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Abstract

We give extrapolation results starting from weighted inequalities between Lebesgue and Lipschitz
spaces, given by
wxB ||
. If (Nldz < Clgwl,, (0.1)
5 !B e

where 1 < < o00,0<d< 1,2 o= %— %, f and g are two measurable functions and w belongs to

a suitable class of weights. From this hypothesis we obtain a large class of inequalities including
weighted LP — L7 estimates and weighted LP- Lipschitz integral spaces, generalizing well know
results for certain sublinear operator.

From the same hypothesis ((0.1)) we obtain the corresponding results in the setting of variable
exponent spaces. Particularly, we obtain estimates of the type LP()_variable versions of Lipschitz
integral spaces. We also prove a surprising weighted inequalities of the type LP()-La0).

An important tool in order to get the main results is an improvement of an estimate due to
Calderon and Scott in [I], which allow us to relate different integral Lipschitz spaces.

Our results are new even in the classical context of constant exponents.

Keyword: Variable exponent spaces, Lipschitz spaces, weights, maximal operator, fractional
integrals, Rubio de Francia extrapolation.
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1. Introduction

For 0 < v < n, the fractional integral operator of order ~, I, is usually defined by

_ f(y)
) _/|x_y|"—vdy’ (1.1)

whenever this integral is finite almost everywhere.
In 1974 Muckenhoupt and Wheeden ([I7]), characterize the weights w for which the inequality

Iy fwll, <Clfwl, (1.2)

holds for 1 < p < n/yand 1/q =1/p—~/n, as those weights belonging to the A(p, q) class, that
is, the weights w such that the inequality

1 1/q 1 , 1/p
il q = -p <
(B|/Bw> <rB\/B“’ ) =¢

holds for every ball B C R™.
For the one dimensional case and w = 1, the inequality (1.2]) was proved by Hardy and
Littlewood in [I3]; and they also proved the result for w(x) = |z|*. This inequality is then
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extended to n dimensions with w = 1 by Sobolev in [25] and with w(z) = |z|* by Stein and
Weiss in [26].

For the limiting case p = n/v and ¢ = oo, Muckenhoupt and Wheeden also characterized
the weights w that satisfy the inequality

lwxBllso
Hle [ 11 (@) = ma(n, )|z < Clull,
for every ball B C R", as those belonging to the A(n/~v, c0) class, which is known to be equivalent
to w= (7" € A;. Here mpf denotes the average |B|~ fB f. This result can be viewed as the

boundedness of I, from Lw/ " into BMO,,, one of the weighted versions of the space of functions
with bounded mean oscillation BMO introduced in [17].

In 1997 Harboure, Salinas and Viviani ([I2]) give two different versions of weighted BMO
and Lipschitz integral spaces in order to obtain necessary and sufficient conditions on the weights
that guarantee the boundedness of the fractional integral operator I, from L%, for n/y < p <
n/(y — 1)T, into these new weighted versions. They also characterize the weights for which
I, can be extended to a bounded linear operator between weighted Lipschitz integral spaces.
The corresponding results for the unweighted case have been established in different settings by
several authors, see for instance [28], [27], [§] and [11].

On the other hand, in [20] Pradolini gives different versions from those given in [12] of
weighted BMO and Lipschitz integral spaces. The author characterizes the pairs of weights
(w,v) for which I, can be extended to a bounded linear operator from L%, into the new weighted
versions defined with the weight v. Particularly, when w = v, 0 < § < 1 and p verify that
0 =~ —n/p, the weights w for which the inequality

';Tﬁ” [ 115 = a1, )] d < €l (1.9

holds for every ball B C R™ are proved to be those such that

1/p
[V < / wp/> <c
\B n B

for every ball B C R"™. It is easy to check that the weights satysfying the inequality above are
those in the class A(p, c0) = A(n/(y — ¢), 00).

