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Abstract

The macroscopic behaviour of unidirectional fibre-reinforced-composite materials is strongly dependent on the

strength of the fibre/matrix adhesion. The stress concentrations around the fibres lead to micro-crack initiation, which

will grow along a ply to become a complete transverse crack. In this paper a boundary element methodology for the

three-dimensional analysis of bimaterial interface cracks is presented. Fracture mechanics parameters, namely J-inte-

gral and stress intensity factors, are computed along the crack front using the Energy Domain Integral and theM1-inte-

gral methodologies. The devised numerical tool is employed to analyse the problem of a fibre/matrix interface crack

under transverse loading in order to assess the three-dimensional character of the problem, and to evaluate the repre-

sentatives of the results obtained from two-dimensional models. Obtained results show the key role played by the rel-

ative elastic properties of the fibre, the matrix and the laminate on the state of mixed mode fracture.

� 2004 Published by Elsevier Ltd.
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1. Introduction

Unidirectional composite materials are known to

have highly anisotropic properties, with excellent stiff-

ness and strength characteristics in the fibre direction

and rather poor properties in the transverse direction.

For this reason, in practice, laminates are used consist-

ing of several stacked plies with different fibre orienta-

tions, resulting in sufficient stiffness in more than one
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direction. However, mechanical loading of such struc-

tures also induces loads in arbitrary directions non-coin-

cident either with those of the fibre or the applied load.

The main cause of early failure of the transverse ply is

the heterogeneity of the material. It has been shown that

a global strain of 1% already gives local strains of more

than 5% [1]. An irregular packing of fibres, due to the

inhomogeneous fibre distribution increases the effect.

Due to this local stress concentration, the macroscopic

transverse failure strain is, in most cases, considerably

lower than the longitudinal failure strain.

In all loading directions, the macroscopic behaviour

of unidirectional fibre-reinforced-composite materials is

strongly influenced by the phenomena occurring at the
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fibre scale. In longitudinal as well as in transverse direc-

tion, the stress transfer from the matrix to the fibres gov-

erns the mechanical behaviour of the composite, as the

failure process is mainly determined by the strength of

the fibre/matrix adhesion. The stress concentrations

around the fibres lead to micro-crack initiation, which

will grow along a ply to become a complete transverse

crack. An example of this phenomenon is illustrated in

Fig. 1.

During the past few decades, comprehensive analyses

have been carried out and many questions regarding the

mechanic of interface fracture have been answered.

However, progress has been generally focused in the

two-dimensional idealization of an interface crack, and

limited work has been conducted on the three-dimen-

sional aspect of interface fracture. This is in part due

to the extreme complexity of such problems and the very

large computational efforts required for their numerical

analysis. However, given the material mismatch at the

interface boundary, it is expected that the three-dimen-

sional effects play a more significant role in a bimaterial

structure than in a homogenous structure.

The attraction of the BEM can be largely attributed

to the reduction in the dimensionality of the problem;

for two-dimensional problems, only the line-boundary

of the domain needs to be discretized into elements,

and for three-dimensional problems only the surface of

the domain needs to be discretized. This means that,

compared to FEM domain type analysis, a boundary

analysis results in a substantial reduction in data prepa-

ration. At the same time, and due to the inherent char-

acteristics of its formulation, BEM provides very
Fig. 1. Complete transverse crack in a unidirectional composite

ply.
accurate results for problems containing strong geomet-

rical discontinuities. This makes BEM a powerful

numerical tool for modelling crack problems [2].

BEM has been extensively employed to analyse a

variety of problems involving two-dimensional interface

cracks. On the other hand, and according to the authors�
knowledge, there are no reported results for three-

dimensional problems. Among others, two-dimensional

BEM analysis are reported by Cho et al. [3], who ana-

lysed the problem of interface cracks in dissimilar aniso-

tropic materials; Yuuki and Xu [4], who evaluated the

effect of residual stresses; Sladeck and Sladeck [5,6],

who conducted studies on T-stresses and dissimilar elas-

toplastic materials; Kwon and Dutton [7], who tackled

the problem of cracks in the direction normal to the

bimaterial interface; and Selcuk et al. [8] and Beer [9],

who used BEM for the prediction of interfacial crack

propagation. Likewise, Parı́s et al. [10–13] studied the ef-

fect of crack-face contact on the fibre/matrix debonding,

while Lui and Xu [14] considered the effect of the fibre

coating on the debonding process.

Although many authors propose displacement and

stress extrapolation methods to determine stress inten-

sity factors from BEM results (see for example Tan

and Gao [15], Yuuki and Cho [16], Mao and Sun [17]

and He et al. [18]), J-integral methods constitute a more

robust approach. Being an energy approach, J-integral

methods eliminate the need to solve local crack tip fields

accurately, since if integration domains are defined over

a relatively large portion of the mesh, accurate model-

ling of the crack tip is unnecessary, because the contri-

bution to J-integral of the crack tip fields is not

significant. At the same time, BEM is specially suited

for the evaluation of path independent integrals, since

the required stresses, strains and derivatives of displace-

ments at internal points can be directly obtained from

their boundary integral representations. It also has been

shown that BEM produces more accurate stresses and

strains at internal points when compared with other

numerical techniques, and therefore better results can

be achieved. Application of the J-integral methodology

for two-dimensional interface cracks can be found in

the works by Miyazaki et al. [19] and de Paula and Alia-

badi [20].

