POINTWISE CONVERGENCE TO INITIAL DATA OF HEAT AND
LAPLACE EQUATIONS

G. GARRIGOS, S. HARZSTEIN, T. SIGNES, J.L. TORREA, B. VIVIANI

ABSTRACT. Let L be either the Hermite or the Ornstein-Uhlenbeck operator on R%. We
find optimal integrability conditions on a function f for the existence of its heat and Poisson
integrals, e”** f(z) and e‘tﬁf(x), solutions respectively of Uy = —LU and Uy = LU on
]R‘frl with initial datum f. As a consequence we identify the most general class of weights
v(x) for which such solutions converge a.e. to f for all f € L?(v), and each p € [1,00).
Moreover, if 1 < p < oo we additionally show that for such weights the associated local

maximal operators are strongly bounded from LP(v) — LP(u) for some other weight u(z).

1. INTRODUCTION

In this paper we consider the heat and Poisson semigroups, e ** and e‘tﬁ, associated

with the following differential operators in R%

Le{-A,-A+R, -A+|z]*}
(with R > 0), or with the Ornstein-Uhlenbeck operator O = —A+2x-V. We consider the
related partial differential equations

us = —Lu, (t,z) € (0,T) x R? and P) uy = Lu, (t,z) € R‘f‘l
u(0) = f u(0) = f

where in the first case we allow 0 < T < co.

(H)

We want to find minimal conditions on the initial datum f such that

(i) u(t,z) = et f(z) exists YVt € (0,T) and = € R? (as an absolutely convergent
integral), and satisfies (H)

(ii) limu(t,z) = f(z), for a.e. x € R%
t—0

The same is asked when u(t,z) = e*tﬁf(:):) with respect to (P).

It is well-known that these properties hold when f € LP(RY), and more generally, when
f € LP(w) and w € Ay(RY), 1 < p < oo. Indeed, these are classically obtained from the
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LP(w)-boundedness of the corresponding maximal operators
(1.1) W f(x) =suple ™ f(z)], P*f(x) =sup|e VEf(a)]

t>0 t>0
(see e.g. [19]). However, one expects that (i) should hold for more general functions
(growing at infinity below a certain critical order), while (ii) should only be related with
the boundedness of the local maximal operators

(1.2) hif(z) = sup e Lf(x)|, Prif(z)= sup |eVEf(z)],
o<t<a o<t<a

for a sufficiently small a > 0.

The goals of this paper are the following:

(I) Find the most general conditions in a function f such that properties (i)4+(ii) hold.
(IT) Find the most general conditions in a weight v such that (i)4(ii) hold for all f € LP(v).

(ITI) Show that, for all weights v as in (II), the local maximal operators h} and P, map
LP(v) — LP(u) for some other weight w.

When L = —A these questions have recently been investigated by three of the authors
in [7], although parts of it can be traced back to the classical literature [20, 21, 22]. For
example, for the heat equation (i)+(ii) hold for a function f if and only if

2
/Rd 1f(@W)le 5 dy < 0o, Vi€ (0,T).

In the Poisson equation the necessary and sufficient condition becomes

(1.3) /]Rd 7(1 Lf’(yy‘))|d+1 dy < o0,

and in this case (P) holds in the whole range of ¢ € (0, 00). These properties are elementary,
and can actually be proved by direct methods, without resorting to maximal operators.

Then, by a duality argument, the weights v in question (II) are characterized by

1

v(y) P
<o vie D, or |0
P (1+ [yl)d+t

Question (III), however, is more elaborate. It is known that, from abstract Nikishin theory,

_1 vl

(1.4) Hv(y) pe 4

< 00.
p’

the a.e.-existence of pointwise limits implies the weak boundedness of h} and P from LP(v)
into LP>(u) for some weight u = u(® (see [11], or [6, Ch. VI]). The strong boundedness
requires deeper arguments, and is related with a version of the two weight problem studied
by Carleson-Jones [5] and Rubio de Francia [13] in the 80s. Thus, a main contribution of
[7] was precisely to show that (III) holds for the class of weights in (1.4), making use of the
vector-valued approach developed by Rubio de Francia [13].

In this paper we shall investigate similar questions for the differential operators L €
{-A+R, A+ z|*, —A+2z-V}. All of them have explicit heat kernels, from which
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we derive the necessary integrability conditions one must require on f. The results are

summarized in the following table, with a precise statement in the theorem below.

L heat Poisson
AR | [l <o L1y <o
R w0 (14 )
Vse (0,T)
, 2 olyl2/2
Al | [ liwle Fay<oe | [ fml—F
e rt (14 [y (e + [y))2

Vs € (0,th (2T)/2)

_ . ~(+2)l e
av20v | [ rwle e I e L
Vs € (0, th (2T)/2)

TABLE 1. Necessary and sufficient conditions on f for the existence of e *& f
and e VI,

Theorem 1.1. Let 0 < T < 0o (and T = oo in the Poisson case). Let f : R — C be a mea-
surable function such that one of the conditions in Table 1 holds. Then, the corresponding
heat or Poisson integral, denoted u(t,x), defines an absolutely convergent integral such that
(i) u € C=((0,T) x R?) and satisfies the corresponding pde (H) or (P)
(ii) limy_,o+ u(t,z) = f(x), for a.e. x € R%.
Conversely, if a function f > 0 is such that one of the following holds

o ¢ " f(x1) < o0, for each t € (0,T) and some x; € R?, or
o e VEf(2) < o0 for some (t,z) € (0,00) X R

then f must necessarily satisfy the corresponding condition in Table 1.

For completeness we have stated the results for both the heat and Poisson equations,
although in the heat setting some of the results are already known; see [1]. Our main
contribution concerns then the Poisson equation. The main issue here is that the Poisson

kernel is not so explicit, but defined via a subordination formula

(15) €_t\/f W, t>0

(see eg [15, p. 46]). The characterization will be obtained from very precise estimates on
this kernel, which seem new in the literature and we think are of independent interest (see
§4.1 below). We refer to recent work of Liu and Sjogren [10] for different and more general

bounds of the Poisson kernel related with the Ornstein-Uhlenbeck operator O.
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We include a few comments about Theorem 1.1. First, the conditions required on f for
the existence of Poisson integrals are always stronger than for heat integrals, in fact strong
enough to guarantee the existence of the latter in the whole upper-half plane (0, 00) x R? (as
it is perhaps expected from the subordination formula (1.5)). Also, unlike the classical case
in (1.3), exponential growth of f is allowed in Poisson integrals, as it is already apparent
when L = —A + R, with* R > 0.

As illustrative examples, in the Hermite case, L = —A + |z|?, a gaussian initial data
fly) = elvI’/2 is admissible for the existence of e tEf for all t > 0, while the existence of
e VL f requires a slightly slower growth, such as fly) = ev*/2/(1 4 |y[)¥2. Similarly, in
the Ornstein-Uhlenbeck setting, '€ f is well defined for all t > 0 when f(y) = (1+|y[)Vel¥*
and N € N, even if these functions are not in' L!(dy). Thus we can cover more functions
than the classes considered in [8, §3]. The same applies to the Poisson integrals, since etvo f
exists when f(y) = e/’ /[(1 + |y|)? In(e + |y|)], which is not in L'(dv).

