that

G(Mp, vy, Sy T, tn) = (—¢h+ <) s — (M2, 2). (4.4)
as n — +o0. Thus, by (4.3) and (4.4),

G*(MOSJIt)<J14naX{( e 4 ey s — LMz, 2)}.

Step 3. Finally, we prove that

max {(—1r+ <) s — $(Mz,2)} < G*(M,0,s,z,t).

(zr)€A(,t) ¢
Since A(x,t) is a compact, there exists (Z, R), such that

(-1 ) = M)} = (s 55 R M2, 2).

First, we suppose that Z = 0. If s # 0, we have that f(xyt)(s) = R and then

G(M,O,s,x,t):( 1CR+C+1)S_£1aX{( 1= Cs—i—cgl) %(Mz z>}

If s =0, then

(27741)1&2}4)&70 {(—%7‘4— %) s — %<M2,2>} =0=G(M,0,0,x,t).
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Therefore, if Z =0

e {55 ) s - M)} S G002,

If Z # 0, without loss generality, we can assume that (Z, R) € dA(z,t).
By A4, Ji4 @ 0B(0,1) — 0m(A(z,t)) is subjective, then there exists
v € B(0,1), such that J, ;(v) = Z. Thus, using again A4,

(J(:L‘,t) (%) 7I(oc,t) (%)) = (J(x,t)<v)71(x,t)(v)) = (Za R)
foralln e N

Hence,
1—c c+1 1
a —== E)s—5(Mz, <G(M,0,s,x,t).
e {(-1Er S s — H0M32)} < G (M0,
The proof is now completed. ([l

Theorem 4.3. If the values of the game {us}eso uniform converge to u €
C(82r), then u is a viscosity solution to (4.1) in the sense of Definition 4.1.

Proof. We begin by observing that, as u. = u and u, = F on 0Qp, we have
that u=F on I

Now, we prove that if ¢ € C%1(Qr) and u — ¢ has a strict local minimum
at (zo,to), then

G*(D*¢(z0,t0), Vé(x0, t0), de(0, to), zo, to) > 0.
As u — ¢ has a strict local minimum at (xg,ty), we have that
u(z,t) — oz, t) > u(xo, to) — ¢(zo, to) (x,t) # (z0, to)-

Then, by the uniform convergence of u. to u, there exists a sequence (., t.)
— (z0,t0), such that

Ug((ﬂ,t) - ¢($7t) 2 ua(‘r&‘at&‘) - ¢($5,t5) - 0(82)
for every (x,t) in a fixed neighborhood of (zg, tp). Hence,

max Ue )8 Z max ,8 —i—/u(S xg’tg _ $£7t5 —0 52 ,
(y,8)€A: (ze ,te) (y ) (y,S)GAE(xE,tE)d)(y ) ( ) ¢( ) ( )

min Uells s Z min y S +u€ 'Isyts - x&at& _052 .
(¥:5) €A (e te) (¥:9) (yvs)eAs(l‘s,ts)d)(y ) ( ) = o ) —o(e7)
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By Theorem 2.7, we have that

te) =3 i
e (x57 E) 2 {(y’s)erg{:,ée:ts) e (y’ S) * (y’s)env}‘ler(lxayts) e (y, 8)}

23 {, ma oo min o)

Y,8)EAe (zete) (Y,8)EA: (e te)
+ ue(xe, te) — P(ae, te) — 0(62).

Therefore,
) > L ,s) + i .s) v —o(e?). (4.5
Pe(ze,te) > 3 { (o) X 57t5)¢(y s) <y,s>éﬂf€z€,ti)¢@ 8)} o(e”). (4.5)
Now, let (z",t") € As(z.,t:), such that

i . 8) = p(a™, t™ 4.6
(y’s)en}él(lmg)czS(y s) = (x",t") (4.6)

and let 2™ by the symmetrical point of z”* respect to ., that is 27 =
2z, — . Observe that,

e -z =z, — 2™, (4.7)
and by A2, we have that

(27, 17") € Ac(ae,te). (4.8)
As (2™, t7), (27, t™) € A.(ze, t.), by (2.1), there exists (y, s™) € A(x., t.),
such that
(4.9)

x(‘;
Then, using (4.5),(4.6) and (4.8), we have

)
Oweite) = 3 {S@D ) + $(al, ) | = o).