Among the available schemes for the numerical com-

putation of the J-integral in three dimensions, the En-

ergy Domain Integral (EDI) due to Moran and Shih

[21] is employed in this work. Previous work by one of

the authors has proved the versatility and efficiency of

the EDI in the three-dimensional BEM analysis of iso-

tropic cracked bodies [22,23]. Together with the EDI

the interaction orM1-integral methodology due to Chen

and Shield [24] is employed in this work for decoupling

the J-integral into the mixed-mode stress intensity fac-

tors. The M1-integral methodology is based on the

superposition of two equilibrium states, given by the
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actual problem and a set of auxiliary known solutions.

This approach has been recently reported in a number

of papers using FEM to compute stress intensity factors

along three-dimensional interface cracks (see Gosz et al.

[25], Nagashima, Omoto and Tani [26], and Im et al.

[27]). Using BEM theM1-integral methodology has been

implemented for two-dimensional cracks by Miyazaki

et al. [19].
2. J-integral and stress intensity factor computation

2.1. The energy domain integral

Consider a three-dimensional crack front with a con-

tinuously turning tangent as depicted in Fig. 2(a). Define

a local coordinate system x* at position g, where the

crack energy release rate is evaluated, given by x�1 normal

to the crack front, x�2 normal to the crack plane, and x�3
tangent to the crack front.

Following Natha and Moran [28], the energy release

rate G(g) due to crack extension in its own plane along a

three-dimensional crack front takes the form (see Fig. 2)

GðgÞ ¼ lim
C!0

nkðgÞ
Z
CðgÞ

ðw � dki � r�
iju

�
j;kÞni dC; ð1Þ

where w is the strain energy density, r�
ij and u�j;k are

Cartesian components of stress and displacement deriv-

atives expressed in the local system x*, nk(g) is the unit

outward normal to the crack front in the local crack

plane x�1–x
�
3, ni is the unit vector normal to the contour

C(g) (which lies in the x�1–x
�
2 plane), and dC is the differ-

ential of the arc length C. It is worth noting that,

although Eq. (1) comes from a two-dimensional analy-

sis, it applies for the three-dimensional case, as in the

limit as C! 0, plain strain conditions prevail so that

three-dimensional fields approach to the plane problem.

In order to derive the equivalent domain representa-

tion of Eq. (1), we consider a small segment Lc of the
θ
η

a(η )

C

2x*

1

3x*

n

x*
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Fig. 2. (a) Definition of the local orthogonal Cartesian coor-

dinates at point g on the crack front and (b) virtual crack front

advance.
crack front that lies in the local x�1 � x�3 plane as shown

in Fig. 2(b). Next we assume that the segment undergoes

a virtual crack advance in the plane of the crack, and we

define the magnitude of the advance at each point g as

Da(g). We note that Da(g) varies continuously along Lc

and vanishes at each end of the segment. Now let

GðgÞ ¼
Z
Lc

GðgÞDaðgÞdg; ð2Þ

where G(g) is the integral defined in Eq. (1). When G(g)
belongs to the point-wise energy release rate, G gives the

total energy released when the finite segment Lc under-

goes the virtual crack advance.

The appropriate domain form of the point-wise

crack-tip contour integral can be obtained from Eq.

(2) by considering a tubular domain V surrounding the

crack segment (see Fig. 3). As shown in the figure, the

surface St is formed by translating the contour C along

the segment Lc, and So stands for the outer surface of V

including the ends. Next an auxiliary function q is intro-

duced, which is sufficiently smooth in V and it is defined

on the surfaces of V as follows:

qk ¼
DaðgÞ � nkðgÞ; on St;

0; on So:

�
ð3Þ

Finally, in the limit as the tubular surface St is shrunk

onto the crack segment Lc and in the absence of crack

face tractions, we obtain the domain integral:

G ¼
Z
V
ðr�

iju
�
j;k � w � dkiÞqk;i dV : ð4Þ

In absence of body forces the integral G given in Eq. (4)

reduces to the domain representation of the familiar J-

integral. If it is assumed that G(g) is constant along

Lc, it follows directly from Eq. (2) that:

JðgÞ ¼ GðgÞ ¼ GR
Lc

DaðgÞdg
: ð5Þ
S t

S 0

crack front

Fig. 3. Tubular domain surrounding a segment of the crack

front.
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2.2. The interaction integral

In this section, the interaction or M1-integral meth-

odology for decoupling three-dimensional mixed-mode

stress intensity factors in bimaterial interface cracks is

presented. In order to make sure the meaningfulness of

the stress intensity factors we must consider the linear

elastic solution of the open model of interface cracks. It

is assumed in this model that the small contact zone that

always develops at the crack tip is physically non-rele-

vant (see Section 5 for further details). We label the

material occupying the upper half-plane as material 1

with Young modulus E1 and Poisson ratio m1 (see Fig.

