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Abstract

We prove that for axially symmetric linear gravitational perturba-
tions of the extreme Kerr black hole there exists a positive definite
and conserved energy. This provides a basic criteria for linear stabil-
ity in axial symmetry. In the particular case of Minkowski, using this
energy we also prove pointwise boundedness of the perturbation in a
remarkable simple way.

1 Introduction

Recently there has been considerable progress on the long standing and cen-
tral open problem of black hole stability in General Relativity (see the review
articles [15] [I4] and reference therein). The following three aspects of this
problem motivated the present work.

(i) Non-modal stability of linear gravitational perturbations: the
non-modal stability of linear gravitational perturbations for the Kerr black
hole still remains unsolved. The works of Regge, Wheeler [39)], Zerilli [47] [46]
and Moncrief [36] determined the modal linear stability of gravitational per-
turbations for the Schwarzschild black hole by ruling out exponential growth
in time for every individual mode. The modal stability for the Kerr black hole
was proved by Whiting [45] using the Teukolsky equation. However, modal
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stability is not enough to exclude that general linear perturbations grow un-
bounded in time (see, for example, the discussion in [43] and [15]). The study
of black hole non-modal stability was initiated by Kay and Wald in [43] [32].
They prove that solutions of the linear wave equation on a Schwarzschild
black hole background remain bounded by a constant for all time. An im-
portant ingredient in this proof is the use of conserved energies to control the
norm of the solution. The analog of the Kay-Wald theorem on a large class
of backgrounds which includes the slow rotating Kerr black hole was first
proved by Dafermos and Rodniaski [16] and then, independently, in the spe-
cial case of slow rotating Kerr by Andersson and Blue [I]. In [15] Dafermos
and Rodniaski provide the essential elements of the proof of this theorem for
the general subextremal Kerr black hole. Recently, this problem was finally
solved in [I7]. For a complete list of references with important related works
on this subject see the review articles [15] [14] [28]. All these results concern
the wave equation. For gravitational perturbations the only non-modal sta-
bility result was given very recently by Dotti [26] for the Schwarzschild black
hole. There are, so far, no results regarding the non-modal stability of the
Kerr black hole under linear gravitational perturbations.

(ii) Stability and instability of extreme black holes: extreme black
holes are relevant because they lie on the boundary between black holes and
naked singularities and hence it is expected that their study shed light on the
cosmic censorship conjecture. Recently, Aretakis discovered certain instabil-
ities for extreme black holes [3] [4]. These instabilities concern transverse
derivatives of the field at the horizon: a conservation law ensures that the
first transverse derivative of the field on the event horizon generically does not
decay, this implies that the second transverse derivative of the field generi-
cally grows with time on the horizon. These instabilities were discovered first
for the scalar wave equation on the extreme Reissner-Nordstrom black hole,
a similar result also holds for the extreme Kerr black hole [6] [5]. These works
were extended in several directions: for generic extreme black holes and linear
gravitational perturbations [35], for certain higher dimensional extreme vac-
uum black holes [37]; for massive scalar field and for coupled linearized grav-
itational and electromagnetic perturbations [34], for a test scalar field with
a nonlinear self-interaction in the extreme Kerr geometry [7]. An interesting
relation between these instabilities and the Newman-Penrose constants was
pointed out by Bizon and Friedrich [9]. This relation was also independently
observed by Lucietti, Murata, Reall and Tanahashi [34]. Finally, a numeri-
cal study of nonlinear evolution of this instability for spherically symmetric
perturbations of an extreme Reissner-Nordstrom black hole was performed
by Murata, H. S. Reall, and N. Tanahashi in [3§].

An important question regarding the dynamical behaviour of extremal



black holes is whether a non-extremal black hole can evolve to an extremal
one at late times. In [40] Reiris proved that there exists arbitrary small
perturbations of the extreme black hole initial data that can not decay in
time into any extreme black hole. On the other hand, in [38] fine tuned
initial data are numerically constructed which settle to an extreme Reissner-
Nordstrom black hole. There is no contradiction between these two results
since they apply to different kind of data. It is interesting to note that
the construction in [40] relies on geometrical inequalities between area and
charges on trapped surfaces (see [21] and reference therein), in contrast in
the spacetime considered in [38] there are no trapped surfaces.

The discussion above concern instability of extreme black holes. However,
there are also stability results for this class of black holes. The most relevant
of them is that the solutions of the wave equations remain pointwise bounded
in the black hole exterior region [3] (see also [22]).

(iii) Non-linear stability: the problem of the black hole non-linear sta-
bility remains largely open (see the discussion in [I5] and reference therein).
The linear studies previously discussed are expected to provide insight into
the non-linear problem. However, this will be possible only if they rely on
techniques that can be suitable extended to the non-linear regime. One of
the most important of these techniques are the energy estimates.

The main result of this article is the following:

For axially symmetric linear gravitational perturbation of the ex-
treme Kerr black hole there exists an energy which is positive
definite and conserved.

A precise version of this statement is given in Theorem [4.1} In the fol-
lowing we discuss the relation of this result with the points (i), (i) and (iii)
discussed above.

(i) The conserved energy for the linear perturbation has a similar struc-
ture as the energy of the wave equation: it is an integral over an spacelike
surface of terms that involves squares of first derivatives of the perturbations.
This energy is related with the second order expansion of the ADM mass.
However it is important to stress that the positiveness of this energy can not
be easily deduced from the positiveness of the ADM mass. In fact, as we
will see, this result is proved as a consequence of highly non-trivial identities.
It is also important to emphasize that this energy is positive also inside the
ergosphere.

The energy expression and its conservation do not require any mode ex-
pansion of the fields. The existence of this conserved quantity provides a



basic non-modal stability criteria for axially symmetric linear perturbation
of the extreme Kerr black hole. Since the equation are linear and the coeffi-
cients of them do not depend on time, it is possible to construct an infinitely
number of higher order conserved energies. We expect that these higher or-
der energies can be used to prove pointwise boundedness of the solution, in
a similar fashion as in [22]. In that reference the pointwise boundedness of
solutions of the wave equation on the extreme Reissner-Nordstrém black hole
was proved using only higher order energies estimates. But, up to now, we
were not able to extend this result to the present context. However, in the
particular case of the Minkowski background we prove a pointwise bound
for the linear perturbations in a remarkable simple way. Comparing with
the Minkowski case, the main difficulties to obtain pointwise estimates from
the energy in the Kerr case are two: first, the equations for the norm and
the twist are coupled and hence it is not possible to separate them as in the
Minkowski case. Second, the coefficient of the equations are singular at the
horizon and hence we can not use standard Sobolev estimates.

