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Abstract

In many animals, regenerative processes can replace lost body parts. Organ and tissue
regeneration consequently also hold great medical promise. The regulation of regen-
erative processes is achieved through concerted actions of multiple organizational
levels of the organism, from diffusing molecules and cellular gene expression patterns
up to tissue mechanics. Our intuition is usually not adapted well to this degree of com-
plexity and the quantitative aspects of the regulation of regenerative processes remain
poorly understood. One way out of this dilemma lies in the combination of
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experimentation and mathematical modeling within an iterative process of model
development/refinement, model predictions for novel experimental conditions, quan-
titative experiments testing these predictions, and subsequent model refinement. This
interdisciplinary approach has already provided key insights into smaller scale processes
during embryonic development and a so-far limited number of more complex regen-
eration processes. This review discusses selected theoretical and interdisciplinary studies
and is structured along the three phases of regeneration: (1) initiation of a regeneration
response, (2) tissue patterning during regenerate growth, (3) arresting the regeneration
response. Moreover, we highlight the opportunities provided by extensions of mathe-
matical models from developmental processes toward the study of related regenerative
processes.

1. INTRODUCTION

The regeneration of lost body parts is a spectacular biological phenom-

enon (Goss, 1969; Stocum, 2012; for recent reviews, see Birnbaum &

Sánchez Alvarado, 2008; Tanaka & Reddien, 2011). In general, the tissue

remaining after amputation or autotomy induces one of two alternative

responses: scar formation versus regeneration (Fig. 10.1A). Scar formation

on the wound site prevents the regenerative response but is not at all under-

stood in evolutionary terms (Bely & Nyberg, 2009). We can speculate that

scar formation is a compromise solution that the evolution of complex

organisms had to face, in analogy to a frustrated system (Binder, 2008). Most

tissues in higher organisms follow this fate of scar formation when damaged.

On the regeneration-competent side, the fresh water polyp Hydra initi-

ates a successful and robust regenerative response after head amputation

(Browne, 1909; Galliot, 2012; Trembley, 1744) and even from small cell

aggregates (Gierer et al., 1972). The more complex planaria (e.g., Schmidtea

mediterranea) regenerate the entire body plan from almost any tiny body frag-

ment (Gurley, Rink, & Sánchez Alvarado, 2008; Morgan, 1904). A regener-

ative response can also be found in some vertebrates (Brockes &Kumar, 2005;

Murawala, Tanaka, &Currie, 2012; Tanaka, 2003). The zebrafish (Danio rerio)

regenerates the fin and parts of the eye, heart, and brain (Poss, 2010). The

salamander Amblystoma mexicanum, as its most spectacular feat, regenerates

the entire limb after upper-limb amputation (Goss, 1969; Nacu & Tanaka,

2011). More complex organisms like mammals still regenerate blood,

bone, skin, and liver. Organ and tissue regeneration consequently also hold

great medical promise. However, the understanding of design principles
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Figure 10.1 Mathematical models of cell proliferation, apoptosis, and cell migration.
(A) A hypothetical switch illustrating that after amputation, some tissues regenerate
whereas others in the same organism, or at an older age or in a closely related species,

(Continued)



remains poorly understood even in the regeneration-competent model

organisms. Such understanding is an absolute prerequisite for future medical

applications.

Regenerative processes occur broadly throughout the animal kingdom

but even closely related species like different planarian species possess very

different regenerative capacities and many lower organisms are not capable

of a robust regenerative response (Bely & Nyberg, 2009; Liu et al., 2013;

Tanaka, 2003). Moreover, not all tissues of the salamander regenerate as

its limb does despite the same genetic toolbox available throughout the indi-

vidual. Often the regenerative capacities gradually fade out from embryonic

stages toward adulthood (Brockes & Kumar, 2005). Since the same cause,

amputation, triggers two different fates (scar formation vs. regeneration)

in closely related species, in different tissues of the same individual and

embryonic versus adult tissue of the same organism, this decision can be

viewed as a switch on a largely invariant hardware (Fig. 10.1A). This switch

can be tuned by quantitative parameter changes within the regulatory system

of the whole tissue. Therein, complex signaling networks including feed-

back loops play an important role and bridge across spatial scales from sig-

naling molecules to tissue mechanics.

Figure 10.1—Cont'd only close the wound with a scar. Hence the same regulatory
systems may be tuned differently to arrive at opposite decisions. (B–E) Epimorphic
responses modeled by the continuum approach. (B) Switch from steady-state cell den-
sity to exponential growth at time ta¼5 days (mimicking the response to amputation)
by keeping the differentiation rate d¼constant and increasing the proliferation rate r
from r0¼0.2 to r1¼0.5 day–1, corresponding to a shortening of the cell cycle from
Tc0¼3.5 to Tc1¼1.4 days (see Eqs. 1–5). (C) Same as (B) but without changing the pro-
liferation rate r and instead stopping differentiation (d¼0). Again, the “tissue” responds
with exponential growth (Eq. 4). (D) It is assumed that amputation at time 0 induces a
logistic growth with carrying capacity of the population K¼900 cells, as indicated (see
Eq. 9). (E) Apoptosis modeled as a linear decay process with a decay rate a¼0.02 day–1

yields exponentially decaying cell density (see Eqs. 10–11). In (B–E) the initial number of
cells N0 is chosen to be 100. (F–H) Mechanisms related to morphallaxis. (F) Random cell
migration modeled as cell density diffusion in a one-dimension space (see Eq. 13–14).
(G) Directed cell migration driven by chemotaxis. The N cells can diffuse in a one-
dimensional space and are guided by the gradient of the concentration C(x,t) of a
biochemical signal. (H) The signal C is produced by the cells, diffuses freely, and
undergoes linear degradation (see Eqs. 16–19). The initial state is a homogeneous dis-
tribution of cells (G) and a peak of signal in the center of the domain (H). Zero-flux
boundary conditions have been applied in (F, G, H).
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These regulatory and quantitative aspects of regenerative processes

remain poorly understood but we can now harness a complementary per-

spective. The integration of experiments with mathematical models enables

us to gain mechanistic understanding of complex systems (Epstein, 2008;

Fletcher, 2011; Murray, 2002, 2003). The scientific process of model devel-

opment integrates and orders the wealth of experimental evidence, knowl-

edge, and data with the goal to generate a comprehensive mechanistic

understanding of complex processes. Hence the mathematical model is a

tool, not the goal itself, in an iterative and interdisciplinary process. Math-

ematical modeling also entails the critical assessment of relevant versus less

relevant system variables and regulatory interactions. Each mathematical

model component is precisely defined and can be monitored during analyt-

ical or numerical model analysis, and each component can be modified or

perturbed in any desired manner. Simulating a mathematical model corre-

sponds to in silico experimentation and unfolds predictive power.

An example for the successful integration of experimentation and math-

ematical modeling is the seminal work by Hodgkin and Huxley (Hodgkin &

Huxley, 1952). By measuring the axonal membrane depolarization under

different conditions and linking these different observations with the help

of a single mathematical model, they inferred the essential gating properties

of ion channels before these molecules themselves had been identified. This

ground-breaking work was then extended by many others, notably Noble

and coworkers developing a comprehensive model of the heart including

tissue mechanics and detailed kinetics of the ion channels in several cell types

(Noble, 1962, 2002). During this incremental model development, there

coexisted multiple contradicting hypotheses and quantitative comparison

of model predictions to experiments resolved many of these disputes.