4). The material occupying the lower half-plane has

Young modulus E2 and Poisson ratio m2. Let us consider
now two equilibrium states with field variables denoted

by the superscripts (1) and (2), respectively. Superposi-

tion of the two equilibrium states leads to another one,

(1 + 2). Then the stress intensity factors Kð1þ2Þ
j can be

written as

Kð1þ2Þ
j ¼ Kð1Þ

j þ Kð2Þ
j ðj ¼ I; II; IIIÞ: ð6Þ

The relationship between the J-integral and the stress

intensity factors of an interface crack [29] is

J ¼ 1

E�cosh2ðpeÞ
K2

I þ K2
II

� �
þ 1

2l� K
2
III; ð7Þ

where E* and l* are the effective Young and shear

modulus,

1

E� ¼
1

2

1� m21
E1

þ 1� m22
E2

� �
;

1

l� ¼
1

2

1

l1

þ 1

l2

� �
ð8Þ

and e stands for the bimaterial constant:

e ¼ 1

2p
ln

j1l2 þ l1

j2l1 þ l2

� 	
: ð9Þ
L

µ1      ν1

µ2      ν2

x1

x2

r

θ

Fig. 4. Schematic representation of bimaterial plate with an

interface crack.
Using the above relationships, the stress intensity factors

can be related to the J-integral for the superimposed

state (1 + 2) resulting in

J ð1þ2Þ ¼ 1

E�cosh2ðpeÞ
Kð1þ2Þ

I


 �2

þ Kð1þ2Þ
II


 �2
� 	

þ 1

2l� Kð1þ2Þ
III


 �2

: ð10Þ

Eq. (10) can be rewritten in terms of the stress intensity

factors for the equilibrium states (1) and (2), to give:

J ð1þ2Þ ¼ J ð1Þ þ J ð2Þ

þ 2

E�cosh2ðpeÞ
Kð1Þ

I Kð2Þ
I þ Kð1Þ

II K
ð2Þ
I

h i

þ 1

l� K
ð1Þ
IIIK

ð2Þ
III : ð11Þ

Then, the M1-integral is defined as

M1 ¼ J ð1þ2Þ � J ð1Þ � J ð2Þ

¼ 2

E�cosh2ðpeÞ
Kð1Þ

I Kð2Þ
I þ Kð1Þ

II K
ð2Þ
I

h i

þ 1

l� K
ð1Þ
IIIK

ð2Þ
III : ð12Þ

Using Eq. (4) a domain representation of the M1-inte-

gral can be obtained as follows:

M1 ¼
Z
V

r�ð1Þ
ij u�ð2Þj;k þ r�ð2Þ

ij u�ð1Þj;k � r�ð1Þ
ij e�ð2Þij dki


 �
qk;i dV :

ð13Þ
For the decoupling of the mixed-mode stress intensity

factors, the problem under consideration is selected as

equilibrium state (1), so that the field variables r�ð1Þ
ij

and u�ð1Þj,k will be obtained in this work from the results

of a boundary element analysis. On the other hand,

the plain-strain solutions for the asymptotic crack-tip

fields with prescribed stress intensity factors KI, KII

and KIII, are selected as equilibrium state (2). Then the

field variables related with the equilibrium state (2),

r�ð2Þ
ij , u�ð2Þj,k and e�ð2Þij are calculated from these asymptotic

solutions. Finally theM1-integral defined in Eq. (13) can

be calculated, using the field variables related with the

equilibrium states (1) and (2). By using three sets of

asymptotic solutions, ðKð2Þ
I ¼ 1, Kð2Þ

II ¼ 0, Kð2Þ
III ¼ 0Þ,

ðKð2Þ
I ¼ 0, Kð2Þ

II ¼ 1, Kð2Þ
III ¼ 0Þ and ðKð2Þ

I ¼ 0, Kð2Þ
II ¼

0, Kð2Þ
III ¼ 1Þ, it is possible to obtain the stress intensity

factor solutions for individual modes from Eq. (12) as

follows:

Kð1Þ
I ¼ E�cosh2ðpeÞ

2
Ma

1;

Kð1Þ
II ¼ E�cosh2ðpeÞ

2
Mb

1;

Kð1Þ
III ¼

E�cosh2ðpeÞ
2

Mc
1;

ð14Þ
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where Ma
1; Mb

1 and Mc
1 are the values of theM1-integral

calculated using the three sets of asymptotic solutions.

Expressions of the above referred asymptotic solutions

are given in Appendix A.

It is important to point out that the present imple-

mentation of the M1-integral approach is only valid

for straight crack fronts. For the application of the

M1-integral along curved crack fronts extra terms need

to be included in Eq. (13), [25]. At the same time it is

worth to note that because theM1-integral is based upon

the assumption that the near-crack tip fields is asymp-

totic to the plain strain field, it is not strictly applicable

at the intersection of the crack front with a free surface.

It turns out that at the intersection of the crack front

and the free surface, the singularity in the stress field is

more severe than the usual 1=
ffiffi
r

p
singularity [30].
3. Computation of displacement derivatives, stresses and

strains

In order to account for the non-homogeneous mate-

rial properties, a subdomain BEM formulation is used in

this work. The modelling strategy is illustrated in the

schematic representation in Fig. 5, for a model with

two subdomains, XI(X) and XII(X), with external bound-

aries CI(x) and CII(x) respectively. Both subdomains

share an interface boundary C12(x), a portion of which

is debonded and thus an interface crack is introduced.

