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ABSTRACT. Let © be an open subset of R". Let L? = L?(Q,dx) and
H} = H{(2) be the standard Lebesgue and Sobolev spaces of complex-
valued functions. The aim of this paper is to study the group G of
invertible operators on H{} which preserve the L?-inner product. When
Q is bounded and 0f) is smooth, this group acts as the intertwiner of
the H} solutions of the non-homogeneous Helmholtz equation u — Ay =
f, ulon = 0. We show that G is a real Banach-Lie group, whose Lie
algebra is (¢ times) the space of symmetrizable operators. We discuss
the spectrum of operators belonging to G by means of examples. In
particular, we give an example of an operator in G whose spectrum is not
contained in the unit circle. We also study the one parameter subgroups
of G. Curves of minimal length in G are considered. We introduce the
subgroups G, := GN (I — By(H})), where B,(H{) is a Schatten ideal of
operators on H}. An invariant (weak) Finsler metric is defined by the
p-norm of the Schatten ideal of operators of L%. We prove that any pair
of operators G'1, G2 € G, can be joined by a minimal curve of the form
§(t) = G1e"™X, where X is a symmetrizable operator in B,(Hg).

1. INTRODUCTION

Let  C R™ be an open subset. Denote by L? = L*(Q, dz) the Lebesgue
space of square-integrable functions endowed with its usual inner product
(-,-). Let H} = H}(Q) be the closure in the Sobolev norm of the C*
functions with compact support contained in 2. In this paper, we study the

group G of invertible operators on Hj that preserve the L*-inner product:
G={GeGl(H,): (Gf.Gg)=(f.9)}

In the case where Q = R", the group G was introduced in [5] in relation
with the geometry of the variational spaces arising in the many-particle
Hartree-Fock theory. One could give an abstract definition of G, involving
a complex Hilbert space H and a dense and continuously included subspace
E C H with their respective (non equivalent) inner products. However, we
preferred this concrete setting given by the inclusion H} C L? because we

shall deal mainly with examples.
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From the definition of the group G, it is clear that the theory of operators
on spaces with two norms will play a central role in the study of this group.
This theory was independently initiated by M. G. Krein [10] and P. D. Lax
[14]. In Section 2 we recall the most useful results for our purposes.

Our first results on the structure of G are given in Section 3. We prove
that G is a real Banach-Lie group equipped with norm of the algebra of
bounded operators B(H}), and its Lie algebra I' can be identified with the
real Banach space of operators X € B(H}) such that (X f,g) = — (f, Xg)
for any f,g € H}. Thus i T is a well studied class of operators that naturally
arises when one deals with spaces with two norms, which is usually known
as the class of symmetrizable operators. An alternative description of G is
given by

G ={G € GI(H}): G"AG = A},

where A is the positive operator on Hj satisfying [Af, g] = (f,g) and [-, -]
denotes the inner product on H}. In fact, when € is a bounded domain in
R™ and 02 is smooth, the operator A is the solution operator of the Sturm-
Liouville equation. On the other hand, note that any operator belonging to
G may be extended to an unitary operator on L2. This extension procedure
induces a norm continuous representation of the group onto L?, which does
not have a continuous inverse.

In Section 4 we examine by examples different elementary aspects of G.
For instance, we show that the norm of an operator in G can be arbitrarily
large. In the general setting of operators on spaces with two norms, it is
known that there exist symmetrizable operators with non real spectrum.
Nevertheless, the few examples of this fact do not apply to our concrete
situation (see [4, 6, 10]). We present an example of a symmetrizable operator
belonging to iI" with non real spectrum (Example 4.4). In particular, this
implies that the spectrum of operators in G may not be contained in the unit
circle. Another interesting problem is to determine if G is an exponential
group. It turns out that this property depends on the topology of the set 2
(see Proposition 4.8; Example 4.9).

In Section 5 we investigate the one parameter subgroups of G. We con-
struct a norm continuous unitary representation G — U(H}), G — Ug
satisfying UgA'/? = AY2G. Then we study the infinitesimal generators as-
sociated with this representation.

The results concerning the metric geometry of G are presented in Section
6. A natural invariant Finsler metric in G is provided by the usual operator

norm of B(L?). If one measures length of curves with this metric, G behaves
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like a unitary group near the identity. Indeed, any operator G in G such
that |G — I|| < 1 can be joined by a minimal curve of the form §(t) = e,
where X is a symmetrizable operator and || - || stands for the operator norm

in B(H;y). Next we consider the following subgroups:
G, =Gn(I - BP<H3>)7

where B,(H;) is a Schatten ideal of operators on Hj (1 < p < c0). Essen-
tially due to the fact that the logarithm of operators in G, is well defined,
we are able to extend the afore-mentioned minimality result to a global re-
sult in G,, where the Finsler metric is now the p-norm of the Schatten ideal
B,(L?) (see Theorem 6.3).

Remark. We end this introduction by fixing some notation. The Sobolev
space Hj is a Hilbert space with the inner product given by

[f7g]=/gfgdx+ /QVf-ngx.

To avoid confusion among the several norms considered, we denote by | -
i (=[-, -]/2) the norm on HY, | - |5 (= (-, -)*/?) the norm on L2, || - || the
operator norm in B(H}), and by || - ||z2) the operator norm in B(L?). If
a given operator X acts both on L? and H}, we shall denote by o2(X) its
spectrum as an operator on L2, and by o} (X) its spectrum as an operator
on H}.

2. BACKGROUND ON OPERATORS ON SPACES WITH TWO NORMS

Let H be a Hilbert space with an inner product (-, -) and the associated
norm || - ||. Let (E,| - |g) be a Banach space. Assume that F is a dense
linear subspace of H and suppose that the norms satisfy || - || < C| - |g for
some positive constant C'. Throughout this article, we are interesting in the
special case where F = H} and H = L.

Let B(FE) (resp. B(H)) denote the algebra of bounded operators on E
(resp. H). An operator X in B(FE) is said to be symmetrizable if

(Xf.9)=(fXg), fgecE.

Given an operator X € B(F), we denote by og(X) the spectrum of X over
E. We use the obvious notation oy (X) for the spectrum of X over H. In the
following theorem we collect the basics results on symmetrizable operators.

Theorem 2.1 (M. G. Krein [10], P. D. Lax [14]). Let X be a symmetrizable

operator. The following assertions hold:

i) X is bounded as an operator on H.
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ii) og(X) Cop(X).

iii) If X belongs to the point spectrum of X as an operator on E, then A
belongs to the point spectrum of X as an operator on H. Moreover,
the eigenspace ker(X — \) over E and H is the same.

w) If X is a compact operator on E, then X is a compact operator on
H.

