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The spherical transform associated with the generalized
Gelfand pair (U(p, CI), Hn)7 Pt+tg=mn
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Abstract. We denote by H, the 2n + 1-dimensional Heisenberg group.
In this work, we study the spherical transform associated with the generalized
Gelfand pair (U(p,q) x H,,U(p,q)), p+q = n, which is defined on the space of
Schwartz functions on H,, and we characterize its image.

In order to do that, since the spectrum associated to this pair can be
identified with a subset ¥ of the plane, we introduce a space H, of functions
defined on R? and we prove that a function defined on ¥ lies in the image if
and only if it can be extended to a function in H,, .

In particular, the spherical transform of a Schwartz function f on H,
admits a Schwartz extension on the plane if and only if its restriction to the
vertical axis lies in S(R).
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1. Introduction

Let N be a connected and simply connected nilpotent Lie group and K a compact
subgroup of automorphisms of N.

Then (K x N, N), also denoted by (K, N), is called a Gelfand pair when
any of the following equivalent conditions hold:

(i) LE(N) = {f € LYG) : f(kx) = f(x),Yx € N,k € K} is a commutative
convolution algebra,

(ii) the algebra Uk (N) of left invariant and K -invariant differential operators on
N is commutative,

(iii) for any irreducible unitary representation of the semidirect product K x N,
the space of vectors fixed by K is at most one dimensional.

In this case, N is at most two step nilpotent(see [3]) and we denote by A(K, N)
the Gelfand spectrum of LY. (N), which can be identified with the set of bounded
spherical functions.

For f € LL(N), the Gelfand transform ]/“\ is given by

Flo) = /N 7. e AK.N).
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Assume now that N is the Heisenberg group H, and (K, H,,) is a Gelfand
pair. It was proved in [5] that the spectrum A(K, H,,) can be identified with a
subset of R for some natural d, in the following way:

Theorem 1.1.  Let {Ly,...,Lq, T} a set of generators of the algebra Uy (H,),
where T is the derivation in the central direction of H,,. The map E : A(K, H,) —
R x (R*)4 defined by

E(p) = (iT(0), [L1 ()], s | La()])

is a homeomorphism on its image, where ﬁj(cp) and T((p) denote the eigenvalues
of Lj and T respectively associated with ¢.

It was given in [2] the following characterization of the image of the spherical
transform associated with the Gelfand pair (K, H,).

Let S(H,,) be the space of Schwartz functions on H, and let Sk(H,) be
the subspace of K -invariant functions. Let

S(A(K, H,)) ={F: A(K,H,) - C:3 ¢ eSR™), o|aumu,=F}
It is equipped with the quotient topology induced by the topology of S(R4!).

Theorem 1.2.  The Gelfand transform " : Sk(H,) — S(A(K, H,)) is a topo-
logical isomorphism between Sk (H,) and S(A(K, H,)).

In successive works [10], [II] and [I2] it was proved that Theorem [1.1| can
be generalized by selecting a suitable set of generators of Uy (N) that yields an
embedding of A(K, N) in some R?, for some natural number d, and Theorem
was extended to Gelfand pairs (K, N) where N is in the class of nilpotent Lie
groups that satisfy the so called Vinberg condition.

If K is no longer assumed to be compact, L (N) is trivial and a pair
(K x N, K), also denoted by (K, N), is called a generalized Gelfand pair if for
any irreducible unitary representation of K x N, the space of distribution vectors
fixed by K is at most one dimensional.

It is known that (U(p,q), H,) is a generalized Gelfand pair (see [§]), and it
is natural to introduce the notions of the spectrum and Gelfand transform for it
(see [13] and [15]).

In this paper we define the normalized Gelfand transform defined on
S(H,), we characterize its image and obtain a similar result to Theorem [1.2]

In order to introduce the notion of spectrum associated with the pair

(U(p,q), Hy), we recall that if (K, H,) is a Gelfand pair then every bounded
spherical function is of positive type (see [4]), in contrast with the semisimple case.

If P denotes the cone of the K -invariant functions of positive type, then
A(K, H,) is precisely the set of extremal points of P. If K is not compact it
is natural to define the spectrum A(K, H,) associated with the pair (K, H,) by
the set of K -invariant, of positive type, extremal distributions on H,,, which in
turn, are in correspondence with the spherical irreducible unitary representations
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of K x H,. Moreover, every extremal distribution is spherical, that is, is an
eigendistribution of Uk (H,) (see [9]).
If K="U(p,q), the algebra Uy q (H,) is generated by

p n
0
D= (X7+Y))— ) (X;+Y}) and T = o
Jj=0 Jj=p+1

where {Xi,..., X, Y1,...,Y,, T} is the standard basis of the Heisenberg
Lie algebra, [X;,Y;] = 0, ; T and all other brackets are zero.

Also the spherical irreducible unitary representations of U(p, q) x H,, were
determined in [2I] and are parameterized by {m\x : A #0, k € N} U {7, : 0 € R}
and the trivial representation. Also, in this case, the corresponding spherical
distributions are tempered (see [§]).

A family of spherical distributions were explicitly computed in [§], [13] and
[15], and they satisfy

Z'T(S)\’k) =\ S)\’k, —’D(S)\’k) = |>\‘<2]€ +p— Q) S)\’k, (11)
iT(S,) = 0, _D(S,) = S,.

Motivated by Theorem , the following result for the case U(p,q) has
been proved in [15].

Theorem 1.3.  The map € : A(U(p,q), H(n)) \ {1} — R? defined by

A

E(p) = (iT(p), —D(p))

is a homeomorphism onto its image, where D(@) and T(yp) denote the eigenvalues
of D and T associated with ¢ respectively.

So, from now on we will identify the spectrum associated with the general-
ized Gelfand pair (U(p, q), H,) with

Y={NCk+p—q)\): AN#£0, keZ}U{(0,0):0 € R}

equipped with the relative topology of R2.
To prove Theorem the authors showed that

SO') = 1 )\ n—1 S 7 ’ 13
< f> (A7(2k+l)—£qi)r\;)\|)_>(0’0) | ‘ < Ak f> ( )
(Sor f) = lim (=1)" 2\ (Syp, f). (1.4)

(A (2k+p—q)|A)—(0,0)
<0
This result gives rise to the following

Definition 1.4. Let f € S(H,). Then the normalized spherical transform of
f is the function F(f) defined on X by

’)\’n_1<5/\,kaf>7 k > O?