Related with the extrapolation theory, in 1982, Rubio de Francia ([23]) proved that the A,
class enjoy a very interesting extrapolation property. More specifically, if for some 1 < py < o0,
an operator preserves LP(w) for any w € A, then necessarily preserves the LP(w) space for
every 1 < p < oo and every w € A,,. Later, in 1988 Harboure, Macfas and Segovia ([10]) proved
that the A(p, q) classes have a similar extrapolation property, that is, if 7" is a sublinear operator
such that the inequality

ITf wl, < C | ful, (1.4)

holds for some pair (pg, qo), 1 < po < qo < oo and every w € A(po, qo), then ([1.4]) holds for every
pair (p,q), 1 < p < g < oo, which satisfy the condition

1/p—1/qg=1/po—1/q0

and every w € A(p,q). Moreover, they also proved that this property is not only exclusive for
the boundedness between weighted Lebesgue spaces, but also it is possible to extrapolate based
on a continuity behavior of the type Lﬁ — BMO,, for some 1 < g < oo. In other words, if
1 < B < oo and T is a sublinear operator satisfying

lwxB |l

B [ [T1@) = mp(Th)| < Clfull,. (15)
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for every ball B C R™ and every weight w € A(S,00); then, if 1 < p < g, 1/p—1/q =1/8
and w € A(p, q), the inequality holds for the pair (p, q) provided that the left hand side is
finite.

The result above suggests the question whether it is possible to prove a version of extrapo-
lation result for sublinear operators 1" satisfying inequalities in the spirit of , that is

lwxBllo

o [ [05) = ma(r )| s < 5w

A considerable part of this paper is devoted to answering this question positively. In order
to reach this objective we consider the weighted integral Lipschitz space given in [20] (see also
[21]). More specifically, given a weight w and 0 < ¢ < 1, we say that a locally integrable function
f belong to L,,(0) if there exists a positive constant C' such that the inequality

’fg“i" [ 150) = marlde < © (16)

holds for every ball B C R". The least constant C' will be denoted by ||| f[||L,s)- Let us observe
that for § = 0, the space LL,,(d) coincides with one of the versions of Welghted bounded mean
oscillation spaces, introduced in [I8]. Moreover, for the case w = 1, the space L1 (4) is the known
Lipschitz integral space for 0 < § < 1.

We first obtain extrapolation results that allow us to obtain continuity properties of certain
operators of the type L, - LL, or LL, - L, (5) starting with hypothesis of continuity of the type
L$, - L, (0) for some related parameters.

We are also interested in establish extrapolation results of the type described above in the
variable exponent spaces context. In this direction we exhibit extrapolation results starting
from hypothesis which involves inequalities of the type L - L,(9), and obtaining unweighted
estimates of the type LP()- La0) or LPO)- L(6(-)), where the last space is a variable version of
the space defined in and was introduced in [22]. Extrapolation in the scale of the variable
Lebesgue spaces, to prove unweighted inequalities, was originally treated in [5]. In view of
the results proved in [20] for I, the extrapolation results in the variable context allow us to
derive boundedness results for the same operator between LP() and the variable version of the
Lipschitz integral spaces we had mentioned. This result was previously proved in [22] with
different techniques. Weighted versions of the results in the variable context are also obtained.

A useful tool used in obtaining our main results is an interesting estimate which allows us to
generalize an inequality due to Calderén and Scott in [I]. This generalization gives us a way to
relate the seminorms between weighed Lipschitz integral spaces associated to different orders.

Specifically, for a locally integrable function f and 0 < § < 1 we consider the operator

Fi(e) = sup LXE e /\f mf|dy.

Bsw | B\H
In [1I], the authors proved that
I f3wll < Cll ffwll,

for 1 <p<mn/édand 1/r = 1/p — §/n. The fundamental key used in proving this result is the
following pointwise estimate

i< ot

where [Is is the fractional integral operator of order §. The improvement introduced in this
paper is a pointwise estimate of the same type but replacing I5 for My, the fractional maximal
operator or order . This estimate allows us to consider norm estimates for extreme values of



the exponents of the type (n/d, c0) that can not be obtained with Is, since it is well known that
this operator does not map L™? into L°°. Concretely, we prove that

f[? < CM&—ng

and, as a consequence, we derive the following weighted norm estimate which is essential in the
proof of our results,

1wl < CllfEwll,

for suitable values of p and r, including extreme values, 0 < 6 <86 <1andw belonging to
certain class of weights. In the variable exponent context some related estimates were obtained
too. As far as we know, our results are new even when we consider constants parameters.

