SCHUR-HORN THEOREMS IN II.-FACTORS

MARTIN ARGERAMI AND PEDRO MASSEY

ABSTRACT. We describe majorization between selfadjoint operators in a o-finite 11
factor (M, 1) in terms of simple spectral relations. For a diffuse abelian von Neumann
subalgebra A C M that admits a (necessarily unique) trace-preserving conditional ex-
pectation, denoted by E 4, we characterize the closure in the measure topology of the
image through E 4 of the unitary orbit of a selfadjoint operator in M in terms of ma-
jorization (i.e., a Schur-Horn theorem). We also obtain similar results for the contractive
orbit of positive operators in M and for the unitary and contractive orbits of 7-integrable
operators in M.

1. INTRODUCTION

Given two vectors z,y € R", we say that x is majorized by y (z < y) if

k k " .
Sat<S oyt k=11 Yo=Yy,
o =t j=1 =1

where z+ € R" denotes the vector obtained from z by re-arranging the entries in non-
increasing order. The first systematic study of the notion of majorization is attributed
to Hardy, Littlewood, and Polya [I4]. We refer the reader to [8] and [25] for further
references and properties of majorization. It is well known that (vector) majorization is
intimately related with the theory of doubly stochastic matrices. Indeed, x < y if and
only if x = Dy for some doubly stochastic matrix D; then, as a consequence of Birkhoff’s
characterization of the extreme points of the set of doubly stochastic matrices [9], one can
conclude that

(1.1) {reR": 2 <y} =conv{y,: 0 €8S,},

where conv{y, : o € S, } denotes the convex hull of the set of vectors y, that are obtained
from y by re-arrangement of its components through permutations o € S,,.

It turns out that majorization also characterizes the relation between the spectrum and
the diagonal of a selfadjoint matrix. Let M, (C) denote the algebra of complex n x n
matrices. For A € M, (C), let diag (A) = (a11, a, ..., an,) € C*, and let A\(A) € C™ be
the vector whose coordinates are the eigenvalues of A, counted with multiplicity. I. Schur
[31] proved that for A € M, (C) selfadjoint, diag(A) < A(A); while A. Horn [18] proved
the converse: given x,y € R™ with x < y, there exists a selfadjoint matrix A € M, (C),
with diag (A) = x, A(A) = y. Fory € C" let M, € M, (C) denote the diagonal matrix with
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main diagonal y and let U,, C M, (C) denote the group of unitary matrices. The results
from Schur and Horn can then be combined in the following assertion: given y € R",

(1.2) {r eR": z <y} ={diag(U M, U"): U €U,},

usually known as the Schur-Horn Theorem. The fact that majorization relations imply
a family of entropic-like inequalities makes the Schur-Horn theorem an important tool in
matrix analysis theory [§]. It has also been observed that the Schur-Horn theorem plays
a crucial role in frame theory [1I, 1T, 26].

Majorization in the context of von Neumann algebras has been widely studied (see for
instance [4} [15] [16] 17, 23], 24]). In [15] and [16] F. Hiai showed several characterizations of
majorization in a semifinite von Neumann algebra, including a generalization of , ie.
a “Birkhoff” theorem. Nevertheless, the lack of the corresponding “Schur-Horn” theorems
in the general context of von Neumann factors was only recently observed. Early work on
this topic was developed by A. Neumann [27, 28] in relation with an extension to infinite
dimensions of the linear Kostant convexity theorem in Lie theory.

It was in [7] that W. Arveson and R.V. Kadison conjectured a Schur-Horn theorem in
IT; factors. Although this conjecture remains an open problem, there has been progress
on related (but weaker) Schur-Horn theorems in this context [2, B, 5]. There has also
been significant improvements of Neumann’s work on majorization between sequences in
co(RT) due to V. Kaftal and G. Weiss [21], 22] because of the relations between infinite
dimensional versions of the Schur-Horn theorem (via majorization of bounded structured
real sequences) and arithmetic mean ideals (see also [7] for improvements in the compact
case in B(H)).

In this paper we prove versions of the Schur-Horn theorem (i.e. generalizations of )
in the case of a o-finite II-factor. These results extend those obtained in [2] B, 27]. Our
results are in the vein of Neumann’s work, and they are related with a weak version of
Arveson-Kadison’s scheme for Schur-Horn theorems, but modeled in II,, factors. These
extensions are formally analogous to the Schur-Horn theorems in [2], 3], but the techniques
are more involved in the infinite case. We show that our results are optimal, in the sense
that they can not be strengthened for a general selfadjoint operator in a Il factor.

The paper is organized as follows. In section [2| we develop notation and some basic
results on the measure topology and the 7-singular values in von Neumann algebras.
Section [3| deals with majorization in B(H), including some results complementing those
in [27]. In Section {4 we consider a notion of majorization between selfadjoint operators
in a Il factor (M,7) — in line with Neumann’s idea [27] — together with several of its
basic properties. Although majorization in Il factors is not a new notion [15] [16], our
approach is quite different from the previous presentations. In section[5|we state and prove
the generalizations of the Schur-Horn theorem in Il factors. Our strategy is to reduce
the problem to a discrete version, where we can apply the Schur-Horn theorems developed
in Section (3| for B(H). We then proceed to show that Hiai’s notion of majorization in
terms of Choquet’s theory of comparison of measures [16] coincides with ours. We finally
consider similar results for the contractive orbit of a positive operator and for the unitary
and contractive orbits of bounded T-measurable operators.
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2. PRELIMINARIES

Let (M, T) be a o-finite, semi-finite, diffuse von Neumann algebra. The real subspace
of selfadjoint elements in M is denoted by M?*?*; the group of unitary operators by Un;
and the set of selfadjoint projections by P(M). Given p € P(M), we use the notation
pt =1 —p. For any a € M** and any Borel set A C R, p*(A) € P(M) denotes the
spectral projection of a corresponding to A.

In [I2] T. Fack considered in M the ideals F(M) = {x € M : 7(supp z*) < oo} —

the 7-finite rank operators — and K(M) = F(M), the ideal of T-compact operators. The
quotient C*-algebra M /IC(M) is called the generalized Calkin algebra. The essential
spectrum of x — denoted o,(x) — is the spectrum of z+ (M) as an element of M /K(M).
The complement of o.(x) within o(z) is the discrete spectrum oq(x) of x. As shown in

[16], for x € M2,
oo(x)={t€o(x): YVe>0, 7(p°(t —e,t +¢)) = c0}.

It follows from the previous definitions that x € M?®* is T-compact if and only if o.(z) =
{0}.

We consider in M the measure topology T, which is the linear topology given by the
neighborhoods of 0 € M,

V(e,d)={reM: IpePM), |rp| <e. 7(p") <},

where ¢,6 > 0. For a II; factor, 7 reduces to the o-strong topology on bounded sets,
while in a type I, factor it reduces to the norm topology.

Definition 2.1. The upper spectral scale of b € M3 is the non-increasing right-
continuous real function

M(D) =min{s € R: 7(p’(s,00)) < t}, t€[0,00).
The lower spectral scale of b is the non-decreasing right-continuous function
pe(b) = =X\ (—=b) = max{s € R: 7(p’(—00,s)) <t}, te€0,00).