(_1)n—2‘)\|n—1<5}\7k’f>7 k < 0, <15)

FHN MRk +p—q)) = {



4 CAMPOS AND SAAL

and by
F()0,0) = (S, f)- (1.6)

Let X7 and X~ the following subsets of ¥
SP={\k+p—q)A\): N#£0, k> —p+1}U{(0,0) : 0 > 0} (1.7)
and
5T ={(\ @2k +p—qA) : A £ 0k <q¢—1}U{(0,0) : 0 < 0}. (1.8)
In section 3 of this work we prove the following

Theorem 1.5.  Let F be a function defined on X. If there exist ¢, € S(R?)
such that
Flg+ = ¢ls+ and Flg- = ¢[g-,

then there ezists f € S(H,) such that F = F(f).
Thus, we have a similar result to that shown by Veneruso in [19)].

Corollary 1.6. If ¢ € S(R?) then there exists f € S(H,) such that F(f) =
¢ls

In order to characterize the image of the spherical transform, we introduce
the space H,,.

Definition 1.7. Let H, be the space of functions defined on R? of the form

q—1

p(Ns) =N s)+ [ (s (2k+p—q)A) 2N s) H(s),

k=—p+1

where @1,y € S(R?) and H is the Heaviside function.

We remark that

n4
g—1 s ﬁ (s — (n—2—2k)2)\?), if niseven
I[] s—@k+p—qlA) = an“szo
k=—ptl IT(s* = (n—2—2k)2\?), if nisodd.
k=0

g—1
So, the map (A, s) — [] (s— (2k+p—q)|\]) pa(),s) is in S(R?).
k=—p+1
As a consequence from Theorem we have the following

Corollary 1.8.  If ¢ € H,, then there exists f € S(H,,) such that F(f) = ¢|s.

The main result of this paper is the following
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Theorem 1.9. A function F defined on the spectrum ¥ is in the image of
the normalized spherical transform if and only if there exists ¢ € H, such that
F = SO‘Z

We recall that the spectrum of the Gelfand pair (U(n), H,,) can be identified
with the set A(U(n), H,) = {(A\, |\ (2k+n)): A #0,n € No} U{(0,s) : s € R}.
For f € Sy (Hy,), we denote by J? its spherical transform, and by s — J?(O, s)
the restriction of f to the vertical axis.

The proof of Theorem follows the ideas developed in [I] where it was
proved that f can be extended to a Schwartz function on R?. In our case, the
fundamental difference is that for f € S(H,,) the map

s— F(f)0,s), VseR

is of class C™2 at the origin (see Proposition in Preliminaries) and therefore
it can be extended to a function in H,,, while for f € Sy, (H,) the map

o~

s+ f(0,s), Vs >0,

can be extended to a function in S(R?).
With the same arguments we prove the following result.

Proposition 1.10.  Let f € S(H,). If n is even and the map s — F(f)(0,s)
lies in C"~*T™(R) then there exists ¢ € H,, k times differentiable on R?* such
that F(f) = ¢ls.

If n is odd and the map s v+ F(f)(0,5s) lies in C"~17*(R) then there exists
© € H,, k times differentiable on R?* such that F(f) = ¢l|s.

The following result states a necessary and sufficient condition for the
spherical transform F (f) of a function f € S (H,) to admit a Schwartz extension
on R2. This result is similar to the case ¢ = 0 that was studied by Astengo, Di
Blasio and Ricci in [1].

Theorem 1.11.  Let f € S(H,). Then F(f) admits a Schwartz extension on
R? if and only if the map o — F(f)(0,0) is a Schwartz function on R.

Finally, in the last section of this work, we relate the differentiability of the
function s — F (f) (0,s) with the differentiability of some extension of F (f) in
H,.

Proposition 1.12. Let f € S(H,). If the map s — F(f)(0,s) lies in
CHn=2(R) then F(f) admits an extension in H,, of the form

q—1

SO(NS)Z%(A,SHS’“( II (3—(2k+p—€1)|/\|)> p2(X, 5)H (s).

k=—p+1

So, ¢ € C*Y(R?) if n is odd or ¢ € C*(R?) if n is even.
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Theorem 1.13.  Let f € S(H,). Let us suppose that F(f) admits an extension
@ such that satisfies:

(i) ¢ is a C*° and rapidly decreasing function on {(\,s):s > 0},
(ii) is a C™ and rapidly decreasing function on {(A,s):s < 0} and
(iii) 4s a C* function on R?.

Then, s+ F(f)(0,s) is a C¥*"=2 function on R if n is even and it is a C*t"~1
function on R if n is odd. Even more, every extension ¢ of F(f) that satisfies
(i), (ii) and (iii) is as follows:

q—1

p(As) =i\ s) + s T (s = @k +p = @A) w2(As) Hs),

k=—p+1
2k+p—q#0

where o1,y € S(R?), this is, ¢ € H,.

2. Preliminaries

Let n > 2 and let p,q be natural numbers such that p 4+ ¢ = n. Let H, be the
2n + 1-dimensional Heisenberg group defined by H, = C" x R with law group

(2,6)(w,8) = (2 + w,t + 5 — % ImB(z, w))

where
n

p
B(z,w) = Z 2W; — Z 20,
j=1

p+1

Let U(p,q) = {9 € Gl(n,C) : B(gz, gw) = B(z,w) V(z,w) € C"}. Then, U(p, q)
acts by automorphisms on H, via

g.(z,t) = (gz,t) for (2,t) € H,.

In order to introduce the definition of the spectrum associated with the
generalized Gelfand pair (U(p, q), H,), we recall some definitions.

Definition 2.1. A distribution 7" on G = U(p,q) x H, is of positive type if
the map

0 :D(G) x D(G) — C
(0, 10) = T (¥ * )

is hermitian, continuous and it satisfies O(p, ) > 0 for all ¢ € D(G), where

Y(g) =v(g™).
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Let P be the cone the distributions of positive type, U(p, ¢)-biinvariant on
U(p,q) ¥ H,. We say that T € P is extremal in P if and only if S € P and
S —T € P implies S = oT for some o« € R. For 5,5 € P we write S ~ S if
and only if S = a5’ for some o > 0. Thus, ~ is an equivalence relation on P.
For S € P we put [S] for its equivalence class.

By general theory (see [7] and pag. 374 in [9]) one knows that there exists
a one to one correspondence between the set of equivalence classes of unitary
representations (m, V') of U(p,q) x H, that admits a cyclic distribution vector
fixed by U(p,q) (spherical representations), and the set of the equivalence classes
of the U(p, q)-biinvariant distributions of positive type.

More precisely, the correspondence is given by

TW(‘P) = <£7r7 W((p)fﬁ%

where &, denotes the distribution vector and ¢ € C*(U(p,q) x H,). One says
that T is the reproducing distribution of the representation .

We recall also that 7 is irreducible if and only if T is extremal in P. As
usual, we identify the U(p, q)-biinvariant distributions on U(p,q) x H, with the
U(p, q)-invariant distributions on H,,. A extremal distribution of P is spherical
(see [9]), but the reciprocal is not true as we can be see for the case (U(p,q), Hy).

