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Abstract

The paper presents a thermodynamic study of the melting transition in Au nano-clusters
with a number of atoms (N) in the range 103 < N < 106 using a Molecular Dynamics (MD)
technique. This range of sizes allows an analysis of the relations between the properties
of the clusters and macroscopic Au. Four steps in the progress of the transition occurring
upon heating are identified on thermodynamic and structural basis, and the corresponding
temperature ranges are determined. In particular, the step where most of the transition
takes place (the “melting step”) is identified and described in terms of the change in the
relative amount of two kinds of atoms, viz., those forming solid phase-like (SPL) aggregates
and those in the liquid phase-like (LPL) aggregates. The energy and entropy change in-
volved in the “melting step” are established as a function of N . These properties are used
to evaluate the temperature T0 at which the SPL and the LPL have equal values of the
Helmholtz energy. Furthermore, the possibility of describing the thermodynamics of the
“melting step” by means of a formalism involving an isomerization-type reaction between
the atoms in the SPL and the LPL is explored. To this aim, an equilibrium constant (Keq)
involving the concentration of such types of atoms is introduced. Finally, it is shown that
a thermodynamic, van’t Hoff analysis of the size-dependence of Keq yields values of the T0

temperature which are in very good agreement with those obtained from the energy and
entropy values.

Keywords: A. Nanostructures, A. Metals, C. Molecular Dynamics, D. Phase transitions,
D.Thermodynamic properties

1. Introduction1

The study of the melting transition constitutes a long-standing tradition in the fields2

of physics and chemistry of elemental nano-clusters (early works in this field are quoted,3
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for example, in refs. [1, 2, 3] and references in there). Among the classical research issues,4

the question of the effect of cluster size upon the melting process has recently received5

a considerable attention. A significant part of the experimental and analytical work has6

focused on the characterization of the temperature at which the process takes place [4, 5,7

6, 7, 8]. Moreover, by using Molecular Dynamics (MD) simulations it has been possible to8

determine the energy versus temperature, i.e., the so-called “caloric” curves for nano-clusters9

[9, 10, 11, 12, 13, 14, 15].10

A striking result of the MD work on elements is the fact that the melting transition11

of nano-clusters occurs in a finite temperature range, contradicting what is expected from12

Gibbs’ Phase Rule for macroscopic, elemental matter at constant pressure, viz., a unique13

melting temperature [16, 17, 18, 19]. This finding calls into question the adoption of a single14

melting temperature for nano-clusters in discussions of, i.a., the size dependence of the Debye15

temperature through Lindemann’s empirical formula [20, 21, 22, 23]. This, of course, does16

not preclude the use of indices inspired in the Lindemann picture of the melting phenomenon17

as useful tools to characterize the onset and the progress of the transition [9, 11].18

The general purpose of the present study is to perform a theoretical thermodynamic19

characterization of the melting process in Au nano-clusters, using MD simulations. In the20

following we summarize the specific motivations and the outline of the paper.21

In the first place, Au has been chosen because its various technological and biomedical22

applications [24, 25, 26], as testified by numerous experimental and theoretical studies [4,23

27, 28, 29]. Secondly, as a difference with the traditional interest on small (10-500 atoms24

[3, 10, 30]) or medium-size (500-5000 atoms [10, 31, 32]) clusters the current work aims at25

establishing thermodynamic trends in a range of sizes which allows a meaningful comparison26

with the properties of the macroscopic material. To this aim spherical nano-clusters with27

103 − 106 atoms of Au are studied.28

In the first part of the paper, the onset and progress of the melting process is established29

by a combined methodology involving the analysis of the caloric curves, as well as the30

use of various structure-sensitive parameters, viz., a previously suggested Lindemann index31

[9, 11, 15, 33], the temperature and radial dependence of the root-mean square displacement32

and the radial distribution function. On these bases, a phenomenological description of33

the process occurring upon heating is presented, which involve the transition between two34

“phase-like” aggregates of atoms, corresponding to what in macroscopic thermodynamics35

is called the solid and the liquid phase, respectively. By considering thermodynamic and36

structural information, a four-step description of the process is developed. In particular,37

the step where the major part of the transition takes place (referred to in the work as the38