Remark 2.2. It is not difficult to see that the two possible norms of a
symmetrizable operator X satisfy || .X||gmy < || X/ 5E) -

A more general approach to study operators on spaces with two norms can
be found in [8]. Since any f € H determines a continuous functional (-, f)
of the space E*, it follows that £ C H C E*. A bounded operator X on E
is called proper if X'(E) C E, where X' is the (Banach) adjoint of X. If X
is proper, X denotes the restriction of X’ to E. It can be shown that X*
is the restriction to E of the adjoint on H.

Theorem 2.3 (I. C. Gohberg, M. K. Zambickii [8]). Let X be a proper
operator. The following assertions hold:

i) X is bounded as an operator on H.
i) o (X) C op(X) Uog(X+), where the bar indicates complex conju-
gation.
iii) If X is a compact operator on E, then X is a compact operator on
H. Moreover, og(X) = og(X) and the eigenspaces of X in E and

H corresponding to the non zero eigenvalues coincide.

If E is also a Hilbert space with an inner product denoted by [ -, -], it follows
that there is a positive operator A on E such that [Af, g] = (f, g). Thus X
is symmetrizable if and only if AX = X*A, where the adjoint is taken with
respect to E. The following result will be useful.

Theorem 2.4 (J. Dieudonné [6]). Let A be a positive operator on a Hilbert
space E. Let X be a bounded operator on E such AX = X*A. Then there
is a unique self-adjoint operator Y on E such that AY?X =Y AY?.

3. BASIC FACTS ON G

From the definition of the group, it follows that any operator in G extends
to an isometry of L? which has a dense subset in its range, namely H_}.
Then, operators belonging to G extend to unitary operators onto L?. Thus
one can describe G alternatively as

G={G=Ulgy : Ue U(L?) such that U(Hy) = Hp }.
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Moreover, there is a third algebraic characterization of G. Note that the
sesqui-linear form (-, -) is bounded and positive definite in H{, thus there
exists a positive operator A € B(H}) such that

(f.9) = [Af, 9] = [f, Agl.
Therefore, a straightforward computation shows that
(3.1) G ={G € GI(H}) : G*AG = A}.

From this characterization it becomes apparent that G is a closed subgroup
of GI(H}). We shall see in Section 3.1 that it is a Banach-Lie group, and a
submanifold of B(H;). Its Lie algebra is

I={XeB(H)): X*A+AX =0}.
Note that X € I' if

i.e. if X is antihermitic for the L2-inner product. Therefore one has the

following spatial characterization of I':
U ={X=Zy : ZeB(L*, 7" =-Z, Z(Hy) C H, }.

In fact, if X = Z|y as above, then the operator X : H; — H; veri-

fies (Xf,g) = —(f,Xg) for f,g € H}, and therefore is bounded in H}
by the uniform boundedness principle. Conversely, if X € B(H}) satisfies
(Xf,g) = —(f,Xg), then iX lies in B(H}) and it is symmetric for the

L?-inner product. It follows by Theorem 2.1 that iX extends to a bounded
self-adjoint operator on L2.

In order to understand G, it will be useful to provide some examples
of elements in G. As is standard notation, if f,g € H{, denote by f ® g
the rank one operator in B(H}) given by f ® g(h) = [h,g]f. Apparently,
(fog =g f If@gl = |fllgh, and if B,C € B(H), B(f ® 9)C =
Bf ® C*g.

Example 3.1.

(1) A straightforward verification shows that a unitary operator U on
Hj which commutes with A, belongs to G. Conversely, if a unitary
operator on H} belongs to G, then it commutes with A.

(2) Let f € Hj such that |f|o = 1. Then f®Af is a rank one idempotent:

(fRAf)? = (fRAf(Af = (f, Al )@ Af = (f. f) f®Af = f®AF.
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Note that f ® Af extends to an orthogonal projection on L?, if ®
Af €T and

el —¢if @ Af + (1 — f ® Af) € G.

By the above remarks, f ® Af is an orthogonal projection on H} if
and only if f is an eigenvector of A.

Let S be a finite dimensional subspace of H}, and let fi,..., fx a
basis of & which is orthonormal for the L2-inner product (-, -).
Then there exists a closed subspace T of H} such that S+ T = Hy,
and S, 7T are orthogonal for (-, -). Indeed, let

k
E=>Yf;®Af; € B(H).
j=1

Note that E(f) = Zf:z (f,f;) fj, i.e. E is the L? orthogonal pro-
jection onto §. Then T = ker(F). Let Uy be an operator in B(S),

which is isometric for the L%-norm | - |5, and put
G H& — H&, G|3 = Uy and G|T =1r.
Then it is easy to check that G € G.

The former two examples consist of operators which are of the
form 1 + compact (in fact finite rank). Let us show two examples
which are not of this form: multiplication and composition operators.
Let H%*(Q) be the space of complex-valued functions in L*°(£2)
such that their first partial derivatives in the distributional sense
also belong to L>(2). Pick § € H"*>(Q) satisfying |6(x)| = 1, and
consider My defined by

Myf(z) =0(z)f(z), v € Q.

Then, My is a linear operator which acts both in L? and H}. Tt is
a unitary operator in L?, and preserves Hj: clearly My(H}) C Hg,
and (My) "' (H}) = Mz(H}) C H}, ie. My(H}) = H]. Tt follows that
My € G.

Let ¢ : Q — Q be a volume-preserving C'! diffeomorphism such that
the partial derivatives 7 and (qp—l);j? i,7=1,...,n, are bounded
on Q. It is not difficult to show that the operator Uy, : Hy — H{,
Uy(f) = f o is an isomorphism (see e.g. [18, Proposition 2.47]).

Moreover, it also satisfies that

/Q () dz = / foyPde = / P |det(Dy)| da = / P da,
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where we have used that |det(Dvy~')| = 1. This shows that Uy € G.

3.1. Smooth structure. Now we prove the preceding statement about the
Lie algebra of G.

Lemma 3.2. The Lie algebra of G is I.

Proof. In order to prove this assertion it suffices to show that
I'={Y € B(H;): e €G for all t € R}.

If X € T, (X*)*A = (=1)*AX*. Then (eX)*A = A = Ae™™¥ =
A(e™)7 L e e* € G. Conversely, if e € G for all ¢, we may differentiate
the identity /¥ A = Ae™® at t = 0, to obtain Y*A = —AY. O

Lemma 3.3. Let G € G. The following assertions hold:

i) Let L be a half-line in the complex plane, from 0 to infinity. If
oy (G) N L =10, then there exists X € T’ such that e¥ = G.
i) If |G — 1]| < 1, then there exists X € ' such that e* = G.