Let E be the set of extremal points in P. Motivated by the results of the
compact case, we define

Definition 2.2. A(U(p,q),H,) = E/ ~, equipped with the quotient of the
pointwise convergence topology of S'(H,,).

Let
{mp:A#£0, k€ ZYU{m, :0c e R} U {r'}

the set of spherical irreducible unitary representations of U(p,q) x H, that are
given in [21], and let

{SM:)\#O, k‘EZ}U{SUIUGR}U{l}

be the set of associated reproducing distributions. We recall that these distribu-
tions happen to be tempered.
Furthermore, we have

iT(Sxk) = A Sais —D(Sxk) = [M(2k +p —q) Sap, (2.1)
iT(S,) =0, —D(S,) =0 Sy,

where D and T are given in the introduction.
Following [5], in [15] we consider the map & : A(U(p,q), H,) — R? given
by
E(W) = (=D(¥),iT()),
where D(1) and T(¢) denote the eigenvalues of D and T associated with
respectively. Let ¥ denote the image of £. Equipped with the relative topology
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of R? it is called the Heisenberg fan of the generalized Gelfand pair (U(p, q), H,,)
and it is given by

Y={(\2k+p—q)\): AN#0, ke Z} U{(0,0) : 0 € R}.
Then the following has been proved

Theorem 2.3.  (see [15]) The map &€ : A(U(p,q),H(n)) \ {1} — X is a home-
omorphism.

To prove the previous theorem the authors proved and .

This result leads to introduce the normalized spherical transform as given in |1.4]
We recall some known facts in order to present explicitly the spherical

distributions Sy for A # 0, k € Z and S, for 0 € R. Let H be the Heaviside

function (this is, H = X(0,.c)) and let

H={p:Ri>C: (1) =@ (7) + 7" oa(7) H(T), 1,02 € S(R)}. (2.3

It was proved in [I8] that #H, equipped with a suitable topology, is a Fréchet
space. For p+q=n, p,q € N, in [I8] there is also given a linear, continuous and
surjective map N : S(R") — H whose adjoint N’ : H' — S'(R™)9P9 is a linear
homeomorphism onto the space of the O(p, q)-invariant, tempered distributions
on R™. Of course, this construction also works out as well to describe the space
S(C")UPa) | this is, there exists a linear, continuous and surjective map, still
denoted by N : S(C") — H whose adjoint map N’ : H' — S'(C")VP9D is a
homeomorphism.

We introduce new coordinates in C". Given u = (uq, ..., Up, Upt1, ..., Up) €
Cmlet p=|u ]+ -+ |un|* and 7 = |ug|* + - + |up|* — (Jupsr|® + -+ + |unl?).
It is clear that

PET

sl = (2

p—T
2, s )l = (E5 )M,

and let also

pPET

_ _ —T._ _
2 ) 1/2(u17”‘7up>652p 17w2:<p—> 1/2<U’P+17"'7un)652q g

’U)lz( 9

We denote by H# the space of the functions ¢ defined on R? of the form

90(7_7 t) =¥ (T’ t) + Tn_lch(ﬂ t) H<7—)7 Y1, P2 € S(R2)7 (24)

where H is the Heaviside function. A straightforward adaptation of the Tengstrand
map in [I8] shows that the map N : S(H,) — H* defined by

Nf(r.?) :/ /f((HTT)l/zwm(p_TT)l/Qwv,t)dwudwv(p+T)p_l(p—T)q_ldp,

p>|7| §2p—1x 5291

is linear, continuous and surjective, and its adjoint map N’ : (H#*)" — S'(H,,)V )
is a homeomorphism.



CAMPOS AND SAAL 9

Remark 2.4. We observe that, unlike the case where K is compact, the nor-
malized spherical transform is defined for all Schwartz functions on H,,. Moreover,
since it was proved in [I5] that F(f) = F(g) if and only if Nf = Ng, we may
assume that it is defined on H# .

On the other hand, we recall the definition of the Laguerre polynomials
0@ =3 (M0 e =L,
m . . m—1 dT

'7
—\J j!

for m,« € Ny, according to [I7]. Therefore, L% (0) = (“I™).

m

Then, the distributions S calculated in [I3] are given by
Sak = Far®@e™,

with Fy; € §'(C") defined by

(LD HYr e 20T TN FIA T 1), for k>0, A#£0

<F)\,ka f(a t)>
and by
<F)\,k7 f(?t» = <(L(—Ol)cfp+n71H)n_la T — 2‘/\‘_16_T/2Nf(_2’A|_17—7 t)>7 for k < 07 A 7£ 0.
Therefore,

(St £y = (L sy H)" 7 2A TR ANF(2IA 717, 0)) for k> 0,0 #£0, (2.6)
and

(Sager £) = (L )L 2N e AN F(—2|A L)) for k< 0,0 #£0, (2.7)

where N f(7,\) denotes the Fourier transform of N f(r,-) in A.
Moreover, the distributions S, calculated in [14] are given by

(S,, f) = // Jo((oT) 1/2 YN F(-, )) ne 1)(7') dr dt (2.8)

for o > 0 and by
(S,, f) = // Jo((—oT) 1/2)(Nf( ))(”_1)(—7') dr dt (2.9)

for o < 0, where Jn,(7) = (5)™ > e k, (%)2 is the Bessel function of order
m of the first kind.

Proposition 2.5. Let f € S(H,). Then the map o — F(f)(0,0) lies in the
Tensgtrand space H defined by (2.3)).
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Proof.  For f € S(H,) we can see in [15] and [7] that

(So, [) = / / eeB2) £z H)dz dt dpg(u),
B(uu) - n

where dp, is the measure such that N f(o,t) fB(“ (2,1)dpg(2).

Given u = (uy, ..., Up, Upt1,...,U,) € C*, we have that
{UGC"' B(u,u) = —o}
+o B a
= {(( )1/2 1,(p 2 ) 2w5) twy € S wy € S p > o).

An easy computatmn shows that

/ / e Relw) (2 H)dz dt dpuy ()
B(u,u)=—0

+o - -
/ /f ) 2w, (F52) 2, 0)(p = 0)~ (o + o) dwnduwndp
p>|o| §2r— 1><S2q 1

= Nf(,0)
where the last equality is a consequence of ([2.5) with

F(u,0) = / eReBwa) £ t)dz dt.

n

We know that Nf € H#, then by (2.4) the proof is complete. [ |

As a consequence of Theorem 3.1 proved in [14] and by definition of the
normalized spherical transform we obtain the following result:

Theorem 2.6.  For f € S(H,) and k € Z, the derivatives & (F(f)(\, k))/ON
exist for all j € N and A # 0. Moreover, for each j, N € Ny there exists a positive
constant ¢ independent of X and k such that

D(F(F)\ ) 1 |
T ‘ = ("“' * |A|n1) DRI EDE

(2.10)

Definition 2.7. For m : (R\ {0}) x Z — C and (A, k) € (R\ {0}) x Z we

define
Ak if k>0
w0 k) = 3 AR, A,
(=)™ 2m(\ k), ifk<O.
Ak if £k <0
me ) = 4" v
(=1)"2m(\ k), ifk>0.