A direct consequence of these definitions is that A\ (), p(b) € o(b) for every t € R*.
The function ¢ — \(b) is the analogue of the re-arrangement of the eigenvalues (in non-
increasing order and counting multiplicities) of a self-adjoint matrix.

For x € M we can consider the 7-singular values of x given by v (z) = \(|z]), t €
[0,00). The spectral scale and 7-singular values have been extensively studied [12}, [13], 17,
20, 130] in the broader context of 7-measurable operators affiliated to (M, 7).

The elements of (M) can be described in terms of 7-singular values. Indeed, z € M
is 7-compact if and only if limy_,o v4(z) = 0 [I5]. We will make frequent use of the fact
that (since M is diffuse) a given 7-compact x € M™ admits a complete flag, i.e. an
increasing assignment Rt > ¢ — e(t) € P(M) such that 7(e(t)) = ¢, and

(2.1) T = /000 () de(t) .

As opposed to the finite case [2], the equality in (2.1)) does not hold for arbitrary 7-
compact selfadjoint operators in M. This is possibly one of the reasons why majorization
has been considered mainly between positive operators in the semi-finite algebras (see the
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remarks at the end of [I5]). We shall overcome this issue by considering both the upper
and lower spectral scale, as done in [27] in the case of separable I, factors.

The following fact is used in [16] (in the context of possibly unbounded operators) but
we do not know of an explicit proof in the literature. For x € M, we denote its usual
one-norm or trace norm in (M, 1) by ||z||; = 7(|z]) € [0, o¢].

Proposition 2.2. Let (M, 1) be a semifinite von Neumann algebra. For s >0 let | - || (s
be the norm given by

2l = nf{[[za[ly, + s llw2ll - 2 =21+ 22, 21,20 € M}, 2 € M.

Then ||z]|) = [y vi(x)dt, and the topology induced by || - ||(s) agrees with the measure
topology on bounded sets

Proof. The equality ||z||) = fo v¢(z) dt is proven in [13] in the argument after Theorem
4.4. We now show that the topology induced by || - [|(sy and the measure topology agree
on bounded sets. Indeed, if 0 < s < r then there exists £ € N such that r < ks and
therefore ||z||s) < ||2f/¢) < kllz||(s), since t — v4(x) is a non-increasing function. This
shows that the norms || - ||(s), for s > 0, are all equivalent and induce the same topology.
Hence we can assume without loss of generality that s = 1.

If ||z|lqy < d, then fo vi(z) dt < d. Using that v4(x) is non-increasing, there exists tg

with 0 <t < \/c_l such that Vto( ) < V/d. By [13, Proposition 2.2],

(2.2) vi(2) = inf{Jaql| = 7(¢7) < to},
so there is a projection ¢ € P(M) such that |lzg| < v/d and 7(¢) < V/d; that is,

r € V(Vd, V).
Conversely, if z € V(g,0) and ||z|| < k, there exists a projection g € P(M) such that
|zql] < e, T(qt) < §. Since x = zq+ + x4,

lzllay < llzg* [l + llzqll < ko + &5
that is, V(e,0) N{zx e M |z|| <k} C{z e M |jz]q) < kd+ <} ]

Corollary 2.3. Let N be a II;-factor with trace Ty, and let {x;} be a bounded net. Then

x; —”J—> x if and only if x; N

Proof. For any x € N we have ||z||; = ma(|z]) = fo ve(x) ds. Then || - ||y = || - ||q) and
Proposition [2.2] yields the result. O

We will often and without mention make use of the following properties of the measure
topology.

Corollary 2.4. Let A C M be a von Neumann subalgebra that admits a (unique) trace
preserving conditional expectation, denoted by Ea. Let {x;} C M*, a,f € R with
al <x; <BI for every j and such that x; Ty &, Then

(i) e M*, and o <z < .

(i) Ealz;) B Ealx).
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Proof. In order to prove ({i) first notice that if x; Ty 2 with x; > 0 for every j then
xr € M indeed, this follows from the facts that the operation of taking adjoint is
continuous in the measure topology and that this topology is Hausdorff. If z € M™, there
exists a nonzero projection ¢ € M and k € R such that ¢z ¢ < (—k) ¢q. By replacing g by
a smaller projection if necessary, we may assume that 7(q) < co. We have qx; ¢ N qrq,
so for j big enough there exists a projection p such that ||[(¢zq¢ — qx;q)p|| < k/3 and

7(pt) < 7(g)/2. Then pgp # 0, since

T(pap) =1(pq) =7(q) — 7(pq) = 7(q) = 7(a)/2 = 7(q)/2 > 0.
We also get from above that 7(q) < 27(pgp). But then 7(pq(z; — x)qp) = 7(q[q (z; —
) qpl) < 57(q), so

0<7(pgzjqp) =7(pqrqp)+7(pq(z; —x)qp) < (=k)T(Pgp) + g 7(q)
< (=k)r(pgp) + %T(pqp) = —gT(pqp) <0,

a contradiction. This shows that > 0. By linearity we get that if z; Ty v and o <z; <p
then a <z < 6.

[tem follows from the fact that E4 is contractive with respect to || - ||(1) together
with Proposition 2.2] Indeed, it is well known that ||[E4(z)|| < ||z|| for z € M. Using

that 7(Ea(z)y) = 7(z Ea(y)) < [Ea(y)l 7(|z]) we get
[Ea(2)]lr = sup{|7(Ea(z) y)[ - v € M, |yl <1} <[]l
For any decomposition z =y + z, since Ea(x) = EA(y) + Ea(z),

[EA(@)[l 0y < 1Bl + [ EAC)] < Nyl + {21
So, by Proposition , |Ea(x)]|1) < ||z||1y for all z € M, and so E 4 is T-continuous. [J

3. MAJORIZATION IN (*(N) AND B(H) REVISITED

Let H be a complex separable Hilbert space. In this section we revise and complement
A. Neumann'’s [27] theory on majorization between self-adjoint operators in B(H). These
results will play a key role in our proof of the Schur-Horn theorem in I1,.-factors (Theorem
[.5). For conceptual and notational convenience, we shall follow the exposition in [I] (see
also [20]).

In B(H) we consider the canonical trace Tr. We write U(H) for the group of unitary
operators in H, and C(H) for the semigroup of contractive operators in B(H), i.e.

C(H)={veB(H): v'v<I}.

For k € N, let Py be the set of orthogonal projections p € B(H) such that Tr (p) = k.
For b € B(H)*, k € N, we consider

(3.1) Uk(b) = sup Tr (bp), and Lg(b) = inf Tr (bp).

PEPy PEP

For each k € N, both b — Ug(b) and b — Lg(b) are norm-continuous in B(H), with
Ly(b) = —Uk(—b). Moreover, Ug(u*bu) = Ug(b) for every b € B(H)*, u € U(H).
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Following [27] (but with a different notation) we define, for f € /*°(N) and k € N,

(3.2) Un(f) =sup{>_ f;+ K| =k}, Li(f) =int{)_ f;: |K|=k}.

jEK jEK
Again, for each k € N, Li(f) = —Ux(—f). The similarity of the notations in and
(3.2)) is justified by the following fact: if b € B(H) is selfadjoint and such that there exists
an orthonormal basis {e;};en of H and f = (f;)ien € (2 (N) such that be; = fie;, i € N
(i.e. if b is diagonal), then by [1l Proposition 3.3]

(3.3) Ui(b) = U(f), Li(b) = L(f), keN.