Proof. i) We first note that one can consider G in place of G, where 6
is a suitable angle, to reduce the proof to the case where £ is the negative
real axis. Thus we will assume that £ is the negative real axis.

Since 0 ¢ 043 (G) and 0 ¢ o3 (G™), then it is possible to find a sim-
ple closed curve 7, which does not intersect £ and contains aHé(G) and
Op (G71) in its interior. In addition, we can choose v satisfying ¥ = 7.
From the assumption o (G) N L = 0, it follows that there is a well defined
branch of the logarithm, and X = log(G) can be defined using the Riesz

functional calculus. If v is counterclockwise oriented, then
1 — 1
XA = —2—m,/710g(z) (G*—2) TAdz = ~57 Llog(E)A(Gl —2z) tdz
1
= — [ log(2)A(G™" — 2)"tdz = Alog(G™') = —AX.
27 J5
Hence X € I', and the proof is complete.

i) Under the assumption [|G — 1| < 1, we have that op1(G) does not
intersect the negative real axis (note that 0 ¢ ¢1(G)). Then the result can
be deduced from 7). O

This lemma allows us to exhibit local charts for G, modeled on I':

Proposition 3.4. The group G s a real Banach-Lie group endowed with
the morm topology of B(H}).
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Proof. Let us consider the open subsets U = { X € B(H;) : op(X)
R+ i(—m,m) } and W = { G € GI(Hy) : arg(z) € (—7,7), V2 € o1 (G)
The exponential map of GI(H}), i.e.

-
).

exp:U =W, exp(X) = Z

1=0

X'I'L
nl
is a real analytic bijection (see [19, Lemma 2.11]). According to Lemma
3.3 i), it follows that exp(d N G) = W NT. Then a standard translation

procedure can be used to cover G. The smoothness of the group operations

follows from that of the group operations in GI(H}). O

Remark 3.5. In the case where 2 = R”, it was shown in [5] that G is
an algebraic subgroup of GI(H}). Hence the Banach-Lie structure of G
followed from a general result on algebraic subgroups (see [9, Theorem 1]).
It is noteworthy that G is an algebraic subgroup of GI(H}) for any open
set 2, and thus by the same result on algebraic subgroups, we have another

proof of the smooth structure of G.

3.2. The relationship with the equation u — Au = h. In this section
we assume that €2 is bounded and 0f2 is smooth. Let f,g : Q@ — C be C*°
functions with compact support contained in 2. Note that these functions

can be smoothly extended to R™ by setting to be zero on the complement
of 2. Then,

(f.9) = [Af.g) = (Af,g) + /Q VAf(x) - Vg(x)dr.

and by Green’s formula,

(f.9) = {f. Ag) /Q Af Agde = (f, Alg — Ag)).

Since this holds for any smooth function f, it follows that A(g — Ag) = g.
Thus, if we denote by h = g — Ag, then Ah = ¢. In other words, if ¢ is the
unique solution of the non-homogeneous Helmholtz equation

u— Au = h,
(3.2) { P
then Ah = g. If h € H}, then Ah = w, is the weak solution of (3.2). That
is, 1 — A is the unbounded right inverse of A in HZ, or equivalently, A is the
solution operator of equation (3.2). These facts are certainly well known (see
e.g. [18]). Moreover, if €2 is bounded and 0f2 is smooth, then A is compact. If
G € G, the equality G*AG = A can be interpreted as follows: G*ugp, = uy,
or putting h = G~ f,

G uy = ug-1y,
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which means that G intertwines solutions of (3.2).

Example 3.6. One simple example in which A can be explicitly computed
occurs when = (0,1). Let us compute its eigenvalues: u, = Ah = Ah
implies that u, — u) = %uh, le.

{ ug+(§—1)uh:0

Then, A\ = (k*m% + 1)~! with eigenfunction sin(k7z). If we normalize these

eigenfunctions in Hy, we get si(z) = \/192{?72+1 sin(krz) and

o

1
A:Zm S & Sk.

k=1

Example 3.7. Let Q C R? denote the open disk 22 4+ 3% < 1. In this exam-
ple, the eigenvalues and eigenfunctions of the Laplacian can be expressed
in terms of the Bessel functions .J,, (m > 0), which are defined by

Im(s ( ) ZFer ﬂ”)Lp+p+1)(§>2p7

where I" stands for the Euler Gamma function. We refer the reader to [18,

Example 34.2] for a detailed solution of the homogeneous Helmholtz equa-
tion in this example. It can be shown that the eigenvalues of the Laplace
operator are given by A\ = 22 jform=0,1,...and j =1,2,..., where z,
denotes the positive zeros of Jm. It is convenient to express the correspond-
ing eigenfunctions in polar coordinates:
T (2 1) ™? if m > 0,
em,;(1,0) = ¢ Jo(20,7) if m=0,
Jom(zomr)e™  if m < 0.

According to formulas (5.14.6) and (5.14.9) in [12],
1 s
0 ifj £k
I (2 i) I (2 i) AT = P ’
/0 ( N ) ( k ) { lJm+1(Zm,j) 1f] — k.

Then, it follows that
lem jle = VT | Tt (2im,)|-
Hence, the solution operator is given by

Z Zl—i— 2 st@sm],

m=—o0 j=1

. . 1+22 .
where the eigenfunctions s, ; = W em,; are normalized in H L
m m,j
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Example 3.8. In the case {2 = R", A can be explicitly computed. It is well
known that Hj(R") = H'(R™) (see e.g. [18, Proposition 24.9]), where the
latter is the space of functions in L*(R") with first partial (distributional)
derivatives also belonging to L*(R™). A function f € H'(R") if and only if
(1+€)2)/2f(€) € L2(R™), where f denotes the Fourier transform of f, and
the inner product is given by

(foa)= | (P ©FEE

Therefore, the solution operator is given by

—~ ~

Af(E) = wa(f)-

3.3. The extension map. As we stated in the introduction, we may iden-
tify G with the subgroup of the unitary group U(L?) given by

Ui (L) = {W e U(L?) : W(Hy) = H, }.
In fact, the map
(3.3) G — Uy (L), GG,

is a bijection, where G denotes the unique unitary operator G’ acting on L?
which extends the operator G € G. In what follows, we will endow Uy (L?)
with the operator norm topology of B(L?), while G will be considered with
the operator norm topology of B(H}).

Proposition 3.9. Let G1,G5 € G, then
IGy = Gollzy < max{ |G, G2 I} G1 — Go-

In particular, the map in (3.3) is continuous. The inverse of this map is not

continuous.