We now turn to the questions involving weighted spaces LP(v). We wish to describe the

classes
Dp*(L) and D}®(L)

of all weights v : R? — (0, 00) such that the corresponding properties (i)+(ii) hold for all
functions f € LP(v). These are easily characterized from Theorem 1.1. Indeed, suppose we

want to meet a condition in Table 1 written in the form

110l ew)dy < o
R4
for a suitable ¢, and all f € LP(v). Then, a sufficient condition on the weight v is
_1 ’ d
v P e LP(RY).

That this condition is also necessary follows by a simple duality argument (see [4, p. 10]).

To write this in a unified way, we give precise definitions of ¢ in Table 2.

Corollary 1.2. Let 1 < p < co. Then, with the notation in Table 2,

(1.6) v E D;‘eat(L) & Hvii ©s HLP’(Rd) < oo, Vse(0,T),
and
(L7) veDIRL) & [0 ¢ || pey < oo

Our next result concerns the strong boundedness from LP(v) to some LP(u) of the local

maximal operators defined in (1.2).

*Observe that the condition for L = —A + R in Table 1 can equivalently be written as
Joa I F ()1 + \/E|y|)% (1+ Jy))~ @D e VEVIHIUIE gy < oo, which for R = 0 recovers (1.3).

THere dy(y) = ef‘y‘2dy is the gaussian measure.
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L heat Poisson
Jul2 o—VER\/1+1y?
—-A+R %(y):ef 45, 0<s<T" =T ( ):7(11
L+l
A+ ol (1) = e %, 0<ser = e lv/2
- € 808 y =e€ Sy <s< =5 = é
(1+ [yl)2[In(e + [y])]3/2
_lw? 149y eyl
—A+22-V [ piy) =e T 0<s<T = ply) = [

In(e + [y[)]'/2

TABLE 2. Integrability factors ¢s and ¢, for each operator L.

Theorem 1.3. Let 0 < T < oo (or T = o0 in the Poisson case), and 1 < p < 00.

o Ifve Dgeat(L), then, for every a € (0,T) there ezists a weight u = u® such that
(1.8) hy : LP(v) — LP(u) boundedly.

Moreover, there ezists oy = oo(a,T*) € (0,1) such that, for any o < oy the weight u can be
chosen such that, in addition, u” € Dh**(L).
Conversely, if (1.8) holds for some weight u(*) and each a € (0,T), then v € Dheat(L).

e Ifv e DZI,DOiS(L), then, for every a > 0 there exists a weight u = u(®) such that
(1.9) Py LP(v) — LP(u) boundedly.

If 0 <1 we can find u such that, in addition, u° € DZ};OiS(L).
Conversely, if (1.9) holds for some a > 0 and some weight u, then v € DIF,’OiS(L).

As in the classical case, proving say (1.9), is much harder than proving the weak bound-
edness of P : LP — LP*°(U) for some weight U (although both turn out to be equivalent).
For the latter, if v € Dy°(L), then the existence of pointwise limits in (ii) for all f € L?(v)
implies that

Prf(z) <oo, aexeRY VY feLP(v).

Then, the assertion follows from Nikishin’s theorem as stated in [6, Corollary VI.2.7]. The
existence of a weight u guaranteing strong convergence is more difficult, and requires the
use of the vector-valued machinery of Rubio de Francia [13]. In fact, we need to prove
new local versions of his results, which are stated separately in §2. We finally remark that,
although this method gives no explicit expression for the weight u, we are able to show that
it is “almost” in the same D, class as v; namely, for every € > 0 we can choose a weight
w such that u'~—¢ € D,, (this is always the case in the Poisson setting, and also in the heat
setting if a is sufficient small, or T* = oo; see Remark 3.6). This result is new, even in the

special cases already considered in the literature [7, 1].
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The paper is structured as follows. In §2 we extend the two-weight theorem of Rubio de
Francia to local maximal functions. In §3 we prove in detail Theorems 1.1 and 1.3 for the
heat equation associated with L = —A+|z|?. In §4 we do the same for the Poisson equation.
In §85 and 6, respectively, we prove Theorems 1.1 and 1.3 for the operators —A + R and
O. Finally, in §7 we state some further remarks. Throughout the paper A < B means that
A < ¢B for some constant ¢, which may depend on fixed parameters (such as d, p,a or R),
but not on the variables t,z,y. Dependence on the variables is stressed by the notations
Cy, Cy g, ete... Finally, A ~ B will denote both A < B and B S A.

2. A TWO-WEIGHT PROBLEM FOR THE LOCAL HARDY-LITTLEWOOD OPERATOR

Let R > 1, which we assume fixed throughout this section. We consider the following

local Hardy-Littlewood maximal function

1
(2.1) MBS f(z) := sup
>0 ’B’I" Br(z)

F(Y) X{ly|< R max(«|,1)} (¥) dy.

We shall adapt the arguments given by Rubio de Francia in [13] (see also [6, Ch. VI.6]) to

prove the following.
Theorem 2.1. If1 < p < oo and v_% € Lf;C(Rd) then there exists a weight u such that
(2.2) M LP(v) — LP(u)  boundedly.

1
Moreover, if we assume that ||v™» e*A|y‘2Hp/ < 00, for all A > Ay (and some fized Ag > 0),

then for every o < 1 we can choose the weight u such that, in addition,
(2.3) Hufg e*A|y|2Hp/ < oo, VA> AR
In particular, if Ao =0 or o <1/R2, then (2.3) holds for all A > Ay.

PROOF: Following the strategy in [13], one first proves, for every s < 1, a vector-valued

estimate

(2.4) IoPIRE:
J

1
i = O (Sl ls)

for a suitable partition of RY = U2 Bk, and some constants Cj, (which may depend on v,
and of course on p, s and R). This inequality implies, by the factorization theorem of Rubio
de Francia (see [6, Thm VI.4.2]), the existence of some weight Uy, supported in E}, such
that HUk_IHL s <1and

p—s

1M P ey de < LI
k

In such case, to obtain (2.2) it suffices to consider the weight u defined by

> 1
(2.5) u(z) = 2 m Uk(7)xE, (),
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for some v > 0. We now prove (2.4), with a precise expression for C} which later will lead
to the bound in (2.3). Consider

Eo={lz] <1} and Ep={""'<|z|<b"}, k=1,2,...,
where b > 1 will be chosen later. For fixed k € NU {0}, we split
f = Ixqy<roey + Fxqysmeey = f+ 7.
It is clear that
MEef"(x) =0, Yz e FEy.
Next, a use of Kolmogorov’s inequality [6, p. 485], followed by the Fefferman-Stein estimate
for the standard Hardy-Littlewood maximal operator M [17, p. 56] gives

1 1_ 1
H(;w%ﬂmp)p oy S ClB 1\)(;|Mf;-|p>p .
< e BT (D151
J
<

1
con | Bl (D 1il0))” Vi
J

the last step following by Holder’s inequality if we set

1

_P\ 7

Vi = (/ v p>p .
ly| < RbF

(we also used that f; are supported in {|y| < RV*}). Thus we have shown (2.4) with

pl

1 : . ) _1
Ey|= 71V}, which are finite numbers since v™» € L.

Cr = csp
We now turn to prove (2.3) under the assumption
L _1 —A 2
HUHDPA = Hv » e Al Hp, < 0,
for all A > Ag. For any such A, we can bound the constants V; by

_1 2 2 k|2
Vi = [[o e~ Al Al GAIRVE[?