This conserved energy is closely related with the energy studied by Hol-
lands and Wald [3I] (see also [33]). We expect that the techniques used
here to prove positiveness should also be useful in that context. Also, the
boundary conditions at the horizon proposed in [31] are likely to be useful
to generalize our results to the non-extreme case.

(ii) The existence of this conserved energy and its related stability criteria
are not in contradiction with Aretakis instabilities. The situation is very
similar as the one discussed in [22] for the case of the wave equation: the
energy is only defined in the black hole exterior region and it does not control
any transverse derivative at the horizon.

(iii) As we pointed out above, the energy used here is related with the
ADM mass which is also conserved in the non-linear regime (see the discus-
sion in [24]) . That is, the energy estimates used here are very likely to be
useful in the non-linear case.

The plan of the article is the following. The expression of the conserved
energy arises naturally in a particular gauge for the Einstein equation: the
maximal-isothermal gauge. We review this gauge in section[2] In that section
we also present the linearized equations on a class of stationary backgrounds.
In section |3| we study the particular case of the Minkowski background, where
we prove that the solutions are pointwise bounded in terms of a constant
that depends only on the conserved energy, see theorem [3.1 In section
we study the extreme Kerr background and we prove the main result of this
article given by theorem [{.1} Finally, in the appendices we write the Kerr
solution in the maximal-isothermal gauge and we also prove a Sobolev like
estimate needed in the proof of theorem [3.1}
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2 Axisymmetric Einstein equations in the maximal—
isothermal gauge

In axial symmetry, the maximal-isothermal gauge has the important property
that the total ADM mass can be written as a positive definite integral on
the spacelike hypersurfaces of the foliation and the integral is constant along
the evolution [19]. The conserved energy for the linear perturbations will be
obtained as an appropriate second order expansion of this integral. In this
section we first review the full Einstein equations in this gauge in subsection
and then in subsection we perform the linearization on a class of
stationary backgrounds that include the Kerr black hole. On this class of
backgrounds the linearized equations in this gauge have a remarkably simply
form.

2.1 Einstein equations

Einstein equations in the maximal-isothermal gauge were studied, with slight
variations, in several works [11], [41], [29], [24]. In this section we review these
equations, we closely follow [24].

In axial symmetry, it possible to perform a symmetry reduction of Ein-
stein equations to obtain a set of geometrical equations in the 3-dimensional
quotient manifold in terms a Lorenzian 3-dimensional metric. See [24] for
the details. In appendix [A] we explicitly perform this reduction for the Kerr
metric.

On the 3-dimensional quotient manifold we take a foliation of spacelike
surfaces. The intrinsic metric on the slices of the foliation is denoted by
gap and the extrinsic curvature by ysp. Here the indices A, B--- are 2-
dimensional.

The maximal-isothermal gauge and its associated cylindrical coordinates
(t, p, z) are defined by the following two conditions. For the the lapse, denoted
by «, we impose the maximal condition on the 2-surfaces t = constant. That
is, the trace x of the extrinsic curvature vanishes

x=¢q"Pxap=0. (1)

The shift, denoted by 54, is fixed by the requirement that the intrinsic metric
qap has the following form

qap = €*“Oap, (2)
where 45 is the fixed flat metric

§ = dp* + dz>. (3)



For our purposes, the relevant geometries for the 2-dimensional spacelike
surfaces are the half plane R? (defined by —oco < z < 00, 0 < p < o) for the
Minkowski case or R% \ {0} for the black hole case. In that case the origin
will represent an extra asymptotic end. For both cases the axis of symmetry
is defined by p = 0.

The dynamical degree of freedom of the gravitational field are encoded in
two geometrical scalars n and w, the square of the norm and the twist of the
axial Killing vector respectively. Due to the behaviour at the axis, instead
of n, a and w it is often convenient to work with the auxiliary function o, &

and ¢ defined by
n=pe, a=pa, u=Ilnp+o+q. (4)

To write the equations we will make use of the following differential op-
erators. The 2-dimensional Laplacian A defined by

Ag=02q+ 02, (5)
and the operator @A defined as

©Ag = Ac+ 27 (6)
P
This operator, which appears frequently in the rest of the article, is the
flat Laplace operator in 3-dimensions written in cylindrical coordinates and
acting on axially symmetric functions. The conformal Killing operator £
acting on a vector 4 is defined by

(LB)ap = 9aBp + 0pBa — dapdcC. (7)

In these equations 0 denotes partial derivatives with respect to the space
coordinates (p, z) and all the indices are moved with the flat metric §45. We
denote by a dot the partial derivative with respect to t and we define the
prime operator as .
0 =~ (1= B"0an). (8)
Einstein equations in the maximal-isothermal gauge are divided into three
groups: evolution equations, constraint equations and gauge equations. The
evolution equations are further divided into two groups, evolution equations
for the dynamical degree of freedom (o, w) and evolution equations for the
metric g4 and second fundamental form y45. Due to the axial symmetry,
these equations are not independent (see the discussion in [41]). For example,
the constraint equations are essentially equivalent to the evolution equations



for the metric and second fundamental form. In particular, in this article we
will not make use of the evolution equations for the metric and second fun-
damental form, we will always use instead a time derivative of the constraint
equations.

Bellow we write the equations, for the deduction of them see [24]. We
divide them in the three groups discussed above. In the next sections the
linearization of these equations on different background is performed, for the
sake of clarity we will always group them in the same way.

Evolution equations:

The evolution equations for o and w are given byﬂ

A 2u, /12
— g 4+ Ao + (9Aa—a —2e*"(log p)” + 28 Z = (e™w = — |0wf* ), 9)
A = 2(0 aA o !
— 2"+ Aw + Oaw 8@04 = 2 (9w 7777 ) : (10)

The evolution equation for the metric g4 (by equation this is only one
equation for the conformal factor u) and the second fundamental form y4p
are given by

20 = 04 + 28404, (11)
Xap = £aXaB — Fap — aGap — 2axacx5, (12)

where £ denotes Lie derivative and we have defined

1
FAB = 8A83a — §5ABACB — 28(140683)71/ + 8ca80u6AB, (13)
and
_ (3) 1 (3) CD
Gap =" Rap — §5AB Repd™~, (14)
1
(B)RAB = 2—7}2(8A778377 + OAwﬁBw). (15)

Constraint equations:
The momentum and Hamiltonian constraints are given by

6

0P xap = —% (N Oan + Woaw), (16)
5

!There were a misprint in equation (63) in [24], a minus sign is missing on the right
hand side of this equation. We have corrected that in equation @[)
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where we have defined the energy density € by

e 2 2 |Owl —2u. AB
5:(?(17 + w) + 190 +7+26 X XAB)p- (18)
It is important to emphasize that ¢ is positive definite.