“melting step”) is identified. The “melting step” is described microscopically in terms of the39

continuous variation with temperature of the relative amounts of two kinds of atoms, viz.,40

the low-energy atoms forming solid phase-like (SPL) aggregates, and the high-energy atoms41

forming liquid phase-like (LPL) aggregates. A key element of the work is the determination42

of the characteristic energy of these types of atoms by analyzing the caloric curves (see43

below).44

In the second part of the paper, the thermodynamic implications of this qualitative45

description of the “melting step” are explored in two ways. First, the energy and entropy46

2



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

 
 
 
 

involved are determined by analyzing the caloric curves obtained by MD. With these values,47

the temperature at which the SPL and the LPL aggregates have the same Helmholtz energy48

(usually referred to as the T0 temperature) is determined as a function of N . Second, the49

change upon heating of the relative amounts of the atoms in the SPL and LPL aggregates50

in the “melting step” is modeled as the variations in concentration of a “two-component”51

system which is undergoing an isomerization-like reaction. Specifically, relying upon previous52

ideas by Berry [34, 35, 18, 19] a thermodynamic “equilibrium constant” for such a reaction53

will be defined and evaluated for the present nano-clusters. Third, it is shown that the54

formalism of the equilibrium constant also leads to predictions of the T0 temperature, which55

are to be compared with those obtained from the energy and entropy values extracted from56

the caloric curve.57

2. Theoretical method58

Au nano-clusters with 1985-1010079 atoms were created with the LAMMPS code [36] as59

spheres of different radius centered at the origin of the fcc lattice. It has been argued that60

this spherical geometry can stably exist in nature[37]. The clusters were treated by adopting61

an EAM interaction potential, as extensively used in previous works to study the melting62

of Au nano-clusters[3, 31, 32, 27].63

The current clusters have a free-surface boundary condition at given temperatures under64

zero external pressure. The temperature was increased in steps of 10-50K (50K only at low65

temperatures) in 200 ps (with a time-step of 0.001 ps) until the melting occurred. At each66

temperature, another MD run of 200 ps was made: the first 100 ps were used for equilibration67

and the following 100 ps to obtain statistical data. For sizes larger than 37000 atoms, steps68

of 5K near the melting range were adopted, whereas steps of 2K were used with the cluster69

with N = 1010079. In order to start with the most stable cluster configuration, an energy70

minimization procedure was applied at the start of the MD runs. A similar heating process71

has been used in ref. [10]72

3. Thermal and microscopic characterization of the melting process73

3.1. Methodology74

The onset and progress of the melting process was studied by combining the analysis of75

the MD caloric curves (as discussed below) with a consideration of the following parameters76

describing the structure and dynamics of the nano-cluster:77

1. The cluster Lindemann index (δc), obtained as the average of the indices for each atom78

(δi), calculated in turn as a function of temperature as follows [9, 11]:79

δi =
1

N − 1

∑

j(6=i)

√

〈

r2ij
〉

T
− 〈rij〉

2
T

〈rij〉T
(1)

In Eq. (1) N is the number of atoms in the cluster, 〈...〉 denotes the thermal average80

at temperature T and rij is the distance between the ith and jth atoms. δc typically81
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has low values for solids and higher for liquids [33] which allows the identification of82

the “melting step”.83

2. The root-mean square displacement (RMSD), calculated as84

RMSD =

〈

√

√

√

√

1

n

n
∑

i=1

(ri(t)− ri(0))2

〉

T

(2)

In Eq.(2), ri(0) is the reference position of each particle, ri(t) the position at deter-85

mined time t and n the number of atoms in different shells.86

To follow the evolution of the atomic motions the cluster was partitioned into four87

radial shells with equal thickness (dr), allowing the RMSD to be determined in each88

shell. In this way, in addition to information on the changes in the interatomic dis-89

tances (given by δi) the changes in the position of each atom (with respect to itself)90

were characterized in terms of the RMSD.91

3. The radial distribution function N(r) within each shell, defined as:92

N(r) = 4πr2ρdr (3)

where ρ is the number density. This function characterizes the average structural93

environment of the atoms, reflecting the degree of order in the cluster. Thus, for any94

given cluster size, N(r) gives information on the melting process.95

4. Several snapshots of the clusters’ sections at various temperatures, which were used96

to visualize the melting process.97

3.2. Radial and size dependence98

The caloric curves (square symbols) and cluster Lindemann indices (δc) (circles) obtained99