Definition 3.1 (Operator majorization in B(H) [1]). Let a, b € B(H)*®. We say that:

(i) a is submajorized by b, denoted a <, b, if Up(a) < Ui(b) for every k € N;
(i) a is majorized by b, denoted a < b, if a <, b and Ly(a) > L(b) for every k € N.

We will also use the notion of vector majorization in £3°(N) (used implicitly in [27]) as
follows:

Definition 3.2 (Vector majorization in (g (N)). Let f, g € (g*(N). We say that:

(i) f is submajorized by g, denoted f <., g if Up(f) < Ux(g) for every k € N;
(ii) f 4s majorized by g, denoted f < g, if f <w g and Li(f) > Li(g) for every
k e N.

We fix an orthonormal basis B = {e; };ey on H, with associated system of matrix units
{eij}ijen in B(H). For each f € (*(N) we denote by M; € B(H) the induced diagonal
operator with respect to B, i.e. My = . fiei. By (3.3), it is immediate that for all
f9 € g (N),

(3.4) My <M, <= f<g, M;=<,M, <= f <y, g9.

We denote by Pp : B(H) — B(H) the trace preserving conditional expectation onto
the (discrete) diagonal masa with respect to the fixed orthonormal basis. Explicitly, for
each v € B(H),

PD((L’) = Zeiixeii = Zfz € = Mf, where fz = <Z’€i,€i>, 1 € N.

7

We will use the following result from Neumann, which is a combination of [27, Theorem
2.18] and [27, Theorem 3.13]. Although Neumann’s result is phrased in terms of vectors
in (2 (N), we phrase the result in terms of operators in B(H), as in [I, Theorem 3.10].

Theorem 3.3 (A Schur-Horn theorem for B(H)). Let H be a separable complex Hilbert
space and let Pp denote the unique trace preserving conditional expectation onto the dis-
crete masa of diagonal operators with respect to the orthonormal basis B of H. Then, for

be B(H)™,

(Po(ubu) . we (@)} = {M;: fe2(N), My <b}.



SCHUR-HORN THEOREMS IN II.,-FACTORS 7

As a consequence of Theorem and (3.4) we recover Neumann'’s result for majoriza-
tion in /°(N) which states that, for f, g € (F(N),

(3.5) My e {Pp(uMyu*): ueld(H)} ~ ifandonlyif f<g.

In the rest of this section we will develop a contractive version of Theorem for
positive operators of B(H) (Theorem [3.7). We will need a few preliminary results.
A proof of the following elementary inequality can be found in [20, Lemma 24].

Lemma 3.4. Let y; > yo > -+ be positive real numbers and aq,aq, ... € [0,1] with
>y aj < k. Then

00 k
(3.6) Sy <Y
j=1 j=1

Lemma 3.5. For any g € (*(N)*, k € N we have
Uk(g) =sup{Tr (M, z): = €C(H)", Tr(z) <k}.

Proof. The inequality “<” is clear by and . To prove the reverse inequality,
fix k € N, let ¢ > 0, and fix x € C(H)" with Tr(z) < k. As x is a compact and
positive contraction, x = ) ;i Vihj, where {h;}; is a pairwise-orthogonal family of rank-
one projections, 0 < 7; < 1 for all j, and Zj v; < k. We also have that M, = ). g;ei,
where {e;;}; is the pairwise-orthogonal family of rank-one projections associated with the
canonical basis B. Let f = limsup,, g, = maxo.(M,) and define ¢’ € (*°(N) by

/I 9i if gi Z B +e€
i = B otherwise

Using [27, Lemma 2.17] it is readily seen that |Ux(g") — Ux(g)| < ke. Notice that the set
D ={i: g, > [} is finite. So there is a unitary u € U(H) (induced by an appropriate
permutation) such that ¢” given by My = uMyu* satisfies gf > ¢4 > --- > g, where
m = |D|, and g; = B if i > m. For each j € N, let A} = u*hju; then {h;}j is another
family of pairwise orthogonal rank-one projections with sum 1. We have

Z(Z%Tr eih ) Z%Tr h' ngk
J

and

Since z > 0 and g < ¢/,

(3.7) Tr (Myz) < Tr (Mg x) = Tr (Mg u* 2 u) Zg (Z v Tr (e h;))
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Now, starting from (3.7) and applying the inequality (3.6) to the numbers ¢f > ¢§ >
- > 0and {>;v; Tr (e hy) }i, we get

k
00 < X (S Toenn)) <3
i j i=1
=Ui(¢") = Up(g') < Ur(g) + €k.

As € and x were arbitrary, we have proven the reverse inequality. 0

Remark 3.6. Two operators a, b € B(H) are said to be approzimately unitarily equiva-
lent if there exists a sequence {u, fneny C U(H) such that

nh—g}o la —u,buy| =0.

This equivalence is well-known to operator theorists and operator algebraists. As a con-
sequence of the Weyl-von Neumann theorem, it follows [10] I1.4.4] that a, b € B(H)** are
approximately unitarily equivalent if and only if their essential spectrums (with respect
to the classical Calkin algebra) coincide and dim ker(a — AI) = dim ker(b— AI) for every A
that is not in the essential spectrum of these operators. From this it can be deduced (see
the proof of [10], I1.4.4]) that for every b € B(H)" and every orthonormal basis B of H,
there exists M, € B(H)" — diagonal with respect to B — that is approximately unitarily
equivalent to b.

The following is the main result of this section.

Theorem 3.7 (A contractive Schur-Horn theorem for B(H)). Let H be a separable com-
plex Hilbert space and let Pp denote the unique trace preserving conditional expectation

onto the discrete masa of diagonal operators with respect to the orthonormal basis B of
H. Then, forbe B(H)",

{Pp(vbv*): veC(H)}  ={M;: fel*N)*, M;<,0b}.

Proof. We first consider a reduction to the case where b is diagonalizable with respect to
the orthonormal basis B. Indeed, by Remark there exists g € £°°(N)* such that b and
M, are approximately unitarily equivalent. It is then straightforward to see that

Il
7

{vbv*: veCH)} ={vM,v*: veC(H)}

and that

(3.8) (Po(vbv) - ve ] = {Po(v Myv): vec@] .

By (3.3), Uk(b) = Uk(M,) and Lj(b) = Ly(M,) for all k € N. These identities, together
with (3.8), imply that — without loss of generality — we can assume that b = M, for some
g € (*(N)*.

Let v € C(H) and let p € B(H) be a projection with Tr (p) = k. Since vv* < I and 0 <
Pp(p) < I we have v*Pp(p)v € C(H)* and Tr (v* Pp(p) v) = Tr (Pp(p)*/? vv* Pp(p)t/?) <
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Tr (Pp(p)) = k. Put My = Pp(v Myv*). Then
Up(My) = sup{Tr (Pp(vMzv*) p) : Tr (p) = k}
= sup{Tr ((vMyv*) Pp(p)) : Tr(p) =k}
= sup{Tr (M, (v"Pp(p) v)) : Tr(p) =k} < Up(My),

where in the last inequality we are using Lemma 3.5 and the fact that v*Pp(p) v € C(H)*.
Thus, My <, M, and, as Uj(-) is norm-continuous for every k € N, we get the inclusion
“C”.