Gauge equations:

The gauge equations for lapse and shift are given by

Ao = (e NP+ ) (19)
(LB)ap = 2ae > ap, (20)

where we have defined i by
— (n* +w?). (21)

As we mentioned above, the most important property of this gauge is
that the total ADM mass of the spacetime is given by the following integral
on the half plane R2 of the positive definite energy density ¢

1
m=— edpdz. (22)
]_6 Ri

Moreover, this quantity is conserved along the evolution in this gauge (see
[19]). We emphasize that the domain of integration in ([22)) is R? even in the
case of a black hole (see the discussion in [20]).

We have introduced two slight changes of notation with respect to [24].
First we have suppressed the hat symbol over tensors like ¥4? introduced
in [24] to distinguish between indices moved with the flat metric 045 and
with the metric g4g. In this article there is no danger of confusion since
all the indices are moved with the flat metric d45. Second, we have defined
the energy density € in (18]) with an extra factor p. This is convenient for
the calculations presented in the next section since the integral in the mass
has then the flat volume element in R? (in [24] the p factor appears in
the volume element). The only disadvantage of this notation is that in the
right hand side of the Hamiltonian constraint an extra p appears in the
denominator.

Boundary conditions:

At spacelike infinity we assume the following standard asymptotically flat
fall off condition in the limit » — oo

g, BAa XAB, é—aBAa XAB = Ol(r_l/Q)a a—1= 01(1)’ (23)
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where we write f = 0;(r*) if f satisfies 9°f = o(rk=1ol), for |a| < j, where
« is a multi-index and the spherical radius r is defined by r = /p? 4+ 22. In
the following we will also make use of a similar notation for f = O;(r¥).

At the axis the functions must satisfy the following parity conditions

N, W, &, U, ¢, T, Xpp, B° are even functions of p, (24)

and
@, X,z, B° are odd functions of p. (25)

Note that odd functions vanish at the axis and p derivative of even functions
vanishes at the axis.

In the case of extreme Kerr black hole we have an extra asymptotic end,
which in these coordinates is located at the origin. For that case we will
assume the following behaviour in the limit » — 0

0-7BAaXABad-7ﬁ'AaXAB :01(,,,.—1/2)’ a—1 :01(1)' (26)

These conditions encompass the asymptotically cylindrical behaviour typical
of extreme black hole at this end (see the discussion in [20] and [23]).

The behaviour of the twist w is more subtle because it contains the infor-
mation of the angular momentum. It will be discussed in the next sections.

2.2 Linearization

Denote by v any of the unknowns of the previous equations. Consider a one-
parameter family of exact solutions ¥(A). To linearize the equations with
respect to the family ¢(\) means to take a derivative with respect to A to
the equations and evaluate them at A = 0. We will use the following notation
for the background and the first order linearization

dyp(A)
= (N, , = 2 27
¢0 ¢( )|)\_O wl d)\ \—o ( )

We will assume that the background solution is stationary in this gauge,
that is

tho = 0. (28)

Moreover, we will also assume that the background shift and second funda-
mental form vanished

Bt =0, Xoap=0. (29)

The condition ([29) is satisfied by the Kerr solution for any choice of the
mass and angular momentum parameters, see appendix [A]l This condition
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simplifies considerably the equations. In particular, from and we
deduce

¥y = 0. (30)

The first important consequence of the background assumptions is
that the first order expansion of the lapse is trivial. Namely, the right hand
side of equation is second order in A, hence we obtain

AOZO = 0, AOél = 0. (31)

Since the boundary condition for for a are independent of A, it follows that
the first order perturbation «; satisfies homogeneous boundary condition
both at the axis and at infinity, and hence from equation (31)) we obtain that

) = 0. (32)

In contrast, the zero order lapse «q satisfies non-trivial boundary conditions.
The specific value of o will depend, of course, on the choice of background.
Remarkably, for Minkowski and extreme Kerr we have ag = p, as we will see
in the next sections. But for non-extreme Kerr it has a different value (see
appendix . In this section we keep g arbitrary in order to obtain general
equations that can be used in future works for non-extreme black holes.

Using , and we find the following useful formulas

i = o= (b - o). (33)

1 /. i
= 7 (8= Bloaw). (34)

Also, as consequence of the definition (4) we have the following relations
between 7 and o

no = p°e”, M =1y01. (35)

Using these assumptions it is straightforward to obtain the linearization
of the equations presented in section [2.1 The result is the following.

Evolution equations:

The evolution equation for o; and w; are given by

(20 Oundidy 2
— 5P+ Aoy + 2 = S (01]0uwo|” — Dawn0”wp) (36)
g Qo "o
2ug . a aA7 a
_eozz d+® Aw; + Aw;—é T 4% 20401000 + 20400001, (37)
2 0
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where we have defined the following two useful auxiliary variables
P
p=o01 —BfaAUO—2%7 (38)
d =&y — BOwp. (39)

The evolution equation for the metric and second fundamental form are
given by

2iy = Oafi + 28: 0 auo, (40)
X14ag = — (Fias + 0G1aB) (41)

where
Fiap = —204000p)u1 + 6ap0cagd uy, (42)

and
1
Giap = DY (0amOpno + 0anoOpm + Oaw10pwy + OawoOpws)
0

o
- n—; (0am00BM0 + 0awe0pwy)
0

) 1
_ % |:F (8077080771 + 80W08CW1> — % (|6770|2 + |8WQ|2>:| . (43)
0 0

Constraint equations:
The momentum constraint and Hamiltonian constraints are given by

2ug a 8
P x1ap = — ° p | Oaoo + AP A(;Od ; (44)
209 P Uh
Aoy +Aq = -, (45)
p

where € is the first order term of the energy density , that is

201004 w; 20| Ouw|?
e = (28,4008‘401 e G G ) (46)
o "o

Gauge equations:
We have seen that the first order lapse is zero. For the shift we have

(L) = 2e 200y 1B, (47)

We have presented above the complete set of axially symmetric linear
equations in the maximal-isothermal gauge. The conserved energy for this
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system of equation is calculated from the second variation of the energy
density as follows. Assume that 1)(\) has the following form

V(A) = o + M. (48)

That it, we assume that the second order derivative with respect to A of ()
vanishes at A = 0. For this kind of linear perturbations we define the second
variation of ¢ as
_dPe(N)
2T e

(49)

A=0

Using we obtain

2e2u0 d? 0104w w
52_( 5 <p2+_2)_8*+
agp o o

2

Owq |? Owo?
+2|301|2+4€_2u°XfBX1AB+2| nll +4| 7720| U%) p. (50)
0 0

Note that €5, in contrast with €, is not positive definite.
For further reference we write also the zero order expression for the energy
density

Owol?
o= (1ot + 230) 5, 51)
o
and the masses associated with the different orders of the energy density
1
my = — godpdz, (52)
].6 R2
+
1
mi=— [ e1dpdz, (53)
16 R2
+
1
my = — godpdz. (54)
16 Ri

Recall that £; has been calculated in (46]).