for nano-clusters of three of the studied sizes are presented in Fig 1. In the figure we100

also include the incremental ratio of these two quantities (open symbols). Fig. 2 presents101

snapshots of the clusters sections at several temperatures. The atoms that at the beginning102

of the heating were located at the surface, are painted in red.103

On the basis of this information, the progress upon heating of the melting process will104

be described in terms of four steps, with the respective temperature ranges indicated with105

the vertical lines (dashed in Fig.1 and dotted in Fig.2), as follows:106

1. The first step corresponds to materials in the SPL state: in this temperature range,107

the atoms are found in their crystalline positions (see the first column in Fig.2).108

2. At about 800K the plots of the caloric curves and the Lindemann index (Fig. 1) show109

increases in slope, which will be interpreted as the onset of a new step, referred to in110

the following as “pre-melting step”. Here the surface atoms start to move, occupying111

the position of their neighbors, i.e., a diffusion process occurs (Fig 2, second column).112

3. Between the second and third dotted lines, the plots of the caloric curves and the δc113

parameters show a drastic increase with temperature, determining what we will call114

the “melting step”. Here the diffusion involves even the inner atoms (see Fig.2, third115
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column). As found in [9, 10], in this temperature range, SPL and LPL aggregates116

coexist in comparable proportions. The “melting step” of the caloric curve, tends to117

become vertical when the cluster size approaches the macroscopic limit.118

4. Finally, at the fourth step, clusters are found in a LPL state: the painted atoms119

originally located at the surface are found anywhere in the cluster (Fig. 2, fourth120

column). It should be remarked that the quantity E/N in this state also differs for121

different sizes because the clusters are quasi-spherical after melting, so that the LPL122

state also has a “surface”.123

This description is phenomenological and is based in the behavior of the parameters124

shown in Fig. 1. The fractions of the atoms in the states SPL and LPL will be presented in125

Section 5.126

In order to analyze the effect of temperature upon the atomic motions, the RMSD (Eq.127

2) and the N(r) (Eq. 3) functions were studied as a function of the distance from the128

center of the cluster. To this end, we partitioned the clusters into five shells and evaluated129

RMSD and N(r) in each one. The so-obtained RMSD were then compared with the inter-130

atomic distance d of Au (viz., d = 2.9Ȧ). The resulting RMSD/d ratios for clusters with131

N=1985, 15705 and 180313 and various temperatures are plotted in Fig.3(a), 3(b) and 3(c),132

respectively, versus the distance from the each shell to the center of the nano-cluster. The133

horizontal dashed line indicates value RMSD/d = 1, adopted here as a reference level.134

At low temperatures the RMSD is close to zero and the atoms are arranged in an fcc crys-135

tal lattice. At higher temperatures, the RMSD of the outermost shell is larger than those136

for the inner shells, suggesting that the surface of the nano-cluster is in a LPL state whereas137

the inner shells are still in the SPL state. As the temperature reaches 970K (Fig.3(a)),138

1060K (Fig.3(b)) and 1095K (Fig.3(c)), the RMSD of the shells exceeds the interatomic139

distance, and the cluster suddenly transforms to LPL state. It should be emphasized that140

a similar behavior has been reported for clusters of V[12] and Cu [13].141

This behavior is also reflected in Figure 4 where N(r) for the innermost and outermost142

shells are shown. In this figure we included only the results corresponding to N=15705143

(upper panel) and N=180313 (lower panel) because the cluster with N=1985 is too small144

to allow a calculation of the number density over regions. The arrows in these plots are145

used to mark some relevant differences in the patterns of N(r) at the same temperature.146

At 400K both sizes show N(r) functions with sharp and well defined peaks in all shells,147

which is characteristic of a crystalline structure. At higher temperatures, the core of the148

cluster exhibits sharp peaks whereas the only peak that remains clearly distinguishable in149

the surface is the one corresponding to the smallest inter-atomic distance (rAu−Au = d). At150

temperatures where RMSD/d > 1, N(r) has the shape characteristic of a liquid phase [38].151