The remainder of this paper is organized as follows. In Section 2 we give some preliminaries
and state our main theorems. In Section 3 we state and prove the auxiliary lemmas which are
important tools in order to prove the theorems stated in Section 2. Finally, in Section 4, the
proofs of the main results are given.

2. Preliminaries and main results

For a weight w we mean a locally integrable function such that 0 < w(z) < oo a.e.
We say that the weight w belongs to the A, class, for 1 < p < oo, if there exits a positive
constant C' such that the inequality

(o ) (o o)<

holds for every ball B C R™. The A; class is defined as the set of weights w for which there
exits a positive constant C' such that the inequality

1
/wSCinfw
|B| J B

holds for every ball B C R™.
By LP(R™) we mean the usual Lebesgue space on R", that is, the set of the functions f such

that y
p
= ([ 1r@par) <o

By L%, we mean the class of functions f such that || fw]||, is finite, while LP(w) denotes the
space of functions f such that

| l@ru)ds

is finite.

A generalization of A4, classes defined above is given below. These classes were first intro-
duced in [I7].

A weight w is said to belong to the A(p, q) class, w € A(p, q), if there exits a positive constant
C such that the inequality

1 1/f1 1 , 1/10'
<|B|/ wqdy) (w/ wpdy) =G
B B

holds for any ball B C R”.
For the limiting case ¢ = oo, we say that w € A(p, 00) if and only if there exits a positive

constant C' such that
1 , 1/p
lwxBl s </ w? dy) <C,
|B| /B
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holds for any ball B C R™. It is easy to check that w € A(p, o0) is equivalent to w™? € Aj.

We are now in a position of stating one of our main theorems related to extrapolation results
from Lipschitz spaces.

Theorem 2.1. Let 1 < B <00, 0< <1 and%:
functions such that the inequality

% - %, f and g two positive measurable

ML @) < Cllgwll, (2.2)

holds for every w € A(s,o0) and some positive constant C = C(w). Then there ezists a positive
constant C such that the inequality

Ifwll, < Cllgwll,, (2.3)

1

holds for every p such that 1 < p < (3, =3 and for every weight w € A(p,q), provided

that the left hand side of (2.3) is finite.

1 _1
p g

If § = 0 a version of the theorem above for sublinear operators was proved by Harboure,
Macias and Segovia in [10].

Remark 2.4. From the fact that % = % — %, and 0 < § < 1 it is easy to see that 1 < § <

s < (n'fiz)w where 2z is defined by 0, if 2 < 0 and z, if 2 > 0. Particularly, when 8 = n/a,

0<a<nthenl<n/a<s<mn/(a—1)" and in this case, it was proved in [20] that the
fractional integral operator I, defined by

Lf(z) = / m“dy

is bounded from L*(w) into L, () when w € A(s,00). Thus, a simple application of Theorem
leads to the boundedness of I, from LP(w) into L?(w) for w € A(p, q) from extrapolations
results, that is, the result in [17].

As it can be seen the last theorem allows us to obtain boundedness result of L, — L, type
via extrapolation, from L7, — L, (5) boundedness type result. It is natural to ask if it can be

derived boundedness results of the L%, — IL,,(d) type from the same hypothesis as in Theorem
The answer to this question is given in the following theorem when 0 < <6 < 1.

Theorem 2.5. Let1<ﬁ<oo,0§5<1,%:
such that the inequality

% — %, f and g be two measurable functions

A ew@) < Cllgwlls,

holds for every w € A(s,00) and some positive constant C' = C(w). Then, if 0 <5 < <1 and

% = % — %, there exists a positive constant C such that the inequality

£lll, ) < Cllgwll,. (26)
holds for every w € A(p, o).

Remark 2.7. When 6 = 0, then p = 8 and Theorem gives boundedness results from L?U into
L., (0), which, as we said previously, is a version of a weighted BM O spaces.
Particularly, when we consider f = I,g, in [20] it was proved that the hypothesis of Theo-

rem holds for § = n/a. Thus, is § = 0 a simple application of this theorem lead us to the

boundedness of I, from L% in to L, (0) for weights w € A(n/a, o0), which is the result in [17].
If 0 < 0 < & we obtain the boundedness of I, from L%, into L,,(d) for p > n/a.