We will prove that m; vanished and that msy is conserved and positive
definite. Since we are interested in the study of linear stability, it is impor-
tant for our present purpose (and also for future works on this subject) to
prove these statements using only the linear equations, without referring to
the original non-linear system. In the next sections we will perform these
proofs. However, from the conceptual point of view and for further possi-
ble applications to the non-linear stability problem, it is important also to
deduce these properties from the full equations. We discuss this point bellow.
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Consider a general one-parameter family of exact solutions ¥(\) (i.e. we
are not assuming the particular linear form ) For this family we compute
the exact mass m(\) given by equation . This quantity is conserved, that
N dm())

dt
This equation is valid for all A. Taking derivatives with respect to A\ of
equation and then evaluating them in A = 0 we obtain that

=0, (55)

d

dt mly_o =0, (56)
d dm
e =0 57
dt dA|,_, ’ (57)
d d*m
- — =0. 58
dt dX\?|,_, (58)

We can, of course, take more derivatives with respect to A, but this will not
provide any useful conserved quantity for the linear equations.

It is clear that equations and are precisely

dmg
2 _p 59
dt ? ( )
dmq
1) 60
dt ? ( )

where my and m; are given by and respectively.

The first equation asserts that the mass of the background metric is
conserved. This is of course valid even when the background solution is not
stationary. In our case, since the background metric is stationary, not only
mg is conserved but also the integrand ey, given by equation , is time
independent, and hence the conservation is trivial.

Since m; depends only on the background solution ¢y and the first order
perturbation 1, (recall that vy and 1; are defined by for a general
family ¥ (X)) then equation asserts that m; is a conserved quantity for
the linear equations. That is, from the exact conservation law we have
deduced the conservation of m; for the linear equations.

For a general background, m; will be non-zero. However, using the Hamil-
tonian formulation of General Relativity, it is possible to show that the first
variation of the ADM mass vanishes on stationary solutions (see [§] and ref-
erence therein). In section 4| we explicitly perform this computation adapted
to our settings.
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For the third equation the situation is different. This equation asserts
that the quantity

d*m
My = —— , (61)
d\2 A=0
is conserved .
mo
— =0. 62

However, ms depends on the background solution 1, the linear perturbation
11 but also on the second order perturbation

P\
vy = T

(63)

A=0

Then ms is not a quantity that can be computed purely in terms of the
background solution ¢y and the linear perturbation ¢; and hence it can not
be used for the linearized equations.

Note that the mass my defined in (54)) is computed only using first order
perturbations (since we have assumed to compute it). In principle, mqy
and ms are different quantities. Hence the conservation law

dm2

dt
can not be deduced directly from . But, as we will prove bellow, it turns
out that if the background is stationary and hence the first variation m;

vanishes, then we have my = ms.
Let us compute explicitly my. We define

=0, (64)

o d*e(N)
E9 = 3 .
dA\* |,

(65)

We emphasize that in (65)) we are not assuming and hence this is different
from . The difference between €5 and &, is given by

20 4wo04 2074|Ouwg|?
ég — &9 = (28A006A02 + Au;;; w2 - 02|7]2w0‘ ) 1% (66)
0 0

In this calculation we have assumed that the background is stationary in this
gauge (namely, we have assumed and (29)). The difference between &5
and &5 involves, of course, the second order perturbation o, and ws. However,
remarkably, the right hand side of has exactly the same for as the first
variation €7 if we replace o1 and w; in &1 (given by ) by o9 and ws. Hence,
if my vanishes on stationary solutions then 7y = my (that is, the integral
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of the right hand side of vanishes). In fact, this result is general and
well known in the calculus of variations with non-linear variations (see, for
example, [30] p. 267).

Finally, let us discuss the sign of the second variation m,. On Minkowski,
the positive mass theorem clearly implies that the second variation of the
mass should be positive since flat space is a global minimum of the mass. In
the extreme Kerr case there is no obvious connection between the positivity
of the mass and the second variation. However, it has been proved that the
mass has a minimum at extreme Kerr under variations with fixed angular
momentum [I§][20]. To prove the positivity of the second variation my on
extreme Kerr in section 4 we will use similar techniques as in those references.
As we pointed out above, for our purpose, it is important to prove this in
terms only of the linearized equations.

3 Minkowski perturbations

The natural first application of the linear equations obtained in section
is to study the linear stability of Minkowski in axial symmetry. The problem
of linear stability of Minkowski, without any symmetry assumptions, was
solved in [I2] and the non-linear stability of Minkowski was finally proved
in [I3]. The purpose of this section in to provide an alternative proof of the
linear stability of Minkowski in axial symmetry using the gauge presented in
the previous section. This is given in theorem [3.1| which constitutes the main
result of this section.

In comparison with the results in [12], theorem has the obvious dis-
advantage that it only applies to axially symmetric perturbation. Moreover
in this theorem only pointwise boundedness of the solution is proved and not
precise decay rates as in [12]. However, the advantage of this result is that it
make use only of energy estimates that can be generalized to the black hole
case as we will see in section [l

This system of linear equations was studied numerically in [24] and ana-
lytically in [25]. The main difficulty is that the system is formally singular at
the axis where p = (0. Theorem generalize those works by including the
twist and, more important, by obtaining a pointwise estimate of the solution
in terms of conserved energies. We explain in more detail this point bellow.

The Minkowski background satisfies the assumptions (29). The value of
the other background quantities are the following

wo = qo = 00 = 0, (67)
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and
up =1Inp, no= PZ; Qo = p. (68)
Introducing the background quantities — on the linearized equations
obtained in section [2.2] we arrive at the following set of equations for the
linear axially symmetric perturbations of Minkowski.
Evolution equations:
The evolution equations for o1 and w; are given by

—p+ Ao, =0, (69)
0

—(,.«.)1 + (3)Aw1 =4 pW1, (70)
p

where we defined the auxiliary function p by

Y
pzal—%. (71)

The evolution equations for the metric and the extrinsic curvature are
given by

R 1
241 = 0aB;y + 2?7 (72)
X14B = 20(4q10B)p — 04B0,q1 . (73)

Constraint equations:
The momentum and the Hamiltonian constraints takes the following form

aAXlAB = —pdpp, (74)
Ag +% Aoy = 0. (75)

Gauge equations for lapse and shift:
We have proved in section that the first order lapse is zero. The
equation for the shift is given by

2
(L)Y = =xi. (76)
p
For the mass density we have that

Eop—=¢&1 = O, (77)

and hence we have



The second order mass density is given by

|8w1|2

= 14X

(79)

2 W% 2 fBXIAB
go=|2p +2F+2|aal| +2 p

02

It is important to note that o, in the particular case of the Minkowski
background, is positive definite.