Now, consider the Taylor expansion of second order of ¢(-,t") and using
(4.7) and (4.9), we have that

2
Blreste) > 9, ) + S (Dlae 1)yl yl") + ofe?).

Then,

o(e?)

d(xe,te) — O(xe, t 1 my, m ,m
( ) ( 5)22<D2¢(J;5,t5 Yyt ylty) + IR

g2
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and using the Taylor expansion of first order of ¢(z.,-) and using (4.9), we
get

— (158 — L) ule, te) > 3(D?¢(we, 1)y, yl") + o(1). (4.10)
On the other hand, since (y*,s") € A(xe,t.) C B(0,1) x [=§,§] for all
e > 0, there exists a subsequence, still denoted by {(y", sI*)}e>0, such that

¢ E]

2’9
as € — 07. Moreover, (yo, o) € A(zg,yo) due to A3. Thus, taking limit in
(4.10) as € — 0T, we have that

0 < (—¢s0 + ) du(x0,t0) — 3(D*é(20,t0)y0, Yo)- (4.12)
In the case that V¢(zg,t9) = 0, we have

0 < (—¢s0 + <) ¢u(20,t0) — 2(D*B(w0, to)yo, Yo)

= _ﬁ + ﬂ 7t - l l)2 7t )
_(y,s)renlei(};o,to){( c S 2 )d)t(x() 0) 2< gb(wo O)y y>}

=G*(D*¢(x0,t0), Vo(z0,t0), ¢t(20, ), 0, o)
Now, we study the case V(xg,to) # 0. We claim that
(%0, 50) = (Jiz,) (Vd(20, t0)); Lzt) (VP(20, L0)))-
From this claim and (4.12), we have that
0 < (—¢s0 + <) ¢u(20,t0) — 2(D*@(0, to)yo, Yo)
= (=50 + <L) de(wo, to)
— $(D*¢(x0,t0)J 21y (VD (20, t0)), J(20) (V (0, t0)))
=G*(D*¢(x0, %), Vo(z0, t0), ¢t(x0, ), T0, o).
Now, we prove the claim. First we observe that
(Vo(z0,t0),y0) = (Vo(20,20)s J(zo,t0) (VI(20, 20)))

due to (yo,t0) € A(zo, to).
On the other hand, by A3, there exists (y., s:) € A(z.,tc), such that

(Yer 5¢) = (J(zo.t0) (VO(20,10), Ly 10) (V (20, t0)) as e — 07 (4.13)
Then,

(5", s") = (yo,50) € B(0,1) x [ (4.11)

P(ze,7e) > P, ")
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where (2,7¢) = (e, te) + (eye, 21255, — £2¢5L) | Using (4.11) and (4.13),
we get

0< ¢(ze’r€)_g¢(x?’t?) = (V(w0,t0), J(z0,t0) (VO(T0,%0)) — Y0)
as € — 07. Thus,
(Vo(zo,t0), yo) = (Vd(20,t0), J(z0,10) (VI (20, 10))),
and by A4, we have (yp, so) = (J(xo,to)(v¢($o7t0)), I(xmto)(Vqﬁ(a:o,tO))). O

Example 4.4. We now give some examples.

(1) If we take the family of sets {Ai(z,1)} (s 1)eq,, Where A;(z,t) is de-
fined in Example 2.1, we have that

el P (Mv,v) ifv#£0,

G(M,v,s,x,t) = 2P
Soplsl+ s ifu=0.
(2) Let {Aa(,t)}(z,1)en, be the family of sets defined in Example 2.1,
then
2 .

G(M,v,s,x,t) = cs — ofm(Mv,v) if v #0,

) ) b b %S if U _ 0.
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