Proof. Note that operators in G are proper (see Section 2). In particular,
note that G* = G~ for any G € G. Denote by 1 (X) and rp2(Y’), respec-
tively, the spectral radius of X € B(H}) and Y € B(L?). Then,
IG1 = Gallse) = 11— G1 ™' Gallse)
=rp2(1l— Gl_léz) (since 1 — G Gy is normal)
<max{ry (1 -G 'Gy), rin((1 -GGy )}
=max{rm (1l —G{'Gy), rin (1 —Gy'Gy)}
< max{ |1 - G"Ge|, [1 -Gy Gil }
< max{ |G, |G | Gy = G,
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where in the first inequality we used Theorem 2.3. Combining the preceding
inequality with the continuity of the inversion map on G gives that the map
in (3.3) is continuous.

Now we are going to prove that the inverse of the extension map is not
continuous for any open subset 2 of R". Let x € Q and C := (a1,b1) X

. X (an, by) C Q be a neighborhood of x. Consider the following sequence
of smooth functions

b, Q = C, Oz, ) =it

Then, as we remarked in the fourth example of 3.1, the multiplication op-
erators My, belong to G. Given any f € L? such that |f|, = 1, note that

umgﬁ—f@=éwﬁﬁm—uﬂﬂwﬁm

_ 2/9 (1 _ cos (%)) (22 da

§2H1—cos (LNL%

n

Thus, || My, — 1|2y — 0. On the other hand, let f be a C*° function with
compact support such that f(x) =1 for x € C. We have

| My, (f) — fI Z/CVQHf'Vénfda::/0(3082(713:1)61:1:

2

b
1 T 1)
ay

= (by—az)...(bn —ay) (% cos(nzy) sin(nxy) + —

1
— 5([)1 — al)(bg — CLQ) . (bn — (ln) > 07

so that || My, — I|| - 0, and this shows that the inverse of the extension

map is not continuous. Il

4. NORMS AND SPECTRA OF ELEMENTS IN G

Note that if G € G, the equality G*AG = A implies that [|A| <
|AIG?, and thus ||G|| > 1. Examining the previous examples, it can

be shown that there are elements in G with arbitrarily large norm.

Example 4.1. (1) Consider Q = (0,1) and pick f(z) = sin(mz) +
sin(kmzx). Clearly |f|]o = 1. Thus, as in the second example of the
first section, G = e/ =l f@ Af +(1— f® Af) € G. Apparently,

|Gl > max{||f @ Af[, |1 - f @ Af|} = If @ Afl| = [fl.[Af]1-
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A straightforward computation shows that

1 1 1
2 2 _ 2(7.2
|f|1|Af|1—4<2+7T (k +1)) (7r2—{—1+k27rz+1)'

Therefore, for large k, the norm of GG can be arbitrarily big.

(2) Let 2 be an open and bounded subset of R such that 0f2 is smooth.
Under this assumptions, the operator A is compact. Let f € H} such
that |f|; = 1 and Af = \f, for some A\ # 0. Set § : Q@ C R" — C,
() = e*@it-+) for some k € R. Then,

My fJ? = (0F.01) + /Q Vof VO fd

:(f,f)+/|f|2|V9|2+2Ref9Vf-V9+|Vf|2d:c
Q
2| £|2 . 2 - (9f
=[f, 1+ [ nkP[fP+2fVf kde=1+nk*A+k> [ f->dr,
Q FERA Oz
where k = (k, ..., k). Since f € H}, integrating by parts,

/Qfaa—idx:—/gaa—ifdxzo.

1Mol > V1 + nk2A,

Therefore,

Since any operator G € G can be extended to a unitary operator G on
L? such that G(H}) = H{, it is clear that operators in G are proper and
Gt = G7!. Thus by Theorem 2.3 we know that

(4.1) or2(G) C aHé(G) U aHé(G—l).
Let us examine now the spectra of the examples 3.1.

Example 4.2. (1) If U is a unitary in Hj which commutes with A, then
clearly
opy(U) = o2(U),
and it is a subset of T = {z € C: |z| = 1}.
(2) Examples 2 and 3 in Section 3.1 are constructed as operators G act-
ing on a L*-orthogonal decomposition of H}, H} = S + T, with S
finite dimensional, and the operators acting as the identity on 7.
Therefore their spectra in B(H}) are finite, and consist of eigenval-
ues, and therefore are also eigenvalues of the extension G of G to L2.
In particular they are elements of T. It is apparent by construction,

that also in this case both spectra coincide.
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(3) As in Example 3.1.4, consider My, where 0 : 2 — C is an element
of H»*(Q), now with |6(z)| = 1. Clearly, o72(My) = R(0) C T, the
essential range of #. Also in this case the spectra coincide (though
none of the elements are eigenvalues). Indeed, if My — A = My_, is
invertible in B(L?), then the function § — A does not vanish in 2, and
moreover (6 — X)~!is also in H%*(Q). Then the operator My_y-1,
the inverse of My — X on L2 defines a bounded operator in H{,
and therefore My — X is invertible on Hj. Conversely, suppose that
M,— X is invertible in B(H}), and let B be its inverse. Since My—\ is
proper, it follows that B is proper if and only if Mz —\ = (My—\)*
is invertible in B(H_) (see [8, p. 148]). Using that My — A is bijective,
it is straightforward to show that Mj; — X is also bijective. By the
open mapping theorem, My — X is invertible in B(H}). Therefore B
is proper, and by Theorem 2.3, it has a bounded extension to LZ.
Hence A ¢ op2(Mp).

Example 4.3. The examples of elements of G so far have spectra in T.
There is an example by Gohberg and Zambickii [8], adapted by Barnes
in [4] to the case of a pair of Hilbert space norms, of an operator whose
extension is symmetric, but whose spectrum does not lie in the real line.
Namely, in this latter form, Barnes considers the Hilbert space 2, and the
dense subspace {3, consisting of sequences (a,),, such that Y >°  4"a2 < co.

Comparing with our situation, one has [, | in %, given by

[aa b] = i 4nan6n7
n=1

which makes ¢3 a (complete) Hilbert space, and the usual inner product
(-, ) of £, which is bounded in £3. This latter inner product is implemented
by a diagonal compact operator A, whose eigenvalues are 4%.

The above counterexample does not apply to our situation, where the
operator A is the solution operator. Let us reconstruct below the analogue

of Barnes’ example, and show that in our context, its spectrum is real.