Let
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Let A; ={(\, (2k+ 1)|A\|) : A € R\ {0}, k£ € Ny}. Then, by Theorem 1.1
proved in [I4] and Veneruso’s result in [19] we have the following

Theorem 2.8.  We assume that p,q > 1 with p+ q=n. Then, for a function
m : (R\{0}) x Z — C there exists f € S(H,) such that m(\, k) = (Sxi, f) if

and only if m satisfies the following conditions:

(i) for all N € N there exists cy such that

1 1
< n=1 Z 2.11
1 < on (1444 ) e #6820

(ii) the functions defined on Ay by
(N, (2k+1D)|A) = E(m*)(\ k+q), (N, 2k+1D)|A]) = E(m™)(\, —k—p) (2.12)

admit Schwartz extensions on RZ.

3. The spaces H,

Our aim here is to prove that the restriction to ¥ of a function in H,, is in the
image of the normalized spherical transform. As a consequence we obtain a similar
result to the one showed by Veneruso in [19], which states that the restriction to
the spectrum A(U(n), H,) of a Schwartz function on R? is in the image of the
spherical transform associated to the Gelfand pair (U(n), H,).

In fact, let Q@ = {(\,s)/\ # 0}. We start with some propositions that will
be used later.

Proposition 3.1.  For ¢ € S(R?) the function

F,:Q — R
Al 7

(A, s)
admits an extension in S(R?).

Proof.  Note that for (), s) € Q,

5+|)\|a 18

90

w(A, 5) / ) du = A At 4+ s) dt,
~m L, a0 [ SEO e+ ) d

where in the last equality we have used the change of variables u = |\|t + s.
It is easy to see that F, defined by

_ 0
Fo(\, ) = / a‘p(A It + ) dt, V(A s) € R,
—1
is a continuous extension of F,, since we can derive it under the integral symbol
by Dominated Convergence Theorem.
We will prove that F, lies in S(R?).
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(i) For i,j € Ny, it is easy to show that

3i+jF az+J+1 .
N s T(A )= <)/ BNi= l&sﬁ”l (A, (Mt + 8)(sg(M\)t)" dt, V(N s) € Q.

Since if [ is odd then f_ll th dt =0, given sy € R we have that

OHIF, g i Pititly L
ol s M) ; <z) IaTgsri (0 50) /_ tdt,

1
(A5)eQ2 l even

Then, F, € C*(R?) since ¢ € C*(R?).
(ii) Fs@ is a rapidly decreasing function since so is ¢.

Lemma 3.2. Let n > 2. If ¢ € S(R?) then there exists ¢, o € S(R?) such
that

n—1

1 fn—1
F,, ,(\s) = = ;(—1)( l )(p()\,s—i- IA[(n—1=21)), V(A s) € Q. (3.2)
Proof. For n =2/ it is clear that ¢y = ¢ satisfies the claim.

By inductive hypothesis, we suppose for n > 2 that ¢ € S(R?) implies that
there is ¢, _» € S(R?) such that (3.2)) holds.
Then, for n + 1 and ¢ € S(R?) we have

" n\ o\, s+ [N(n—20) =2 n—1\ Fy(\ s+ [\(n—1—2
Z(_l)l<l>¢< +"/\"n< )):Z(_l)l( l ) <P( +’|)\’|7E_1 ))’

=0

n—1

=D NI W LA RERE T

=0

i l(n - 1) [o(\, s+ [A(R—1—=20)+|A]) — (A, s+HA|(n—1—20) —|A])]
AL

n—1
= ("] el s = 20) = s + = 200+ 1)
=0
n—1 n—1
B _yfn—1 ©(A, s+|A[(n—21)) 1)1 n—1\ (A, s+ |\[(n—2(l+1)))
-y ()RR e () N

=0

n—1 n
— 1\ @A, s+|A|(n —21)) n—1\ (A, s+ |A[(n—21))
= "
G 2 g

— NG 0(—1)l<l)<p()\,s+])\](n—2l)),
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where in the last equality we have used ("?1) + (7:11) = (7) )
Due to Proposition we know that F,, defined on 2 can be extended to
a function F, € S(R?) and, by inductive hypothesis, there is (F},),—o € S(R?)

such that

Tf(—l)l(n - 1> Fo(\ s+ A(n=1-20))  (Fpa—2(A\ s+IA) = (Fpn2(A s—|A])

l AT B A

We take ¢, 1 = (Fg,)n,g and the Proposition follows. (]

Proof. (of Theorem|1.5) Let m be the map defined on (R \ {0}) x Z by

m(\ k) =
CZFOL N2k +p—q), k<0,

|)\|n—1

We will prove that m satisfies the conditions (i) and (ii) of Theorem [2.8]
In fact, (i) follows from the fact that ¢, ¢ € S(R?).

To show (ii), by Definition [2.7] we have that

n—1

* n—1 *
Bk ) = 31 (" Ok g -
=0
min{k+q,n—1}

- ¥ (—1)l(n;1>m()\,k—|—q— 0)

=0

n—1
—1
+ Y (-1 <” z >(—1)”2m()\,k+q—l)
I=k+g+1
1 n—1

ST =D I (R LPWAVETEIE)

=0

= w% z_:(_l)l (n ; 1) oA A(2(k=1) +n)),

since 2(k—1)+n>-n+2if0<k,0<1<n-—1,and F|g+ = ¢|g+. Therefore,
the first map of (2.12]) agrees on A; with the map defined by

(A, s) = F,. ,(\s), V(A s) e,

where ¢, o € S(R?) is given by Lemma . Then, by Proposition , this map
admits an extension in S(R?).
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Similarly, for the second map in (2.12)) we have that

n—1
n *k n—1 *k
B~k =) = -1 ("] ) w0 k= p )
=0
min{k+p—1,n—1}

- 0 (M) mo ke

0

LYy (” B 1) (=1)"2m(\, —k — p+1)

n—1

2 b (ol —2(k—=10)—n
= e 0 (M) PO -0~

n—1

e LA D
= s 0 (M) w20 - 0 = )

1=0
since —2(k—10)—n <n—21if 0 <k, 0 <1 <n—1 and by hypothesis F|g- = 9|s-.
Therefore, E(m**) agrees on A; with the fucntion defined on Q by

n—1

o) e 1 (M ) s+ = 1= 20)