Before presenting the main result, let us first discuss two simple but
important properties of this set of equations. The first one (which only holds
for the Minkowski background) is that the equation for the twist w;
decouples completely from the other equations E| Then, it is useful to split
the density €5 in two terms

€9 = €5 + £, (80)
where
AB
£y = (Qp2 + 2|00 |* + 4%) P, (81)
-9 2
oW | 0w |
5w—25+2 5 (82)
and the corresponding masses
m2 - mo- _'_ mw; (83)
where
My = / eodpdz, my, = / g, dpdz. (84)
RZ RZ

Note that all the densities are positive definite.
Equation is equivalent to the following homogeneous wave equation

— &+ Amy =0, (85)

where (DA is the Laplacian in 7-dimensions acting on axially symmetric
functions []| namely
001

DAD, = Aoy +5 = (86)

2We thank O. Rinne for pointing this out to us before this work was started.

3The trick of writing the 2-dimensional equations that appears in axially symmetric
(which are formally singular at the axis) as regular equations in higher dimensions has
provided to be very useful. It has been used, in a similar context, in [44] and [2].
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and we have defined Wy

w1 = F (87)
That is, the dynamic of the twist potential is determined by a wave equation
and hence it is clear how to obtain decay estimates for the solution. In
contrast, the equations for o; are coupled and non-standard due to the formal
singular behaviour at the axis (see the discussion in [24] and [25]). The wave

equation has associated the canonical energy density
ex =2 (&7 + [0wr]?) p°, (88)

and corresponding energy

mw:/ o dpdz. (89)
R3

The factor p° in (88)) comes from the expression of the volume element in
7-dimensions in terms of the cylindrical coordinates dz” = p®dpdz. The two
densities €5 and ¢, are related by a boundary term

2
€0 — €0 = —40, (%) , (90)

and hence mg = m,, provided w; satisfies appropriate boundary conditions.
Note that equation suggests that w; and not w; is the most convenient
variable to impose the boundary conditions.

The second property (which will be also satisfied for the Kerr background
and in general for any stationary background) is the following. The coeffi-
cients of the equations do not depend on time, hence if we take a time deriva-
tive to all equations we get a new set of equations for the time derivatives
of the unknowns which are formally identical to the original ones. That is,
the variables o1, wy, u1, 81, x1 satisfy the same equations as the time deriva-
tives o1, wy, U1, Bl, X1. And the same is of course true for any number of time
derivatives. In particular, if m is a conserved quantity, then we automatically
get an infinity number of conserved quantities which has the same form as
m but in terms of the n-th time derivatives of o1, w1, uy, 81, x1. For example,
let us consider the mass m, defined by and . It depends on the the
functions p, o; and Y, to emphasize this dependence we use the notation
me|p, o1, x1]- Then we define m,[p, o1, x1] as

XiPx1a8
me|p, o1, X1] = / (2p2 + 2|06 |* + 41T> pdpdz. (91)
RQ

+
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If my[p, o1, x1] is conserved along the evolution then also m,[p, 1, x1] is
conserved. The same applies for m,,[w] and mg[w;], for example we have

Mgl :/ (&7 + [0an|?) p°dpdz. (92)
RZ
We will make use also of the higher order masses mg[w] and mg[w].

Theorem 3.1. Consider a smooth solution of the linearized equations pre-
sented above that satisfies the fall off conditions at infinity and the reg-
ularity conditions at the axis , . Assume also that

@1,@1 - 01(1>, (93)

at the axis and
(:Jl, @1 = 01 (7’_5/2), (94)

at infinity, where we have defined
W = —. (95)

Then, we have:

(i) The masses m,, m, and mg defined by and are conserved
along de evolution and m,, = mg. And hence, all higher order masses
are also conserved.

(ii) The solution o1,w satisfy the following (time independent) bounds

C(|O-1| S mo’[pa 017X1] +md[p7 d17>'(1]7 (96)
w .
C|p_i| S mw[wl] + mw[w1]7 (97)

where C > 0 is a numerical constant.

The value of w at the axis determines the angular momentum (see, for
example, [20]). Hence, the physical interpretation of the boundary conditions
is that the perturbations do not change the angular momentum of the
background (which is zero in the case of Minkowski).

The conservation of m, in point (i) was proved in [24] . For completeness
we review this proof and also we perform it in different variables which are
the appropriate ones for the extreme Kerr black hole case treated in the next
section.
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We have already shown that the equation for w; is decoupled and it can
be converted into an standard wave equation in higher dimensions. Hence the
dynamics of wy is well known. In particular one has the classical pointwise
estimates for solutions of the wave equation in 7-dimensions |w;| < t73C,
where the constant C' depends only on the initial data (see, for example,
[42]). We present the weaker estimate because it can be proved using
only the conserved energies and is likely to be useful in the more complex
case of the Kerr black hole, where the pure wave equations estimates are not
available.

The most important part of theorem is the estimate . In a pre-
vious work [25] the existence of solution of this set of equations was proved
using an explicit (but rather complicated) representation in terms of integral
transforms. In contrast, the a priori estimate is proved in terms of only
the conserved masses in a remarkably simple way. This estimate is expected
to be useful in the non-linear regime.

Proof. (i) Since the equations are decoupled, we can treat the conservation
for m, and m,, separately. We begin with m,. Taking the time derivative of
€, We obtain
AB.;
¢, = dppp + 4pdacy 04, + 82X X1AB. (98)
The strategy is to prove (using the linearized equations) that the right hand
side of is a total divergence and hence it integrates to zero (under ap-
propriate boundary conditions). We calculate each terms individually.
For the first term we just use the definition of p given in equation ([71)) to
obtain

4ppp = 4po1p — 867p. (99)

For the second term we obtain

4p0po1076) = 40" (po10401) — 4610° (pDacy) (100)
= 404 (po10401) — 4piy B Aoy, (101)
= 40” (p&10401) — 4poip, (102)

where in line (T01]) we have used the definition of the operator ¥ A given in
equation @ and in line (102]) we have used equation .
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Figure 1: Domain of integration in R?.