Hence mathematical modeling is also a powerful tool for rigorously test-

ing and excluding hypotheses. Moreover, mathematical modeling can iden-

tify some experimental observations as the inevitable consequence of other

pieces of evidence. This approach can also reveal the presently unobservable

that is too fast, too slow, too small, too big, too few, or too many for today’s

measurement technologies. For developmental and cellular processes, there

are already many examples where deeper understanding was enabled

through mathematical modeling (examples include Brusch, Lorenz,

Or-Guil, Bär, & Kummer, 2002; de Back, Zhou, & Brusch, 2013; del

Conte-Zerial et al., 2008; Foret et al., 2012; Gierer & Meinhardt, 1972;

Käfer, Hayashi, Marée, Carthew, & Graner, 2007; Merks, Glazier,

Brodsky, Goligorksy, & Newman, 2006; Nakakuki et al., 2010; Schröter
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et al., 2012; Starruß et al., 2012; for recent reviews, see Kondo & Miura,

2010; Lewis, 2008; Meinhardt, 2012; Oates, Gorfinkiel, Gonzalez-

Gaitan, & Heisenberg, 2009; Tomlin & Axelrod, 2007). Comparatively

fewer mathematical models have been developed for regenerative processes

of animals so far. These mathematical models and the insights they provided

form the core of this review.

This review is structured along the three phases of regeneration: (1) ini-

tiation of a regenerative response, with a systematic comparison of mecha-

nisms that expand the regenerate; (2) tissue patterning during regenerate

growth, with a focus on basic pattern formationmechanisms and their impli-

cations in organizer regeneration; (3) arresting the regeneration response

when the lost tissue portion has been replaced, requiring a tissue-size sensing

mechanism that works for initial tissue loss of unpredictable size and at

unpredictable locations. We discuss selected results from mathematical

models of regeneration processes and highlight the opportunities of exten-

sions of models of developmental processes toward the study of related

regeneration processes. We then list open problems for which we expect,

during the coming years, substantial progress through the interdisciplinary

application of mathematical models.

2. MODELS FOR THE INITIATION OF A REGENERATIVE
RESPONSE

2.1. Epimorphosis versus morphallaxis
Successful tissue regeneration implies that the injured region, as the most basic

of many aspects, restores its cell number. From a naı̈ve perspective, there are

three possible and general mechanisms to accomplish that: (1) by inducing

proliferation of the preexisting cells close to the amputation plane, (2) by

inducing migration of cells coming from noninjured areas, or (3) by reducing

the loss of proliferating cells through differentiation and apoptosis close to the

amputation plane. Essentially, the first mechanism is known as epimorphosis

while the second one, if only differentiated noncycling cells would respond,

is called morphallaxis (Agata, Saito, & Nakajima, 2007). If cycling cells migrate

into the regenerate then we speak of epimorphosis again. It is reasonable to

assume that proliferation and apoptosis balance each other under homeostatic

conditions, that is, before the amputation. Since cell death inhibition leads to a

net cell number increase, the third mechanism above could be classified as

another case of epimorphosis. Interestingly, this last mechanism is apparently

not exploited by nature. On the contrary, it was demonstrated that apoptosis is
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actually enhanced after head amputation in Hydra and it is necessary to

regenerate the missing head after mid-gastric bisection (Chera et al., 2009).

Analogously, in mice apoptosis would be activated to promote wound healing

and tissue regeneration via the so-called phoenix rising pathway

(Li et al., 2010).

To mimic the regenerative response, a realistic mathematical model has

to include the possibility of involving either epimorphosis or morphallaxis.

In particular, cell proliferation and migration as well as cell differentiation

and apoptosis should be considered.

2.2. Modeling cell proliferation, differentiation, apoptosis,
and migration

The process of epimorphosis can be attributed to a number of stem cells

whose proliferation is activated. A simple mathematical model describing

stem cell proliferation and differentiation is

dN

dt
¼ rN �dN , ð10:1Þ

whereN(t) is the density of proliferating cells within some volume at time t, r

is the proliferation rate (defined as the rate of total cell number increase

divided by the number of proliferating cells), and d is the differentiation

rate (defined as the rate of differentiated cell number increase divided

by the number of proliferating cells). The following initial condition is

chosen:

N t¼ 0ð Þ¼N0: ð10:2Þ
The proliferation rate r can in a first attempt be approximated as a con-

stant r0 in homeostatic conditions that increases immediately after amputa-

tion (at time ta) and remains constant afterwards:

r ¼ r0¼ d if t< ta ð10:3Þ
r ¼ r1> d if � ta,

where r1> r0. The differential equation (Eq. 10.1) can be easily solved to

obtain the expected homeostasis before amputation and exponential growth

expression after amputation (Fig. 10.1B):

N tð Þ¼N0e
r0�dð Þt ¼N0 if t< ta ð10:4Þ

N tð Þ¼N0e
r1�dð Þ t�tað Þ if � ta:
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An alternative for increasing the cell number without speeding up the

cell cycle, that is, r¼ r0¼ r1, is to stop to differentiate cells (d¼0 after ampu-

tation) and let newly formed stem cells proliferate further. Then again, the

homeostatic state with constant cell number turns into an exponential

growth phase whereN ¼N0e
r t�tað Þ (Fig. 10.1C). These twomodels describe

the behavior of a number of cells which all divide exactly at the same rate r.

From the exponential cell number expression, the cell cycle length TC is

straightforwardly extracted:

TC¼ ln 2ð Þ
r

ð10:5Þ

This quantity can be experimentally estimated by means of

Bromodeoxyuridine (BrdU) labeling. This methodology involves a synthetic

nucleoside analogueof thymidine that canbe incorporated into replicatingcells

during S phase of the cell cycle. The cell cycle length is extracted from the

experiments of BrdU labeling by means of a mathematical model proposed

more than 20 years ago (Nowakowski, Lewin, & Miller, 1989). The standard

model assumes that all the cells dividewith the same rate; that is, they constitute

a homogenous growing population. Themodel has been applied to character-

ize cell proliferation during nervous system development (Gonsalvez et al.,

2013) as well as adult neurogenesis (Ponti et al., 2013) to mention just two

recent examples.

The model described by Eq. (10.1) implies that all the cells proliferate

with the same proliferation rate r. It could be the case that the tissue is com-

posed by different cell subpopulations differing precisely in this parameter

and in the initial conditions. For instance, tissue amputation could activate

the proliferation of n different cell subpopulations:

N ¼N1þN2þ�� �þNn ð10:6Þ

And each of them could proliferate ruled by the following equations:

dNi

dt
¼ riNi ð10:7Þ

Ni t¼ 0ð Þ¼Ni0 ð10:8Þ

Not all the cell subpopulations would equally contribute to the overall

proliferation kinetics induced by the amputation, this being controlled by

the proliferation rates and the initial conditions.
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According to the model, once the amputation is performed, each cell

subpopulation starts to grow exponentially. But this assumes that there is

no impediment related to the space or to the availability of resources. If this

would be the case, a logistic growth model can be applied for each

subpopulation:

dNi

dt
¼ ri 1�Ni

Ki

� �
Ni ð10:9Þ

where the constants Ki represent the carrying capacity of the medium for

each subpopulation i. Once each subpopulation size approaches its carrying

capacity, the growth velocity shrinks (Fig. 10.1D). This model was success-

fully applied in many fields including ecology (Sibly, Barker, Denham,

Hone, & Pagel, 2005) as well as microbiology (Brusca, Irastorza, Cattoni,

Ozu, & Chara, 2013) among many others.