Following the standard procedure in BEM, the displace-

ment boundary integral equation relating the boundary

displacements u(x) with the boundary traction t(x) is ap-

plied to each of the subdomains, and the equilibrium,

tI2 ¼ �tII2 , and continuity, uI2 ¼ uII2 , conditions enforced

at the common interface C12(x). It is worth noting that

the implemented BEM code is not capable to detect con-

tact between the crack surfaces, and so, its application is

restricted to open cracks. For further details on the sub-

domain BEM formulation the reader is referred to the

book by Brebbia et al. [31].

The computation of the EDI and M1-integral are in-

cluded in the BEM code as a post-processing procedure,
x2

x3

x1

ΩII(X)

ΓII(x)

t(x)

ΩI(X)

Γ12(x)
interface crack

ΓI(x)

Fig. 5. Schematic representation of the multidomain technique

for a non-homogeneous body.
and so it could be applied to the results from a particular

model at a later stage. The required stresses, strains and

derivatives of displacements at internal points are di-

rectly obtained from their boundary integral representa-

tions, while for boundary points they are evaluated from

the boundary displacements and tractions.

3.1. Internal points

As has been stated in Section 2, the computation of

the J-integral and the application of the M1-integral

methodology requires the stress and displacement deriv-

ative fields r�
ij and u�j;k to be known within the integra-

tion volume V. Although these quantities must be

expressed in the local crack-front coordinate system

x*, in this work, and for the sake of simplicity, they will

be firstly computed in the global system x and later

transformed to the local system x*. Bearing this in mind,

and in order to integrate the computation of the fracture

parameters into the BEM formulation, derivatives of the

displacements at internal points X 0 are obtained from

their boundary integral representations [31]:

ui;mðX 0Þ ¼
Z

C
U �

ij;mtj dC �
Z

C
T �

ij;muj dC; ð15Þ

where the terms U �
ij;m and T �

ij;m are the derivatives of the

fundamental displacement U �
ij, and traction T �

ij solution,

and the boundary C corresponds to that of the zone

where the point X 0 lies on.

Once the displacement derivatives ui,m are known,

stresses rij and strains eij can be computed using the ba-

sic continuum mechanics relationships:

eij ¼
1

2
ðui;j þ uj;iÞ; ð16Þ

rij ¼ 2leij þ
2lm

1� 2m
ekkdij: ð17Þ
3.2. Boundary points

Displacement partial derivatives ui,m at boundary

nodes could be obtained from Eq. (15), by taking the

limit as point X 0 moves to the boundary, i.e. X 0 ! x 0.

However, this procedure is computationally expensive

because of the occurrence of hypersingular integrands

[31]. To avoid this difficulty, stresses and strains, as well

as the displacements on the model surface are evaluated

in this work from the boundary displacements and trac-

tions. Consider with this purpose a local cartesian sys-

tem, (x01; x
0
2; x

0
3) such that x03 is the unit vector in the

normal direction to the boundary element (see Fig. 6).

If u0j ; e0ij; r0
ij and t0j are the displacements, strains, stres-

ses and tractions in the local system, stress components

in the normal direction can be written as

r0
i3 ¼ t0i ; i ¼ 1; 2; 3: ð18Þ
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Fig. 6. Local Cartesian system for boundary stress calculation.

A.P. Cisilino, J.E. Ortiz / Computers and Structures 83 (2005) 856–869 861
The remaining stress tensor components, r0
11; r

0
12 and r0

22

can be expressed in terms of t03 and the tangential strain

tensor components e011; e012 and e022, by eliminating e033
from the general expression of Hooke�s law. Thus

r0
11 ¼

1

1� m
½mt03 þ 2lðe011 þ me022Þ�; ð19aÞ

r0
22 ¼

1

1� m
½mt03 þ 2lðe022 þ me011Þ�; ð19bÞ

r0
12 ¼ 2le012: ð19cÞ

Strain components e0ij can be found using Eq. (16), now

applied in the local coordinate system. It is worth noth-

ing that displacement derivatives in Eq. (16) are initially

evaluated in the intrinsic element directions (n1,n2) and
then converted to the local coordinate system x0, since

boundary displacements are given in terms of the piece-

wise parametric representation (shape functions) of

intrinsic coordinates.

Finally, the nine components of the partial displace-

ment derivatives u�j;m are computed. Using chain differen-

tiation, derivatives of the displacements in the global

system uj,m, are related to the derivatives of the displace-

ments with respect to the intrinsic boundary element

directions oui/onj as follows:

oui
onj

¼ oui
oxk

oxk
onj

; ð20Þ

where oxk/onj is the Jacobian matrix of the trans-

formation.