=0

where (), s) = (=1)""2¢(\, —s). Since obviously ¢ € S(R?), then by Lemma
and Proposition , this map can be extended by a function in S(R?). [ |

Proof. (of Corollary If ¢ € S(R?) then F = |s satisfies the hypothesis

of the previous Theorem, so the Corollary follows. [ |
Proof. (of Corollary[1.8§)  Given ¢ € H,, there exist ¢1, ps € S(R?) such that
q—1
P s) =pi(\s)+ [ (5= @k+p—q)A]) w2\, s) H(s).
k=—p+1

Let ©, be the map defined by

q—1
Zhs) =i s)+ [ (5= @k+p—q)A) ea(,s).
k=—p+1
qg—1
S0, Pylo+ =@|s+ and p1|s-—=p|s- since ] (s— (2k+p—q)|\]) p2(A,s) =0 for
k=—p+1
all (\,s) € 2t NX~. Then, by Theorem [1.5] this Corollary follows. n

4. Characterization of the image of the normalized spherical
transform

It is clear that we cannot hope that given any function f € S(H,) its normalized
spherical transform F(f) can be extended to a function in S(R?) (see Proposition
in Preliminaries). In this section we will prove that for f € S(H,) we can
extend F(f) to a function in H,,.
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Definition 4.1.  Let ¢ € S(R) such that ¢(\) = 1if |A] <1 and ¢(\) = 0if |\| >
2.
Lemma 4.2.  Given f € S(H,), let 01,02 € S(R) such that
F(£)(0,8) = 01(s) + 5" 05(s) H(s), Vs € R.
Then, the map

q—1

o\ s) =01(s) o)+ [ (s = @k+p—q)IA) b2(s) 6(N) H(s)

k=—p+1
is in H, and p(0,s) = F(f)(0,s) for all s € R.
Proof. It is immediate. n

The following two propositions allow us to develop the normalized spher-
ical transform F (f) in a Taylor expansion similar to Geller’s lemma proved by
Astengo, Di Blasio and Ricci in [1].

Proposition 4.3. If f € S(H,) satisfies F(f)(0,s) =0 if s € R then, there
exists h € S(H,,) such that

‘F(f)<>‘v|)‘|(2k+p_Q>> = A F(h)(/\v|>‘|(2k +p_Q))7 VA 7é O,k € Z.

Proof. By hypothesis and the definition of S,, see and . we have
that

0=(S,, f)= (-1 /000 Jo((e)Y2) (N £)"(7,0) dr, Yo >0, (4.1)
0=1(S,,f)=(-1)""7? /000 JO((—O'T)I/Q)(Nf)n_l(—T, @) dr, Yo < 0. (4.2)

Let fi € Syq)(Hy) defined by fi(z,t) = (Nf)"71(|z]?,¢t) for all (z,t) € C x R.
Let us denote by f1 the spherical transform of f; associated with the Gelfand pair
(U(1), Hy). We will show that f1(0,0) =0 for all o > 0, so fi(z,0) = 0 for all
r € R? (see [1] pag. 789).

In fact, for ¢ > 0 we have

fi(0.0) = / Jolalz]) fu(z0) d=
- / Jolol=)) (N £y~ (122.0) dz
C
= 27r/0 Jg(crr)(Nf)”_l(TQ,a)r dr

= 77/000 Jo(or ) (N £)"(7,0) dr

= ()" (82, f)
=0
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where in the last equality we have used (@.1). Then (N f)"1(|z[2,0) = 0 for all
z € C, that is, R
(Nf)"1(r,0) =0 Vr>0. (4.3)

Now, let fo € Sya)(Hi) defined by fo(z,t) = (Nf)"*(—|z|*t) for all (z,t) €
C x R. In the similar way, for ¢ > 0 we have that

~

0.0) = LﬁﬁWMM%®dz
- / Tl =)V £ (<2, 0) d
(C o0
= 27T/0 Jo(or) (N £)"=H(=r2,0)r dr

. / (= (o)) YN F) (=, D) dr

= (=1)"*1(S_2, Nf)
= 0,

where we have used ([@.2). Then (N f)*(—|z|%,0) = 0 for all z € C, that is,
(Nf)" 47,00 =0 Vvr<O0. (4.4)
By ([£.3) and (£.4) we obtain (N f)*(r,0) = 0 for all 7 € R. So, Nf(r,0) is a

polynomial of degree n — 2 in 7 and moreover it is a rapidly decreasing function,
therefore N f(7,0) =0 for all 7 € R, that is,

/ Nf(r.t) dt = 0. (4.5)
Let ¢ be defined on R? by
o(r,x) = / Nf(r,t) dt. (4.6)

It is clear that x — ¢(7,2) is in C*(R) and it is not difficult to see that also, it
is a rapidly decreasing function by using and that the map t — N f(7,t) is
in S(R).

By we obtain

Nf(r,z) = (g—i)(T, ) =1z o(r,2) =z ip(r, 7).

Moreover, as the map N : S(H,) — H¥ is surjective there is h € S(H,,) such
that Nh =iy, then

Nf(r,A) = A Nh(r,)), ¥(r,\) € R%
Finally,
(Saier £) = (i N, N) = (Fages A Nh(-, X)) = A (S, b,
implies F(f)(A, (2k+p—q)|\)=A F(h)(\, 2k+p—q)|\|) for all A #0, k € Z. =
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Proposition 4.4. Let N € N. Given f € S(H,) there exist f; € S(H,) for
all j =0,1,...,N and p; € H,, forall j =0,1,...,N —1 such that

N-1

FHN N @k+p=a)) = > Noj\ N @k +p—a) + AV F(fi) (A (M (2k+p—q)), (4.7)
§=0

where @; is the function of Lemmal[{.9 associated to f;.

Proof. Let ¢ be as in Definition and f € S(H,). We will do the proof by
induction on N.
Let 61,0, € S(R) such that F(f)(0,s) = 01(s) + s" '05(s) H(s), and let

q—1

po(A,5) = 01(s) 6N + [ (5= @k+p—q)A]) 6a(s) ¢(N) H(s).

k=—p+1

Then, by Theorem (1.8 there exists f, € S(H,) such that F(fy) = ¢ols. So,

‘/—:(f - f0>(07 S) = f(f)(0’8> - @0(0, S) = 07 Vs € R.
By Proposition [1.3] there exists f; € S(H,) such that

F(f = fo) N MR +p—q) = A F(f1)(A [A(2E +p — q)).