The processes of stem cell proliferation and differentiationwere considered

in mathematical models of the hematopoietic system (Marciniak-Czochra,

Stiehl, Ho, Jäger, & Wagner, 2009; Nakata, Getto, Marciniak-Czochra, &

Alarcón, 2012; van der Wath, Wilson, Laurenti, Trumpp, & Liò, 2009). In

these models, there is a termworking as a “sink” in the stem cell compartment

which is equal to a corresponding term conceived as a “source” in the

multipotent progenitor cells. The “sink” corresponding to the stem cell differ-

entiation ismathematically analogous to aprocess of cell death. Indeed, thepro-

cess of apoptosis of differentiated cells can also bemodeled as a first-order decay

process:

dNi

dt
¼�aiNi, ð10:10Þ

where ai is the apoptosis rate of cell subpopulation i. The solution of this

equation is again straightforward (Fig. 10.1E):

Ni tð Þ¼Ni0e
�ait ð10:11Þ

Considering proliferation (with logistic growth) and apoptosis together

yields:

dNi

dt
¼ ri 1�Ni

Ki

� �
Ni� aiNi ð10:12Þ

If the density of proliferating cells is much smaller than their carrying

capacity then the logistic expression converges to Eq. (10.7) in which the
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parameters ri of this expression correspond to ri�ai of Eq. (10.12). There-

fore, proliferation, differentiation, and apoptosis can all be accounted for by

the same simple expression in the continuum formalism for the cell density.

The previous ordinary differential equations constitute deterministic

models of stem cell proliferation and differentiation as well as apoptosis of

differentiated cells. N, the cell density, represents the average density of stem

cells and progenitors which may change or not in time and/or space. When

spatiotemporal experimental information of stem cells and progenitors is

available, stochastic modeling had demonstrated to be an interesting alterna-

tive. For instance, by assuming subpopulations of stem cells stochastically

dividing by symmetric or asymmetric cell division, Simons and coworkers

could explain tissue homeostasis of intestinal crypt (Snippert et al., 2010),

esophageal epithelium repair (Doupé et al., 2012), as well as the clonal dis-

tribution of retina (He et al., 2012).

As mentioned earlier, amputation could induce epimorphosis but also

morphallaxis. The involved process of random cell migration (for directed

migration, see below) in a continuous formalism can be modeled as diffusion

of cell density N (Murray, 2002):

dN

dt
¼D

@2N

@x2
, ð10:13Þ

where the parameter D is the diffusion coefficient of the moving cells and is

related to the mean squared displacement of cell trajectories. The model pre-

dicts that cells that are initially restricted to a localized spatial region will

spread over the whole space. In the continuous framework, the initial con-

dition could be modeled, for instance, by a Gaussian distribution:

N t¼ 0, xð Þ¼Ae x�mð Þ2=s2 ð10:14Þ

The relevant parameters of the initial condition are m and s, the location
and the width of the spatial distribution with approximately 95% of the cell

population being localized between m�2s and mþ2s. The spatial distribu-
tion of N, which initially started as a narrow distribution with a ratio m/s
higher than one disseminates all over the space (Fig. 10.1F) and concomi-

tantly decreases this ratio. In the same vein than what was discussed for pro-

liferating cells, this model can be generalized by assuming more than one

subpopulation of motile cells, each one characterized by a diffusion coeffi-

cient Di:
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dNi

dt
¼Di

@2Ni

@x2
ð10:15Þ

In the framework of regeneration, this model can be applied to explain

how the reduction in the cell number in the wound induces a movement of

cells coming from the remaining cells in the neighboring (and more popu-

lated) regions.

Another interesting possibility is to assume that cells migrate by chemo-

taxis, for example, guided by the gradient of a chemical factor (Murray,

2002):

dN

dt
¼DN

@2N

@x2
�a

@

@x
N
@C

@x

� �
ð10:16Þ

dC

dt
¼ hN �kCþDC

@2C

@x2
ð10:17Þ

The model considers a signaling molecule of concentration C(x) which is

produced by the cells N(x). The cells are able to diffuse, as in the previous

model, and the parameter controlling this process is the cell diffusion coeffi-

cient DN (first term of the right-hand side of Eq. 10.16). The signal is pro-

duced at a rate which is proportional to the number of cells N, is linearly

degraded and follows diffusion (first, second, and third term of the right-hand

side of Eq. (10.17), respectively). The interesting feature of the model can be

found in the second term of the right-hand side of Eq. (10.16). This term

encodes the chemotactic behavior: the cells distribute over space driven by

the spatial gradient of C and controlled by the parameter a. Therefore, the
“flux” of chemoattracted cells is maximal where the spatial gradient also shows

a maximum. By starting with the following initial conditions:

C t¼ 0, xð Þ¼Ae x�mð Þ2=s2 ð10:18Þ
N t¼ 0, xð Þ¼N0, ð10:19Þ

the cells “follow” the gradient ofC. Hence, the cells orient forming a spatial

pattern although they started homogeneously distributed. Figure 10.1G and

H shows how the initial signal distribution widens due to diffusion but then

approaches a stationary profile as the attracted cells provide a localized source

of further signal. The neighborhood of the cell aggregate is depleted of cells

and cell density remains unchanged at distances larger than
ffiffiffiffiffiffiffiffiffiffiffiffi
DC=k

p
where

the signal has decayed. The homogeneous state is stable for large enoughDN.
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As mentioned, the initiation of the regenerative response involves cell

proliferation, differentiation, apoptosis, and cell migration as the key cellular

processes. All of them were included in the models containing systems of

ordinary or partial differential equations shown in this section. This contin-

uous approach also plays an important role in the so-called reaction–

diffusion models (RDMs) of organizer regeneration discussed in the next

section.

3. MODELS FOR TISSUE PATTERNING DURING
REGENERATE GROWTH

Nonmathematical as well as mathematical models were proposed to

understand the process of tissue patterning during regenerate growth.

Among the first class, the polar coordinate model (PCM) was a very influ-

ential model proposed to understand the process of regeneration (and spe-

cially the role of intercalation) in insect imaginal discs, insect legs, and

amphibian limbs (Bryant, French, & Bryant, 1981; French, Bryant, &

Bryant, 1976; reviewed inNacu&Tanaka, 2011). As a step from the first into

the second class, Meinhardt developed the mechanistic boundary model that

yields the PCM-rules en passant (Meinhardt, 1983). Mathematical models of

pattern formation have traditionally received much attention (Gierer &

Meinhardt, 1972; Kondo & Miura, 2010; Meinhardt, 1982; Murray, 2003;

Turing, 1952). Whereas the fundamental principles appear rather well under-

stood today,we still lack a one-to-one correspondence between essential com-

ponents in the theory of pattern formation and specific sets of molecules

andgenes.The latter is slowly emerging fromstudiesof particularmodel organ-

isms asHydra and planaria as well as mammalian organs. Another well-studied

system of embryonic development, the Drosophila wing imaginal disc, is now

alsomoving into the focus of regeneration studies (Martı́n,Herrera, &Morata,

2009). Salamander limbs have attracted significant modeling efforts (reviewed

in Newman et al., 2008; Nacu & Tanaka, 2011). In this section, after empha-

sizing the role of spatial scales for molecular positioning systems, the contribu-

tions of the so-called RDMs of organizer regeneration are discussed, with

special emphasis on the Gierer–Meinhardt model in the context of Hydra

regeneration (Gierer & Meinhardt, 1972; Meinhardt, 1982). While these

continuum approaches have proven successful as descriptions for density

patternsof cells andmolecules, cell-basedmodels allow to incorporate and infer

additional cellular properties including cell polarity, cell shape, and cell

mechanics (Deutsch & Dormann, 2005). We end this section showing how
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such a cell-basedmodel has been used to elucidate themechanisms responsible

for liver regeneration in mice after intoxication with a prototypical inducer of

pericentral liver damage (Höhme et al., 2010, 2007).