We are now interested in obtaining extrapolation results of the type described above in the
variable Lebesgue space context. Previous results related with this type of estimates were given
in [5].

In order to establish the main theorem we give some definitions and notations.

Let p: R™ — [1,00) be a mesurable function. For A C R™ we define

P, := ess inf p(x) ph = esssupp(z).
z€A x€A

For simplicity we denote p* = pﬁn and p~ = pr.. We shall also suppose that 1 < p~ <
p(z) < pt < oo for every x € R™.

We say that p € P(R") if 1 < p~ < p(x) < pt < oo and we say that p € PL8(R") if
p € P(R™) and it satisfies the following inequalities

C

p(x) —p < , for every z,y € R". 2.8
‘ ( ) (y)| log(e 1/’33 y’) Y T,y ( )
and o
— < with > |xl. 2.
Ip(z) — p(y)| < log(e ’x‘)v ith [y| > |z (2.9)

The variable exponent Lebesgue space Lp(')(IR") is the set of the measurable functions f defined
on R"™ such that, for some positive A, the convex functional modular

o8/ = [ 1#@AP) da

is finite. A Luxemburg norm can be defined in LP()(R™) by taking
£l zee) = nf{A >0 0(f/A) < 1}.

This spaces are special cases of Museliak-Orlicz spaces (see [19]), and generalize the classical
Lebesgue spaces. For more information see, for example [15], [4], [6].

Let p € P(R™) such that 8 < p~ < p(z) <pt < (nfg) and let % % - ﬁ. The space

L(6(+)) is defined by the set of measurable functions f such that

1
17 s = sup ————— / f —mpf] < o
B |BI7 Ixsllq /B

When p(z) is equal to a constant p, this space coincide with the space ]Ll(% — %)

The spaces L(d(+)) were % = % - ﬁ was introduced in [22]. In this article, the author
give conditions on the exponent p(-) that guarantee the boundedness of the fractional integral
operator I, from LP() spaces into L(d(-)) spaces.

We shall give some unweighted boundedness results on variable Lebesgue spaces by extrap-
olating from the same hypothesis as in Theorems and The first one gives LP() — L40)

type estimates and the second result gives LP() — L(5(-)) estimates.

Theorem 2.10. Let 1 < 8 < 00, 0 < § < 1 and s such that % = %— % Let p € PY9(R™),
1 <p <px) <ph < B and q(-) such that WlJ — ﬁ = % If f and g are two measurable
functions such that the inequality

@) < Cllgwlly,

holds for every w € A(s,o0) and some positive constant C' = C(w). Then there exits a positive
constant C such that the inequality

1fllgey < Cllglly (2.11)
holds, provided that the left hand side of (2.11)) is finite.



Moreover

Theorem 2.12. Let 1 < f <00, 0< 4 <1, and let s besuchthata :% %
p(-) € PPI(R™) and (x) B - p— with 0 < & — 6(x) for every x € R™. If f and g are two

(z)
measurable functions such that the inequality

A6y < Cllgwlls

holds for every weight w in A(s,00) and some positive constant C = C(w). Then there exits a
positive constant C' such that the inequality holds

11l < € gl

Remark; 2.13. As we said in Remark m it was proved in [20] that the hypothesis in Theorem
0] and 2:12] hold with f replaced by I,g. Thus we can obtain the following Corollaries of
Theorem [2.10] and [2.12] respectively for this operator.

. Suppose that

Corollary 2.14. Let 0 < a < n and let p € PPI(R™). Let 1 < p~ < p(z) <p* < n/a and q(-)
be such that ﬁ — ﬁ = =. Then there exists a positive constant C' such that

L fllgey < C Ul
provided that the left hand side is finite.

Corollary 2.15. Let 0 < a < n and let p € PYI(R™) such that 2<p <plx)<pt<
5(x)

a1

and =2 - ﬁ for every x € R™. Then there exists a positive constant C' such that

ad Il < C 1l

Remark 2.16. When p~ = n/a the theorem above is a generalization to the variable Lebesgue
context of the well known result in the classical setting, that gives the L™® - BM O boundedness
of the operators I,. See for example [27].