It can be seen that Eq. (20), once expanded, yields a

set of six equations with the nine derivatives ui,k as un-

knowns. Three of these unknowns u1,1, u2,2 and u3,3,

can be directly calculated from the strain tensor compo-

nents e11, e22 and e33, respectively by using Eq. (16). This

leaves the system with six unknowns, which can be fur-

ther reduced to three if the values of e11, e12 and e13 are
substituted in Eq. (20) and then replaced in the system of

equations. Finally, the three remaining unknowns are

calculated using a set of three equations taken from

the system generated by Eq. (20). It is worth noting that,

since one or more of the derivatives ouk/onj can become

simultaneously zero depending on the element orienta-

tion and shape, the selection of the three equations can-

not be arbitrary, being then necessary to make a special

selection in each case.
4. Boundary element implementation

As has been stated in Section 2, expressions (4) and

(13) allow the computation of J-integral and the

mixed-mode stress intensity factors at any position g
on the crack front to be carried out. In each case, this

requires the evaluation of a volume integral within

closed domains that enclose a segment of the crack front

Lc. A natural choice here is to make g coincident with

the element nodes on the crack front, while Lc is taken

as the element or element sides at which points g lies

(see Fig. 7). The portion of the model domain in which

the volume integrals are evaluated is discretized using

27-noded isoparametric (brick) cells, over which stresses,

strains and displacements derivatives are approximated

by products of the cell interpolation functions Wi and

the nodal values of rij, eij and ui,j. Nodal values of this

variable are computed following the procedures intro-

duced in Section 3, depending on whether the node is

internal or lies on the model boundary. Volume discret-

ization is designed to have a web-style geometry around

the crack front, while the integration volumes are taken

to coincide with the different rings of cells. This is illus-

trated in Fig. 8, where the frontal face of the model has

been partially removed to show the crack and the inte-

gration domains.

As depicted in Fig. 7, three different cases need to be

considered, depending on whether the node of interest

M is in the middle of an element side (mid-side node),



Fig. 8. (a) Problem geometry, (b) boundary element discretization and (c) integration domains.
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it is shared by two elements (shared node), or it is lo-

cated coincident with the external surface (surface node).

If the nodeM is a mid-side node or surface node, Lc (the

segment of the crack front over which theM1-integral is

computed) spans over one element, connecting nodes

M � 1, M, and M + 1 and nodes M � 2, M � 1 and

M, respectively. On the other hand, if M is a shared

node, Lc spans over two elements, connecting nodes

from M � 2 to M + 2.

In this work q is defined to vary quadratically in the

directions tangential and normal to the crack front. This

bi-quadratic definition of q has been employed with

excellent results in the computation of EDI for cracks

in homogeneous materials in previous works by one of

the authors [22,23]. Within this approach, and consider-

ing that the evaluation point g is at the middle of the

crack front segment Lc, and r0 is the radius of the inte-

gration domain, the function q is written as

qðx�Þ ¼ 1� x�3
Lc=2

� �2
�����

����� � 1� r
r0

� �2
" #

; ð21Þ

where r is the distance from the crack front in the x�1 � x�2
plane as depicted in Fig. 2.

Function q is specified at all nodes within the integra-

tion volumes. Consistent with the isoparametric formu-

lation, these q-values are given by

q ¼
X27
i¼1

WiQ
i; ð22Þ

where Wi are the shape functions defined within each

volume cell and Qi are the nodal values for the i th node.

From the definition of q (see Eq. (3)), Qi = 0 if the ith
node is on So, while for nodes inside V, Qi are given

by interpolating between the nodal values on Lc and

So. Following standard manipulations:

q;j ¼
X27
i¼1

X3

k¼1

oWi

ofk

ofk
oxj

Qi; ð23Þ

where fk are the coordinates in the cell isoparametric

space and oxk/onj is the Jacobian matrix of the transfor-

mation given by

G ¼
X

cells in V

Xm
p¼1

r�
iju

�
j;k � r�

ije
�
ijdki


 �
qk;i det

oxj
ofk

� �� �
p

wp

ð24Þ

and

M1 ¼
X

cells in V

Xm
p¼1

�
r�ð1Þ
ij u�ð2Þj,k þ r�ð2Þ

ij u�ð1Þj,k � r�ð1Þ
ij e�ð2Þij dki


 �


 qk,i det
oxj
ofk

� ��
p

wp ð25Þ

respectively, where m is the number of Gaussian points

per cell, and wp are the weighting factors.
5. Analysis of a fibre/matrix interface crack under

transverse loading

Oscillatory behaviour is an inherent feature of a

linear elastic solution of the open model of interface

cracks for non-vanishing bimaterial mismatch constant
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e [32]. Stresses and displacements start to oscillate when

the crack tip is approached. A consequence of these

oscillations is that the solution predicts an interpenetra-

tion of the crack faces. As was shown by Comninou [33],

this oscillatory behaviour of the open model solution is

avoided assuming a contact zone adjacent to the crack

tip in the so-called contact model of interface cracks.

However, it is not unusual in engineering practice for

the region of these oscillations to be physically non-rel-

evant, it frequently being of atomic of subatomic size.

The concept of small-scale contact introduced by Rice

[34] to characterize such a situation, provides a theoret-

ical base for the meaningfulness of the stress intensity

factors when applied to interface cracks.