3.1. Embryological versus regeneration spatial scales, Crick’s
diffusion estimation

Based on the works of Wolpert (Wolpert, 1969) and Child (Child, 1941),

Crick highlighted the role of diffusion in embryogenesis by putting forward

the Source–Sink model (Crick, 1970). He considered a simple one-

dimensional model constituted by a linear array of n spherical cells, each

of diameter d (Fig. 10.2). Additional important model assumptions are:

(1) The first cell on the left works as “source” of a certain biochemical sig-

nal while the cell, with number n, on the right constitutes a “sink” of

this signal.

(2) The diffusion coefficient of the signal of low molecular weight (such as

ATP) in an aqueous medium would be D�2.7�10–7 cm2 s–1.

(3) The time t needed to set up a signal gradient would be about 3 h (close

to the time suggested by Wolpert).

Crick calculated n, the number of cells constituting the line, as follows:

n¼
ffiffiffiffiffiffiffiffiffi
2 tD

p

d
ð10:20Þ

…

7000 350
x (µm)

d = 10 µm 

1 2 3 n-1n-2 n

C
(A

.U
.)

Source Sink

Figure 10.2 Source–Sinkmodel. Themodel, proposed by Francis Crick in 1970, considers
a putative morphogenetic signal at concentration C produced by a source located at
x¼0 and degraded by a sink at the opposite boundary (x¼700). A linear array of n cells
of diameter d¼10 mm is considered. By analyzing this model, Francis Crick showed that
diffusion can play an important role in embryonic development. The figure has been
reprinted and modified, with permission, from Crick (1970).
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If the cell diameter d is 10 mm, the line would be covered by n¼70 cells.

More than four decades later, the idea is still appealing (Schier & Needleman,

2009). Indeed, although morphogens like Wnt have a molecular weight

higher than 30 kD which could change the diffusion coefficient and, conse-

quently, the number of cells involved (Shimizu, 2012) the simplicity of the

above calculus is remarkable. Independent arguments on the necessary balance

between gradient precision and robustness argue for the same number of cells

spanning the gradient (Lander, Lo, Nie, & Wan, 2009). Moreover, experi-

mental evidence for Fgf8 morphogen gradients in living zebrafish embryos

supported Crick’s idea qualitatively, where the “sink” in the zebrafish example

corresponds to the signal-receiving/endocytosing cells (Yu et al., 2009).

The success of the Source–Sink model implies that a diffusive mechanism

is sufficient to explain the establishment of morphogenetic gradients in embry-

onic development. Could this model be useful to understand the processes of

regeneration? In principle, the distances and the times involved in regenera-

tion seem to be higher than those implicated in development. Hence,

although diffusion of signaling molecules could play an important role in

regenerative processes, other mechanisms should as well be considered.

3.2. RDM of organizer regeneration
A fundamental andwidely appliedmodel of self-organizing and regenerating

tissue patterns is the RDM. The RDM encompasses coupled positive and

negative feedback loops in reaction systems or signaling systems which

can dynamically self-organize spatial patterns starting from random initial

distributions of the components given different ranges of their spatial influ-

ence (Gierer & Meinhardt, 1872; Kondo & Miura, 2010; Meinhardt, 1982;

Meinhardt, 2008; Turing, 1952).

A typical example of the RDMwith two coupled components is defined

by two partial differential equations

du

dt
¼ f u, vð ÞþDu

@2u

@x2
ð10:21Þ

dv

dt
¼ g u, vð ÞþDv

@2v

@x2
ð10:22Þ

where u(x,t) and v(x,t) represent the concentrations of two biochemical spe-

cies, which react according to the arbitrary functions f(u,v) and g(u,v) of the

two concentrations and which diffuse with the diffusion coefficients Du and

Dv. The two reaction terms f(u,v) and g(u,v) capture in a lumped or abstract
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manner how a possibly long reaction or signaling pathway regulates u and v

in response to the state of u and v.

A version of the RDMwith linear functions f(u,v) and g(u,v) was proposed

and studied analytically and numerically by Turing (Turing, 1952). He discov-

ered the productive role of diffusion for the self-organization of spatial patterns

from random initial distributions and derived a quantitative criterion for the

onset of pattern formation as a function of reaction rates and diffusion con-

stants, Eq. 10.23. Turing focused on the instability of a homogeneous system

toward periodic patterns, not on the self-organization of monotonous gradi-

ents. Also, the properties of the self-organized stationary pattern were not in

the focus of this seminal work and could not be studied in this linear version of

the RDM since they are determined by the nonlinearities, for example, sat-

uration due to Michaelis–Menten or Hill kinetics or non-linear inhibitor

feedback. Since his focus was not on the steady state pattern, Turing did

not yet address the following question of pattern regeneration.

Twenty years later, Gierer and Meinhardt developed a nonlinear RDM

and numerically studied the properties of self-organizing stationary and

dynamic patterns (Gierer & Meinhardt, 1972; Meinhardt, 1982). They dis-

covered that any pattern-forming RDM can be classified as either activa-

tor–inhibitor (AI) or activator–substrate-depletion (AS) type. In the AI

type, one component has to autocatalytically enhance its own production

and is called activator whereas a second component called inhibitor is pro-

duced in response to activator presence and suppresses further activator pro-

duction. In case the inhibitor could not dilute due to transport away from the

activator location then a small initial activator elevation would be damped

back to the homogeneous state. In the opposite case, the activator will grow

at that location until dilution and nonlinear reaction saturation will stop fur-

ther growth. In the AS type, the autocatalytic component consumes the sub-

strate. Concurrent lack of substrate will damp the activator elevation back to

the homogeneous state if the substrate in the neighborhood would not be

mobile enough to enter the activator location. Hence, both types are closely

related, possess nested positive and negative feedback loops, and depend crit-

ically on the diffusion constant of the second component. Meinhardt has suc-

cessfully applied the RDM to several regeneration scenarios including Hydra

(see Section 3.3 for a particular example) and planarian regeneration and could

explain a number of complex phenotypes (Meinhardt, 1982).

Turing’s quantitative instability criterion

Dv

Du

>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fugv� fvgu

p þ ffiffiffiffiffiffiffiffiffiffiffi�fvgu
pð Þ2

fuð Þ2 ð10:23Þ
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predicts exactly how much faster the inhibitor or substrate has to diffuse than

the activator for the activator elevation to persist. The abbreviations fu, gu, fv,

and gv refer to the rates, that is, first derivatives, with which the functions f(u,v)

and g(u,v) change when u and v are changed, respectively. These four quan-

tities have to be evaluated for the values u and v that correspond to the unstable

homogeneous stationary state. Thus these four quantities become functions of

the model parameters and hence a parameter shift can induce or suppress the

instability of the homogeneous state toward a heterogeneous pattern. Letting

the system evolve from the unstable state, the neighborhood of the emerging

activator elevation then receives so much inhibitor, or depletes its substrate,

that another activator elevation gets its chance only at large enough distance

from the first. The minimal distance between activator elevations, or pattern

wavelength for periodic arrangements, was predicted by Turing:

l¼ 2p
fu

2Du

þ gv

2Dv

� ��1=2

ð10:24Þ

This characteristic length scale l of the self-organizing pattern is solely

determined by the properties of the two components and independent of

the geometry, size, and boundary conditions of the spatial domain in which

the RDM is contained. Those domain properties will however determine

how many, if any, activator elevations can be accommodated within that

domain.