Therefore,

FHNIANEE+p—q) = F(fo)(A A @2k+p—q) + A F(f1) (A [A(2k+p—q))
= 0o(A [A[(2k +p— @) + X F(f1) (A M2k +p — q)).
Now, we suppose that for N > 1 there exist f; € S(H,,) forall j =0,..., N
and ¢; € H,, forall  =0,..., N —1 such that

N-1

FHN N (2E+p—0) = 3 Nej (A, [M(2k+p—) + AV F(fx) (A, [N (2k+p—q)). (4.8)
j=0

Then, for the first part of this proof with fy instead of f, there exist pn € H,
and fyi1 € S(H,) such that

FUNX ARk +p—a)) = on (A A2k +p—q)) + A F(fnr1) (X N2k +p—q)). (4.9)

So by (4.8)) and (4.9) we get (4.7) for N 4+ 1. [

The following Definition [4.5] Proposition [4.6|and Corollary [1.7] are straight-
forward adaptations of Lemma 3.1 proved by A., Di B. and R. in [1].

Definition 4.5.  For a function h defined on X, let E(h) be the function defined
on R? by

R, N2k + p — q))w(3=RICkEP=0)) =\ £
E(h)(/\,s): kgz ( | |( +p Q)> ( By ) # (4.10)
0, A =0,

where w is a function in C2°(R) such that w(t)=11if [{| <1 and w(t) = 0if [t|>3.
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Proposition 4.6. For N € N let f € S(H,) satisfying
F(fj)0,s) =0VseR, Vj=0,...,2N.
Then, the function E(F(f)) as in lies in CN(R?) and
(1) EFUDNNE@E+p—q) = FUHNIMNECE+p—q) VAAO, keZ.

(i) ZEFU (0,5) =0 Vs e R, 0<i<N.

(iii) For any i,j, M € Ny there exists a positive constant Cyn such that

O E(F(f)) L
N4 (N 5)| < C v < N.
[0+ 2 EBE 0 o] < . i <
Proof. It follows the same lines as in the proof of Lemma 3.1 in [I]. But here,
we have to use Theorems [2.6| and [2.8]in [14]. ]

As a consequence of this Proposition we have the following (see Proposition
7.5 in [2])

Corollary 4.7.  We suppose that [ belongs to S(H,,) satisfies
F(f;)(0,s) =0, Vs € R, Vj € N,.

Then, the map E(F(f)) defined by is in C*°(R?) and

(D) EFUDNINECE+p —q) = FUHNINECE+p—q) VAZO, keZ,

(ii) aEg\i (0,s) =0Vs eR, VieNy,

(iii) E(F(f)) € S(R?).

From now on, our purpose is to remove the restrictive condition F{ f;)(0,s) =0
for all s € R, j € Ny.

Lemma 4.8. Let {0;(s) = 601,(s) + s" '05;(s) H(s)};’OO be a sequence of
functions as in (2.3). Then, there exists a sequence {v;}32, of positive numbers
greater than 1 such that the function G defined on R? by

A\ a1 O\

G\ 5)=>_ = 01(s) wwA) + [ (s— @k +p—q)AD) D 5 625(s) w(vh) H(s),
im0 k=—p+1 =07

lies in H, .

Proof.  Let w be as in Definition [£.5] To prove Lemma it is enough to
show that for an appropriate sequence {v;} of positive numbers, if

fi(hs) = 91;”% N, g(As) = QZ;WJ (v,).



CAMPOS AND SAAL 19

then f =37 f; and g = > 2 g; are in S(R?).
To see this, we will take a sequence {v;}32, such that

i+l fg

OstON

sup
(\,s)ER2

S

(A, s)] < — and sup

27 (A,8)ER2

aiJrlg, 1

k j

. A < — 4.11
° (‘9318)\l( ’S>‘ - ( )
for all 0 <i,l,k < j. Since in this case, given k', k, N € Ny we obtain

, aiJrlf.
)\k k : J
s 0stON

Moreover, f;(s,\) =0 for all (\,s) € R? such that |[A| > 1. Then,

1,
(A,s)' < gmk , Vj > max{N,k},Vi+1=N.

, O M , L > 1
Ak k i J A < E )\k k ‘ J Y E < N
(/\il)lgﬂgz ° 8818)\1( ’S)‘ e (/\Ssl)lgugz ° 8513)\1( S|+ — 20~ .y
) 7j=0\"" j=M+1

Consider (4.11)). By the Leibniz’s rule we obtain
ai+lfj (9"81,]- Bl(Ajw(z/jA))
Fsion V8 = g (o) 8)\1

Z' l .
_ a 81] Z )\g r l rwl T(V )\)
Ost r)(j—r) € J

r=0

8201] 1 : ) j' e l—
=Py L ( )—(W W (),
Os! ]7 ! — (j—r)!

Then, since w™(v;\) = 0 for |v;A| < 1, we may find positive constants ¢; and d;
such that

i+l i J i
sk 0 + fj < Cj. Ska 61',j < C_J Z Ska 61}3’
OstON v;j! 0st vj o= st ||
i+ g i J i
8 i+ < dj' Ska «92'7j < ﬁ Z Ska 92‘7]'
8526)\1 ~ vjj! ast | T v = st ||,

Then, we take v; > 1 such that

J
vj > max {QJCj Z

k,i=0

90,
Sk‘ 7.]

0s’

392]

2Jd Z

k,i=0

+

Thus, the series > 22 f;j(A,s) and 3 %) g;(A,s) lie in S(R?) and G
satisfies the claim. [

Corollary 4.9.  Let {b (5)}320 be a sequence of functions in S(R). Then, there
exists a sequence {Vj °o of numbers greater than 1, such that the map H defined

by
PRECE L
i=0 I

is a Schwartz function on R?.
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For g € S(H,), let {g;}52, be the sequence of functions in S(H,,) associated
to ¢ given by Proposition [4.4]

Proposition 4.10.  Let f € S(H,). Then, there exist G € H,, and g € S(H,)
such that

(i) Gls=F(g) and,
(i) F(f;)(0,s) — F(g;)(0,s8) =0 for all s € R, j € Ny.
Proof. The sequence of functions
{3V F(£5)(0,8)}520 = {015(s) + 5" 62,5(s) H(s)}3

satisfies the hypothesis of Lemma 4.8, hence there exists a sequence {v;}32, of
positive numbers greater than 1 such that

q—1 00
Zwu N+ H(s) [ (s =@h+p—a)A) D Vo (s)w(v)) (4.12)
k=—p+1 Jj=0

lies in H,,. Then, by Theorem |1.8| there exists g € S(H,,) such that

Moreover, given N € N, by Proposition there exist ¢g; € S(H,) and

V(A 8) = 01(s)p(N) + H(s) ( IT s—@k+p- q)|>\|)> 02,7 (5)p(N)
k=—p+1
such that
f(g)(A,(2k+p—Q)l>\|)=ZA”%‘(A,(2k+p—q)+AN“f(9N+D(/\,(2k+p—q)7 (4.14)

for A #£ 0 and k € Z. Then, by (4.12)), (4.13) and (4.14)) we have

q—1
Dﬂeu (2k+p—q)|A)) w(viA) + H(s) [] 2AI(k—k) szg (2k+p—q)|A) w(¥;))
J=0 k=—p+1 j=0

A2k +p—q) ) + AN (gn 1) (N (2k+p—q)|A]), YA #£0, k € Z.