X{l<rv}lly < llvlp,

This is relevant when we construct the weight u as in (2.5), for which we have freedom to
choose s <1 and b > 1. Given o < 1, we first select s < 1 such that %p, = p%s. Then,

/ o0
/ _op 2 ’ s 5
”uJH%pB = / u(y) P e ' Bly| dy — E (Q'chk)ﬂp / Uk(y) s e ' Bly| dy
’ Re k=0 By
- k 1_1 A|Rbk|2 op’ o BlpE—12
(26) < c Z (2’}/ |Ek“ s e | Rb"| ) e P | | ,

k=0
where in the last line we have used that ||U, IHLPES < 1. Now, this series is convergent
provided that

B > b AR?0,
and this is always the case if B > AgR%c and we select A and b close enough (but larger)
than Ap and 1, respectively.
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|

Remark 2.2. The theorem continues to hold if we replace the condition in the weight by
||v_% e~ AWl||, < oo, for all A > Ag. Indeed, in such case the same proof as above would
give, for every o < 1, a weight u such that Hufg e Alvl | < 00, VA > AgRo. This version
of theorem (with Ay = 0) will be used in §5 below.

Remark 2.3. Theorem 2.1 cannot be true for p = 1, at least if one expects “reasonable”
weights u and v, say such that L'(u) C Li_(R?), and v is essentially constant near some
point zg. Indeed, in such case the function f(z) = |z —zo|~¥[In(e/|x—z0])] X B, (o) € L' (v)
for some £ > 0, but M'S¢f(z) > |z — 20| ~¢[In(e/|z — 20])] ! near xg, which is not locally

integrable.

3. THE HEAT EQUATION FOR THE HERMITE OPERATOR L = —A + |z|?

This case was studied earlier in [1], although from a slightly different perspective. Namely,
in that paper the authors seek minimal conditions on a function f so that there exists some
e > 0 for which e7** f(z) is well-defined up to time ¢ and e~** f(x) — f(z) for a.e.x. This
is satisfactory if one only cares about pointwise convergence to the initial data, but does
not guarantee that the candidate solution e */f actually exists in a fired band of time

t € (0,T). In our approach, we first fix T > 0 and the corresponding pde

{ uw=—Lu, te€(0,T)

and search for minimal assumptions in f so that u(t,z) = e "X f(z) solves the equation in
the full band ¢ € (0,T), and secondly, it satisfies e ¥ f(2) — f(z) a.e. This more precise
approach is also slightly more general than [1], since their class of admissible initial data f

will coincide with the union of our classes as T > 0 varies.

3.1. Kernel estimates. The kernel hy(z,y) of e ** (usually called Mehler kernel) has a
well-known explicit expression which we shall write in the form
1— 52

4rs

d 2
(3.1) ho(ey) = ()P e B it s = g,

We shall use the following estimates.

Lemma 3.1. Given M > 1, t> 0 and = € R%, there exists some C = Cut.m > 0 such that

2
— M+ M—
1 |z 4?J| [% s( 1 1)2]

-
(3.2) DY < hy(e,y) < Ce " BHGE vy e R

where we have set s = tht.

PROOF: Assume first that |y| > M|x|. Then, an elementary use of triangle inequalities

gives M=ty| < |z £+ y| < 2L y[, and therefore

Ttlz —yl < |z 4yl < 35 lz —yl.
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Inserting these inequalities into the Mehler kernel (3.1) one easily obtains (3.2). If we

. oyl (1 o(Mi1y2) .
assume |y| < M|z|, then the function y — hy(x,y)e” & 77 m=171 ig continuous and non-

vanishing, and hence bounded from below in the compact set |y| < M|z| by a constant

c(x,t, M) > 0. One argues similarly for the upper bound. O

Remark 3.2. Observe that every f > 0 which has e *¥f(z) < oo, for some x and t > 0,
is necessarily locally integrable. Indeed, if y belongs to compact set K, then h(x,y) is
bounded below by some ¢ = ¢(t,z, K) > 0, and hence [ |f| <1 [ h(z,y)|f(y)|dy < oc.

3.2. Proof of Theorem 1.1 for the Hermite-heat equation. Theorem 1.1, in the
setting considered in this section, is a direct consequence of the next three propositions.

Our argument is more direct than that in [1], and also valid in greater generality.

Proposition 3.3. Let T > 0 fized (possibly T = co). Then, the following are equivalent

(i) / he(z, )| f(y)|dy < oo, for all t € (0,T) and x € R?
R4

(i) / he (e, )| f (y)|dy < oo, for all t € (0,T) and some x; € R?
R4

(iii) /]Rd |f(y)] 6_% dy < oo, for all s € (0,th (27)/2).

PROOF: Clearly (i) implies (ii). We show that (ii) implies (iii). Pick any to < T and x
such that

[ bl wldy < o
Rd

Call sg = thtg, and take any s < th(2tg)/2 = (thty + ﬁ)*l, that is % > s + %. Then

there must exist some large M > 1 so that 1 > % + so(444)2. The lower bound in (3.2)

then gives

e*‘zZ;fllz < 6_%[%“0(%—%)2} < Chto.M i (2, ).
Hence
(3.3) /]Rd e_‘zZ;!lQ |f(y)|ldy < oo, Vs <th(2ty)/2.

Using the similar but more elementary estimate

_Jz—y|? |yl

(3.4) %e_4s(M)2§e s Sce_4s(1\4)2, yGRd

with some ¢ = ¢(x,s, M) > 0, one can place z = 0 in (3.3). Since tg < T is arbitrary, one
obtains the assertion in (iii).

Next we show that (iii) implies (i). Pick o < T and = € R%. Setting so = th (2tg)/2, we
see that (iii) (suitably combined with (3.4)) implies that

(3.5) /Rd 1f ()l e T dy < oo,
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Take any t < ¢y and let s = tht < thtg. Then % + 5> ﬁ + thty = % Thus, there is
some large M such that 1 + s(%—j)2 > %, so the upper bound in (3.2) gives

_lz—y|?

g2 B
ulayy) < €= SRR < o

Then (i) follows from (3.5).

Proposition 3.4. If f satisfies the conditions in Proposition 3.3, then
ut.a) = [ hla) i)y € C(0.1) xR,

PROOF: It suffices to prove that, for each z and ¢,

(36) [ 1o bt @l dy <, ¥ L2 >0

Since h;(x,y) satisfies the Hermite equation, we can assume that M = 0. Since s = tht
is a diffeomorphism, we may just prove (4.15) replacing 9; by ds. Now, from the explicit

formula (3.1), this would be a consequence of

(3.7) /R oy P b)) dy < 00, YL 20,

But if f satisfies (i) of Proposition 3.3, so does |z & y|> f(y), so (3.7) is indeed true. O

Proposition 3.5. If f satisfies the conditions in Proposition 3.3, then

(3.8) tlirél+ e Lf(x) = flx), ae.xeR

PROOF: It suffices to show (3.8) for a.e.|z| < n, and every fixed n € N. Split

[= IxXgy<eny + IX{y>2ny = f1+ fo.