Consider 2 = (0,1),

1
er(x) = V2sin(krz) , and sp(x) = —ex(z),
Tk
the eigenvectors of A, normalized, respectively, in L? and H} (where 7}, =
VE272 +1). Let T = S+ B in L? where S is the unilateral shift and B is the

backward-shift. Thus T is self-adjoint in L? and o2(T) C R. Apparently,
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T(Hg) C Hy. Indeed,

1 1
S(se) = —S(ew) = —(ews1) = tspnn.
Tk Tk
Analogously B(sy) = 7’;;15%_1 (putting eg = so = 0). Thusif f = S°~ | crsp,
N ~ N 72
k1 2
|5ﬂ§:‘ ch + 3k+1‘122|ck|2 k;-;—l'
— JE 1 Tk

2
The fractions 24* are bounded by 2. Thus

Tk

N
ISFE<2) el =213
k=1

It follows that S is bounded in Hy (and [|S]pgl < V/2). Analogously B is
bounded in Hy (with ||B|g]l < 1, because 7%;1 < 1). We claim that the
k

spectrum of 7' in H} is real, and coincides with its spectrum in L? (the

analogous of T in ¢ has non real spectrum). Indeed, let 77 in H] be given
by
T'(Sk) = Sk—1 + Skt1-
Clearly T" is self-adjoint in H}. Let T} be given by Tx/(sx) equal to T'(sy),
if £ < N, and to T"(sy) if K > N + 1. Since 7" and T}, differ on a finite
dimensional subspace, their essential spectra coincide: o.(Ty) = o.(T") C R.
On the other hand T'— T} (sx) = 0 if K < N, and
T — Th(si) = (272 — sy + (22— D)5,

Tk Tk
if £ > N + 1. In our case, where 2 = (0,1), these fractions tend to 1.
Therefore | T — T} || tends to 0. By the semicontinuity property of the (es-

sential spectrum), this implies that o.(7") C R. It was proved in [4], that an
extendable (or proper) operator, whose extension is self-adjoint, such as T,
has the property that o4, (7)) \ o.(T') consists of isolated eigenvalues of finite
multiplicity. As remarked before, these eigenvalues are necessarily real. It
follows that oy (T) C R.

However, modifying the example above one can obtain an element of G
whose spectrum as an operator of H}({2) is not contained in T.

Example 4.4. Let €2 be a bounded domain in R™ such that 0 is smooth.
We will show an example of a symmetrizable operator belonging to iI" with
non real spectrum. In particular, this implies the existence of an operator

in G with spectrum not contained in T.
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Let A be the solution operator of equation (3.2), whose eigenvalues are
related to the eigenvalues of the Laplacian in €. It is a classical result
by Hermann Weyl in 1911 [20], that the eigenvalues of the Laplacian of a
bounded domain €2 in R" grow as

0+ 1)\
o u(2) e
as k — oo. Since €2 is bounded and 0f)2 smooth, A is compact, and con-
sequently, there exists an orthonormal basis of eigenfunctions (ey), of L2
Moreover, the eigenfunctions (e ) belong to Hi. By a straightforward com-

putation taking into account the relationship between the L? and H] inner
products, it follows that s, = % is an orthonormal basis of H}, where

Yo = V14
The orthonormal basis (e ), can be used to define the following bounded
operator

S:L?— L S(ex) = ea, -
Set B = 5*. Note that
B(€k> = {

Then T = S + B is a self-adjoint operator on L?, so that o72(T) C R. On
the other hand, for any f € HJ, f = 220:1 CkSk, it is easily seen that

Y2k
ZI |2 < KI|f]3,

0, for k odd,

exs2, for k even.

Y2k
k:_SQk

Sl =

1

where K is a constant that bounds the convergent sequence (yox/Vk)x. In
a similar fashion, one can see that B is bounded on H}. Hence T(H}) C
Hj, and T turns out to be bounded on Hj. The expression of T in the
orthonormal basis of Hj is given by

L2k 6o for k odd,
T(sk):{ Sok or ko

Yk
72‘“3 o 4 L2 Sk/g, for k even.

We claim that o Hé(T) contains all the points inside and on the ellipse

) 1 )
A= V2e" + —e ™ 0 e0,2n].
% 9, 27]
To this end, note that due to Weyl’s asymptotic formula,
1
limﬁzw and limmz—.

Consider
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T'(s;) = Y250, for k odd,
k 2891 + % Skj2, for k even.

Then the operators T}, defined by Th (sx) = T'(sx) if K < N, and Ty (sx) =
T'(sg) if k > N+1, satisty || T4 —T|| — 0. Given € > 0, the semicontinuity of
the essential spectrum implies that o.(Ty) C 0.(T) + € for N large enough.
Since o.(T}) = 0.(1"), it follows that o.(T") C o.(T). So what is left is to
show that the ellipse is contained in ¢.(7”). To prove the latter, note that
the subspace

S =span{so : k>0}

reduces T". Then it follows that o.(PsT'|s) C o.(T"), where Ps denotes
the orthogonal projection onto S. But PsT"|s is a Toeplitz operator with
/2 under the diagonal and 1/3/2 over the diagonal. Thus o.(PsT"|s) =
o3 (PsT"|s), and according to a result by M. G. Krein [11, Theorem 13.2],
the spectrum of this Toeplitz operator is the above defined ellipse.

4.1. Image of the exponential map. The first examples of elements in
G given in Section 3.1 were operators G = Go @ I, where Gy acts in S with
dimS < oo, and § + T = H} an L?-orthogonal sum.

Proposition 4.5. If G = Gy & I+ € G as above, then there exists a finite
rank operator Z € I' such that

G = é2.

Proof. Note that G = 1+ F, where F' has finite rank (inside ). This implies
that the spectrum of G is finite and consists of eigenvalues of modulus
one and finite multiplicity. According to Theorem 2.3 iii), we know that
0r2(G) = oy (G) and the multiplicity of each non zero eigenvalue coincide
. Therefore there exists a self-adjoint operator Z of finite rank in L? such
that G = 2. Note that the eigenvectors of G are eigenvectors of G, so that
the eigenvectors of Z lie in H} and they are finite. Then Z(H}) C Hj, and
thus X = iZ|y; € T with G = . O

We point out a simple necessary condition on the spectrum of an operator
in G that belongs to the image of the exponential map.

Remark 4.6. If G = ¢¥, with X € T, we claim that 0.2(G) C o1 (G).
Indeed, let Z € B(L?) such that Z* = —Z and Z|; = X. Recall that from
[10, Theorem 2] we have that o72(Z) C o1(X). By the former set inclusion
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and a repeated application of the analytic spectral mapping theorem we find
that

op2(Ug) ={e* : Neop(Z2)) C{e: N¢e o (X)} = omi(G),
which proves our claim.