Finally, for the third term we have

XiBx1aB
SIT = 4(LB1)"P X148, (103)
=808 X148, (104)
= 80" (B X148) — 88T 0 X148, (105)
= 80" (B X148) + 8PP, (106)

where in line (103) we have used the gauge equation , in line the
fact that x14p is trace-free and in line we have used the time derivative
of equation ([74)).

Summing these results we see that only the total divergence terms remain.
That is

€, = Out?, (107)

where
ty = 4pi10a401 + 8P X1a5. (108)

We integrate (107) in the half disk Dy, of radius L in R%, where C, denote

the semi-circle of radius L, see figure [I Using the divergence theorem in
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2-dimensions we obtain

/ égdpdz = | Oat* dpdz, (109)
DL DL

:/ t4n ds, (110)
oDy,

L
:—/ t”|p0dz+/ t4n 4 ds. (111)
—L CrL

where n4 is the outwards unit normal vector and ds the line element of .
The integrated of the first term in line (111]) is given by

tp = 4p(5'1(9p01 +8BfX1pp+8ﬁfX1pz (112)

The first term clearly vanished at the axis p = 0. The second and third term
also vanish at the axis since the regularity conditions implies that /37
and x1,. are zero at the axis. Hence we obtain

/égdpdz:/ t*ny ds. (113)
DL CL

Taking the limit . — oo and using the fall off conditions we obtain that
the integral vanished and hence m, = 0 (recall that on Cf, we have ds = rdf
where tanf = z/p).

The conservation of m,, is similar. We take the time derivative of the
mass density ¢,

. . a aA .
S iy (114)
p p
For the first term we have
oo ) 39
Pl (6A3Aw1 - ”wl) , (115)
p p p

where we have used equation ([70)).
For the second term we have

A : :

AT g (S00) 4% (g - ) g
p p P P
Hence we obtain

g, = Oat™, (117)

with 9
ty = 4145 (118)

P
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Integrating in the same domain as above and using the behavior at the axis
and the fall off conditions at infinity we obtain that m, = 0. Finally,
the equality m,, = mg is deduced from and the assumption ((93)).

(ii) To prove the estimate note that we have the following bounds

melp.orl = [0 Ppdpd (19)
R

+

m(f[pv O"l?)‘(l:l Z 2/

) p2pdpdz = 2/ ((3)A01)2pdpdz, (120)
R

2
= RY

where in the last equality of line (120 we have used equation (69). The right
hand side of (120)) can be written in the following form

/ ((3)A01)2pdpdz:/ (B Aey)? da, (121)
RZ R3
:/ |0%01 | da. (122)
R3

where in the right hand side of line we have changed from cylindrical
coordinates (p, z) to Cartesian coordinates (x,y, z) in R?, with x = pcos ¢,
y = psin¢. For axially symmetric functions (i.e. functions in R?® that do
not depends on ¢) we have that dz® = pdpdz. In Cartesian coordinates the
Laplacian @A is given by

(3)AO'1 = 3301 + 850'1 + 830'1. (123)

And in line we have integrated by parts, due to the fall off assumptions
on oy the boundary terms vanishes. In this equation |0%¢|* denote the sum
of the squares of all second derivatives in terms of the Cartesian coordinates
in R3, that is

0%01| = (0201)° + (9201)* + (0201) + (0:0y01)* + (0:0.01)* + (8,0.01)°.
(124)
From (122, (120) and (119) we obtain the following crucial estimate

Mg p, 01, X1] + Me[p, 1, X1] > / (10%01)? + [001]?) da®. (125)
R3

Note that on the right hand side of (125)) there are no terms with 0% and hence

we can not use directly the standard Sobolev estimate to control pointwise

the solution 0. However, using the estimate given by lemma withn =3
and k = 2 we obtain the desired result .
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To obtain the estimate for twy, we proceed in a similar manner. From
the definition of mg; we obtain

mwz/ |3w1|2p5dpdz:/ |0 [* da”, (126)
R2 R7

+

where we have used that do” = p®dpdz. For the higher order masses we have

mg ] 2/ &3 p° dpdz, (127)
RY

:/ (D A@y )2 da”, (128)
R7

—/ 0% | da”, (129)
R7

where in line we have used the wave equation and in line (|129))
we have integrated by part and used that w; decay at infinity. In a similar
way, we obtain that energies with n-time derivatives control n + 1 spatial
derivatives, in particular

maltn] > / O | da” (130)
]R7

mglwy] > [ 0% da’. (131)
R7

Using the bound ((130)), (131)) and Lemma with n = 7 and k = 4 the
estimate follows.

]

We finally remark that in the proof of the conservation of ms we have
used only the evolution equations for o; and w;, the time derivative of the
momentum constraint and the gauge equation for the shift.

4 Extreme Kerr perturbations

In this section we study the linearized equation obtained in section for
the case of extreme Kerr background. The main difference with respect to
the previous case of Minkowski is that the background quantities qq, 0, wp
are not zero. However, we still have that (see appendix

ap = p. (132)
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This is the main remarkably simplification of the extreme Kerr case compared
with the non-extreme Kerr black hole.

For the explicit form of (qo, 0, wp) see the appendix [Al These functions
depend on one parameter, the mass mq of the black hole. This mass is given
by . The only properties of these functions that we will are the following.
They satisfy the stationary equations

Owy |?
®) Agy — 1240 , 133
A POawo
) 0 =o. (134)
o

They satisfy the fall off conditions , . They satisty the following
inequality in R? (i.e. including both the origin and infinity) (see [18])
dwol?* _ C C
9l < € om < & (135)
UQ r

= )
T2

where C' is a constant that depends only on mg. Finally, near the axis we
have
apr
To

The complete set of linearized equations, in axial symmetry, for the ex-
treme Kerr black hole is the following.

Evolution equations:

The evolution equations for oy and w; are given by

— 0(p). (136)

2ug 2
O 8y = 2 (ol ), a)
0
e2uo 0,w1 A A
= d + 0 Awy = 477 4 20,0,0% 0 + 204w00 0, (138)
p
with
N
p=01 — 2— — 1 aAO-Ov (139)
p
d= d_)l — BfaA(.UQ. (140)

The evolution equation for the metric and the second fundamental are ob-

tained replacing (132)) in equations and . No relevant simplification
occur in these equations compared with the general expressions and

(41)), and hence we do not write them again in this section. Also, we will not
make use of these equations in the proof of theorem
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Constraint equations:
The momentum constraint and Hamiltonian constraint are given by

e2uo 0 0 aw
9 x148 = — p PR Oa0p | + A2 %), (141)
2p p 0
DAci+Aq = -2, (142)
p

where € is given by

20 4w04 2010w |?
e = <28A008A01 1 a0 _ 201]0o| ) p (143)
o o
Gauge equations:
For the shift we have
(LB = 2e72 0 px P (144)

The energy density e, defined previously in equation is given by

6211,0 €2u0 "
&2 = (2 ,02 p2 + sz—nng + 46_2“0)(1 BXlAB+

Owy |? Owp|? O awoO0wyo
+2|aal\2+2| ;’ 14l 2°| af—s%% (145)
UR o Mo

Note that the energy density ((145]) is not positive definite and hence it is
by no means obvious that the energy ms is positive.