4. Energy and entropy of melting152

4.1. Methodology153

Once the temperature ranges corresponding to the “melting step” (Fig.1 and 2) of the154

clusters have been identified, the corresponding energy changes (∆Em(N)) were determined155

from the caloric curves as a function of N .156
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Next, the entropy of melting of each clusters (∆Sm(N)) was evaluated from ∆Em(N) by157

using the following thermodynamic formula, obtained by integrating by parts the identity158

dS = dE/T between the temperatures TII and TIII corresponding, respectively, to the lowest159

and highest temperature limits of the “melting step” (see Figs. 1 and 2):160

∆Sm(N) =
EIII

TIII
−

EII

TII
+

∫ TIII

TII

E

T 2
dT (4)

4.2. Size dependence161

The ∆Em(N) vs. N−1/3 relations obtained in the present work are shown in Fig. 5 (a).162

The energy change associated to the ”melting step” decreases with the size of the cluster.163

In particular, a linear variation with N−1/3 is found, which is consistent with the predictions164

of previously reported models and simulations of metallic clusters [39, 40, 41].165

It should be remarked that macroscopic Au is not dealt within the current work, because:166

(i) its properties are well established experimentally and using the EAM potential, and (ii)167

it is known that the MD simulation of the melting of bulk crystals poses various problems.168

In particular, the use of periodic boundary conditions has been reported to lead to overheat-169

ing up to temperatures much higher than the equilibrium melting point [42]. A frequent170

solution to this is to increase the size of the simulated sample, but this in turn involves171

large demands of computational capacity. Another solution is to introduce an interface as172

a starting configuration and study its equilibrium [42]. However this situation is physically173

different to that adopted here to study the melting of nano-clusters.174

In view of these problems, an alternative route to estimate the energy change correspond-175

ing to the macroscopic “melting step” was adopted in the current work, viz., the ∆Ebulk
176

value was obtained by a linear extrapolation of the current ∆Em(N) vs. N−1/3 results, as177

indicated by the dashed line in Fig. 5. In this way we obtained ∆Ebulk = (9.9±0.1)KJ/mol.178

As usually found in MD simulations using the EAM potential [31], this value differs from the179

experimental ∆Ebulk viz., 12.4KJ/mol. Also in accord with the general trends, the current180

∆Ebulk compares very well with the value 10.6KJ/mol obtained in a previously reported181

EAM simulation [31].182

The ∆Sm(N) vs. N−1/3 values obtained by applying Eq.(4) are plotted in Fig. 5 (b).183

The value for ∆Sbulk was calculated as the ratio between the estimated ∆Ebulk and a melting184

temperature Tm for macroscopic Au which is discussed in Sect. 5. In this way we obtained185

∆Sbulk= (8.9 ± 0.1) J/molK. As expected, ∆Sbulk differs from the experimental entropy of186

melting (viz., 9.6 J/molK [43]). No entropy of melting values for Au nano-clusters have187

been found in the literature to compare with the current results.188

Figure 5 (b) indicates that ∆Sm(N) also depends linearly upon with N−1/3. This trend is189

qualitatively consistent with the predictions of previously reported models for nanoparticles190

[39, 40, 41]. By relying upon the linear dependence, a value of ∆Sbulk might also be obtained191

by extrapolation. Such procedure yields ∆Sbulk = 9.2±0.1, which agrees well with the ∆Sbulk
192

value listed above (see Section 5).193

Trends in Fig. 5 show that the energy needed to pass from SPL state to LPL state is194

lower for small clusters. This suggests that the structural difference between the two states195
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decreases with cluster size. In view of this fact, it is not surprising that ∆S also decreases196

with size. Indeed, both ∆E and ∆S vary linearly with N−1/3, i.e. the surface/volume197

ratio, as found in other structural and cohesive properties of clusters [44].198

4.3. Thermodynamic consequences199

Since the melting process of the nano-clusters occurs in a temperature range, it is not200

possible to determine a unique “melting temperature”. Therefore, the size dependence of201

the “melting step” will be characterized in terms of temperature T0, which represents, in202

macroscopic thermodynamics, a temperature such that the Helmholtz energy (F = E−TS)203

of two phases is the same. The T0 temperature is traditionally adopted in thermodynamic204

analyses of e.g., the martensitic transformation in macroscopic alloys, to connect the treat205

the experimental phase transition temperatures with the thermodynamic properties of the206

phases involved [45, 46, 47]. In the current work, T0 of the transition between the SPL and207