Next we study multiplication operators when the set €2 is bounded. The
following lemma about functions is probably well known, but we give a

proof bellow.

Lemma 4.7. Let Q2 be a bounded, connected and open subset of R™. If
0 € HY>°(Q), then 0 is Lipschitz on Q.

Proof. We may suppose that n = 2. Take two arbitrary points (x,y), (Z,7) €
Q). There exists a continuous curve 7 : [0,1] — € such that y(0) = (z,y)
and (1) = (z,y). Then it possible to approximate v by a polygonal with
segments parallel to coordinate axis. Moreover, each segment can be chosen
inside of Q. Let (z,y) = (z1,v1), (T2, 91), (X2, %2)s - -+, (Tiny Ym) = (Z,7) de-
note the vertices of the polygonal. Now recall that the function 6 is locally
Lipschitz because § € HY*(Q) (see [7, p. 131]). Therefore ¢ has partial
derivatives almost everywhere, and it also holds that locally the function
can be written as the integral of these partial derivatives. Then note that

RCARING/) 00
10(zj41,y5) — Oz, 95)] < |%($,yj)d17\ < H%HQOO (Tj41 — ;).
z;
A similar estimate holds for the other partial derivative. Since there are
always a finite number of steps from (z,y) to (Z,7), we get that

m—1 m
0(z,y) — 0@, 9)| <D _10(x5,5;) = 0(xs00,y)| + D 10(x5,55-1) — 0(x;, 95)]
j=1 =2

M, M,
< gglosl =21+ 15 llols ~

00 ol
<V2di Q — — —(Z,9)]
< Vadiam(®) max{ |5 g 5 o Hie0) = @9
O
Proposition 4.8. If Q is bounded and connected, its closure Q is simply

connected and 0 € HY(Q) such that |0(x)| = 1, then there exists a real

function a € H>*(Q) such that e’ =0, i.e.
M9 _ eiMa

Y

with Mz’a el.
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Proof. Consider the commutative Banach algebra A = C(£2, C) of complex

continuous maps in €2, with the norm

|floo = sup | f(z)].
€N
Let G 4 be the invertible group of A. The maximal ideal spectrum of A is ,
which by hypothesis is simply connected. Therefore, by the Arens-Royden
Theorem [16],

(4.2) Ga=1{e?: g€ A}

According to Lemma 4.7 the function 6 is Lipschitz. Thus, € can be extended
to a continuous function in Q. By equation (4.2) it follows that 6 = 9, for
some continuous function g on Q. Since |#(z)| = 1, it follows that g = ia,
with a real. In particular, note that a is bounded on 2.

Moreover, we claim that a € H"*(Q), and then it clearly follows that
M;,, belongs to I'. To prove our claim, recall that 6 is continuous, so that
10(z)—0(y)| < 2if [[z—y|| < J, for some § > 0. Therefore there is an analytic
branch of the logarithm for all the points close enough to a fixed z € €.
Then, e®) = ¢11080W) and a(y) = log(6(y))+2k7 by connectedness. Thus,
a has partial derivatives almost everywhere, and

Ja 1 Oa
— = | < 101,00 -
500 =505 5o W) <1l
Since theis bound is the same for any point, we conclude that o € H>°().

4

The same idea provides an example of an element in G which is not in
the range of the exponential, but it should be noted that in this example
we consider {2 a compact manifold (rather than an open subset), namely
Q =T. See [18, p. 232] for the definition of H' in this context.

Example 4.9. Consider €2 = T, and the function z. We claim that M, € G
does not belong to the range of the exponential map. Suppose that M, = eX
for some X € I'. Then X = M, for some g € H'. Indeed, put g = X1 € H'.
Since X commutes with eX = M.,

X2"=X(M,)"l = (M,)"X1=2"g=M,2",

for any integer n. It follows that X = M,. Therefore z = e*1 = €9, with g

continuous in T, which is a contradiction.
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5. STONE’S THEOREM IN G

Clearly, the positive operator A € B(H}) such that [Af, g] = (f,g) is
symmetrizable. According to Theorem 2.1, it extends to a bounded operator
on L2. Note that A has dense range, both regarded as an operator on L? or
H;g. The next elementary remark shows that A(L?) C H,. More precisely:

Remark 5.1. If A is regarded as an operator in B(L?), then AY?(L?) = H}.
To this end, let f € L? and (g, ),, be a sequence in H} such that |g,— f|s — 0.
Then A'2g, — AY2f in L2. Note that A'/2g, is a Cauchy sequence in H}.
Indeed, we have

’Al/g(gn - gm)ﬁ = [gn = Gm, A(Gn — gn)] = (9n — Gms Gn — Gm) = g0 — gmg'
It follows that A'/2f € H}, and thus AY2(L?) c H}. On the other hand,
if g € H}, since A2 has dense range, there exists a sequence (f,), in H}
such that |AY2f, — g|; — 0. The same computation above shows that (f,),

is a Cauchy sequence in L*:

|fn - fm|g = |A1/2(fn - fm)'%
Therefore there exists f € L? such that |f, — f|o — 0. Then AY2f = g.

Moreover, we have

(A FE = AN =) =71z
Hence A2 : L? — H} is a surjetive isometry.
Remark. The surjective isometry AY2 : (L2 ] - |o) — (HL,| - |) will be

denoted by A'? to distinguish it from the operator A'/? acting on L? or
H}.
There is yet another characterization of G:
Proposition 5.2. Let G be an invertible operator on Hy. There is a unique
unitary operator Ug € U(HY) such that UgAY? = AY2G if and only if
G € G. The map G — Ug is a group isomorphism from G onto the group
Upgairzy(Hy) = {U € U(Hy) - U(R(A'?)) = R(A'?)}.

Moreover, if Ad g2 : B(L*) — B(H}) denotes the C*-algebra isomorphism
implemented by the unitary transformation AY?, Ad 12(X) = AY2X A7V/2,
then

Ad q12({U € U(L?) : U(Hy) = Hy}) = Upgar/zy(Hy)-

Proof. The only if part is algebraic: if there exists such a Ug, then
G*AG = AV2ULUGAY? = A,
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thus G € G. To prove the other implication, note that when G € G, the
operator AY/2G is injective and has dense range. Therefore the isometric
part in its polar decomposition U|AY2G| extends to a unitary operator,
which we denote U = Ug. Note that

|A1/2G’ — ((AI/ZG)*A1/2G>1/2 — (G*AG)1/2 — A1/2,

and thus UgAY? = AY2G. The unitary Ug is clearly unique with this
property, and the mapping G +— Uy is a group homomorphism:

AYV2GLGy = Ug, Ug, AY? = Ug, g, AY?.