When p~ > n/a, Corolary is an extension to the variable contexts of the boundedness
of I, from L" into Ly (§) for 0 < d <1 and r > n/a.

While this paper was being written we found the paper of Cruz Uribe and D.Wang in [3].
Particularly the authors proved an interesting result which gives extrapolation results in variable
Lebesgue spaces with weights. In order to establish it we need the following definition given in
the same article. We say that (p(-),v) is an M-pair if and only if M is bounded on LP()(v) and
LP'()(v~1), where LP()(v) denotes the space of all measurable functions f such that fv e LP().

Theorem 2.17. Suppose that for some po, qo, 1 < po < qo < 00, and every wo € A, q0), the
nequality
[fwollgy < C llgwoll, »
holds for some positive constant C'.
Given p(-), q(-) € P(R"), suppose that
1 11 1 1
plx) q@) po q o

If w € Ay ,q0)) and (q(-)/o, w?) is an M-pair, then

[ fwllpeer < Cllgwl| e -
The theorem holds for pg = 1 if we assume only that the maximal operator is bounded on

La()/90)" (=),



If p € P°8(R") and ;17 — 1 is a constant, then g € P°6(R™). Thus, if w € Ay 4(.)) then it is
easy to see that (¢(x)/o,w?) is an M-pair. Then, as a consequence of Theorem and [3] we
obtain the following extrapolation result.

Theorem 2.18. Let 1 < < 00,0 <3 < 1 and s such that & = %—% Let p(-) € PYI(R™) such
that p™ < 8 and let q(-) be defined by ﬁ — ﬁ = % If f and g are two measurable functions

such that || fwl|,, < oo for some 1 < qi and

e o) < llgwlls

holds for every w € A(s,00) then
[fwllgey < Cllgwllyey »
holds for every w € Agy(.).q())-
Remark 2.19. The result above provide us with a weighted version of Theorem and a
generalization to the variable context of Theorem [2.1
3. Auxiliary Lemmas

Before proving the main results we give several technical lemmas. The first one is a version
of the algorithm of Rubio de Francia in the general context of variable Lebesgue spaces and can
be found in [4], [5], [6]. We include a short proof of this result.

Lemma 3.1. Let p(-) € P(R™) such that M is bounded on LPC)(R™). Let h be a positive function
such that h € LPC)(R™), then there exists H € LPC)(R™) such that H € A, and

h(z) < H(z) a.e. x € R™. (3.2)
[H | Loy < 22l oo (3.3)

Proof. Following the algorithm of Rubio de Francia, it is sufficient to consider H := Zh defined
by

. MFh(x)
= 2 T
k=0 Lr()

where, for k > 1, M* denotes k iterations of the Hardy-Littlewood maximal operator, and M?
is the identity operator. The properties of H, follow immediately.
O

It is well known that a sufficient condition that guarantees the boundedness of the Hardy-
Littewood maximal operator in LP()(IR™) is that the exponent function p € P8(R™) (sce, for
example [4], [6]).

Definition 3.4. For a locally integrable function f and 0 < § < 1, the ¢ - sharp maximal
operator, fg, is defined by

ﬁ L— 1 /
) = sup ————— —mpf|dy,

where mpf denotes the average of f over the ball B C R", that is mpf = ‘%' fB |f].

Lemma 3.5. Let 0 < § < 1 and v be a weight. Then there exits positive constants Cp and Cy
such that

Cul[osd]| < Ml < Cofos] -



When 6 = 0 the lemma above is due to Harboure, Macias and Segovia ([10]), the proof of
that lemma can be adapted to the general case, that is 0 < § < 1. We omit it.
The following result will be used in the proof of Theorem It was proved in [10].

Lemma 3.6. Let w? € Ay, and f € LP°(wP) for some 1 < pg < p. Then there exists a positive
constant C, independent of pg and f, such that

£ wllp < Ol f5w]lp-

The following lemma is an easy consequence of a result proved in [5] (see Corollary 2.3) and
it will be useful in the proof of Theorem [2.10

Lemma 3.7. Let p € PYY(R™) and f € LPV). Then there exists a positive constant C such that
<l
71y < €[5,

In order to prove our main results we give the following generalization of a result given by
Calder6n and Scott in [I, Proposition 4.6].