We first show that lim g e F fo(x) = 0 for all |z| < n. Indeed, if |y| > 2n we must have
|z —y| > |y|/2, and therefore, from the explicit formula (3.1),

2

2
_la—y? _ _lw?_lyl 5
e 4s e~ 16s e 32s 4so —d/2 n2 [yl

< < < B
(4ms)4/2 = (4ms)d/2 =  (4ms)d/2 s

(3.9) hi(z,y) <

6_875 e 4s0

2
[yl

if we assume s = tht < s0/8, and say so = th (2T)/4. Now, since e~ 0 f(y) € L'(R?) and

. _ _n- .
lims_,o s~ %2 e~ % =0, we obtain

n? _w?
(3.10) et fo(z)| < cqs™ Ve /[Rd lf(y)le 1o dy — 0, as t—0.

On the other hand, every f verifying the conditions in Proposition 3.3 is locally integrable

by Remark 3.2), so by the standard pointwise convergence for L' functions we have
y Yy p g

(3.11) %gr(l) e L fi(x) = flx), ae|z| <n. 5
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3.3. Proof of Theorem 1.3 for the Hermite-heat equation. This requires a more
detailed proof, as the estimate in the weight w is new. Let 1 < p < co and a < T be fixed.
For a weight v such that Hv_% 6_% |ly < oo for all s < th(2T)/2, we need to show that the
maximal operator
W)= sw [ he)l )l dy
0<t<a JR4

maps boundedly LP(v) — LP(u) for some weight u. Moreover, if o < o (for a suitable og

_a ly|?
to be chosen) we must find a weight u such that ||u " » engsHp/ < oo for all s < th (2T)/2.
To do so, we fix M > 1 (to be chosen later), and split the operator h} into two parts

Bfz) < sup / ha(, )| f ()| dy + sup / ha(, 9)| £ () dy
0<t<a J|y|<M max{|z|,1} 0<t<a J|y|>M max{|z|,1}

= Af(x) + Bf(x).

For the operator B we estimate the kernel as in (3.9), but with a slightly more precise

computation. Now we assume |y| > M max{|x|,1}, so we have |z — y| > %]m Thus, if
s =tht,

_lz—yl? _(MP@ 5

e 4s e M 4s CM (M—l)g\y\

< < —e \'M 4 CIM _(M_1)3M
(4ms)d/2 = (4ms)d/2 7 y|?

— ¢ 4s
= max{, [2]7}

ht(xa y) S

We pick M large enough so that sg := (7747)%ha < T* = th(2T)/2. Then, Holder’s
inequality gives
_l?

Ay 1 _l?
B1E) < g, oy Wl o7 e

|p, < 0.

So, we will have ||Bf|rru) S Ifllze(w) if we choose any u(x) < 1. We now pass to the
operator Af(x). Since |y| < M max{|z|, 1}, an elementary computation slicing into dyadic
shells (of radii 27+/s, j € N) gives

_lz—y?

[ 4s
Af@) < swp [ O g dy < MU (@),
0<it<a J|y|<M max{|z|,1} (471'8)

where MIJ\OJC f is the local Hardy-Littlewood maximal function defined in (2.1). Thus by
Theorem 2.1, if we set o9 = o¢(a, T*) = 1/M? € (0, 1), then for every o < o there exists

pu 2
a weight U such that [|[Af|lzen S| fllrew) and ||U ™ » 6_% » < oo for all s < th(2T)/2.
g (U) ~ (v) P

Finally, to combine the estimates for Af and Bf we can just take

u(z) = min {U(w), 1},
which satisfies the required properties.

Remark 3.6. In the previous proof we chose og(a, T*) = 1/M?, with M so that (%)%h a <

T*. In general, we cannot let M 1 (and hence oy 1), but we could always do so if we

start with a parameter a sufficiently small (depending on 7%).



12 GARRIGOS, HARZSTEIN, SIGNES, TORREA, VIVIANI

4. THE POISSON EQUATION FOR THE HERMITE OPERATOR

4.1. Kernel estimates. We denote by p;(z,y) the kernel of the operator e~ tVL, By the
subordination formula (1.5), and using the explicit expression for h:(z,y) in (3.1), the kernel

can be written as

3 © 2 du
pe(z,y) = \/E/o € du hu(l‘,y)w
t Le 2135 (1 — g2)51 o 2 gy
(4.1) - a1 41y 1+4s13/2 ds,
(4m) =" Jo s2 (31n1%)

after the change of variables s = thu (or equivalently u = %ln }—f‘;) These long expressions
are difficult to handle, but we obtain here very precise decay estimates which will be enough

for our purposes. The next two lemmas are key results in this section.

Lemma 4.1. Givent > 0 and € R?, there exists some Ci a2 > 0 such that

2 2
-1l _lwl®
Ct,z e 2 Ct,ac e 2

= < pelx,y) < 3
(1 + [y[)2[In(e + |y])] (1 + [y)2[In(e + |y])]

PROOF: ¥ We may assume that |y| > M max{|z|, 1}, for a fixed sufficiently large M, since

(4.2) . VyeR%

3
2

Njw

otherwise y would belong to a compact set, and upper and lower bounds with a constant
Ct,» would be obvious.

We start with the upper bound. In the integral expression for p;(x,y) in (4.1), we first
look at the range 0 < s < 1/2, namely

2
1/2 ¢ 2 fE (1 - 2)8-1 - h@@st ) 1/2 g=ct2/s g~ L(a2st+ )
(4.3) I :t/ 7 3 ds < t/ s ds,
0 52 (ln 1—1‘?) 0 5 2

where we have used the elementary estimate

1+s 2s
] ( ):1 (1 )% , 1/2].
n . n —1—1 s, s€][0,1/2]

and the notation
(4.4) a=|r+y| and b=|x—y|.
We turn to estimate the crucial exponential factor

]. 2 b2
(4.5) exp (—Z(sa +2)).
5

2
implies that a?, b > (24-1)2|y[2. Thus, the exponential term in (4.5) is controlled by

If 0 < s < 1/2, by monotonocity we have s + 1 > 2 while the assumption |y| > M|z|

2 —
exp (— g(sa® + %)) < exp(=(Frt)?[yl*) < exp(—5lyf),

¥ This proof has been partly rewritten following the referee’s suggestion.
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if M is chosen large enough. Inserting this bound into (4.3), and changing variables v = t2/s
in the remaining integral we obtain
d+1 dv d 7%|y‘2

6 o0
(4.6) Iy < e 10 td/ e vz — <t
2¢2 v

Thus, this part has a better decay than the right hand side of (4.2).
We now pass to the range 1/2 < s < 1, which disregarding irrelevant terms is given by

the integral

11 %241 5
(4.7) L=t ]f k) L L
5 (Ing=)2
Here we need a finer estimate on the exponential (4.5). Completing squares, we can write

the exponent as

b2
sa2+? a—T) +2ab—%(s—g)2+2ab.

Since ab = |z +y||z —y| > (y+2) - (y — x) = |y|> — |z|2, we have
(4.8) et o R ety

We shall estimate the last exponential as follows. First note that, by the triangle inequality,
Ib—al = ||z — y| — |z +y|| < 2|x|. Therefore

I N e EL e

4\fv|

So when we consider the range 1/2 < s < , we have |s — 2| > (1 — s5)/2, and hence

1 4|z|

d
“a eow? T (1 — )5l 2ame?
I10=/ e < te 20 / %ei 6 ds
1/2 (ln?s)é

d_
oo g [P 02D a2
e 2 a - e 16 du,
0 (In%)z
v

where in the last line we have changed variables v = a(1 — s) and have slightly enlarged the

N[

set of integration. Now, it is easy to see that, in the last integral, the main contribution
happens when v = 1, and hence the integral is controlled by ¢(Ina)~%/2. Since a = |z +y| >
%M? this part meets the required bound on the right hand side of (4.2).