A fibre/matrix interface crack is a particular case of

interface crack. High-resolution numerical BEM models

[10,11] and exact analytical solutions [35] have shown

that for arc-shaped debonds an extensive region with

negative opening (overlapping) before oscillation of the

solution may, depending on the debonding length, arise.

The problem must be under these circumstances mod-

elled in accordance with Comninou conclusions [33] as

appears in Fig. 9 [10,11]. Region I represents perfect

bonding between fibre and matrix whereas Regions II

and III represents the debonded part, Region II corre-

sponding to the contact zone and Region III corre-

sponding to the opened part of the debonded zone. A

physical explanation of the relative sizes of overlapping

predicted by the analytical solutions and the BEM mod-

els is given in [10]. It can be noticed that when the deb-

onding starts to reach approximately 60� a contact zone

of physical meaning can be detected [10].

In what follows the numerical tool devised in the pre-

vious sections is employed in order to take into account
σ
σ

I

III

Matrix
Em, νm

II

Fibre
Ef, ν f

θ
α

Fig. 9. Schematic representation of the cross-section of the

fibre embedded in matrix and loaded transverse to the fibre

axis. The fibre/matrix interface is partially debonded and three

regions at the interface can be distinguished: I, perfect bonding;

II, debonded zone with debond face contact; III, open zone

(Ref. [10,11]).
the three-dimensional character of the problem without

considering contact because this capabilities were not

incorporated in the algorithm. This three dimensional

model will in any case allow in the future the possibility

of the interaction between longitudinal and circumferen-

tial growth of the crack to be studied.

5.1. Boundary element model

Fig. 10 illustrates the strategy proposed for the ideal-

ization of the BEM model. Fig. 10(a) corresponds to a

micrograph in the direction transversal to the fibres in

an unidirectional glass/epoxy laminate. It can be ob-

served that although the fibres are distributed almost

homogeneously, there are regions of the laminate that

are rich in matrix. In order to limit the model size, it is

assumed in this work that the fibres are packed in a peri-

odic square array and that the damage takes place in one

of the fibres by a pair of symmetric cracks running cir-

cumferentially between the fibre and the matrix (see

Fig. 10(b)). At the same time the behaviour of the

remaining portion of the laminate is idealized as trans-

versely isotropic, with its isotropy plane perpendicular

to the direction of the fibres (plane xy in the figure).

The BEM model is composed by three regions with

three planes of symmetry as depicted in Fig. 10(c). Re-

gions I and II (isotropic) are used to model the represen-

tative volume element given by the fibre and the matrix

around it, while Region III (transversely isotropic) mod-

els the effect of the remaining portion of the laminate

and provides boundary conditions to the zone of inter-

est. In order to introduce the transversely isotropic

material behaviour, Region III was formulated using

the correspondent fundamental solutions proposed by

Loloi [36].

Model dimensions are given in Fig. 10(c) as a func-

tion of the radius of the fibre R, and in such way that

the fibre volume fraction represents 60% of the represen-

tative volume element. Model thickness is t = 1.5R. The

debond angle is selected a = 37� in order to avoid the

occurrence of the crack face contact [10]. Elastic proper-

ties are Ef = 7.08 · 1010 MPa and mf = 0.22 for the fibre,

and Em = 2.79 · 109 MPa and mm = 0.33 for the matrix.

The bimaterial index for this material combination is

e = 0.074. The properties for the transversely isotropic

material are Ex = 8.9 · 109 MPa and mxy = 0.27, and

Ez = 43 · 109 MPa and mxz = 0.06 for the isotropy plane

and the direction of the fibres respectively (see coordi-

nate system in Fig. 11). The discretized model geometry

is illustrated in Fig. 11. It consists of 291 elements and

1353 nodes. Forty-nine elements are used for the crack

face discretization. Four rings of cells with radii r/a =

0.18, 0.28, 0.39 and 0.46 are employed for J-integral

and stress intensity factor computations. The number

of cells used with this purpose is 252. Symmetry condi-

tions were handled implicitly in the BEM formulation,



Fig. 10. 2D schematic representation of the 3D BEM model: (a) micrograph in the direction transversal to the fibres in unidirectional

glass/epoxy laminate, (b) square cell with symmetric debond cracks, (c) model dimensions and boundary conditions.
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in such a way that symmetry planes do not need to be

discretized (see Fig. 11). This procedure redounds in

both computer memory savings and numerical efficiency

for the BEM implementation. Due to space restrictions

the details of the implementation are not been presented

in this work. For a comprehensive description of the

procedure the reader is referred to the work by Paris

and Garrido [37].
The model is analysed considering five different mate-

rial combinations. The first case is devised for validation

purposes and to allow comparison with two-dimensional

results. With this idea all the three regions of the model

are considered isotropic and with the elastic properties

of the fibre (note that this assumption reduces the prob-

lem to that of a circular arc crack in a homogeneous

panel). At the same time the displacements in the direc-



Fig. 11. Boundary element model for the fibre/matrix interface

crack.

debonding = 37º
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Fig. 12. J-integral along the crack front for the fibre/matrix

interface crack.
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tion of the thickness are restricted in order to obtain

plain strain conditions. The other four cases are devoted

to study the influence of the material properties of

Region III on the fibre/matrix interface crack behaviour.