LPL of Au nano-clusters, becomes the temperature at which:208

FLPL = ELPL − T0S
LPL = ESPL − T0S

SPL = F SPL (5)

Solving Eq.(5) for a nano-cluster with N atoms yields:209

T0(N) =
ELPL −ESPL

SLPL − SSPL
=

∆Em(N)

∆Sm(N)
(6)

The T0 versus N−1/3 relation obtained by inserting in Eq.(6) the results of the current210

simulations is presented in Fig. 8 using solid squares. A well-defined linear variation is211

found (dashed line), which would allow a reasonably accurate least-squares extrapolation212

to the macroscopic limit. The extrapolated value is particularly important in the present213

analysis because, by definition, it corresponds to the temperature of the “melting step” of214

macroscopic Au, since:215

lim
N→∞

T0(N) = lim
N→∞

∆Em(N)

∆Sm(N)
=

∆Ebulk
m

∆Sbulk
m

= Tm (7)

5. Quasi-chemical modeling of the “melting step”216

The “melting step” in the current nano-clusters was qualitatively discussed in Section 2217

in terms of the increase (decrease) upon heating, of the number of atoms in LPL (SPL) aggre-218

gates. Such an approach is comparable but, of course, not identical, to previous treatments219

of the melting transition based on “two-state” (or “two-level”) energy models[48, 49, 50, 51].220

In the following, the current qualitative ideas will be formalized, and related to the thermo-221

dynamic properties determined in the previous sections, as follows:222

1. At each temperature in the range corresponding to the “melting step”, the relative223

amounts of atoms in SPL and LPL will be expressed by adopting the usual concen-224

tration variables (Xj) of each kind of atoms. In the language of macroscopic solution225

thermodynamics, the Xj concentration of each component of this “binary system” is226
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established. The Xj values were determined as a function of T by analyzing the part227

of the caloric curves corresponding to the “melting step” and making use of the fact228

that energy is an extensive function. Then:229

XLPL =
EX −EII

∆Em

(8)

XSPL = 1−XSTA (9)

In Eq.(8) EX is a general energy value falling between the energy bounds of the “melt-230

ing step”, viz., the values EII and EIII , indicated in Fig.6 on the caloric curve of a231

cluster with N=180313. The temperature dependence of the variables XSPL and XLPL232

determined by applying Eqs.(8) and (9) to the same nano-cluster is presented in Fig.233

7.234

2. The progress of the “melting step” upon heating will be described by the changes in235

the components’ relative fractions caused by an isomerization-like reaction between236

Au atoms in SPL and LPL, respectively, viz.,237

Au(SPL) → Au(LPL) (10)

3. At a given temperature within the “melting step” the equilibrium concentrations XSPL238

andXLPL will be connected by an equilibrium constant (Keq) which depends both upon239

T and N . Such constant will be formulated as in macroscopic thermodynamics [1],240

i.e.,241

Keq(T,N) =
XLPL

XSPL
(11)

4. Combination of the standard van’t Hoff relation with Eq.(11) yields:242

∆0F = −RT lnKeq(T,N) (12)

where ∆0F represents the difference in Helmholtz energy between the pure “compo-243

nents”, viz., SPL and LPL aggregates formed by N atoms pure Au at the temperature244

T . By evaluating Eq.(12) at the temperature T0 introduced in Sect.4.3 yields, by245

definition:246

Keq(T0, N) = 1 (13)

XLPL(T0, N) = XSPL(T0, N) (14)

5. Using Eq.(14) the T0 temperature of the cluster with N=180313 was determined247

(Fig.7). The T0 values obtained by applying this procedure to all current clusters248

(solid circles) and compared in Fig. 8 with those obtained by applying Eq. (6).249
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The possibility of a small systematic difference between the T0 values obtained by these250

methods (Fig. 8) cannot be ruled out. However the discrepancy is hardly larger than the251

error bars. Therefore the general agreement shown by Fig. 8 is considered by us as an252

indirect indication of the plausibility of the current isomerization-reaction type modeling of253

the “melting step”.254

In particular, a linear extrapolation of the results (following the dashed line) yields255

Tm = (1113 ± 7)K for the melting point of macroscopic Au. A previously reported Monte256