It remains to consider the range 1 — 4|z|/a < s < 1, in which we shall disregard the last

exponential in (4.8). That is,

1 2 2 1 4 2 2 clel d_q
|22~ |y| (1—3s)2 |2|%—|y| Wl w2
111:/ - <te 2 / 7d3§te 2 / du,
12zl -2 (In L) 0 (nl):

where in the last step we changed varibles u = 1 —s, and used a = |z +y| > 2=L|y| (so one

1yl
EER

w

can choose ¢ = 4M /(M —1)). Now, in this range of integration we have log(1/u) > log
so the right hand side can be estimated by

el —lwi? /|z|\d/2 _3
(4.9) In S te 2 (m) [log of17] 2
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If say |z| < VM /e, using |y| > M we have log Hyl‘ > Zlogly|l. If || > VM /c (and M is

sufficiently large) we can use the elementary inequality

log |y| = log C'fi!‘ + log (c|z|) < log Wl og (clzl),

cla]

which implies log ||y‘| > log |y|/log(c|x|). Inserting these estimates of the logarithmic term

into (4.9) we finally obtain

_w? _3
L1 S tege 5 |y /2 [log\yl] 2,
|2

with constant ¢, = e 2 (1 4 |z|)%/? [log (e + \:U|)]3/2. Combining the bounds for Iy and
111 we conclude that

(4.10) I < tepe 3 (14 Jy) 2 [log (e + [yl)] ™,
when |y| > M(|z| Vv 1), with the same value of ¢,b.

We finally prove the lower bound. The main contribution for the integral defining p;(z, y)
will appear when 1 — s ~ 1/|y|. To show this, notice that, since % is increasing when
1/2 < s < 1, we can bound

t2 t2

eXp( 2In 1+S> > oxp (= 5y ).

Thus P
1 1
1
pe(x,y) > Ct/ %6 Hsa?+40) g
- (In = 5)2
where as before a = |r + y| and b = | — y|. Changing variables 1 — s = u, we are lead to
consider ol
1 d_q
0 (In2)2
This time we write the terms in the exponential expression as
b? (a®> =P )u  a®u?
1—wa?+—— = a®>+b> - .
( u)a+1_u @t 1—u 1—u

Thus, since a? + b* = 2(|z|? + |y|?) and a® — b* = 4z - y, we see that

2+ 2 2,2
(=510 exp( @ - y) exp(— 1)

2 2
> exp(—ZEHEY exp(— 2y oxp(—2[y|2u?),

exp(—%((l—u)a%r%)) = exp

where in the last line we used that 1 —u > 1/2 and a = |z + y| < 2|y|. Thus,

Y0yl 41
_ =% +yl? U2 _ o0(2,,2
I>e ) —— e 2fzllylu ,—2ly[*u* g,
0 (In=)2
u

Finally, since uly| < 1, we can bound from below

z|? 2 1/|y| g 2|2 _ =
Nl v .
2\s u ™ d 3
0 (Ing)2 (1 + |y)) % [In(e + |y])]?

§ This value of ¢, will play a role later.
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as we wished to prove. 0

The previous lemma essentially suffices for the proof of Theorem 1.1. For Theorem 1.3,

however, a more precise bound is needed. Below we write p2* (2 — y) for the usual Poisson

kernel ;
A Cd
Py (:L' - y) = 5 INCEE
(2 4z —yl?) 2
Lemma 4.2. There exists a constant v > 2 such that
ly|?
y|? t e_JT

(412)  pule,y) < Co |pPlo—y)e ® x " ’
, : {wsymastlel}} ™ () Finge + )]

where Cp = C (1 + |z|)%l**/2, for some constant C' > 0.

PROOF: As before, we split the integral in (4.1), which defines p;(z,y), as

pe(z,y) :/o

with Iy and I; given in (4.3) and (4.7), respectively. We have already shown in (4.10) that

N

1
. —I—ﬁ SIO“‘II
2

2 2
teflél .
IS e v 5, if  Jyl > M(|z] Vv 1),
(1+ly[)2[In(e + [y])]2

with ¢, < Cy (see footnote §). For |y| < M(]z|V 1) we shall use a cruder bound: keeping

the notation in (4.4), and disregarding the last exponential factor in (4.8) we see that
T

exp(—1(sa® + %)) < e 2 e 2 . Inserting this into (4.7) we obtain
‘2
L < teF ¥ /1 (1—s)t ds < C te” %
1> T 1 N3 = vz d 3 -
3 (nk)e (1+ |y[)z[In(e + |y[)]=

We now turn to estimate Iy, for which we need a slightly different argument to introduce

pP. Starting from (4.6), we can write, for a small ) > 0 (to be determined)

& 10a? d+1 dv
Lo <t / o (e 182 (252 (1) 4L AU
2 v

Now, if [y| > M max{|z|, 1}, we use as before that a2, b* > (4-1)2|y|?> and the monotonicity
of % + v to obtain

2
e 1 (50 (1-n)v) < =3I (PG < o~ F - (Pl

So, setting n = 1/M and fixing M large enough such that %( M=1)3 > 1%, we conclude that
dv

M
[o.¢]

6 2 2 2 d+1

Ip < cpyte 10l / e (et H3b)v 5
2

v
, t 6_%“"2 ” t e—l%\y|2
= 1l —g) s = My

using in the last step the assumption |y| > M max{|z|,1}. This can clearly be absorbed
into the right hand side of (4.12).
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So we are left with Iy in the region |y| < M max{|z|,1}. We now write
o0 2
S e e
< i "
' - _a2e?+0?)  ay1 du
2

< v B s T =
(4.13) S (Ct2+52)% e e te 16 U "

)

where we have changed variables u = (ct? + b®)v/4. In the last integral we can disregard t,

and estimate it crudely by

oo 2,2
J :/ e ¥ e_aleu u% d—u
0 u
This integral is not difficult to estimate by hand, but we can also quote the literature, since
it resembles a Bessel potential kernel
o0 |2
(4.14) Ga(x) = Ca’d/o e e w2 %“
[16, p.132]. Indeed, modulo a multiplicative constant J = ¢4 Gag41(ab/2), and from well-

known estimates of the Bessel potential kernel (see e.g. [3, p. 417]) we obtain

ol

_ab
(A 2

J S (1+ ab)
Now, ab > |(z +y,x —y)| > —|z|? + |y|?, so using the assumption |y| < M|z| we obtain
2|? 2 = |y

1yl
JSez e (Lhletylle—y)? <en(l+fz)le= e 2.

Inserting this into (4.13) we obtain the bound asserted in the statement of the lemma.