Thus, in the second case the event of single fibre in a

homogeneous panel is considered, and so the elastic

properties for Region III are set identical to those of

the matrix material (Region II). Cases three to five as-

sume a transversely isotropic behaviour for Region III.

In case three, elastic properties of Region III are those

of the glass/epoxy laminate given in the previous para-

graph, while cases four and five consider the two limiting

cases for which the elastic properties of the isotropy

plane coincide with those of the fibre (Ex = Ef,mxy = mf)
and the matrix (Ex = Em,mxy = mm) respectively.

5.2. Results and discussion

J-integral results obtained along the crack front for

the five material combinations are plotted in Fig. 12.

The origin of the normalized coordinate z/t corresponds

to the specimen mid-plane, and all values are normalized

with respect to the J-integral result for a 2D crack in an

infinite bimaterial plate Jo = (K)2/[E*cosh2(pe)], where

K = r1[(1 + 4e2)pa]1/2 and E* is the effective elastic mod-

ulus for the fibre/matrix bimaterial combination. As is

expected, the plain-strain homogeneous model results

in a constant J-integral value along the complete crack

front. On the other hand, the model of the single fibre

presents the strongest 3D effect, with the most marked

variation of the J-integral value along the crack front.

Its largest value takes place at the free surface (z/

t = 0.5). If the effect of the fibres in the laminate is con-

sidered (results labelled as ‘‘fibre in laminate’’ in Fig.
12), the large stiffness of the specimen in the direction

of the thickness makes the crack to behave as in the

plain strain model, and a constant J-integral value is ob-

tained along the complete crack front. The two other

sets of results correspond to the limiting cases for which

the elastic properties of the isotropy plane are taken the

same to those of the matrix and the fibre respectively.

When the elastic properties are those of the matrix, the

J-integral value is almost the same to that obtained for

the single fibre example at the interior of the specimen,

but it drops at the free surface. Finally, when the elastic

properties of the isotropy plane are those of the fibre

(the most rigid of all cases analysed) J-integral presents

its lowest level, and similarly to the homogeneous case, it

presents a constant value along the complete crack

front.

The above results allow explaining experimental

observations as those reported by Meurs [1], who tested

a single glass-fibre-reinforced specimen in transverse

loading. The vicinity of the upper and lower specimen

surfaces are shown in Fig. 13 for four increasing load

steps (r1 to r4). In each micrograph, the locations of

the fibre ends are given by the dotted lines. Note that

in accordance with the numerical results for the single fi-

bre example; debond crack initiates at the specimen sur-

face, where the maximum J-integral value is achieved. It

is also worth to note that this analysis for single fibre can

be assimilated to the situation in an actual laminate for

which an irregular packing of fibres due to inhomoge-

neous fibre distribution leads to a zone rich in matrix.

Stress intensity factor results are presented for the

three modes of cracking in Figs. 14–16. Results are nor-

malized with respect to r1 ffiffiffiffiffiffi
pa

p
. Fig. 14 allows observing

that the behaviour of KI along the crack front is very



Fig. 13. Optical micrographs of initiation of debonding in a transverse test (from Ref. [1]).

Fig. 14. KI along the crack front for the fibre/matrix interface

crack.

Fig. 15. KII along the crack front for the fibre/matrix interface

crack.
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similar to that exhibited by the J-integral, that is, the

maximum KI values are obtained for the cases with the

largest material mismatch between the fibre and the sur-

rounding material. It is also worth to note that with the

only exception of the limiting case for which the elastic

properties of the isotropy plane are taken coincident

with those of the matrix, KI results present a constant

value along most of the crack front. Three-dimensional

effects are very weak, and restricted only to a small por-
tion of the crack front in the vicinity of the free surface.

Results for KII (see Fig. 15), show a strong three-dimen-

sional effect in the case of the single fibre, and when the

elastic properties in the isotropy plane are those of the

matrix. For these two cases, KII markedly increase in

the vicinity of the free surface. Finally, KIII results, in-

creases towards the free surface for all material combi-

nations, showing a marked dependence with the

material properties (see Fig. 16).
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Fig. 16. KIII along the crack front for the fibre/matrix interface

crack.
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6. Conclusions

In this paper, a boundary element methodology for

the three-dimensional analysis of bimaterial interface

cracks has been presented. The interface crack analysis

is addressed using a multidomain BEM formulation in

order to account for the different material properties at

both sides of the crack. Fracture mechanics parameters,

namely J-integral and stress intensity factors, are com-

puted along the crack front using the Energy Domain

Integral and the M1-integral methodologies. These are

implemented as a post-processing technique, and so it

can be applied to the results from a particular model at a la-

ter stage. The implementation takes advantage of the effi-

ciency of the boundary integral equation to directly

obtain the required displacement derivatives, stress and

strain fields from their boundary integral representations.