A variant of the RDM with bistable local kinetics (introduced in

Meinhardt, 1972) and conservation of the total amount of one component

within the domain has been analyzed by Edelstein-Keshet and coworkers

(Mori, Jilkine, & Edelstein-Keshet, 2008). Therein a superthreshold pertur-

bation of the homogeneous state is required to excite the coexisting bistable

state. A front will extend the spatial region of the excited state until the con-

sumption of the conserved component halts the front, termed wave pinning

(Mori et al., 2008). This pattern-forming mechanism is fundamentally dif-

ferent from the linear instability mechanism and could underlie those sys-

tems that require a superthreshold stimulus for regeneration. Pattern

formation in such multistable systems could be triggered by additional

directed transport processes, including cell flow and advection of molecules.

Examples of these coupled mechanochemical systems have been reviewed in

Howard, Grill, and Bois (2011).

The concept of the RDM has helped to understand the formation and

spatial localization of organizers, that is, localized signaling centers, during
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embryonic development (Kondo & Miura, 2010; Meinhardt, 1982;

Murray, 2003). Starting from an unpatterned cell mass, the temporal

dynamics of a RDM can establish an organizer in a field of otherwise

low activity. As discussed next, these predictions describe aspects of Hydra

regeneration from fragments of the body column (Meinhardt, 1982) or

from dissociated and reaggregated cells (Hobmayer et al., 2000; Technau

et al., 2000).

3.3. Gierer-Meinhardt model of hydra regeneration
As mentioned in the introduction, after the initiation of the regenerative

response, tissue patterning processes during regenerate growth are generated.

The RDM developed by Gierer and Meinhardt (Gierer & Meinhardt, 1972;

Meinhardt, 2008) can describe the process of pattern formation needed in

regeneration. In particular, this model describes many features observed in

the regenerating Hydra by involving two biochemical signals A and H, both

able to diffuse over a one-dimensional space (representing the head–foot axis

ofHydra). The first signal, the activator A, is upregulating its own production

while it is inhibited by the second signalH (from theGermanwordHemmstoff,

for inhibitor). The model differential equations look like:

dA

dt
¼ rA2

H
�mAAþDA

@2A

@x2
þrA ð10:25Þ

dH

dt
¼ rA2�mHHþDH

@2H

@x2
ð10:26Þ

The model describes a process by which both, the activator and the

inhibitor are upregulated by a nonlinear autocatalytic production term A2

(first term of the right-hand side of Eqs. 10.25 and 10.26) and linearly

degraded with rate constants mA and mH (second term of the right-hand side

of Eqs. 10.25 and 10.26). Additionally, both signals are able to diffuse with

diffusion coefficients DA and DH (third term of the right-hand side of

Eqs. 10.25 and 10.26) and the inhibitor is downregulating the activator pro-

duction (first term of the right-hand side of Eq. 10.25). The self-

enhancement of the activator is not linear in order to overcome the linear

degradation. This condition is compatible with an activator working only in

a dimeric configuration. The factor r is the source density or competence and

describes the cells’ ability to promote the self-enhancement of the activator.

Starting from a homogenous initial condition (i.e., both the activator and

the inhibitor are homogenously distributed in the space) a stable spatial
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pattern is formed if the inhibitor distributes faster and has a more rapid turn-

over than the activator (DH>DA and mH>mA, respectively). Parameter rA
(Eq. 10.25) is one of the regeneration keys and is responsible for the produc-

tion of activator which is independent of the activator itself. When Hydra

amputation is mimicked by removing the activator from a region of the

space, this parameter allows that new activator is produced there

(Fig. 10.3A–C).

Experimental evidence indicates that Hydra fragments from all positions

are capable to regenerate a new polyp. The model can reproduce this phe-

nomenon by assuming that the source density is enhanced by the activator,

while undergoing a linear degradation, diffusion, and also showing an

activator-independent production, as it is encoded in the following

expression:

dr
dt

¼ grA�mrrþDr
@2r
@x2

þrr ð10:27Þ

If the inhibitor has a small time constant (allowing the reappearance of

the new organizer immediately after the original organizer removal) while

the source density has a larger one, then, the organizing region inhibits the

formation of other competing organizing regions at short times while induc-

ing a new organizing region at that position closest to an amputated orga-

nizing region.

The specific RDM of Eqs. (10.25) and (10.26) is also capable of esta-

blishing an organizer de novo from unpatterned cell aggregates as described

in the previous section and as it has been observed in experiments with dis-

sociated cells ofHydra (Hobmayer et al., 2000; Technau et al., 2000). This

self-organization process can be illustrated by simulating Eqs. (10.25) and

(10.26) on a spatial domain with the same shape as the reported cell aggre-

gate. For suitably chosen parameter values four organizers forming de novo

can be observed, as in the mentioned experiments (Fig. 10.3D–F, and Sup-

plementary Material, http://dx.doi.org/10.1016/B978-0-12-391498-9.

00011-5). In this simulation, the particular shape of the aggregate differs

from a circle, which is isotropic, and hence the shape triggered the break

of angular symmetry such that the organizers could place themselves at large

enough distance to each other. If coupled to cell migration upward the gra-

dients of u or v, then the RDMwould also let the experimentally observed

aggregate shape emerge from an initially circular aggregate shape. Such

bidirectional coupling of a pattern forming RDM with shape dynamics

has been introduced as morphodynamics (Salazar-Ciudad, Jernvall, &
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Figure 10.3 Activator–Inhibitor model. (A) Model diagram of activator (A) and inhibitor
(H) components linked by positive and negative regulatory interactions (see
Eqs. 10.25–10.26). (B) Space–time profiles of simulated activator and inhibitor dynamics
under normal developmental conditions. Starting from homogenous concentrations of
both components, the one-dimensional “tissue” self-organizes a pattern in which the
activator is concentrated at the left border. (C) Simulation results for the regeneration
condition with identical parameter values as in (B) but removing the activator peak after
the initial three time steps. The “tissue” regenerates the original pattern (Meinhardt,
1982). (D) Experimental confirmation of the homogeneous initial distribution of the
head marker HyTcf shown by hybridization 24 h after plating a Hydra cell aggregate.
(E) Time course of the activator–inhibitor model of (A–C) simulated on a two-
dimensional spatial domain which was trimmed to the shape of the experimental Hydra
cell reaggregate reported in Hobmayer et al. (2000) and shown in (F). The spatial distri-
bution of the activator variable is represented by a color scale with maximum 10 and
darker color denoting larger values. Starting from homogeneous initial conditions with

(Continued)
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Newman, 2003). For a perfectly circular aggregate, tiny density fluctuations

would get amplified and break the angular symmetry spontaneously. It has

also been reported that spheroids of reaggregatedHydra cells may undergo

osmosis-driven shape oscillations that provide a symmetry break (Kücken,

Soriano, Pullarkat, Ott, & Nicola, 2008). As a model prediction, a small

guidance cue like a fraction of an organizer could be used to place the

new organizer at a desired position.

The various RDMs are able to explain processes of tissue pattern forma-

tion and self-organization, reproducing many phenomena observed during

embryonic development and regeneration. While these RDMs describe

density patterns of cells and molecules, cell-based models have allowed

the inference of cell properties such as the orientation of the division axis.

The next section demonstrates this complementary approach.

3.4. Cell-based model of liver regeneration
The extraordinary regeneration capacity of the mammalian liver had already

inspired the fate of Prometheus in Greek Myth. Upon intoxication, dying

hepatocytes are replaced by new hepatocytes, largely through proliferation

of the remaining hepatocytes (Höhme et al., 2007). One open question is

which cues guide the activation of proliferation and transport of newly cre-

ated hepatocytes such that dead hepatocytes can be replaced without dis-

torting the intact parts of the tissue architecture and the vascular network

in particular. Drasdo and coworkers provided a proof of principle that math-

ematical modeling in combination with microscopy data from confocal laser

scans, image segmentation, and three-dimensional tissue reconstruction can

be used to address this question (Höhme et al., 2010).