Clearly UgA'Y? = AY2G implies that Ug(R(AY?)) C R(AY?). Since the
same is true for Ug-1 = Ug ! equality holds. Pick a unitary operator U on
H} such that U(R(AY?)) = R(AY?). For f € H}, UAY?f € R(AY?), since
A2 is injective, there exists gy € H{ such that UAY2f = AY2g;. Thus a
map f +— gy is defined, which is clearly a linear bijection of H;. Moreover,
since U is unitary in H,

|fl2 = |[AYV2f| = [UAY2 |, = |AYV2gs |y = |gylo-

Thus f — gy extends to a unitary operator in L?, which by construction
fixes H}, thus G defined G f = gy, belongs to G, and clearly UAY? = GAY2.

Finally, a straightforward verification shows that A~Y2Uq5.AY? is a uni-
tary operator of L?, which extends G. Il

Corollary 5.3. The map G > G +— Ug € Upar/2y from Proposition 5.2
is a continuous group isomorphism (in the topology induced by the norm of

B(H})). Its inverse is not continuous.

Proof. Modulo the automorphism Ad 4, this homomorphism is the extension
map G — G (see Proposition 3.9). Il

Let G(t) be a strongly continuous one parameter group in G, i.e. for
teR, G(t) € G,G0) =1, G(t+s) =G(t)G(s), and for each f € H}, the
map t — G(t)f € H} is continuous. By Proposition 5.2, this gives rise to
a one parameter group of unitaries Ugq). Let us see first that Ug is also
strongly continuous.

Proposition 5.4. Let G(t), t € R, be a strongly continuous one parameter
group in G. Then Ugy is a strongly continuous group of unitaries in Hy.

Proof. Since the map G — Ug is a group homomorphism, it is clear that
Ugq) is a one parameter group of unitaries. The fact that Ug(t)Al/ 2 =
AY2G(t), implies that t — Ugy f is continuous for any f € R(A'Y?), which

is dense in Hj. By von Neumann’s extension of Stone’s theorem (see for
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instance [15, Theorem VIII.9]), which states that a one parameter group in
a separable Hilbert space, which is weakly measurable, is strongly continu-
ous, our result follows. Indeed, if f € H{, let (f,) be a sequence in R(AY?)
such that |f, — f|1 — 0. Then, for each t € R and g € H{,

On(t) = Uy fn, 9] = ¢(t) = [Ucw f, 9]-

Since the ¢, are continuous, it follows that ¢ is measurable. O

According to Stone’s theorem, there exists a (possibly unbounded) self-
adjoint operator S : D(S) C Hy — H} such that

Ug(t) =¢

Let us now relate S to the Lie algebra I'.

Remark 5.5. If G(t) is strongly continuous differentiable, i.e. if t — G(¢) f
is continuously differentiable for every f € H{, then the identity Ug)AY/? =
AY2G(t) implies that the function ¢ — Ug f is differentiable for any f €
R(AY?). Thus R(A'?) c D(S), and moreover, iSAY2f = AY2G(0)f.

On the other hand, G(0) is an everywhere defined operator in H}, which
has an adjoint. Indeed, G*(¢) is weakly differentiable, because

t= (G () f, 9] = [f,G(t)g]

is differentiable, and therefore its weak derivative G*(0) is an adjoint for
G(0). It follows that G/(0) is bounded. Thus, differentiating the identity

G*(AG@H)f = Af
at t =0 for any f € Hy, yields
G(0)*Af + AG(0) f = 0.

Therefore G(0) € T'. Moreover, X = iG/(0) satisfies X*A = AX. By The-
orem 2.4 there exists a self-adjoint bounded operator Sy in H} such that
SpAlY?2 = AY2X. Therefore, Sy = S, that is, S is bounded, and satisfies
S(R(AY?)) C R(AY2).

In the general case (G(t) strongly continuous), we have the following re-
sult. Let C§°(R) denote the space of smooth functions with compact support
on R. Let D C Hgy be the linear span of the vectors

fo= / " p(t)G() ft,

where f € H} and ¢ € C§°(R). This space D was used in the proof of
Stone’s theorem due to Garding and Wightmann (see [15]). The fact that



22 E. ANDRUCHOW, E. CHIUMIENTO, AND G. LAROTONDA

D is dense in H} is a general property of the space D for any underlying

Hilbert space.

Proposition 5.6. With the above notations, the following assertions hold:

i) The subspace D is dense in H}, satisfies that G(t)(D) C D for all
t €R, and for f € D, t — G(t)f is differentiable.
ii) The subspace AY?(D) is dense in HE, satisfies that Ug(t)(AY?(D)) C
AY2(D), and for f € AY2(D), the map t — Ug f is differentiable.
iii) S(AY2(D)) c AY2(D), AV*(D) is a core for S, and if f € D,

iSAY2f = AYV2G(0)f.

Proof. Pick p € C°(R) and f € H, then,

G = [ w16 +01ds = [ pls =G fds = fuy € D,

and clearly t — G(t)f, is differentiable. Since D C Hj is dense, and A has
dense range, then A'/2(D) is dense in H{. Moreover,

UcwA f, = AVPG(t) f, = AV [ _yy € AV*(D),
and it is also clearly differentiable as a function in ¢. Therefore
e"*(AY3(D)) = Usw(AY*(D)) € AV*(D)

for all + € R. This implies that A'/?(D) is a core for S (see [15, Theorem
VIIL11]). Finally, differentiating Ug A% f, = AYV2G(t)f, at t = 0, one
obtains iSAY2f, = AV2G(0)f,. O

6. INVARIANT FINSLER METRICS IN G

The group G preserves the norms in L2, the usual spectral norm and the
Schatten p-norms. Therefore it is natural, from a geometric standpoint, to

consider these norms to endow G with a Finsler metric. The tangent space
(TG)g of G at G identifies with

(TG)g = gI' = {GX : X € T},

Since the elements G' € G preserve the 2-norm || ||2, it is natural to consider,
in each tangent space, the norm

Ve = IVIlsw2-
Note that if V = GX, for X € I', then

Ve = 1GX |lsz2) = IGX 52 = |1 X I522):
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because G is a unitary operator in L?. This implies that this metric is bi-
invariant for the left and right action of G on itself. Note that the tangent
spaces are not complete with this norm.