Proposition 3.8. Let 0<§<d<1,1<p< 5% and % = % — ‘SES. If w is a weight such that

w € A(p,r), then there exists a positive constant C' such that the following inequality

2wl < Clfwlly
holds.

Remark 3.9. When w =1 and § = 0, the proposition above was proved in [I]. In proving that
result the authors obtain the following pointwise estimate

fi(@) < CIL; fi(x),

and then the result follows from the boundedness properties of the fractional integral operator
Is and the relation between p and 7.

To state the next result we need the following definition: for 0 < a < n, the fractional
maximal operator M, is given by

1
Myf(x) := Supa/ f
() Bz |B|'n B| |

were the supremum is taken over every ball B C R™ containing x.
The proof of Proposition [3.8| well be a consequence of the following improvement of the above
inequality.

Lemma 3.10. Let 0 < 5 <4 <1, then
fiw) < My_5fi(x).

Proof. Let B C R", if x,z € B then

5—3
1 |B‘T
’BP+SAJf—mBﬂ:wBP+sAJf—Wmf
< [BI'" fi(2)



By integrating over the ball B we obtain that

5 [ 17— mufl <1515 [ g e

B+

or equivalently

1 1
g/\f—meISH/fg(Z) dz
B+3 /5 B /e

< My_sfi(x).

Thus, the result follows by taking supremum over every ball containing x. O

Then the proof of Proposition [3.8] follows immediately from the continuity properties of the

fractional maximal operator between weighted Lebesgue spaces ([17]) when 1 < p < =%=. For

the case p = 5?5 we use the following lemma.

Lemma 3.11. Let 0 < a < n and w € A(n/a,00) if a >0 or w™' € Ay if « = 0. Then there
exists a positive constant C such that

lwMafllo < Cllwf]

n/a

Proof. If x € B, by applying Holder’s inequality and the hypothesis on the weight w we obtain

that
1 w(x) ( n/a>a/”< _nna>1—i
W) [ 1< s [ 1wl [

1—«
<Cloxall (£ w7 5) "lsul,
< | ful

n/a "

O

As a direct consequence of Lemma and the boundedness of the operator M, in the
variable context (see [], Corollary 2.12) we have the following result.

Corollary 3.12. Let 0 < 6 <46 <1andpecPR"). Let pt <n/(6—20) and r(-) be such that

ﬁ — % = % Then there exists a positive constant C' such that the following inequality

[

o0 <14l
holds.

The next lemma is a result due to Rubio de Francia, (see [7] or [24])

Lemma 3.13. Let w be an A, weight, 1 < a < co. Then, for any h > 0 belonging to La/(w),
there exists H such that h < H, Hw € A; and HHHLal(w) <C HhHLa/(w)‘ The constant C' and
the Ay constant corresponding to Hw do not depend on h.

The following lemma is an unweighted version of Proposition [3.8]in the variable context. In
order to state and prove it we give the following definition.

Let 1 < f < oo and s(-) € P(R™) be such that @ = % — S(lx) > 0, the 4(:)-sharp maximal

operator fg(.) is defined by

1
74 (@) = sup [ 17 = masi,
O s |BIYP |xall g /B

where the supremum is taking over every ball B contaning x.

10



Remark 3.14. From the definitions of ||| f|||r(s(.)) and f(s( it is easy to see that

Aoy = |||

Lemma 3.15. Let 1 < § < o0, s(-) € PY9(R™), p(-) € P(R™), and &(-), 6(-) such that

1
p(z)’
and 0 < 6(z) < 6(x) < n a.e. x € R". Then

n

5()—8()

|5l < €%

Proof. Let z,z € B, then

1 1 HXBHSI(-)/ 4
_ —-m = —-m < / z),
|B|1/'B /B |f Bf| |B|1/B ||XB||5/(.) 5 ‘f Bf| = HXBHS ©) f(s()( )

or equivalently

1
f
— < .
Ixsly BIY? /Blf mef| < ff,(2)

Integrating over the ball B and by applying Holder’s inequality with exponents n/(d — 5) and
n/[n — (0 — &)] we obtain that

i
< <
Ixall, )|B|1/B/f maf|< [ o) ¢ cla] . el o

since 2=0=9) _ p,l() + () from the generalized version of Holder’s inequality in the variable
Lebesgue spaces (see [4], [6] for details), we obtain that HXBH s < ClixBlly ) Ixalls.) and
hence
s A mf!<CHf
IxElloy sl BI? HXBH "’ gz

From the fact that s € P'°8(R"), it follows that

|B|

Z 07
HXBHS/(.) ||XB”5(.)