Figure 10.3—Cont'd small added noise, all cells (here lattice nodes) first upregulate the
activator and tiny asymmetries amplify until all weaker activator regions become
suppressed by the stronger ones’ inhibitor. The strong activator regions repel each other
and thereby tend to form in ormove into corners of the irregular aggregate shape. The sim-
ilarity between distributions at 103 and 104 arbitrary time units (a.u.) indicates that a stable
state has been reached. An animation of the full simulation with activator (inhibitor) distri-
bution in the left (right) panel is available online as supplementary material, http://dx.doi.
org/10.1016/B978-0-12-391498-9.00011-5. The multi-scale modeling and simulation soft-
ware Morpheus was used as it can account for irregular, image-derived spatial domain
shapes (Starruß, de Back, Brusch & Deutsch, 2014). See also Meinhardt (2012) for a similar
simulation in a different geometry. (F) Snapshot of HyTcf hybridization at 48 h after plating
of the Hydra cell aggregate shows the same pattern as in the simulation. Panels A–C have
been reprinted, with permission, from the classic book Meinhardt (1982). Panel D: Image rep-
rinted with permission from Hobmayer et al. (2000). Panel F: Image reprinted with permission
from Hobmayer et al. (2000).
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Their microscopy snapshots captured hepatocyte rearrangements at lobule

scale during liver regeneration in mice after CCl4 intoxication. CCl4 is a pro-

totypical chemical inducing liver damage around central veins. The building

blocks of thismathematical model are the image-derived blood vessel network

and spheres representing single hepatocytes. Both building blocks are deform-

able according to force balances that are evaluated at each time step of the sim-

ulation. These and the following model components also need to be

parameterized and previously published data has instructedmost of the param-

eter choices, for details see (Höhme et al., 2010). Each sphere has the options

to migrate, to grow, to divide, or to die and these are executed according to

rules that incorporated the configuration within a neighborhood, long-range

signals as well as a stochastic component. Defining these rules requires mech-

anistic insight into the regulation of cell-scale processes during liver regener-

ation but this mechanistic insight is currently lacking. Several alternative

mechanisms were proposed including (1) homogeneous activation of hepato-

cyte proliferation and hepatocyte displacement due to cell–cell repulsion,

(2) directed cell migration toward the necrotic lesion possibly guided by

chemoattractants secreted by dying hepatocytes, and (3) the alignment of cell

divisions in the direction of the closest blood vessel.

In order to test these competing hypotheses, all of them were implemented

as separate models and their emergent tissue-scale behavior simulated. The

authors compared the time courses of hepatocyte density, lesion closure, and

hepatocyte-vessel contact area between each of the models and the experimen-

tal data. After exploring the parameter space of each model, these three emer-

gent properties and the simulated overall tissue architecture were found to be in

agreement with the experimental data only for the model corresponding to the

aforementioned mechanism number (3) (Fig. 10.4A–E). No other tested

mechanism was able to replace the role of daughter cell alignment with

blood vessels in these simulations. This model prediction was subsequently

tested using independent experimental data. Altogether, this study demon-

strated how multiscale mathematical modeling can be used to infer cell-scale

properties from tissue-scale experimental observables.

4. MODELS FOR ARRESTING THE REGENERATIVE
RESPONSE

4.1. Central versus decentral growth control
During embryonic development and tissue regeneration alike, the

individual-specific size of an organ collectively results from parallel,
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decentralized decisions of single cells. Thus, organ size regulation represents a

multiscale problem. The single cell’s size and shape distributions together with

cell number determine organ proportion and macroscopic extension.

Thereby, information simply accumulates from the small to the large scale.

But how is the information about the instantaneous organ size transferred back

to the small scale of single cells where it controls cell proliferation such that the

regenerative growth process is arrested once the organ’s target size is reached?

This question is equally pressing for developmental as well as for regeneration

research. Different modes of information transfer and corresponding cellular

sensing mechanisms have been studied as part of developmental biology.

(i) Bacterial biofilms employ quorum sensing to evaluate cell density

(Ben-Jacob, Cohen, & Levine, 2000). A similar integrative role is

played by molecules termed “chalones” in tissues (Lander,

Gokoffski, Wan, Nie, & Calof, 2009).

(ii) Hydra employs long-range signals to pattern its body column and to

bud off daughter polyps when a critical size is exceeded. Such behavior

has been reproduced by RDMs (Gierer & Meinhardt, 1972;

Meinhardt, 1982). Hence, growth is not arrested but excess tissue will

be separated from the completely regenerated tissue.

(iii) The mammalian liver which operates in relation to the organismal

metabolic needs seems to be controlled centrally by circulating growth

stimuli that reflect organismal demand.

Figure 10.4 Liver regeneration model. (A–D) Mouse liver lobules with CCl4 induced liver
damage in the central region, visible as gray domain in (B, C). Light microscopy images
for (A) Control, (B) 2 days, (C) 4 days, and (D) 8 days after administration of CCl4 illustrate
how the liver cell mass regenerates. Lines in (A–D) denote the borders of a single liver
lobule in cross section. (E) Simulation of liver regeneration due to liver cell proliferation
within a digital liver lobule. All images reprinted with permission from Höhme et al. (2010).
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(iv) Embryonic appendage development employs an intrinsic size regula-

tion mechanism until central hormone levels entrain it to organismal

size in a later proportional growth phase. The organ-intrinsic growth

regulation phenomenon is the most relevant to tissue regeneration in

higher organisms and is still controversial today.

We review the competing hypotheses on organ-intrinsic growth regulation

and the corresponding models in more detail below. We restrict the survey

to those mechanisms implicated in Drosophila wing imaginal disc growth, a

primary experimental paradigm of tissue size regulation. We emphasize the

central versus decentral nature of each mechanism for organ-intrinsic growth

regulation. Since regenerative processes have to cope with a range of diverse

starting conditions, any central growth control mechanism needs to deliver

the right dose of growth stimulus for the required size increase dependent on

the size of the responding tissue and on the geometric relation between stim-

ulus source and responding tissue. Whereas this dosage may be hard-coded

in the organizer behavior for a stereotypic developmental process, it would

need to be “recomputed” specifically for each instance of damage or ampu-

tation. The advantage of a decentral growth control mechanism such as

intercalation is that damage sensing and growth response can be linked

locally. The mathematical models reviewed in this section, notably the

cell-based models, are defined by extended rule sets and parameter sets

which we do not describe in full detail here, please see the cited references

for these details.

An elegant test of the alternative hypotheses for growth regulation is pro-

vided by controlled elimination of groups of cells from the disc. Morata and

coworkers have induced apoptosis of cells in the disc either randomly or

within clones of transformed cells and observed that the discs regenerate per-

fectly both from massive cell loss as well as from loss of localized clones

(Herrera, Martin, & Morata, 2013; Perez-Garijo, Shlevkov, & Morata,

2009; Repiso, Bergantiños, & Serras, 2013). The apoptotic clones were

multiple and induced at random locations within the disc but many repeti-

tions of these experiments with many random combinations of apoptotic

clones have consistently yielded the growth arrest at the correct size. From

these results we extrapolate to a hypothetical experiment with a single apo-

ptotic clone at a desired location. It is unlikely that this single clone would

yield a size defect since all combinations of clone locations resulted in cor-

rectly regenerated discs and it is hard to imagine a way in which all the

single-clone errors always cancelled out.