4.2. Proof of Theorem 1.1 for the Hermite-Poisson equation. As we did before,
the result will follow directly from the next three propositions. The first one is a direct

consequence of the kernel estimates in Lemma 4.1.
Proposition 4.3. The following properties are equivalent:
(i) / pi(z,y)|f(y)|dy < oo, for allt >0 and x € RY
R4

(i) / Pio (0, )| f(y)|dy < o0, for some tg > 0 and some zo € R?
R4

(i) [ £l % 0 ) e+ o)) dy < x.
For the smoothness of the solution one argues similarly to Proposition 3.4.
Proposition 4.4. If f satisfies the conditions in Proposition 4.3, then
uta) = [ mle.s) ) dy € C2((0,00) xR,
PROOF: It suffices to prove that, for each x and ¢,

(4.15) [ kAl el f )l dy < . v LM =0
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Since the Poisson kernel satisfies Aypy(7,y) = |2*pi(x,y) — Oulpi(z,y)], we can assume
M = 0. Now, taking derivatives with respect to ¢ in the explicit formula (4.1), matters are
reduced to check that, for each ¢ > 0,

+2

1+s
—5

— 2
/16 2 (1 = g2)§1 1P sle )
d 3/244

0 st (3 f2)

But the same proof we gave in Lemma 4.1 shows that this is equivalent to

/Rd £ e (14 )% e + ] =340 dy < oo

which holds under the assumptions of the proposition. O

ds < o0.

For the pointwise limits we shall also need the estimates in Lemma 4.2.

Proposition 4.5. If f satisfies the conditions in Proposition 4.3, then
(4.16) lim e_t\/zf(:v) = f(z), ae.xeRL

t—0t+

PROOF: We argue as in the proof of Proposition 3.5. We shall show (4.16) for a.e. |z| < n,
and every fixed n € N. Split

= Xylsmy + IXqyismy = fi+ f2

(v is the constant in Lemma 4.2). Using Lemma 4.2 we see that, for every |z| <n

ly|2

[f(y)le” = dy
pe(@,y) [f ()l dy < Cpg't /Rd (1+y)% [n(e + [y)]

@ e Vi) < [

-
ly|>yn 2
Since the last integral is finite we obtain lim; g e_tﬁfz(x) =0 for all |z| < n.

On the other hand, f; € L'(R?), so the standard pointwise convergence of Hermite-

Poisson integrals of L' functions gives

(4.18) %g% e_tﬁfl(x) = f(z), a.e|z|<n. -

4.3. Proof of Theorem 1.3. Let v € D;OiS(L), that is

_1
(4.19) [vllp, = llv" 7@l o gay < o0,

ly|? d
2

where we denote p(y) = e~ 2 (1+ |y|)"2 [In(e + ]ym_% For every a > 0 and 0 < 1, we
must show the boundedness of the maximal operator
Pif@) = sw [ i) 7w dy
0<t<a JR4

from LP(v) — LP(u) for some other weight u such that u” € D,,.

We use again Lemma 4.2, to split the maximal function as

P
Pif) < Cosw [ P ) TS dy + Coa [ 17w oty dy
0<t<a Jly|<ymax{|z|,1} R4

= Pyf(x) + Prf (),
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where we recall that C, = ¢ (1 + |z|)?exp(|z|?/2). Clearly, by Hélder’s inequality,
Pyl () < Coallfllee) V],

so we will have HP;’lfHLp(u) S fll () provided we choose

Observe that |ju, ” ||, < oo for every o < 1.
On the other hand, when |y| < ymax{|z|,1}, a standard argument slicing the integral

into shells gives

2
[y

t1f(y)le > loc [ —lu2
P;»Of z) < Cp sup / dy < Cp MO(fe= 57 ) (2),
(@) 0<t<a ‘y|§’ymax{‘gy|’1}(t+’x—y’)d+1 v ( )( )

y|?

with M€ defined in (2.1). Now, the new function f(y) = fy)e™ 2 e LP(?) for the weight
o(y) = v(y)e%‘yP. By (4.19), this weight satisfies

1
o7 e

1
,=jv7r e_(%ﬁ)'y'zH , <00, Ve>0,
P P
so we can apply Theorem 2.1 to find, for each o < 1, a weight U such that
~ ~ ~ T 12
1M1l ooy S I le@ = Iflioy and [T 7 e, < 00, Ve > 0.
Then, setting
_U()

up() =~ = ¢ Ua) e 2 (14 fo) 7,

we see that
1P20 oy S Wfllivey and g 7 plly < 1075 (14 2% e 57,y < oo,
Finally, we can combine the estimates for P, 0 f and P, 1 f by taking
u(x) = min {up(z), u1(z)},

which satisfies the required properties. 0

5. THE PERTURBED LAPLACIAN L = —-A+ R WITH R >0

This operator can often be seen as a toy model for the study of the Hermite operator.
We think that the results obtained in this case are interesting in themselves, so we present

them here in some detail. Throughout this section, R > 0 is fixed.
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5.1. Heat equation for L = —A+ R. This case is a direct consequence of the correspond-

ing results for the classical heat equation, since
(5.1) e f(x) = e e f(x) = e (Wi f)(2)

where Wy(z) = (4nt) =42 exp(—|z|?/(4t)) is the Gauss-Weierstrass kernel. Indeed, the factor
—tR g jrrelevant for the questions asked here, so the characterizations will be the same for
both operators L = —A + R and L = —A.

We remark that for the classical heat equation, both Theorems 1.1 and 1.3 are known

(&

or can be obtained with the same methods we carried out in §3, so we do not include the
proofs here. For example, the results stated in Theorem 1.1 can be found in [21, pp. 64-
67] or [22], or alternatively, can be proved arguing exactly as in §3.2 (with a few obvious
modifications). The same applies to Theorem 1.3, basically reading line by line the proof
given in §3.3, or checking the reference [7] (our formulation is slightly more general, but the

ideas are similar).

5.2. Poisson equation for L = —A+ R. This case requires a formal proof, since it cannot
be deduced from the classical setting. In fact, the characterizing conditions are different for
—A and —A + R; see (1.3) and Table 1. Our method will be similar to the one presented
in §4 for the Hermite case.

The Poisson kernel in this case is of convolution type pi(x,y) = pi(z — y). From the

subordination formula (1.5) and the factorization in (5.1), the kernel takes the form

t o0 24 |g)2
(5'2) pi(x) = (4)d+1/0 €_t J‘Eu e_URu_% du
mT) 2
t o R(t2+[x|?)
(5.3) - v M) an
dr1
(2 +|z[*)] 2 Jo

where in the last line we have changed variables v = (t? + |z|?)/(4u). One recognizes in
this expression the standard Poisson kernel p2*(z), and the Bessel potential kernel defined

in (4.14), so that we can write

pe(z) = capi () Gaar1 (VR + [2]2)),

for a suitable constant c¢4. Since we only care about approximate expressions, using the

asymptotics of G, (z) mentioned already in §4.1 we obtain
d
t (1+VR(t+ |z —y]))? e” VEEHz=P)
(t+ [z —y[)+!

To derive a less complicated expression for this kernel we need an elementary lemma.