For the reverse inclusion, assume that My <, M, (ie., f <, ¢) and let € > 0. We
follow the idea of the proof of [8, Theorem I1.2.8]. Consider f’, ¢’ € (>°(N) @ (*°(N), given
by

ff=(f+tece)®ee, gd=(g+ece)®O0.
where e € (>°(N) is the identity. Note that ||f &0 — f'||oc, [[g ® 0 — ¢'||cc < €. Since
fyg9 > 0, we have Up(f') = Up(f) + ke, Ur(¢') = Uk(g) + ke, Le(f') = ke, Lp(¢') = 0,
for all k € N. Hence we have f’ < ¢’. By Theorem [3.3] there exists a unitary operator
u € B(H @ H) such that

(39) ”Mf/ —PD@D<UM9/U*)” <e.

We have

(3.10) [Mgeo — Myl <&, [|Mse0 — Myl <e.

Now let ¢ = I 69 0 € B(H® H), and let ¢ = quq (clearly a contraction), seen as an
operator in B(H). Then, as ¢ Ppap = Pp &0 and ¢ Myg0 = ¢ Mts0q = Myeo, we can

use . ) and - to get
[My — Pp(c My c™)|| = llg(Myeo — Poep(u Mgsou™))q||
< [[Myg0 — Ppep(u Mg u™)||
< 2e 4+ ||Mf/ — PD@D(U Mg/ U*)H < 3e.
Il

As ¢ was arbitrary, we conclude that My € {Pp(v*M,v): v e C(H)} O

Remark 3.8. The positivity assumption in Theorem is not just a technicality: even
in dimension one we have —1 <,, 0, and {v0v* : |[v| < 1} = {0}.

As a consequence of Theorem we get that, for f, g € /*(N)*,

(3.11) My e {Pp(vMyv*): ve C(H)}H I if and only if f <, ¢

4. MAJORIZATION IN II_ -FACTORS

Recall that (M, 1) denotes a o-finite and semi-finite diffuse von Neumann algebra.
Given a € M*®*, we consider the functions

Ut(a):/O As(a) ds and Ly(a) = /Ous( yds, teR",

where ¢t — M\(a) and ¢ — p(a) denote the upper and lower spectral scales (Definition

21).
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Our next goal is to describe the maps b +— Uy(b) and b +— L;(b) by means of [I3, Lemma
4.1]. We will make use of the following relation between spectral scales and singular values:

(4.1) (@) =wvla+D) v, mla)=p—w(-a+pl), aeM*

for any 7, p € R such that a +~vI, —a + pI € M™. We will denote by P;(M) the set of
all projections in M of trace t, i.e.

Pu(M) ={p e PM):7(p) =t}.
Since (M, 7) is diffuse and semifinite, P(M) # @ for every ¢t > 0.
Lemma 4.1. For any a € M,
Ui(a) =sup{7(ap): p € Pi(M)}, Li(a)=inf{r(ap): pe P(M)}, teR".

Proof. The equalities are an immediate consequence of the identities (4.1)) together with
[13, Lemma 4.1] and the fact that, for every t € RT,

sup{7(ap): p € Ps(M)} =sup{r((a+~1)p): p € P(M)} —~t. O

Remark 4.2. If a € K(M)™, then u(a™) = 0 for t € RT. Let {e(t)}er+ € M be a
complete flag for a such that a = [ A¢(a) de(t) (which exists by the assumptions on M).
Then, using [I3, Proposition 2.7] and (4.1)), we have

Ui(a) = /0 As(a) ds=7(ae(t)) and Li(a)=0, teR".

Thus, for a positive 7-compact operator a the supremum in Lemma is attained ex-
plicitly by means of the projection e(t) in P;(M) N {a}’.

Lemma 4.3. Let b € M®. Then, for each t € RT, the functions b — Uy(b), b — L(b)
are || - ||1-continuous, and they are also T -continuous on bounded sets of M .

Proof. 1t is enough to prove the statement for U(-), since L;(b) = —U;(—b). Given € > 0,
by Lemma [4.1] there exists p € P;(M) with U(z) < 7(xp) + . Then

Ulz) = Uly) <7(xp)+e—71(yp) <l —yllw +e < |l —ylli +¢,

where we used the inequality 7((x — y)p) < 7(|z — ylp) < ||x — yl|» that follows from
Lemma {4.1] By letting ¢ — 0 and reversing the roles of x and y we conclude the 7 and
|| - |1 continuity of b — Uy(b) on bounded sets, by Proposition O

From now on we will specialize (M, 7) to be a o-finite II-factor with faithful normal
semifinite tracial weight 7.

We begin by describing the notion of majorization between selfadjoint operators in
the II-factor M. In the setting of non-finite von Neumann algebras, this concept was

developed for selfadjoint operators in [16]. Our presentation, inspired by Neumann’s work
[27], is fairly different (see Remark [4.5 below).

Definition 4.4. Let a,b € M,
(i) We say that a is submajorized by b (denoted a <., b) if

Ui(a) < Uy(b), for everyt € R,



SCHUR-HORN THEOREMS IN II.,-FACTORS 11

(i1) We say that a is majorized by b, denoted a < b, if a <, b and
Li(a) > Ly(b), for everyt € RT.

Remark 4.5. If b € K(M)*, then u(b) = 0 for all t € R* and therefore L;(b) = 0 for
all t € RT. Thus, if a € M and a <,, b, then a < b.

For a, b € M™, our notion of majorization is strictly stronger than the one considered
in [15]. As we have already mentioned, our notion of majorization does coincide with that
of [16] for selfadjoint operators in a 11 -factor (see Corollary . It is worth pointing
out that in [I6] majorization is described (for normal operators) in terms of Choquet’s
theory on comparison of measures, rather than in the simple terms used above: Lemma
4.1|shows that the notion of majorization in a I1,.-factor from definition |4.4|is an analogue
of the notion of operator majorization in B(H) as described in Definition [3.1]

For a fixed b € M, we write Qu(b) for the set of all elements in M that are
majorized by b, i.e.

Qum(b) ={a e M*: a < b}

Proposition 4.6. Let b € M. Then Qu(b) is a bounded T -closed convex set that
contains the unitary orbit Un(b).

Proof. For any x € M, the definition of U;(x) and L:(x), together with the right-
continuity of A\;(z) and p(z), imply that
Ui(z)

tl_l)Igl+ — = At(0) = maxo(z) and tl_l}l(l)}r

L) _ p(0) = mino(z).

Hence, a < b implies o(a) C [mino(b), maxo(b)]; in particular ||a|| < [|b]|, so Qam(D) is a
bounded set. Lemma immediately implies that it is closed in the measure topology.
Moreover, if u € U, it is easy to see that Ai(ubu*) = A\ (b). So Uy(ubu*) = U(b) and,
similarly, L;(ubu*) = Ly(b). Thus ubu* < b, and Un(b) C Qa(D).