For each of the three hypothetical growth regulation mechanisms dis-

cussed below, we will use a Gedanken experiment with induced cell loss in
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a compact region at desired location (e.g., the white sector in Fig. 10.5B) and

then derive the model prediction regarding the regenerated disc size. Those

models that will predict the recovery of the original disc size are then more

likely explanations whereas others that contradict the experimental evidence

may apply only to early developmental stages. This argument can be corrob-

orated by quantitative analysis of the mathematical models but this shall be

the subject of a separate work.

4.2. Mechanical feedback models
Mechanical forces have been proposed to spread the information about

overall tissue geometry within the tissue (Shraiman, 2005). Growth against

the peripheral layer of cells will increase the physical pressure within the tis-

sue and can eventually arrest growth at suprathreshold pressures. Amputa-

tion would relieve this pressure through small spatial relaxation of the

new tissue margin and thereby reactivate proliferation throughout the entire

remaining tissue. This closed negative feedback loop of growth-dependent

pressure increases and pressure-hindered growth represents a decentralmech-

anism and is called mechanical feedback model (Aegerter-Wilmsen,

Aegerter, Hafen, & Basler, 2007; Hufnagel, Teleman, Rouault,

Cohen, & Shraiman, 2007). So far, this model has been studied in the con-

text of Drosophila wing imaginal disc growth during development. Two

slightly different variants of the model have been implemented as a contin-

uum model (Aegerter-Wilmsen et al., 2007) and a cell-based model

(Hufnagel et al., 2007), respectively.

The disc is an epitheliumwith the central part of the wing pouch approx-

imately confined to a planar subspace such that it cannot fold into the third

dimension. In the model, proliferation is maintained by and contributes to a

particular physical stress distribution that compresses inner regions and tan-

gentially stretches outer cell layers (Fig. 10.5). Coupled to a concentration

gradient of diffusible growth stimuli, a homogeneous proliferation rate

emerges in model simulations as a new property at the tissue scale without

the need to define a unique proliferation rate at the cell scale (Aegerter-

Wilmsen et al., 2007; Hufnagel et al., 2007). The final disc size is determined

by a balance of heterogeneous growth stimulus, compression, and stretching

forces (Fig. 10.5). Growth is arrested since a closed outer belt of cells under

stretch (outer/blue areas in Fig. 10.5) encapsulates the inner part of the disc

(Aegerter-Wilmsen et al., 2007; Hufnagel et al., 2007). The liver regener-

ation model discussed in Section 3 is another instance of the mechanical
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feedback model since also there proliferation is arrested once the open space

of the lesion has been filled with cells and pressure within the tissue arrests

further proliferation.

We now consider the above-described Gedanken experiment in analogy

to actual disc regeneration experiments (Herrera et al., 2013; Perez-Garijo

et al., 2009). If the homeostatic stress distribution is perturbed by cell loss in a

sector or a narrow ray near the periphery of the disc (white box in

Fig. 10.5B), then the formerly closed outer belt will break open even for

small localized damage in that region and the compression of the formerly

encapsulated inner tissue will be relieved. This mechanical relaxation

response has been observed through changes of the force-dependent optical

birefringence of the tissue (Nienhaus, Aegerter-Wilmsen, & Aegerter,

2009). In our Gedanken experiment, proliferation will fill the void in the

tissue but it is very unlikely that the newly formed cells in that region would

restore the highly stretched configuration of the closed outer belt which is

necessary to compress the inner part of the tissue and consequently arrest

proliferation. The new cells would rather fill the void in a relaxed

Figure 10.5 Mechanical feedback model. (A–B) One of the proposed mechanisms for tis-
sue size regulation combines a central growth factor source (not shown) which drives
proliferation in the center of the wing disc with a decentralmechanical feedback mech-
anism through proliferation-inhibiting compression forces (radial/red arrows in B for
direction and darkness/intensity of red color in the center of A and B for amplitude
of forces) and proliferation-promoting stretch forces (tangential/blue arrows in B for
direction and darkness/intensity of blue color in the periphery of A and B for amplitude
of forces). (A) Snapshot of a cell-based simulation starting from a small and relaxed cell
aggregate shows the buildup of the force pattern (Hufnagel et al., 2007). Ongoing
growth in the center stretches outer cell layers tangentially which consequently com-
presses the inner cell mass such that the net proliferation rate decreases sharply at the
target size. (B) Sketch of the force pattern and location of the hypothetical tissue loss
that is discussed in a Gedanken experiment (see text). Panel A was reprinted with per-
mission from Hufnagel et al. (2007).

307Mathematical Modeling of Regenerative Processes



configuration and growth will continue, thereby starting to stretch the new

outer belt, until a new balance at a larger disc size can eventually arrest

growth. This would not explain the reported disc regeneration with normal

size (Herrera et al., 2013; Perez-Garijo et al., 2009). The overgrowth, as

wrongly predicted by mechanical feedback models, could be corrected

through a more active role of the central growth stimulus gradient, as dis-

cussed in Aegerter-Wilmsen et al. (2012) and the next section.

4.3. RDMs of growth regulation
The interplay between diffusible growth promoting morphogen gradients

(including Decapentaplegic, Dpp) as well as diffusible growth repressing

morphogen gradients (including Brinker, Brk) has been studied in great

detail (Schwank, Restrepo, & Basler, 2008; Serrano & O’Farrell, 1997;

Wartlick, Mumcu, Kicheva, et al., 2011). This mechanism can again be

represented by reaction diffusion equations (Meinhardt, 1982). The local

balance of the instantaneous concentrations of the antagonistic stimuli

could determine the proliferation response during embryonic development

(Schwank et al., 2008). A different option is to process the temporal history

of concentration changes and let any cell divide when the relative stimulus

increment since the last division exceeds a threshold, for example, 40–50%

as measured for the wing disc (Wartlick, Mumcu, Kicheva, et al., 2011).

Then the predicted cell cycle time

Tc tð Þ� 1

C x, tð Þ
@C x, tð Þ

@t

� ��1

ð10:28Þ

becomes uniform for the observed scaling stimulus gradient (Wartlick,

Mumcu, Kicheva, et al., 2011). The time dependence of the local stimulus

C(x,t) results from a combination of time-dependent stimulus release from

the central organizer C0(t), retardation due to signal propagation between

organizer and receiving cell, and displacement of the receiving cell within

a stimulus gradient by proliferation of cells between the receiving cell and

the organizer. Since the latter proliferation is ruled by Eq. 10.28 and the scal-

ing gradient has the property

1

C x, tð Þ
@C x, tð Þ

@t
¼ 1

C0 tð Þ
@C0 tð Þ
@t

ð10:29Þ

then, after inserting Eq. (10.29) into Eq. (10.28), TC(t) is determined by the

time course C0(t) of stimulus release from the central organizer.
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Both above options constitute centralmechanisms ruled by the dynamics

of the stimulus source(s) and these can well explain the developmental data

sets. But in the Gedanken experiment in analogy to real experiments

(Herrera et al., 2013; Perez-Garijo et al., 2009), a clone of apoptotic cells

far away from the organizer would have to transfer information on the loss

of cells within the clone back to the organizer such that an additional

impulse @C0(t)/@t of growth stimulus can be released. This cannot be

excluded but appears to be a difficult requirement for all central growth

control mechanisms. The next difficult question would then be how the

organizer could integrate damage signals from different wounds through-

out the disc.

4.4. Slope sensor models
Using as proliferation trigger the spatial slope of a concentration gradient

instead of its local values has been proposed as a simple and robust mecha-

nism for relaying the information of the current tissue size to each cell

(Day & Lawrence, 2000; Garcı́a-Bellido, 2009; Garcı́a-Bellido and

Garcı́a-Bellido, 1998; Lawrence & Struhl, 1996; Rogulja & Irvine, 2005).