The devised numerical tool is employed to analyse

the problem of a fibre/matrix interface crack under

transverse loading in order to assess its three-dimen-

sional character. This three dimensional model will in

any case allow in the future the possibility of the interac-

tion between longitudinal and circumferential growth of

the crack to be studied. Obtained results show the key

role played by the relative elastic properties of the fibre,

the matrix and the laminate on the state of mixed mode

fracture. The case of a single debonded fibre in a homo-

geneous panel constitutes the most severe condition, as it

presents a large material mismatch with low lateral con-

straint. On the other hand, a fibre in a laminate behaves

very similarly to a plain-strain case analysis, showing

that three-dimensional effects are very weak for this

case. Finally, the computed mixed-mode stress intensity

factor show, that for most of the material combinations

studied, KI does not present important variations along
the crack front, including the region in the vicinity of the

free lateral surface. In contrast, the boundary layer effect

is marked for KII and KIII.
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Appendix A

In this appendix the auxiliary asymptotic solutions of

stress rij and displacements ui, for the extraction of the

mode I and II stress intensity factors are given. The

expressions are due to Williams [32], and they are re-

ferred to the in the local x1–x2 plane (see Fig. 4).

ðr11Þj ¼
KI

2
ffiffiffiffiffiffiffi
2pr

p xjf I
11 �

1

xj
cosðh � HÞ

� 	

� KII

2
ffiffiffiffiffiffiffi
2pr

p xjf II
11 þ

1

xj
sinðh � HÞ

� 	
; ðA:1Þ

ðr22Þj ¼
KI

2
ffiffiffiffiffiffiffi
2pr

p xjf I
22 þ

1

xj
cosðh � HÞ

� 	

� KII

2
ffiffiffiffiffiffiffi
2pr

p xjf II
22 �

1

xj
sinðh � HÞ

� 	
; ðA:2Þ

ðr12Þj ¼
KI

2
ffiffiffiffiffiffiffi
2pr

p xjf I
12 �

1

xj
sinðh � HÞ

� 	

� KII

2
ffiffiffiffiffiffiffi
2pr

p xjf II
12 �

1

xj
cosðh � HÞ

� 	
; ðA:3Þ

ðu1Þj ¼
KI

ffiffiffiffiffiffiffi
2pr

p

4plj
jjxjh11 �

1

xj
h12 þ xjh13

� 	

þ KII

ffiffiffiffiffiffiffi
2pr

p

4plj
jjxjh21 �

1

xj
h22 þ xjh23

� 	
; ðA:4Þ

ðu2Þj ¼
KI

ffiffiffiffiffiffiffi
2pr

p

4plj
jjxjh21 �

1

xj
h22 � xjh23

� 	

þ KII

ffiffiffiffiffiffiffi
2pr

p

4plj
�jjxjh11 þ

1

xj
h12 þ xjh13

� 	
; ðA:5Þ

where

a ¼ 1

2p
ln

j1

l1

þ 1

l2

� �
j2

l2

þ 1

l1

� ��� 	
; ðA:6Þ

H ¼ a ln
r
2a


 �
þ h
2
; ðA:7Þ
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jj ¼ 3� 4mj; ðA:8Þ

x1 ¼ e�aðp�hÞ; ðA:9Þ

x2 ¼ eaðpþhÞ; ðA:10Þ

f I
11 ¼ 3 cosH þ 2a sin h cosðh þ HÞ � sin h sinðh þ HÞ;

ðA:11Þ

f II
11 ¼ 3 sinH þ 2a sin h sinðh þ HÞ þ sin h cosðh þ HÞ;

ðA:12Þ

f I
22 ¼ cosH � 2a sin h cosðh þ HÞ þ sin h sinðh þ HÞ;

ðA:13Þ

f II
22 ¼ sinH � 2a sin h sinðh þ HÞ � sin h cosðh þ HÞ;

ðA:14Þ

f I
12 ¼ sinH þ 2a sin h sinðh þ HÞ þ sin h cosðh þ HÞ;

ðA:15Þ

f II
12 ¼ � cosH � 2ah cosðh þ HÞ þ sin h sinðh þ HÞ;

ðA:16Þ

h11 ¼
1

1þ 4a2
½cosðh � HÞ � 2a sinðh � HÞ�; ðA:17Þ

h12 ¼
1

1þ 4a2
½cosH þ 2a sinH�; ðA:18Þ

h13 ¼ sin h sinH; ðA:19Þ

h21 ¼
1

1þ 4a2
½sinðh � HÞ þ 2a cosðh � HÞ�; ðA:20Þ

h22 ¼
1

1þ 4a2
½� sinH þ 2a cosH�; ðA:21Þ

h23 ¼ sin h cosH: ðA:22Þ

The difference between the properties of an interface

crack under anti-plane strain and a mode III crack in

an homogeneous medium is quite modest, as the dis-

placement and stress fields at each side of the interface

are the same to the mode III of separated homogeneous

bodies [38]. In this way

ðr13Þj ¼ � KIIIffiffiffiffiffiffiffi
2pr

p sin
h
2

� �
; ðA:23Þ

ðr23Þj ¼
KIIIffiffiffiffiffiffiffi
2pr

p cos
h
2

� �
; ðA:24Þ

ðu3Þj ¼ 2
1þ mj
Ej

ffiffiffiffiffi
2r
p

r
KIII sin

h
2

� �
: ðA:25Þ
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