Mz

Taking limits as (\, |A|(2k +p — q)) goes to (0,s) on both sides of the last equality
we obtain F(fy)(0,s) = ¢0(0,s) = F(g0)(0,s) for all s € R. Then,

F(fo)(0, [A[(2k + p — @) )w(voA)= F(g0) (0, [A[(2k +p — q))d(N)= tho(A, [A|(2k +p — q))
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for all |A\| < Vio and

o0

> N1 (2k+p—g)A]) w H 2|A|(k—F) Z/\jezj((%-l-p—Q)P\D w(v;A)
Jj=1 k=—p+1 Jj=1

al 1
:Z A (2k+p=q)|A)) + AN F (g 1) (A (2k+p—q) A, VW<70’ k€ Z.

Takmg again limits as (A, |\|(2k+p—q)) goes to (0,s) on both sides of the equality
we obtain F(f1)(0,s) = ¢1(0,s) = F(¢1)(0,s). Then,

F)O, M2k +p—q)) wid) = F(g1)(0, [A(2k +p—q)) ¢(A) = 1(A [A(2k+p —q))
for all || < Vil and thus

q—1
ZAJGU (2k+p—q)|A)) w(;A) + H(s) [] 2A(k—F) Z/\]02J (2k+p—q)|A]) w(v;A)
Jj=2 k=—p+1 Jj=2

N
= > N (A 2k+p—q)|A)) + AT F(gnga) (A (2k+p—a) M), VW<* ke
7j=2

Iterating this argument we obtain F(f;)(0,s) = F(g;)(0,s) for all j =0,...,N.
Since N is arbitrary we have that F(f;)(0,s) = F(g;)(0,s) for all Jj €
No. |

Theorem 4.11.  We suppose that f belongs to S(H,). Then, there exists
© € H,, such that F(f) = ¢|s.

Proof.  Given f € S(H,), let G € H, and g € S(H,) as in Proposition [£.10]
Then h = f—g € S(H,) and it satisfies the hypothesis of Corollary[4.7] Therefore,
E(F(h)) € S(R?). Let

¢ =FE(F(h))+G.
Then ¢ € H,, and ¢|s = F(f). |

Proof. (of Theorem|1.9) It follows immediately from Theorems|l.8 and |4.11}

Corollary 4.12.  Given f € S(H,,) there exist ¢, € S(R?) such that F(f)|s+ =
pler and F(f)ls- = ¢fs-

Proof. By Theorem there exists ¢ € H, such that F(f) = ¢|s. Let
01,2 € S(R?) such that

q—1

e\ s) =i\ s)+ [ (5= 2k +p—q)\)e2 H(s).

k=—p+1

q—1
Then, ¢ defined by ¢(\,5) = i(As)+ [I (s = 2k +p— ¢)[ADps(),5) and
k=—p+1
1) = o satisfy the claim. .
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Corollary 4.13.  Let F be a function defined on Y. Then, F' is in the image
of the normalized spherical transform if and only if there exist o, € S(R?) such
that Fls+ = ¢|s+ and Flg- = ¢|s- .

Proof. It follows from Proposition and the previous Corollary. |

Corollary 4.14.  Let F' be a function defined on Y. The following statements
are equivalent:

(i) there exists f € S(H,) such that F = F(f),
(ii) there exists p € H,, such that F = ¢|x,
(iii) there exist @, € S(R?) such that Fls+ = o|s+ and Fls- = ¥|g- .

Proof. It follows from Theorem [1.9 and Theorem (.13 m

Now, we look for a sufficient condition that F(f) must satisfy to admit an
extension in S(R?). We know that for any f in S(H,) the map

s+— F(f)(0,s)

lies in C"2(R). Therefore we ask whether the fact that the map s — F (f) (0, s)
lies in C*°(R) is sufficient for F (f) to admit extension in S (R?).

Theorem 4.15.  Let f € S(H,) such that s — F(f)(0,s) is in S(R). Then,
there exists ¢ € S(R?) such that F(f) = ¢ls.

Proof. By hypothesis the map s — F(f;)(0,s) lies in S(R). Thus, H(\,s) =
SN F(f;)(0,8) w(yA) lies in S(R?*). Now we follow the lines of Proposi-
j=0
tion and we obtain h € S(H,) such that F(h) = H|y and F(h;)(0,s) =
F(f;)(0,s) VseR, VjeNy.
Let g=f —h e S(H,) and let
p=E(F(9) + H.

Then, ¢ € S(R?) and p|s = F(f). n

Proof. (of Theorem|1.11) It follows immediately from the previous theorem. =
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5. Looking for an extension of F(f) with better differentiability
properties

In this section we will show that the functions of the space H,, which we used to
characterize the image of the spherical transform, are as smooth as we can expect.

Moreover, we will show that there is a close relation between the differen-
tiability of s — F (f) (0,s), and the differentiability of some extension of F (f)
in H,.

Proof. (of Proposition Assume that s — F(f)(0,s) lies in C* ™ %(R).
So, we note that the functions f; associated to f according to Proposition
satisfy that the map s — F(f;)(0,s) lies in C*™=2(R). Therefore, there are
Hl,j, 9273‘ € S(R) such that f(f])((), 8) = 91J(S) + Sk+n_1627j (S) H(S)

Then, the map G defined by

Zwl] sk H s— (2k+p—q)|N) Zw% H(s),

k=—p+1

lies in H,,. Moreover, such as we did in the proof of Proposition we can see
that F(g;)(0,s) = F(f;)(0,s) for all s € R. Then, the map ¢ = E(F(f—g¢))+G
extends to F(f) and the Proposition follows. ]

In order to prove the main result of this section we need the following
Proposition 5.1.  Let f € S(H,).
Q) If F(fY(\, 2k +p—q)|A]) =0, YA€ R~ {0}, 2k +p—q >0 then, F(f)|s+ =0.
(i) If F(HO\ 2k +p—)\) =0, YA € R~ {0}, 2k+p—q <0 then, F(f)|s- =0.

Proof.
(i) By Definition [2.7] we have that:

n— 1

Em )\ k+q) = (HA AR = 1) +n)).

| )\|n 1
1=0
We can suppose that n is odd and the proof is similar when n is even. Under the

initial hypothesis we have that

DI FA O k=D +n)|A]), 0<k <23,
N TTE(m*) (N k +q) = l=%+§€ AR )+ 2

0, o=

w

< k.