If the overall expression profiles interpolate between fixed extreme values

at the organ boundaries then the local slope would reflect organ size

(Day & Lawrence, 2000; Lawrence & Struhl, 1996). If individual cells locally

sense a suprathreshold slope then they might proliferate and intercalate new

expression levels such that a shallower slope results (Garcı́a-Bellido, 2009;

Garcı́a-Bellido and Garcı́a-Bellido, 1998). This decentral mechanism would

arrest developmental disc growth at the target size that has been evolution-

arily encoded as the same threshold value in each cell. Each cell may com-

pare this threshold value to a function of its local slope signal and the absolute

expression level. This way, either linear or exponential expression gradients,

thanks to the constant relative slope of the latter, could serve as input to the

slope sensor.

Over the past few years, experimental evidence on the role of Fat and

Hippo signaling pathways in disc growth shows that cells indeed sense dif-

ferences of Dachsous (Ds) and Four-jointed (Fj) levels as compared to their

neighboring cells (Reddy & Irvine, 2008; Staley & Irvine, 2012). Both Ds

and Fj are expressed as concentric gradients with extremes at the disc margin

and center, respectively, but opposite orientation (Rogulja, Rauskolb, &

Irvine, 2008). Fat and Ds are large trans-membrane proteins that bind each

other whereas Fj is a Golgi-localized kinase that can modulate Fat and Ds
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activities (Ishikawa, Takeuchi,Haltiwanger,& Irvine, 2008). A suprathreshold

difference of Ds or Fj among neighboring cells inhibits the tumor suppressor

Hippo through Fat and thereby activates proliferation (Cho et al., 2006;

Rogulja & Irvine, 2005).

In the Gedanken experiment in analogy to real experiments (Herrera

et al., 2013; Perez-Garijo et al., 2009), apoptosis of cells anywhere with

intermediate expression levels would induce a large slope for cells at the

woundmargin and correspondingly trigger proliferation until the expression

gap has been filled by cells expressing the intermediate levels. Such a system

will regenerate the original tissue size as long as the central extreme expres-

sion level is retained. This interpolation of expression levels, representing

positional values, has been tested in grafting experiments with cricket legs

(Bando et al., 2009). If a tissue graft was reinserted in reversed orientation

then two large tissue portions of the size of the graft were regenerated until

a zig-zag profile of positional values could fulfill the slope threshold criterion

everywhere again, as expected from mathematical models (Meinhardt,

1982). Hence, the slope sensor model is an attractive candidate to be con-

sidered further.

4.5. Proposed integrated model
The reaction–diffusion and mechanical feedback models can explain many

aspects of the developmental processes of de novo pattern formation in ini-

tially uniform fields of cells (Aegerter-Wilmsen et al., 2012; Meinhardt,

1982; Wartlick, Mumcu, Jülicher, & Gonzalez-Gaitan, 2011). Once

established, these patterns can be translated into gradients of cell-bound

properties, for example, the expression level of plasma membrane compo-

nents, as proposed (Lewis & Wolpert, 1976; Slack, 1980) and found exper-

imentally (Rogulja, Rauskolb, & Irvine, 2008). These cell-bound properties

can be stably maintained over long time at low cost since they do not diffuse

away. Upon cell division, daughter cells could initially establish their own

cell-bound properties by averaging over their neighbors’ properties and then

maintain this once established property (Garcı́a-Bellido, 2009). Therewith, a

growing tissue would maintain a gradient of cell-bound properties. The

slope of this gradient would gradually decrease as a result of daughter cells

shifting previously neighboring cells with fixed properties further apart.

Dachsous expression in the fly imaginal discs and Prod1(CD59) in the newt

limb appear to encode such large-scale gradients of cell-bound properties.

A slope-sensing mechanism would then inform each cell any time about
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the macroscopic tissue extension and proliferation could cease as the slope

approaches a target value. This way, multiple mechanisms would be

required subsequently and mutagenesis studies of overall growth defects

would reveal components of seemingly competing mechanisms.

5. OPEN PROBLEMS

When compared to developmental processes during embryogenesis,

two fundamental differences become evident: developmental processes

operate (1) on small embryonic length scales and involving hundreds of cells

and (2) from defined starting conditions whereas regenerative processes

bridge to larger adult length scales involving millions of cells and function

from a range of diverse starting conditions. Hence a central question is:

Can developmental processes be reinstated and adapted or are there entirely

new regenerative processes to be discovered?

So far, the modeling of regenerative processes has often focused on

explaining the principles that govern growth control and patterning, basi-

cally assuming the responses of only a single cell type. While this may suffice

for a system such as the Drosophila wing disc, regeneration in other systems

includingHydra and the salamander limb clearly involve the participation of

multiple cell types that retain a separate identity during regeneration

(Hobmayer et al., 2012; Kragl et al., 2009). For modeling the dynamics

of these coupled populations, it will be important for experimentalists to

determine whether the different cell types show common properties, or dis-

tinct profiles of cell proliferation, cell death, and migration. From a molec-

ular point of view, it will be important to determine whether one common

injury associated signal coordinates the responses of different cell types or

multiple signals act in parallel. Finally, the interaction and coordination

among the different cell types will also come into play during tissue resto-

ration that will eventually need to be incorporated into models. From a

modeling perspective, the integration of cell-based models with continuum

approaches (via differential equations) will be necessary to truly integrate the

large-scale spatial control of cellular responses and the concrete cellular

behaviors that occur.

Interestingly, regeneration occurs over many different spatial scales. For

example, small pieces of planaria regenerate to small individuals, while larger

pieces regenerate to larger animals. In salamanders, regeneration occurs in

small larvae or adults that can be 10 times bigger than the larvae. Therefore,
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the mechanisms controlling proliferation and patterning must be robust over

different spatial scales. This consideration of size will be an important aspect

of evaluating different models and will require experiments in animals of dif-

ferent sizes to help determine how scaling is occurring. In considering scal-

ing, it is likely that regenerating structures have a natural range of scale at

which patterning can be completed. Then there should be a second phase

of matching the regenerate with overall body size. When this second phase

starts and how it is controlled will be fascinating future challenges for biol-

ogists and mathematicians alike.

6. CONCLUSIONS AND PERSPECTIVES

Many studies of regenerative processes have provided qualitative

mechanistic models or pathway maps. Translating these qualitative models

into mathematical models will allow their internal consistency to be verified,

to clarify hidden assumptions, and to define the specific conditions and

parameter ranges for which the anticipated emergent behavior indeed

results. The current blossoming of quantitative experimentation in the

regeneration field is providing the foundation to extend the interdisciplinary

approach from developmental to regenerative processes and to benefit from

mathematical modeling more widely. Mathematical modeling has already

contributed to a better understanding of regenerative processes with exam-

ples from lower as well as higher organisms and from the three phases of

regeneration. (1) Key processes of the initiation phase of a regeneration

response can be described by comparatively simple models and the task is

now to model the signaling pathways that tune the parameter values of

the simple models, thereby extending them. (2) Tissue patterning during

regenerate growth is a very attractive and very active research area that ben-

efits from classic and abstract models which now have to be linked to the

discovered molecular components. (3) The arrest of the regeneration

response through tissue size regulation mechanisms still poses fundamental

challenges. Central and decentral regulatory mechanisms appear to operate

in sequence such that the latter regulate regenerative processes. However,

mathematical modeling needs to accelerate in this area. We hence like to

advocate a closer integration of experimentation and mathematical model-

ing based on an iterative process of model development, model predictions,

quantitative experiments, and model refinement.
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