(5.4) pi(r —y) =

Lemma 5.1. For everyt > 0 and x € R we have

(5.5) ar(t, @) e VR < o= VEEH =) < o)) e VR vy e RY,

for some c1(t,z) > 0 and ca(z) = cg exp(VR|z]).
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PROOF: For the left inequality notice that

2+ |z —y|? <t+ |zl + |yl <t |z + 14 [yl

Hence

e~ VEEHe—Y®) > ¢ (¢, 2) e VEAHYP)

with ¢;(t,z) = exp(—VR(t + |z])).
To prove the right inequality in (5.5), assume first that |y| > 1. Then

(5.6) e VRVl < ~VRle—yl < VRlz| ~VRlyl

Now, using first the assumption |y| > 1, followed by the elementary inequality 1 + § >

v 1+ a, we obtain
1 1 1 1
’Z/|Z’y|(1+w)—* |yl |‘2—§:\/1+’y\2—

Inserting this into (5.6) we obtain
e VRV EHa—yl? o VER(zl+3) o~V RO+YP),

Finally, if |y| < 1 one trivially has
e VRVEHz—y? <1 — oV E(+Y?) o —/RO+?) ~ V2R, —/R(1+]y?)

So combining the last two estimates we obtain (5.5) with ca(z) = exp(VR(|z| + 2)). O

Lemma 5.2. The following inequality holds for every t > 0 and x,y € R?
d t e~ VRA+y?)
pi(z—y) < Cpmax{t,1}2 |[pD(z—1y)e” R(1+yl?) _— ],
t(z —y) < Cymax{t, 1}z |pp(z —y)e Vv X{yl<2maxiialy} T (1+ Jy)) 2+
where Cy = cg (1 + |2])%/2 eV Rzl
PROOF: The proof is an easy estimation combining (5.4) with Lemma 5.1. O

Theorem 1.1 will then be a consequence of the next three propositions.

Proposition 5.3. The following properties are equivalent:

(i) / pe(z,9)|f(y)|dy < oo, for allt >0 and x € R?
R4

(i) / Pio (0, y)|f(y)|dy < o0, for some tg > 0 and some zo € R?

(iii) / VRGP (1 4 1)~ 3+ dy < oo

PROOF: It is clear that (i)=(ii). To see that (ii)=-(iii), one uses the left inequality in
Lemma 5.1, which inserted into (5.4) easily leads to

Pro(To —y) > e (to, xo) e VEAHIP) (1 4 |y))=( LAY ,if [yl > 2max{|zol, 1}.

Since (ii) also implies that f is locally integrable, the statement in (iii) follows.
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Finally, to see that (iii)=-(i), one can again restrict to |y| > 2max{|z|,1}, and then the

assertion is a consequence of the right inequality in Lemma 5.1. 0

Proposition 5.4. If f satisfies the conditions in Proposition 5.3, then
(57) u(t.a) = [ mle =) f)dy € C((0,50) x Y,

PROOF: We only sketch the proof, as the argument is similar to that in Proposition
4.4. Tt suffices to consider derivatives with respect to ¢, and one sees from (5.2) that this
amounts to study the decay of the kernels

o0 t2+|z\2

pre(z) = / e hu e uR T du, V/{eN.
0
Changing variables as in (5.3), and using the asymptotics of the Bessel potentials (now
Gagt20+1(x)) one sees that
d
t (L VR(E A+ [a]) 2™ e VAT

Pre(r) ~ (t + [a ) TFIT20 ’

which as expected have a better decay than the original kernel. The integrability conditions

assumed in f then suffice to give (5.7). O

Proposition 5.5. If f satisfies the conditions in Proposition 5.3, then
lim e_t\/zf(a:) = f(z), ae.xeRL

t—0t+

PROOF: Once Proposition 5.3 has been established, the proof is entirely analogous to
that of Proposition 4.5. We leave details to the reader. 0

5.3. Proof of Theorem 1.3 for the Poisson equation. Using Lemma 5.2, and arguing

as in §4.3, we see that

(58  Pif@) S Coa? [ME(Fe VIO @) 4 af| fllin o el |

with Cp = cp(1+ ]az\)%e‘/ﬁ‘m' and @(y) = e”VAOH) (1 4 |y])7(%+1). The right hand term
will belong to LP(u) provided we choose
. 1 ) o—pVElz] |
u(@) < wi(@) = G mer = ¢ L la) B
Observe that |ju, ” ||, < oo for every o < 1.
For the left hand term in (5.8), the new function f(y) = f(y)e~ VEI+W®) ¢ Lr(5) for
the weight §(y) = v(y)ePV B+ This weight satisfies

1

75 ]|, = [[o = W eVEVIEIP| <00, e >0,

so we can apply Theorem 2.1 (and Remark 2.2) to find, for each o < 1, a weight U such
that

M5 Fl ey S 1o = If oy and 075 W),y < o0, Ve > 0.



22 GARRIGOS, HARZSTEIN, SIGNES, TORREA, VIVIANI

Then, setting
U -
uo() = TS = () YR (1 faf) P,

and calling Af(x) the first summand in (5.8), we see that ||Af|lzr(ue) < [1fllLr(y) and

_o - o do 1
lug ? @l < 1075 (1 + |2])F e~ E=VERE < o0,
Thus, we can finally choose

u(z) = min {uo(x),ul(a:)},

which satisfies the required properties. O

6. THE ORNSTEIN-UHLENBECK OPERATOR

It is well known that the Ornstein-Uhlenbeck operator @ = —A + 2z - V in R? is closely

related with a small perturbation of the Hermite operator

(6.1) L=-A+|z]*—d, in R<

Indeed, if we set @(z) = e 1#1*/2y(z) then it is easily seen that Ou(z) = €l**/2[La](z).
Thus,

(6.2) eOf(@) = e F e f(z) and e Of(x) = &F VI f(a),

so that the convergence properties of O can be obtained from those of L via the mapping
f = f;seee.g. [1, (3.1)]. We sketch below the arguments needed to deal with the operator
L in (6.1), and hence obtain Theorems 1.1 and 1.3 for the operator O.

6.1. Proof of Theorem 1.1. Consider first the heat equation associated with L = —A +

|z|2 — d and datum f, whose solution can be written as
e f(x) = ele ™ f(z), with H=—-A+|z|%

Clearly (i)+(ii) hold requiring in f the same conditions as for the operator A in Table 1.
This in turn implies that Theorem 1.1 holds for u(t,z) = e7*© f(z) provided that

/ F)e D dy < 0o, Vs e (0,th(21)/2).
Ré

This is exactly the statement in Table 1 for the operator O.
We now move to the Poisson semigroup associated with L = —A + |z|? — d. The subor-

dination formula in this case takes the form
e_tf /
\/47r
Hence, the substitution s = thu (i.e. u =3 5 In 1JFS) gives the integral expression
_72 2
¢ /1 e 2 13s (1- 82)%71 efi(ilz;y‘ +s|z+y|?) (1 + S>g p

d s.

(4%)%1 0 g (%ln 1+s)3/2 1-s

(6'3) pt(xﬁy) =
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This is quite similar to the Poisson-Hermite kernel in (4.1), except that the power (1 — s)%/2
in the numerator now cancels out with the new term appearing from the factor e“®. At this
point one can apply the same arguments as in the proof of Lemma 4.1, which produce the

estimate
e_ly‘Q/Z d
(64) pt(‘ray> ~ T 41 VyER
[In(e + [y[)]2

(modulo multiplicative constants C' = C} ;). We do not carry out the details of (6.4), but
these are easily traced looking at the expression for I; in (4.7) (now without the factor
(1 —s)%?), and its estimates in (4.11) and (4.10). The loss in the logarithmic power is due
to the fact that

Vil dy, 1 B gy 1
/ I T and / W~ T
0 (ngzu  [nfe+y[)]> o (In'F)2v  [in(e+|y[)]>
From (6.4) a version of Theorem 1.1 for L = —A + |z|? — d follows exactly as in §4.2, that
is u(t,z) = e VL f(x) satisfies (i)+(ii) if and only if

1wl e+ D] dy < oo,

Using (6.2) this implies that the solution of the Poisson-Ornstein-Uhlenbeck equation u(t, x) =

e~ tVOy (x) satisfies the assertions in Theorem 1.1 if and only if

102
[l e+ 1 ey < o,
as stated in Table 1.