We measure the length of a differentiable curve v in G, parametrized in
the interval I, as is usual, by

L) = [ 1@t = [ 150t

The rectifiable distance d, induced by the infima of the Ls-length of the
paths joining given endpoints is a continuous map when we give G the
natural topology as an open subset of the bounded linear operators on H_}.
However, the topology induced by this rectifiable distance on G is finer thus
what we have introduced is a weak Finsler metric on the manifold G.

Proposition 6.1. Suppose that G € G with |G — 1||g1y < 1. Then there
exists a curve 6(t) = e, with X € T such that 5(1) = G, which has
mainimal length among all curves in G joining 1 and G, and in particular

da(1,G) = || X || B(L2)-

Proof. By Lemma 3.3, there exists X € I' such that eX = G. Moreover,
X = log(G), with log being the branch of the logarithm with singularities
in the negative real axis. By the formula (4.1),

012(G) C o (G) Um-
Note that [[G'—1[| < 1 implies that o4 (G) C {2z € C: Re(z) > 0}. Then,
if X\ € opa(GT1), A= p~! with p € 043(G), and thus Re(A) > 0. It follows
that
012(G) C{z € C: Re(z) >0} NT = {e? : 0] < 7/2},

and therefore || X||g2y < m/2. Note that Ly(vy) equals the length of the
curve of unitaries in L?, measured with the Finsler metric given by the usual
operator norm on B(L?). Tt is a known fact that one parameter groups of
unitaries e/* have minimal length along their paths, for time ¢ such that
t||| X |lz2y < 7 (see for instance [1]). Therefore 6(¢) remains minimal for
|t| < 2, which proves our assertion. O

6.1. The subgroups G,. Let B,(H'), 1 < p < oo, be the Schatten ideals
of operators on H}. As usual, B, (H}) stands for the compact operators on
H}. We introduce the following subgroups:

G, =GN (I - B,(Hy)).
Clearly, G, C G, properly. Apparently, the Banach-Lie algebra I', of G, is
T, =TNB,(Hy).
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For the subgroup G, there is a stronger result on the minimality of
curves. First note that using Lemma 3.3, we obtain that any G € G, is of

the form G = ¥ for some compact operator X € I'.

Proposition 6.2. An operator G belongs to G, if and only if there exists
a compact operator X € I' such that eX = G

Proof. The sufficient part is clear. Note that the spectrum op (G) is finite,
or a sequence in T converging to 1. In particular one can always find a half-
line £ connecting 0 and infinity, which does not intersect UHé(G). Thus by
Lemma 3.3, there exists X € I" such that eX = G, namely
X = %/(llog(z)(G — z1)7'dz,

where « is a simple closed curve which does not intersect £ and encompasses
o3 (G). Note that since 1 € o1 (G), one can adjust the definition of log in
a way such that 0 € oy (X) (trimming eigenvalues which are multiples of
27i). It remains to prove that such X is compact. Note that G—z1 belongs to
the Banach algebra C1+ By, (H;), the unitization of the algebra B,,(H}) of
compact operators. Therefore (since log(z)(G—z1)~! is a continuous map in
z, defined on a neighborhood of o3 (G)), it follows that X € C1+ By (Hj),
i,e. X = A+ K. Since X is non-invertible, it must be A = 0. O

In particular, if G;,Gy € G, then there exists a compact operator

X €T such that Gy = eX@G;.

Theorem 6.3. Let G1,Gy € Go. Then there exists a compact operator
X €T such that the curve 6(t) = e'* Gy verifies §(1) = Gy and has minimal
length among all curves joining the same endpoints in G, (and in G ).

Proof. By the above Proposition, there exists X € I', which is compact
and verifies that eXG; = Gs. If | X||p2) < w, the result follows using
the same argument as in Proposition 6.1, with the (unitary extension of
the) curve 6(¢t) = ¢ Gy. Suppose otherwise, then there exist finitely many
eigenvalues A of X, such that |A| > 7. Pick one such \. If P is the spectral
projection in L? associated to A, then P(H}) C H;. Indeed, the eigenvectors
of the extension of X to L? belong to H} (see Theorem 2.1 4ii)). Therefore,
iP|gys € I'. There exists an integer m such that |A — 2mmi| < 7. Then
X' = X —2mmiP €T is compact, and clearly verifies eX" = eX. Replacing
in this fashion all the eigenvalues (finite in number) which lie outside [—, 7]
yields a compact operator X, such that eX°G, = G, U

Proposition 6.4. If G € G,, then there exists X € I', such that || X|| <=
and X = G.
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Proof. By Proposition 6.2, there exists a compact operator X € I' with
| X]| < 7 such that e¥ = G. It remains to prove that X € B,(H;). The
proof is similar to that case: consider now the Banach algebra C1+ B,(H}),
the unitization of B,(H}), which is a Banach algebra with the p-norm. Since
log(z)(G—=21)""is continuous in the p-norm topology, it follows X = A\1+K,
with K € B,(Hy). Again, since 0 € o1 (X), A = 0. O

Since T, C B,(H;), a natural metric to consider in G,, which takes
account of the specific spectral properties of the elements in G, should be
related to the p-norm. On the other hand, as remarked at the beginning
of this section, we want the metric to be invariant by the action of the
group. By Theorem 2.1, the operators X € T',, when extended to L?, are
compact and antihermitic. Moreover, the eigenvalues and multiplicities of
the extension remain the same as for X. By a classical inequality of Lalesco
[13] (see also [17]), the p-norm of the sequence of eigenvalues of X is bounded
by the p-norm of the sequence of singular values of X. The former equals
the p-norm of the extension of X to L? (because X is antihermitic there),
the latter is the p-norm of X in H}. Thus,

(6.1) X2y < 1X -
We define the following metric in G,: if X € (T'G,)¢, then
1Xlpe = 1X |02

Theorem 6.5. Let G1,Go € G,. Then there exists X € I'), such that the
curve §(t) = X Gy in G,, verifies 6(1) = Go and has minimal length for the
above defined metric, among all smooth curves joining the same endpoints
in G,.

Proof. By Proposition 6.4, there exists X € I') with ||X||g2) < 7 such
that Gy = eXG4. The result now follows as with G, using the that in the

classical unitary groups
U, (L?) ={G € U(L*) : G — 1€ B,(L*},

curves of the form X, where X is antihermitic, have minimal length for the
p-norm for |t| <1 provided that || X||g2) < 7 (see [2] for the case p > 2 or
3] for the general case). O

Remark 6.6. Using Lalesco’s inequality, one may prove the inequality in
(6.1) for any symmetric norm in the sense of [17]. Moreover, our last re-
sult on minimality of curves can be carried out in the general setting of
symmetrically normed ideals.
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