~ ‘

On the other hand, by using the Inversion formula ( Theorem 4.7 in [14])
we know that

Nf(r,t) = / A D E(mN) (A k+ q) LY(IA|7/2) e M Aem

k>0
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for (7,t) € [0,00) x R. So,

DINf

( )\) = (—1)”—1M<_1)j ZE( *)()\ - ) J (j)(—Q)l(LO)(Z)(O)
oris 7 j mo\A T 1 k

2 47
k>0 1=0

(5.1)
Then, by definition of F(f)(X, (2K +p — q)|A|) for —p < k' < ¢, and using ({.1])

we get

n—1n—2 J )
FUHO @ktp— gah="0 Zépc]kle Ok 0) Y () (-2 ()0 )
=0

k>0

and an easy computation shows that

J
=Y (DEDR2YIDY0) = apt* + -+ + ag (5.2)
=0

is a polynomial in the variable j of degree k£ where a, = Qk—lf

Therefore,

AP EmN) Ak +a) ) (1)(=1)21(L3) " (0)

-3 > (” . 1)f(f)u, (2(k = 1) +n)A)) ta()
k=0 j=ntl ik
=) ( Z‘(—l)l (" , 1)ti_n+z(j)> F()(A, (20 = n)|A|)

=, Bi1(3)F(f)(N, (20 —n)[A])

n—1
where B;_1(j) = > (=1)'(";")ti_ni(j) is a polynomial in the variable j of
l=n

—i
degree 7 — 1.
Thus, as 2k +p—q¢=2(k' 4+ p) —n we set | = k' + p and for 1§l§”7_1

we have that

FiH @ - = E 3 (Z e BH@)) F(HO 2 = m)A)

r=1 7=0

Let 1 <nr < Tl An easy computation shows that for [ < p we have

n—2 jT ()’ l 1> r,
Cil=pyj = - s S: n—=2—s 53
D T 3 (a0, 1 O
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and
n—2 jr O, 1—1> r,
. L = n—2 T '
;C],lpélj >y <z_:11(l — 1)(Z — 5+ 1)25as’r> (L?_l)("*zfl) (0)7 I—1<r
(5.4)

for | > p, where a,, = 1.

n—2
Therefore, if 7 < [ we have that Y %2 B, ,(j) = 0 then,
j=0

FiH @ -m) = TS (Z CJLPBT_JJ)) FUO 2r = m))

hence for each A € R we have a homogenous linear system to solve whose associated
matrix is upper triangular. By definition of the polynomial B;_; and using (/5.3
and (5.4) the diagonal elements of this matrix are given by:

(-
— { s—— 1, I<p,
1=

1
5_17 lZp,

so, the only solution is the trivial.

(ii) Let ¢ € S(R?) such that p|y- = F(f)|s- and let ¢ € S(R?) defined
by ¥(A, s) = p(\, —s) then there exist ¢ € S(H,,) such that F(g)|s+ = ¥|s+. So,
F(g) satisfies the hypothesis of (i) then F(g)|s+ = 0. ]

Proposition 5.2. Let ¢ € C®(R?) and let ki, ko, ..., k, be integer numbers
non zero. If (A, Tki|A|) =0 for all i = 1,...,n and X € R then, there exists
Y € C®(R?) such that

n

p(A ) = [ (s* = B2N%) w(X, 9), V(A s) € R,

i=1

Proof. = We will do this proof by induction. In fact, let k € Z ~ {0} such that
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©(A, TE|A]) =0 VA € R. Then p(\, TkA) = 0,VA € R and we have that

_plhs)
__(kA)Z
L eAs) — (MR
54 kA s — kA
1 1 dp
s+ kX s—k)\/k/\ 83()\ t) dt
1 &p
SR ), s M EA s — k)l
_ 1 [toe Dy
=i ), 9s MR — k) = 500 —s s = kA)) dt
1 Oy
+s+k)\/ a_()\,—8+t(s—k:)\)) dt
k(s . Lo
—~ - (A, —kX) — (A, —s)
/ / 832 s+t(s— kN +u(s+ kX)) du dt + i
- —~ P\ FA) — oA, =)
/ / 832 s+t(s— kN +u(s+kN) du dt + T

lagp
// - —s+t(s—k)\)+u(s+k)\))dudt+/0 20 s (s + ) de

= (A, 8)
It is clear that 1 € C(R?) since p € C°(R?).
Let us suppose, by inductive hypothesis, that there exists 1), € C*(R?)

such that .

j

oA s) = [[(s* = KA%) (N, 9).

i=1
Then 11 (A, Tk;+1|A]) = 0 for all A € R. By the first part of this proof, there exists
1 € C*°(R?) such that

Ui\, 5) = (s = K2, A0 (), 5)
Thus,
J+1
p(Ns) = [J(s* = B2N%) (A, s).
i=1
|

Corollary 5.3.  Let o € C™(R?) such that o(\, (2k+p—q)|\|) =0V € R and
forallk € {—p+1,...,q—1} and 2k+p—q # 0. Then, there exists 1 € C*(R?)
such that
q—1
onvs) = [ (5—@k+p— ) b(hs), Y(\s)cR2

k=—p+1
2k+p—q#0
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Proof. (of Theorem |1.15) By the differentiability properties of ¢ it is not
difficult to show that there are ¢1, ¢y € S(R?) such that

0\, 8) = p1(\, 8) + s"pa(N, 5) H(s), V(A s) € R

As ¢|y and @]y lies in the image of the normalized spherical transform
then, the restriction to ¥ of the maps defined on R? by

(A, 8) — sngpg()\,s) H(s)
and
(A, 5) = 8"y (N,5) (1 — H(s))

lies in the image of the normalized spherical transform. Moreover, by Proposition

.1 we get
((2k +p = @AD" (X, (2k +p = g)|A]) = 0

forall -p+ 1<k <g—1and A € R~ {0}. Then, by the previous Corollary
there exists 1) € C*(R?) such that

q—1
p2(\s) = [ (s—@k+p—alA) e\ s), V(A s) € R
k=—p+1
2k+p—q#0
Finally,
q—1
N s) =i\ s) + 5 T (s = @k +p— @A)\ ) H(s)
k=—p+1
2k+p—q7#0

for (), s) € R?, hence

©1(0,8) + ¥ 4h(0,s) H(s), if n is even,

.F(f)((), 3) = 90(0>3> = {901(0’ s) + gkt w(()’ 3) H(3)7 if n is odd.

Thus, s — F(f)(0,s) is kK +n — 1 times differentiable at the origin if n is odd

and is k +n — 2 times differentiable at the origin if n is even. |
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