Theorem 4.1. Consider a smooth solution of the linearized equations pre-
sented above, such that it satisfies the fall off decay conditions at infinity
, the decay conditions at the extra asymptotic end at the origin and
the reqularity conditions , at the axis. Assume also that wy satisfies
the following conditions. At the axis we have

(i)l,(Dl = 01(1>, (146)

and both at infinity and at the origin we impose

w1, = o1(r~°?), (147)
where we have defined
_ w1
W = —. 148
LR (45)

Then, we have:
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Figure 2: Domain of integration in R? for the extreme Kerr black hole.

(i) The first order mass my defined by with €1 given by vanishes
my = 0. The second order mass my defined by with 5 given by
1s equal to the following expression, which is explicitly definite
positive .

my = — €2 pdpdz, (149)
]_6 ]R%r

p o
- (@01 + w17]o_23wo)2 + (3 (wmo_l) - 770_1018%)2 +
+ (15 010w — W1770_267]0)2> p- (150)

- et er —2ug .. AB
€= |2—5p" +255d + 477N " xaapt+
0

(i) The mass my is conserved along the evolution.

Note that the boundary condition ((146|) at the axis (outside the origin)
is identical to the one used in Minkowski in section [3, since 79 behaves like
p? at the axis.

Proof. (i) We first prove that m; = 0. Take the density ; given by (143),
for the first term we have

200400001 = 20” (po10400) — 2010 (pDa0y) (151)
= 204 (po10400) — 2p0,® Aay, (152)

A |l
= 20" (po10400) — 2p01—5—, (153)

0
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where in line (152)) we have used the definition of ®)A given by equation @
and in line ({153|) we have used the stationary equation (|133)).
For the second term we have

A
20040071 _ 5 (—“‘“‘ZA“‘“) — 20" <p8A2w0> o (159
7 UG Mo
_ ot (pm%AWO) | (155)

where in line ((155) we have used the stationary equation . Summing
up these terms we find
g1 = Oat?, (156)

where
dawo

mo
We integrate equation in the domain showed in figure [2 for some finite
0 and L with 0 < § < L. At the axis the axis the first term in clearly
vanished. The second term also vanishes by the assumption and the
behavior of the background quantities. Hence, the integral of
contains only the two boundary terms Cs and C'p. Then, we take the limit
0 — 0 and L — oo. Using the assumptions @ on wi, the assumptions
and on o7 and the background fall off @ we obtain that these
two boundary integrals vanish. Hence, it follows that m; = 0.

We prove now the positivity of my. The proof is identical to the proof of
positivity presented in section 3 of [18], which is based on the Carter identity
[10]. The last four terms in are identical to the integrand of equation
(24) in [1§] (in that reference a different notation is used, namely oy = «,
wy =1y, no =X and wy = Y'). Then, Carter identity given by equation (57)
in [I§] in the notation of this article can be written as

tA = 2p0'18A0'0 + 2,0w1 (157)

€y — €3 = Oat™, (158)
where
0w 0w w w
tA = 2[) (20’18,40’1 + w1 A2 LI 20’1&)1 A2 0 + —laA <—1)) s (159)
Mo o Mo Mo

and € is given by ([150]). Recall that the divergence term in the right hand
side of equation has two contributions, one is the right hand side of
equation (57) in [I8] and the other comes from the integration by parts in
equation (63) in [I8]. Also note that in [I8] Cartesian coordinates in R? are
used for the integration, and here we use cylindrical coordinates, and hence
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the factor p appears in . Integrating equation and using the fall
off conditions at infinity and at the axis it follows that ms is given by
and hence it is positive.

(ii) To prove the conservation of ms we take a time derivative of the mass

density ([145]), we obtain

2uo 2ug

. o g0 o .
gy = 4——pp + 4—5dd + 8¢ M pxF X1 ap+
p e
O a1 04w Oaw Owpl?o16 C 0w
a0 4 4p AT g On g, (g lOW0 0101 g Do ga,
770 770 Mo Mo

(160)

The strategy is very similar (but the calculations are more lengthy) than in
the Minkowski case discussed in section [3} using the linearized equations we
will write the right hand side of as a total divergence. We proceed
analyzing term by term.

For the first two terms we just use the definition of p and d given in
equations ((139)) and (140) respectively. We obtain

e2’u,0 ) 62u0 ] ] 2 14
4——pp =4—7p (01 _% Bf‘aAao) , (161)
p p p
N dd = 4 d (&1 — FPO ) (162)
4 =4 wy — W) . 162
P13 pz A
For the third term we have
8¢ px P X1an = 8X1 " 01, (163)
= 804(B1X1") — 86 BanfB, (164)
) e?u AD 4w
= 804(BipXi") +4— < ( o + B 8Ao—o) i - 0) :
P Mo
(165)

where in the line we have used equation and the fact that {8
trace free and in the line we have used the time derivative of equation
(141)).

For the fourth term we have

4p0pc1026) = 404(p510%01) — 4610 (pD o), (166)
= 48A(pd18140'1) — 4(j'1p(3)A01, (167)
. . 2u0 . . a 2
= 48A(pd18‘401) — 401p6 + SU—;pﬁAwlaAwo — 8—0-10-1p|2 WO’ ,
Mo Mo
(168)
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where in line (I67) we used the definition of the operator }JA given by

equation (6], in line (168) we used equation (137).
For the fifth term we obtain

4p_aAwlaAw1 g (P20 - ga (POaw (169)
2 2 2
UR o o
— 494 (—pwlc‘?Am) — 4_pw1 ((S)Awl — A0y — 28Aw13A00> )
2 2
0 Mo p
(170)

N 2u0 . N A
— 494 (—pwlaAwl) 4T i, — gPer0adTon (171)

m P m

where in line we have used the definition of the operator ®A given in
equation @ and the definition of 7y given in equation . In the line ((171))
we have used the evolution equation .