Carlo study using EAM to determine the Gibbs energy of the bulk phases yielded 1090K257

[52]. Another EAM study of the melting of clusters as a function of N [32] allows a similar258

extrapolation to N−1/3 = 0, which yields (1128± 13)K. The current value is almost exactly259

the average of these previous results.260

6. Summary and concluding remarks261

The purpose of the current work is to add to the understanding of the thermodynamics of262

the melting process occurring upon heating of spherical Au nano-clusters. A key ingredient263

of the work is the determination of the caloric curves using a Molecular Dynamics technique264

and the use of such results to determine the size dependence of energy and entropy change265

associated to what is referred to as the “melting step” of the process.266

In agreement with previous studies, the work has established that such step in Au nano-267

clusters occurs in a temperature range, which contradicts the predictions of Gibbs’ Phase268

Rule for a solid/liquid transition in a macroscopic unary system.269

The conceptual strategy of the work involves, in the first place, a identification at the270

nano-scale of the “solid phase-like” and “liquid phase-like” structures involved in the “melt-271

ing step”. To this end, a microscopic criterion is introduced, which involves the energy of272

the atoms forming those “solid phase-like” and “liquid phase-like” aggregates, and exploring273

the thermodynamic consequences of such qualitative picture.274

The current consideration of two kinds of atoms at the nano-scale might be thought of275

as the microscopic counterpart of considering a macroscopic system as a “two-component”276

one when applying the Phase Rule. These ideas, which have roots in the enlightening work277

by Stephen Berry are tested in detail in the current work by modeling the “melting step” of278

the process in terms of an isomerization-like reaction between two types of atoms.279

An equilibrium constant involving the concentrations of these two “components” is in-280

troduced and used to predict the size dependence of the so-called “equal-Helmholtz energy281

temperature”, T0. The results are compared with a direct thermodynamic calculation of T0282

which makes use of the energy and entropy changes involved in the “melting step” that were283

extracted from the caloric curves. A reasonably good general agreement is found, which284

adds to the confidence on the thermodynamic consistency and the plausibility of the current285

approach.286
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Figure captions402

403

404

Figure 1 Results of the MD simulations for Au nano-clusters with (a) N=1985, (b)405

N=15705 and (c) N=180313. First row: energy per atom (E/N) versus T relations (“caloric406

curves”). Second row: ∆(E/N)/∆T ratios. Third row: Lindemann index (Eq.(1)). Fourth407

row: ∆δc/∆T ratios. The vertical dotted lines indicate the four stages of the melting408

transition (see text). The arrows with roman numbers indicate the onset of the “pre-melting”409

(I), as well as the onset (II) and the end (III) of the “melting step”.410

Figure 2 Section snapshot views of Au-clusters with N=1985 (2 nm), N=15705 (4 nm)411

and N=180313 (9 nm) at various temperatures upon heating. The vertical dotted lines412

indicate the same temperature ranges determined in Fig. 1. The atoms painted in red are413

those which were located at the surface layers at the onset of the heating process.414

Figure 3 RMSD of the atoms in spherical shells, referred to the interatomic distance415

d = 2.9Ȧ of Au as a function of the distance from the center of the cluster for various416

temperatures, for N=1985 (a), N=15705 (b) and N=180313 (c).417

Figure 4 The effect of temperature upon the radius distribution function for the inner-418

most ((a) and (c)) and outermost shells ((b) and (d)) in clusters with N=15705 ((a) and419

(b)) and N=180313 ((c) and (d)). The arrows are used to highlight some relevant differences420

between the patterns.421

Figure 5 Energy and entropy of the “melting step” of nano-clusters with various numbers422

of atoms (N) as a function of N1/3.423

Figure 6 “Melting step” for a Au cluster with N=180313. The quantities involved in424

Eq.(8) are indicated425

Figure 7 The effect of temperature upon theXSPL (circles) andXLPL (squares) variables426

obtained by applying Eqs. (8) and (9) to the MD results for nano-clusters with N = 180313427

atoms. The vertical arrows in this plot indicate the temperature at which Keq = 1.428

Figure 8 Size dependence of the T0 temperature, introduced in Section 4.3. Square429

symbols represent the results of the Eq.(6) and circle symbols those obtained by solving Eq.430

(14). Dashed lines represents the linear fit.431
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