6.2. Proof of Theorem 1.3. We first consider the maximal heat operators associated with
L=—A+|z|?—dand O. Observe that they are related by

BOf(@) = ¢F R f(r) and BEEF(r) < MR M ().

Clearly, hZ’L inherits the same boundedness properties of hZ’H, and we shall use these to
prove Theorem 1.3 for hZ’O.
Let v € Dh*(0), which according to Corollary 1.2 means that

HQ}_% e_%(%"a)

py <00 Vs < th (2T)/2.

plyl?

Then, the weight V(y) = v(y)e 2~ belongs to Dgeat(”H). By Theorem 1.3 applied to H,
there is a 09 = o¢(a,T*) € (0,1) such that, for any o < o( there exists some weight U
such that hy™ : LP(V) — LP(U) and U° € Dgeat(H). Now consider the weight u(z) =

_ plz|?

e~ 20 Ulz). Clearly u® € D (0), while

z|2

* L —ﬂ * v r
HhaprLp(u) = e hitf(z)e 2 HLP(U) < eadHha’HfHLp(U) S ey = 1 e )-
We now pass to the maximal Poisson operators. As before we have

PrOf(x) = ¢ PrLf(a),
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so it suffices to work with the expression P, L f. To do so we need an estimate of the Poisson
kernel pF(z,y) of L = —A + |z|? — d, of the form

2
L < A _ lyl
pt (xay) = Cx pt ("B y) e 2 X{\y|§7max{\m|,1}} + t(ﬂ(y)

with ¢(y) = [ln(e + \y])]_%e*‘yw? This corresponds to formula (4.12) for the Hermite-
Poisson kernel, and can be obtained with obvious modifications in the proof; namely, the
integral I} must now be estimated by the right hand side of (6.4).

At this point one proceeds as in §4.3, with this new expression of ¢(y), to obtain that,
for every weight V' € le; °S([), that is

_1
v pSOHLp’(]Rd) < 00,

2
DFOS(L). Finally, let v € DES(0). By (6.2), the weight V(y) = v(y)e” > belongs to
DEOiS(L), so we can apply the previous result to obtain a weight U. Next, consider u(z) =

_ plz|?

e~ 20 U(x), which satisfies u? € Dg"is((’)), and

and every o < 1, there exists a weight U such that P;** : LP(V) — LP(U) and U® €
y)

1\2

* L —ﬁ *, L F 3
HPavofHLp(u) = He 2 Pa7Lf($)e 20 HLF(U) < HPa’LfHLp(U) S HfHLP(V) = HfHLP(v)'

This establishes Theorem 1.3 for the maximal Poisson-Ornstein-Uhlenbeck operator.

7. FURTHER COMMENTS

7.1. An example. Consider the classical heat equation u; = Aw in (0, T) x R?, with initial
datum f(y) = elvl?/(4T) - An explicit solution is given by
Jz|?
hex flz) = (1— L)% et™0, tc(0,T), z € R%

Clearly, f € LP(v) with v(y) = (1 + |y[)~¢ Le Pl¥/*/T) which belongs to the class D;;eat
associated with A in (0,T) x R? as described in (1.6). However, notice that the function
he * f(x) has a much larger exponential growth than f (if a is close to T). Hence if one
expects hg * f to belong to LP(u), the weight u must satisfy stronger conditions than wv.

_d_le_p|x|2/[4(T_a)], but then « will only

For example, one could choose u(x) = (1 + |z|)
belong to DAt if ¢ < (T'—a)/T. This shows the necessity of a restriction in ¢ (depending
on a and T) for the LP(v) — LP(u) boundedness of maximal heat operators, as stated in

Theorem 1.3.

7.2. Non-tangential convergence. For every a > 0, the statement of Theorem 1.1 can

be improved to

e f(x) = f(wo) and  lim e VEf(z) = f(xp), a.e. mp€ R
(t,z)—(0,zq) (t,z)—(0,zq)
lz—zqg|2<at |z—zg|<at

Indeed, non-tangential convergence is known to hold for L'-functions [12], and hence, going

back to the proofs of Propositions 3.5 and 4.5, such result could be applied to the “local” part
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of f, fi = fX{Jy|<2n) in formulas (3.11) and (4.18). The remainder terms fa = fx{jy|>2n}
would not be a problem, since their estimates in (3.10) and (4.17) are uniform in z.
Similarly, Theorem 1.3 will continue to hold if we replace h} and P; by their parabolic
and non-tangential analogues, respectively,
hetf@o) = swp [ f(@)] and PPf(eo) = sup [ VEf()],
0<t<a 0<t<a

lz—zqgl2<at |z—zg|<at

and every fixed a > 0. The modifications are again standard and left to the reader.

7.3. Alternative approach to the Hermite heat operator. Propositions 3.3 and 3.5
can be proved in a slightly faster way using an alternative expression for the Mehler kernel,
which relates it directly with the classical heat kernel. Setting s = th (2t)/2 one has

—|V1—4s2z—y|%/(4s)
ht(:n,y) _ (1 i 482)% e—s\ax|2 € ( )d = (1 — 482)% e—s|x\2 Ws(\/ 1—4s2x — y)
47s)2

(see [9] and also [14, 2]). For instance, Proposition 3.5 will then follow from the point-

wise non-tangential convergence of the classical heat equation. For the Poisson equation,

however, this approach does not seem to give easier formulas.

7.4. Global maximal functions. One may ask what would be the role of the “global”
maximal functions h*f(z) and P*f(z) defined in (1.1). These are related with the char-
acterization of the functions f whose heat or Poisson integrals, in addition to (i) and (ii)

(with T = 00), also satisfy

lim u(t,z) =0, a.e. z € R%

t—o00
This is a different problem, which for the heat equation associated with the Ornstein-

Uhlenbeck operator was investigated in [8]. In the remaining cases, it seems to be open.

7.5. Extensions to fractional laplacian operators. The results obtained in this paper
for the Poisson equation (P) actually hold in a slightly more general setting. Given o > 0
consider the pde

1—- 20

(7.1) U + uy = Lu in Riﬂ, with u(0) = f,

which for 0 = 1/2 coincides with (P). A formal solution is given by

. t20 o0 7& —ul d'LL .
(7.2) u(t,z) = ) /0 e e “Nf(x) e t>0;

see [18, Thm 1.1]. This example is relevant in the theory of fractional operators since, under

sufficiently good conditions on f, one can recover L? by

}/LI% 1720 (t, ) = co L f(z).

Notice that (7.2) is only a slight generalization of (1.5), so estimates for the corresponding

kernel pga) (x,y) can be obtained exactly as in Lemma 4.1, with the outcome

e y) = (1+ [y])~¥2 [In(e + |y|)] =0+ e IwI*/2,
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We leave a more detailed study of these operators for a subsequent work.
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