Let ay, ay € M*, v € [0,1], with a; < b, as < b. Using Lemma [4.1]

U(yar + (1 =) az) = sup{r(p(ya1 + (1 = 7) az)) : 7(p) =t}
=sup{y7(par) + (1 —~)7(pasz) : 7(p) =t}
<y Ui(ar) + (1 =) Uilaz) < Uy(D) .

Similarly,
Li(var + (1 =7)az) = v Le(ar) + (1 =) Li(az) = Li(b)
so vai + (1 —7)as < b, and Q(b) is convex. O

Remark 4.7. Let b € M®. The function ¢ — A\;(b) is non-increasing and bounded;
therefore the numbers ¢, (D) = lim;,o Ai(b) and XS, (b) = limy_,o0 1¢(b) exist. Indeed,
we have

Ui (b)

e _ T t e Lt(b)
(4.2) Apax (b)) = max oq(b) = tliglo — A

(b) = min o,(b) = lim ——=.

max min
t—oo

Consider the operators b, b € M™ given by
(4.3) b=(b—-X, (b))t and b= (\°

min

(b) I —b)*t.
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Both b, b are positive T-compact operators with orthogonal support. It is easy to check
that, for all ¢ > 0, Uy(b) = Ui(b) + T Aax(b), Le(b) = —Ui(b) +t ALy (b), and Ly(b) =

Ly(b) = 0. If a < b then, by ([£.2), -
A0 (D) < A8 (a) <A

min min max

(@) < Aax(b)-

max

We finish the section with three lemmas on perturbations that will be used in Section

Bl
Lemma 4.8. Let x € K(M)*T, z € P(M) infinite with zx = 0 and ¢ > 0. Then there
exists ' € K(M)*t such that:

(i) the support of x' contains z;
(i) fJ2" — 2| <e;
(iii) A(2") = M(z) +e/(6+1), t €0,00).
Proof. Since x is T-compact, there exists sy > 0 such that A\ (z) < ¢/6. Let p; =
P*(Asy (), 00). The T-compactness of & guarantees that 7(p;) < oco.
As z is T-compact and positive, there exists a complete flag e, (t) with @ = [ \(2) deg(2).
Note that p; = e;(sg). Let e1(t) be a complete flag over z, and define

¥ = /0 K (/\t(m) + G%J de.(t) + /0 N (/\Hso(m) + 6+++80> dey (1)

The second term above equals 2'p; = 2’z and its norm is less than £/3; so

o=l < || [ 5 deat®)] + ot + Io'p < S+ 5+ 5 <
=), 6+t 6 6 3

It is clear by construction (since e, (t)e;(s) = 0 for all ¢, s) that

t € [0, 00),

and this implies 2’ € K(M). O

Lemma 4.9. Let A C M be a diffuse von Neumann subalgebra. Let a € A, b € M
with a < b, and fiz ¢ > 0. Then there exist a’ € A%, I/ € M such that
(i) [la—da'll <&, Jo -V <e;
(i) o' <0y
(iii) @ , @, ¥ , ¥ (as defined in Remark have infinite support.

Proof. We first consider a partition of the identity

S 9 £ £
51 = P NelD) + 2,00), 52 = PPNa(D) = = X))+ 2) 53 = 1(—00, (D) — 1.

The projection sy is infinite, while the others may or may not be infinite. We consider a

decomposition sy = 21 + 25 + 23 into three mutually orthogonal infinite projections, such

that
25 < PPN (B) — =, Ny (B) +

max 8 max

3

), 23 < P (Agn(b) — 3 min(0) + 2)-

col| Mm
| ™
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Let a,a € K(A)* and b, b € K(M)" as in (4.3). Apply Lemma to bs, with the
projection z; and to bs3 with 23, to obtain (b)’, (b)" € K(M)*, both with infinite support
and such that |[(b) — bs1|| < e/4, ||(b) — bss|| < e/4. Define

V= () + Aax (D) (51 + 21)) + (52— 21 — 23)b — () — AGyin (D) (3 + 23))-
As b= (bs; + X°,.(b) s1) + bsa — (bsz — X%, (b)s3), we get
16" = Bl < [1(0)" = bsill + A (D) 21 = b1 ]| + [IAGin (B) 25 — bzs]| + () — bss]
<444t -—c

4 4 4 4
Note that AS, (0') = XS, (b); then b’ = (b)' , b’ = (b)’ have infinite support,
(4.4) A(V) = A (V) + Ay (0) = Ae((B)') + A (0)
€
= M(b) + —— + ] =\
t()+6—|—t+ max() t() 6+t

and similarly 4, (V') = p:(b) — 555
Proceeding with a in the same way we did for b, we obtain o’ € A% with ||a — d'|| < €,
with ¢’ and ¢/ having infinite support, and such that

€ €
4. M(ad) =\ — " = B .
(4.5) ) = Mo + 5y pld) = pula) = =, € [0,00)
From (4.4), (4.5), and the fact that a < b, we deduce that a’ < b'. O

Let N be a semifinite diffuse von Neumann algebra with fns trace 7. We consider the
set LY (N)NN, which consists of those © € N with ||z||; < co. The elements in L'(N)NN
are necessarily compact, since [~ A\ (|z|) dt < oo forces vy (z) = A(|z]) — 0.

—00

Lemma 4.10. Let N be a semifinite diffuse von Neumann algebra with fns trace T, and
let z € LY(N)®, € > 0. Then there exists ' € L*(N)* such that

(i) ||l‘ -zl <e

(i) Ae(2') = Me(z )-+-5/(10 + 4t2);
(ii) pe(2') = pu(w) — /(10 + 41%);
(iv) T( (0, )) 00, T(p*' (~00,0)) = 00;
(v) p
Proof. Since x is T-compact, its essential spectrum contains zero. Then \;(z) > 0, p(z) <
0 for all ¢. With that in mind, the proof runs as the proof of Lemma , using the L!

property instead of compactness to choose p; and considering the positive and negative
parts of x separately. O

(=00, 0) + p* (O,oo):[.

5. SCHUR-HORN THEOREMS IN Il -FACTORS

In this section we prove versions of the Schur-Horn theorem in the o-finite II -factor
(M, 7) (Theorems and [5.8)), in the spirit of Neumann’s work [27]. We also consider
versions of these results for 7-integrable operators (Theorems and [5.12).

We begin with the following result, which comprises the main technical part of the
proof of Theorem (by allowing us to reduce the argument to a discrete case). Recall
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that V(e,d) denotes the canonical basis of neighborhoods of 0 in the measure topology,
indexed by ¢, § > 0.