For the sixth term we obtain

D o0 5 5
8oy AT gpa (pwlal Afo) + 8in 0 (pm A(jo) , (172)
Mo "o "o
0 w0 0
— 894 (wlal A;”O) + 8y AT 4 80,04 (p A;"O> ,
o o 0
(173)
5 Dawod?
= 89" (wlal A‘;’O) + 8piy AT L (174)
o 0

where in line (|174)) we have used the stationary equation (134]).
We sum the six terms obtained above plus the two last terms in ({160J),
only the divergence terms survive, we obtain

g = Opt™, (175)

where " "
pur 07wy . 0wy
G 80(}10'1 3

tA = 4p(j'1(9A01 + 8613X14B +4
o "o

(176)

Remarkably we get only one extra term compared with the Minkowski case

(compare (176]) with the sum of (108)) and (118))).
We integrate equation ([175]) in the domain showed in figure[2] The bound-

ary term at the axis vanished by the hypothesis . Then, we take the limit
0 — 0 and L — o0, and the other two boundary integrals also vanished by

the fall off conditions (23), and ((146)), (147).
[l
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A Kerr black hole in the maximal-isothermal
gauge

In this appendix we explicitly write the Kerr black hole metric in the maximal
— isothermal gauge described in section 2] In particular, we show that in this
gauge the metric satisfies the conditions .

The Kerr metric, with parameters (m,a), in Boyer-Lindquist coordinates
(t,7,0,¢) is given by

by

g = —Vdt* + 2Wdtdg + =di* + Ldb6* + nd¢?, (177)

where
E=7+a*—-2mF, X =7"+a’cos’0, (178)

and
= —a?sin®0
Vet (179)
W _2ma7;sin2 9’ (180)
52 2\ =2 2

n— ((7’ + a?) = Ea” sin 9) “in? 0 (181)

The angular momentum is given by
J = ma. (182)

The metric (177) is stationary and axially symmetric because it has the
following two Killing vectors

where " is timelike near infinity (i.e. outside the ergosphere) and n# is

spacelike and it vanished at the axis. The scalars (179)), (180]) and (181)) are

written in terms of the Killing vectors as follows
V==, n=0"1"0w. W=n0"¢gu. (184)
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In particular, n is the square norm of the axial Killing vector n*. In these
equations we are using 4-dimensional indices p, v - - -.
The twist potential w of the axial Killing vector n* is given by

2ma® cos 0 sin* @

by

The 3-dimensional Lorenzian metric h on the quotient manifold (see equa-~
tion (26) on [24], we follow the notation of that article) is defined by

w = 2ma(cos® § — 3cos ) — (185)

NGuv = h,uz/ + NuMy- (186)
Using the explicit form of the Kerr metric (177) and the Killing vector n* we
obtain that A is given by
a2, M5 2
h=—(Vn+ W?)dt* + —di” + nXdo-. (187)
For the Kerr metric, the following remarkably relation holds
Vi + W? = Esin? 6. (188)

Using ((188)) we further simplify the expression for the metric h
o mw2p2 2
h = —Esin” 0dt” + —dr* + nxdo”. (189)

This metric is static. The foliation ¢t = constant has zero extrinsic curvature
and hence it is a maximal foliation. The shift of this foliation also vanished,
then the condition is satisfied. However, the coordinates (7,6) are not
isothermal because they do not satisfy the condition ({2).

To introduce isothermal coordinates we will assume that m > |a| (i.e. the
Kerr metric describe a black hole). Let r be defined as the positive
root of the equation

m2 — a2
;o m e 190
F=r+m+ pr— (190)
that is 1
r:§<f—m+\/§>. (191)
We have
di = Y= ar. (192)
T

We define the cylindrical coordinates (p, z) in terms of the spherical coordi-
nates (r,0) by the standard formula

p=rsinf, z=rcosb. (193)
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Then the metric h in the new coordinate system (¢, p, z) is given by

h = —a’dt* + e*(dp* + dz*), (194)
where (s 2)
m® —a
=+vVZ=Zsinf=p1—-—~2 195
o =VEsin p ( s ) , (195)
and >
w1
e = T (196)
The intrinsic metric of the t = constant of the slices is
q =€ (dp® +dz?). (197)
That is, the coordinates system is isothermal.
The function o is defined in terms of the norm 7 by
N
e’ = —, (198)
2
The function ¢ is given by
.2
2 _ Sin 927 (199)
n
We have the relation
u=q+ o +logp. (200)
Note that the lapse satisfies the maximal gauge condition
Aa = 0. (201)
In the extreme case m = |a| and hence we have
a=p. (202)

B A Sobolev like estimate

In this appendix we prove the following Sobolev type estimate.

Lemma B.1. There exists a constant C' > 0 such that for all u € C§°(R"),
with n > 3, the following inequality holds

1/2
C (/ (|0%ul? + 10" ul?) dx") > sup |u(x)], (203)

rER?

where k > n/2.
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Proof. The estimate will be a consequence of the following two classi-
cal estimates. The first one is the Gagliardo-Nirenberg-Sobolev inequality:
assume that 1 < p < n, then exists a constant C', depending only on p and
n, such that

|[ul|Lagny < Cl|Oul| Lo @n), (204)
for all u € C3°(R™), where
pn
n—p
The second estimate is the Morrey’s inequality: assume n < p < oo, then
there exists a constant depending only on p and n, such that

q= (205)

sup |u(z)] < Clullwiem@n)- (206)

TER?

See [27] for an elementary and clear presentation of these inequalities and
the functional spaces LP(R"), W!P(R™) involved in them.
We first observe that the estimate (204) can be iterated as follows:

||| Lox@ny < CJ10%ul| Logny, (207)

where 1 < k <n/p, 1 < p and p; is given by

pn
= . 208
Pk n,—-pk ( )

To prove (207]) we use induction in k. For k = 1 the inequality (207]) reduces

to (204)). Assume that (207)) is valid for k. If 9**tu € LP(R™), then by (204
we obtain that 0Fu € LI(R") with ¢ given by

pn

= . 209
i (209)
By the inductive hypothesis we obtain that u € L%(R™) with
qn
= ) 210
Ak n— qk (210)
We substitute (209) in (34) to obtain
n
= 211
®= 0 (k+1)p (211)

And then the desired result is proved.
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To prove (203)), note that the left hand side of (203)) implies that 91w, 9% ~1u €
L*(R™) where w = Qu. Then, we apply the inequality (207)) for both w and
u, to obtain that w,u € LP(R™), with p given by

2n

T h—2%k+2 (212)

p

By hypothesis k > n/2, then we obtain that p > n. Hence, we have proved

that « € W'P(R™) with p > n. We use the Morrey inequality (206)) and the
desired result follows.

m
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