Proposition 5.1. Let A C M be a diffuse von Neumann subalgebra. Let a € A%,
b € M be such that a < b and fir m € N. Then there exist {pn}n>1 C P(A), {gn}n>1 C
P(M) such that

(i) piri =qiq; =0 fori#j;
(i) 7(pn) = 7(gn) = 7(p1) for alln € N;
(if)) 7(1 =21 20) = 7(1 = 2001 @) < 4
(iv) there exist f,g € (g (N) such that:
(a) f<g;
(b) o
(0= 3 fp), 6= Y gt a) €V, )

n>1 n>1

Proof. By Lemmald.9|there exist a’ € A%, b’ € M** with |la—d'|| < 1/2m, |[b—b|| < 1/2m,
a’ <V, and such that a, a, b, b (as defined in Remark have infinite support. So, at the
cost of replacing 1/m with 2/m in above, we can assume without loss of generality
that 7(r1) = 7(s1) = 7(r3) = 7(s3) = 00, where 11, s1,73,53 € P(M) are as in the proof
of Lemma

Since A is diffuse, there exist complete flags {es(t)}icpo,00): {€a(t)}ic0,00) in A over 7
and 73 respectively such that 7(e;(t)) = 7(eu(t)) =t for t > 0 and

o= [ 0@ deat), o= [ @) deats)

Similarly, there exist complete flags {e(Z) }tefo,00), {€b(t) }ic[0,00) OVEr s1 and s respectively
such that 7(e;(t)) = 7(ep(t)) = ¢ for t > 0 and

- | () degls) , b= / T AB) deys).

Let ¢t = I — (e(t) +ep(t)), pr = I — (ea(t) + eq(t)). Then {q}, {p:} are decreasing nets
of projections that converge strongly to so, 79 respectively. For the rest of the proof, we
will fix ¢ > 0 big enough so that the following three properties hold (all guaranteed by
the fact that \y(x) = 0 ast — oo if x € L(M)):

5.1) (X5 = =) = b < (Nl + )
52 (0 = ) < am < (K )
5.3 max{(a), M) e (B} < -

Now apply [2, Lemma 3.2.] and Corollary to aez(t) in the II; factor e;(t)Mes(t)
and to ae,(t) in the I -factor e,(t)Me,(t). This way we get N € N with N >¢-3m -
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2 ||b]| m + 3), partitions {p, and {p/: N of ez(t) and e, (t) respectively given by
J 1 7J7=1 a

pg:ea(jﬁt)—ea(%),p§=6a(%>—6a(%> , 1<j <N,

and coefficients of > af, > --- > oy, of > of > --- > o/ given by

N [it/N N N
o = = As(aeq(t)) ds = —7(ap;), o = —7(ap)),
t JGonyn t t
such that
N 1 1
(5.4) (aealt) =D _aip;). (ae(t) ZO/’ ) €V o)
j=1

(recall that ||z||q) < ||lz||; and that if ||x]/q) < 1/4m2, then x € V(1/2m,1/2m); see the
proof of Proposition . Similarly, we obtain for b partitions {g;} =, and {¢}}}_, of e5(t)
and e,(t) respectively such that

v=a(x) o () amaly) e () e

and coefficients 5 > iy > --- > iy, B > 4 > --- > B given by

/ N " N /
ﬁj = 77(6%)7 5j = 77(6%)

with
Y (L1
/" /
(55) beb Zﬁ qj b@b jzlﬁj i E ﬁ> .
Consider now a partition {Ij}]L:1 of (X, (b) — L, Xe . (b) + L] into L consecutive dis-
joint sub-intervals with 2 < L < 2||b[|m + 3, with I; = [X¢,,(b) — = )\fmn(b)), I, =
(A2 ax (D), X2 (b) + L], and such that the length of each I; is no greater "than 1 - Define

a.=pia, be=qb.
Let v1 = A&, (), v L = )\max(b), and choose v; € I; for 2 < j < L — 1. The choice of the
7;, together with (5.1)) and ([5.2), imply that

1
(5.6) lae = Z’W Dl<— Z%p <

For j € {1,...,L} let

| TN it r(poe (1)) < o0
1o =
J

00 if 7(p®(1;)) = oo,
where |z] denotes the integer part of 2 € R. We construct {¢’}!_, in the same way. For

each j, if £} = oo we consider a partition {pgj)}ieN C P(A) of p*(1;) with T(pl N = + for
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all i € N; otherwise, if t$ < oo, we consider a partition {p,fj)}:gl C P(A) with 7(p?) = £
for 1 <i <t¢, and T(ptﬁzrl) < %.

Analogously, we consider partitions {q? )}i C P(M) of p*(I;) for 1 < j < L. Since b
and b have infinite support,

(5 7) tl tL o0, )\mm(b) 1I<III£1L P)/J 1I£Ia<XL P)/J — Amax(

and there exists ig € {1,..., L} with t{ = co. As L < 2[[b[|m+3, N > t-3m-(2|b|| m+3),

L
(5.8) DRI UD D D S0/ I R

Ji t§<oo =1 j: tl?<oo

b)

We can assume that the two projections Z] 9 <00 pg)ﬂ, Z] <00 qt,,+1 have equal trace;

indeed we can take the necessary mass (which Wlll be certalnly less than 1 /2m) from one
of the projections p®(I;,), p>(I1) respectively (since each of them is an infinite projection)
before considering the partitions of these projections (this, at the cost of replacing the

“I -l <1/m” in (5.6) by “€ V(1/m,1/2m)”). From (5.6) and (5.8),
Lo Lo g 11

59 @-Sud 6o evit L),
=1 =1 =1 =1

Let {(a,p;i)}i>1 be an enumeration of the countable set
{(af,pj) : 1<j < N}U{(af,p)): 1<j <N}
U{(yp): 1< <L, 1<i <5}
and let {(5;, ¢:)}i>1 be an enumeration of the countable set

{(B4): 1<G<NYU{(8].q)): 1<j <N}
U{(ya”): 1<j<L,1<i<t).

By construction, {p,}n.en C A. It also follows that , (i1)), and in the statement
of the Theorem hold. Moreover, from (5.4), and (5.9) we get part b) of (with
f=A{an}n>1, 9 = {Bn}n>1). It remains to show that f < ¢ in the sense of Definition .
We will only prove that Ug(f) < Uk(g) for k > 1, since the L inequalities follow in a
similar way. We have

) - { o

SV B+ (k= N)X, (b) i N <k

max

(recall that v, = A¢
we get

b) and that there is an infinity of 7., in the list {3,})). For Ug(f)

max (

Zf:ﬂ)/‘ ifl1<k<N,

J

U =
) { ZfV:1 o + Z?:NH Yoy N <k
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for appropriate choices o(i) € {1, ... L}. If 1 <k <N, then

Z / ) ds = — Ukt/N(b)
N
t

N k
> — Upyn(a / ) ds = ZO‘; = Us(/f)
i=1
If N <k,
N
= ) ds+ (k= N)X; .. (b)
N
? dS + Z Yo(i) =
i=N+1
since, by (5.7)), Yo() < Aoy (D) for all i. O

Remark 5.2. Let A C M be a diffuse von Neumann subalgebra. Fix a € A", b €
M such that a <, b and let m € N. Then a slightly modified version of the proof
of Proposition (with 73 = s3 = 0, A2, (b) = A;,(a) = 0) shows that there exist
{pr}nz1 C P(A), {gn}n>1 € P(M) and f,g € (*(N)" such that conditions ({)-(il) and
hold, and such that f <, g. We will use these facts for the proof of the contractive
Schur-Horn theorem (Theorem [5.8)).

The following result is standard, so its proof is omitted.

Lemma 5.3. Let N C M be a von Neumann subalgebra that admits a (unique) trace-
preserving conditional expectation, denoted by Ex. Let {p;}jen C Z(N) be a family
of mutually orthogonal projections, pairwise equivalent in M. Let {e;;} be a system of
matriz units in B(H). Then there exists a (possibly non-unital) normal *~monomorphism

7 : B(H) — M such that
(5.10) m(ej;) =pj, jEN,

(5.11) Ex(r(z)) = 7(Pp(z)), € B(H).

O
The characterization of U; in Lemmal4.Tallows us to prove that conditional expectations
are “contractive” from a majorization point of view:

Lemma 5.4. Let A C M be a diffuse abelian von Neumann subalgebra that admits a
(unique) trace preserving conditional expectation, denoted by E 4. Then, for every b €

M we have E4(b) < b.

Proof. Fix t > 0 and let € > 0. Then we can apply Lemma in A to get a projection
q € P(A) with 7(q) = t and such that U;(FE4(b)) < 7(E4(b)q) + €. Since 7(E4(b) q) =

T(EA(bq)) = 7(bq) < Uy(b), we conclude that Up(E (b)) < Ui(b) + € for all € > 0; so,
Ui(E4()) < Ut( ). Applying the same proof to —b, we get L;(E4(b)) = —Ui(Ea(—b)) >
—Ui((=b)) = L(b). As t was arbitrary, we get EA(b) =< b. O
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We are finally in position to state and prove our main theorem.

Theorem 5.5 (A Schur-Horn theorem for Il,-factors). Let A C M be a diffuse abelian
von Neumann subalgebra that admits a (unique) trace preserving conditional expectation,
denoted by E 4. Then, for any b € M,

EAU () = {ae A a<b).

Proof. By Proposition and Lemma , EA(Z/{M(b))T C {a€e A: a < b}. Toshow the
reverse inclusion, fix a € A% with a < b and fix m € N. Applying Proposition [5.1] to a, b
we obtain sequences f = {ay,}, g = {fn} C X (N), {pn} C P(A), {¢g.} C P(M) with

(5.12) pip;=q q;=0ifi#j; 7(p) = 71(p;) = 7(g;) for all j;
(5.13) (1= ) =701 - Y a) <
n>1 n>1
11
(5-14) (G_;O‘npn)7 (b_;ﬂanz) € V(E7E);
[ =y

By Theorem [3.3| there exists a unitary v € B(H) such that
. 1
My — Po(o Myv)] < -

The conditions on the projections in and guarantee that we can choose
w € Uy with wg,w* = p, for all n. Let p = > pn, ¢ = >, ¢u; then by
there exists a partial isometry z € M with z*z = p*, 22" = ¢~. Let u be the unitary
u = (m(v) + z) w, where 7 is the *-monomorphism from Lemma 5.3 with respect to the
projections {py, },. From (5.14]),

a—m(Mg) e V( ), wbw" —mw(M,) € V(

Sl
N §|H
m 3|

1
"m
Note that by (5.13) we have 7(pt) <
e > 0. From this we conclude that

(m(v) + 2) m(My) (7(v) + 2)* = T(VMgv*) € V (e, %), e > 0.

1/m, 7(¢") < 1/m, so z, V(e,1/m) for any

It follows that

2
ubu* —w(v Myv*) € V(—, i)

m’'m
Letting m vary all along N, we have constructed sequences of unitaries {u,, },, C M and
{vm}m CU(H), and sequences { fr }m, {gm }tm C € (N) with
(5.15) w(M,) —a——0, M, — Pp(v, M, v}) —- 0,

m—o00 gm om0

U buy, — (v My, v} T o

m
gm m—»co
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Using that 7 is a *-monomorphism, the T-continuity of E4 (Corollary and the fact
that E4om = mo Pp (Lemma[5.3) we get from ((5.15)) that

(5.16) 7(Mj,,) = 7(Pp(vm M, v3,)) = 0,
(5.17) E (b)) — 7(Pp(vm M, v%)) —— 0.
m—0o0

]

E(upbu,) —a ——0.

m—0o0
. —_— 7
That is, a € E4(Um(b)) . O
Remark 5.6. Consider the notations and hypothesis in the statement of Theorem [5.5]
It is natural to ask whether one can remove the closure bar in the description of the set
{a € A% : a < b} given in Theorem [5.5] Next we show an example in which

A —
EA(Unm (b)) C EaUUrm(b) ) S EaUdpa(b))
This implies that the characterization of {a € A* : a < b} given in Theorem [5.5 cannot
be strengthened in the Il case.

We consider p € P(M) an infinite projection with pt also infinite. Then U, (p) = t,
Li(p) =0 for all ¢t. Since Uy(I) =t, L;(I) =t, we have I < p; then

—_—T T
(5.18) I € EaUm(p)) but I ¢ EsUm(p) ).
Indeed, Theorem [5.5 guarantees the claim to the left in (5.18). On the other hand, assume

that there exists x € Unq (p)T with I = E4(z). By Corollary , 0 <z < I and then
0=71—Ex(z)=7(E4(I —2))=7(] —x).

. . . 7 . .
This last fact implies that I = x € Up(p) by the faithfulness of 7. But as || - ||q) is a
unitarily invariant norm, for any v € Un, we get

1= wpully = (2 = p)w’llay = I = plly > 0

as p # 1. Since || - ||(1) is T-continuous (see Proposition [2.2)), there is positive distance
from I to the T-closure of the unitary orbit of p, a contradiction.

It would be interesting to have a description of the set E (U (b)T) for an abelian
diffuse von Neumann subalgebra A of a general o-finite semifinite factor (M, 1), that
admits a trace preserving conditional expectation E4. But even in the I, factor case
this problem is known to be hard (see [19, Thm 15|, [, [7] for further discussion). In the
I1;-factor case Arveson and Kadison [7] conjectured that

(5.19) Ea (u (b)T> —{ae A" a=<b},

which is still an open problem (see [2] 3], 5] for a detailed discussion). O
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The following result shows that the notion of majorization in M from Definition [4.4]
coincides with the majorization introduced by Hiai in [16]. Thus, several other character-
izations of majorization can be obtained from Hiai’s work. Following Hiai, we say that a
map is doubly stochastic if it is unital, positive and preserves the trace.

Corollary 5.7. Let A C M be a diffuse abelian von Neumann subalgebra that admits a
(unique) trace preserving conditional expectation, denoted by E4. Given a,b € M, the
following statements are equivalent:

(i) a < b;
(i) a € AT
(iii) a € conv{Upm(b)} ;
(iv) there exists a doubly stochastic map F on M with a = F(b);
V) there ezists a completely positive doubly stochastic map F on M with a = F(b);
)
)

(vi) 7(f(a)) < 7(f(b)) for every convex function f: I — [0,00) with o(a), o(b) C I.
(vii) a is spectrally majorized by b in the sense of [16].

Proof. By Theorem , and are equivalent. The statements l) are mutually
equivalent by [16, Theorem 2.2]. Also, implies (i) by Proposition 4.6 So it will be
enough to show that (i) implies .

Let a € A with a < b. By Theorem [5.5] there exist unitaries {u;} C M such that
a = limr FE A(ujbu;*-). Consider the sequence of completely positive contractions E4(u; -
ui) : M — A; by compactness in the BW topology [29, Theorem 7.4], this sequence
admits a convergent (pointwise ultraweakly) subnet { Ea(uj, - v} )}. Let F' be the limit
of such subnet. Since a = limy E4(u;bu}) and F(b) = lim,_ ot Ea(ug,buj, ), we conclude
(mimicking the argument in the proof of Lemma 3.3 in [16]) that F'(b) = a. It is easy to
check that F' is unital and that it preserves the trace. O

We finish this section with contractive and L! analogs of Theorem [5.5]

Theorem 5.8. Let A C M be a diffuse abelian von Neumann subalgebra that admits a
(unique) trace preserving conditional expectation, denoted by E4. If b € M™ then

(5.20) Ealcbe [ < 1)) ={aec A" : a <, b},

Proof. If ¢ € M is a contraction, then A\(cbc*) < A\(b) [13, Lemma 2.5]. So cbc* <, b
and then Lemmas [5.4) and [£.3] give the inclusion “C” above.

For the reverse inclusion, the proof runs exactly as that of Theorem but instead of
using Proposition and to obtain a sequence of unitary operators in M, we use
and Remar to obtain a convenient sequence of contractions in M. O

Remark 5.9. The positivity condition in Theorem cannot be relaxed to selfadjoint-
ness. As a trivial example take b = 0; then —I <, b, but cbc* = 0 for all ¢, so the set

on the left in is {0}.

Recall that Ll(/\/l) N M consists of those x € M with 7(|z|) < oo, and that such
elements are necessarily 7-compact.



SCHUR-HORN THEOREMS IN II.,-FACTORS 21

Theorem 5.10. Let A C M be a diffuse abelian von Neumann subalgebra that admits
a (unique) trace preserving conditional expectation, denoted by E4. If b € LY (M) N M
then

Bl )" = {a e LIM) N A2 a < b, 7(a) = 7(b)}

Proof. Proposition [4.6] together with Lemma [5.4] show that E4(Un(b)) C {a € A : a <
b, 7(a) = 7(b)}. Then Lemmald.3|and the ||- [|;-continuity of the trace imply the inclusion
of the corresponding closure.

Conversely, suppose that a < b and 7(a) = 7(b). First assume that b € M™. Then a €

A*. By Theorem there exists a sequence of unitaries {u;} such that E4(u;buj}) T
Since b is positive, [|[E4(u;bu})|i = 7(Ea(u;buj)) = 7(b) = 7(a) = |lall;. Then [13
Theorem 3.7] guarantees that ||E4(u;bul) —ally — 0.

If b is not positive, we apply Lemma to obtain a’ € A, b’ € M, with

(i) o’ <V,

(i) ||a’ —aH1 <eg, ||V =] <e;

(iii) 7(p*'(0,00)) *T( (0, 00)) = oo
(iv) 7(p (—00,0)) = (¥ (—00,0)) = 00i

(v) p*(=00,0) + p*(0,00) = p¥(—00,0) + p(0,00) = I.

Let 7, = p™(0,00), 75 = p®(0,00). The last three conditions above guarantee that we
can find a unitary v € Uy, with

v (pb'+(0, o)) vt =1, v (pb/—(O, 00)) v = ry.

Let 0" = vb'v*. Then a’ < b0"”. Since both are 7-compact, we deduce that a/ < b,
a’_ < b”. Note that o/ , 0} € riMry, a’_, 0" € roMry. As both r,r; € A are infinite
projections, the factors r{ Mr; and roMry are Il. So we can apply the first part of the
proof to obtain unitaries {ugl)} C U(riMry), {u§-2)} C U(raMry), with

1EA(” V] (@f)) —al i =0, [ Ba(u? b (uf)7) —a’ [ =0

Since 11 + 19 = I, 179 = 0, the operators u; = ( (1) + u( ))v are unitaries in M. Then
12400 15) =l = 14( ) = BV )+ 12400 15) = s+ 1 =l

<HU—Mh+Ha—am+HEd DY (uf)) = d

+ | Ea@? 0" (uP)) - a’_ |y

<2+ | Ealu “w<]»>—a4h+uau P (W?)) = al ||
So lim sup; || E4(uj buj)—all; < 2¢, and as € was arbitrary we conclude that lim; || 4 (u; bu})—
alli = 0, ie. a € Ban(0) " O

Remark 5.11. The condition 7(a) = 7(b) in Theorem cannot be removed because
of the || - ||;-continuity of the trace 7. Actually, below we characterize the case where the
trace restriction is removed but only in the case of positive operators.
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Theorem 5.12. Let A C M be a diffuse abelian von Neumann subalgebra that admits
a (unique) trace preserving conditional expectation, denoted by E4. If b € LY'(M) N M™T
then

Eache <1 ={aeAt: a=<, b} ={aec A*: a<b).

Proof. If b € LY(M)NMT and a <,, b then, since \;(b) € L*(RT), we get \;(a) € L' (R™).
In particular, a € K(M)*. Thus, the second equality is immediate from the fact that for
positive 7-compact operators one has L; = 0. So for the rest of the proof we focus on the
first equality.

The inclusion “C” is obtained by combining the arguments at the beginning of the
proofs of Theorems and [5.10]

Conversely, let a <, b for some a € A (so that a € K(A)*). We write both a and b
in terms of complete flags in A and M respectively, i.e.

a:/ooo)\t(a)dea(t), b:/oookt(b)deb(t),

with e, (t) € A for all ¢ (this can be done since A is diffuse). Then a <,, b means that,
for any s > 0, [J A(a)dt < [T A\(b)dt. For each s > 0, let p, = e4(s) V ey(s), a finite
projection. So we have ae,(s) <., bep(s) in the II;-factor psMp,. By [3 Theorem 3.4],
there exists a contraction ¢ € p, Mp, C M with

1
7(ps)?’

ks = Ts(Jaea(s) = Eeu(s) (csen(s) bey(s) c)|) <

The trace 7 is given by 7, = 7/7(ps); using the fact that e,(s) € A and that A is abelian,
we get that E ., (1) = eal(s) Ea(:). So

1 1
T(ps) ~ 8

(note that ps > e4(s), so 7(ps) > s). Let € > 0; fix s > 0 such that s > 2/¢ and
[ Ni(a)dt < e/2. Put ¢ = e,(s) s e(s), a contraction in M. Then

7(laea(s) — Ealea(s) cs en(s) be(s) ¢ ea(s))]) = 7(ps) ks <

la = Ealcbe)|y < lla = aea(s)[h + laea(s) = Ealeals) cs en(s) ben(s) c5 eals))ln

= /OO Ao(t) dt + 7T(|aea(s) — Exlea(s) csep(s) bep(s) i ea(s))])

<€+1<8+€_6
—2 s 2 2 7
As e was arbitrary, this shows that a € E4({cbc* : [|c|| < 1}) Il ]

Remark 5.13. The proof of Theorem [5.12] uses a reduction to a II; case, under the
hypothesis that the operators belong to L' (M). This last assumption seems to be essential
for such a reduction, and there is no immediate hope of using the same idea to obtain
results like Theorems [5.5 and [5.8] Conversely, one cannot expect to use those results to
obtain Theorem [5.12] since convergence in measure does not imply || - ||;-convergence.
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