(see [2], [4], [6]).
Therefore the result follows by taking supremum over every ball B contaning x. O
4. Proof of main results

In this section we give the proofs of our main theorems. We begin with the proof of Theo-

rem [2.1]

Proof of Theorem[2.1l Let w € A(p,q) and f € L?(w?) and suppose that ||gw||, < oo, otherwise
there is nothing to prove. Then there exists h € L®/%) (w™") such that

/ B/ P gy — 1, (41)
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and

([1opur ac) e ([t as) " (12)

in fact, it is sufficient to consider h(x) := (g(x)w(z)?'/ lgw||,)P~*.
Let b =h~*"/* and £+ =1 — 1. From (&1) is follows that

/ﬁr/slw_p, dr = 1.

Since w € A(p, ¢) and %—% = %, it follows that w=?" € Aigp /g C Ay /s tl}en w e A(p,r).
Therefore, by applying Lemma with a = 1+ p'/r, there exists a function H > h satisfying

| Y =P |r = /ﬁr/s/w”/dm <C. (4.3)

lg|PwP dx l/p: (lgw? ) Yo d 1/s
(ftrure)

> </(\9wp’|8)(ﬁ[—1/s’)sw_p, d;c>1/s

~ / / ! 1/8
> (/\Q\S[HUS wp/s]sd”3> :

By Lemma [3.13) Hw " € Ay, hence H~ Y5 w?'/s" ¢ A(s,o0). Therefore, we use the hypoth-
esis, Lemma [3.5 and ([4.3) to obtain

1/p
([1aPwrac) " 2 10flle, o0

> |\ fEH Y W o
> O\l ff HY wl' s | oo | HY S w7,
> C|l frwl,.

Then

On the other hand, since w € A(p, ¢) and % - % > 0, we obtain that w? € A4y C Aijq/r
and hence w € A(r, q).
Then by the Proposition [3.8] we have

1/p
( / glPu? dx) > .

Finally, as we have assumed f € L%(w?), in accordance of Lemma it follows

1/p
( [ g da:) > Clf wll

which concludes the proof.

Proof of Theorem[2.3. Let w € A(p,00) and [gw|, < oo. Define + := & — 1 = 920 >,

r p s n
since w? € Ay C Ai4p/r, as in the proof of Theorem E we can deduce the existence of
H e L'/ (w™"") such that

Hﬁl/s/w—p//r

<C,

r

12



with H=Ys"wP'/m € A(s,00) and

(Jurw) "= clse],

Since 7’ < p/, by applying Holder’s inequality with exponents p’/r’ and p'/(p’ — r’), we obtain

) 1/r! , 1/p' 1_ 1 1
foxalle (£,07) " < loxel ([ o) 17w
Q Q
A /P
= luxell (f w) " <

where in the last inequality we use that w € A(p,00). Then w € A(r,o0), and by applying

Proposition [3.8 we have that
1/p
< / gl w” ) >c

which leads to the desired inequality after applying Lemma O

st

(z)—s
Proof of Theorem [2.10, 1t is enough to consider 19|,y < oo. Let h(z) = (&)))p , then
||h||(&>/ < 1. In fact

/W /QM—/WUUMH> dz < 1.

Moreover o
g x
[ b = [ gt gl <1,
mm
then o
oy = ([ 10) (1.4
Ifh = h=/% and - = 1 _ 1 wo have
r(z) px) s
~ (2) p(x)
/h(x)r(x)/s’d$ _ /h—r(x)/s(x)dx :/ (HZ” ) dr <1,
p()
Consequently ~
1llrye < 1.

By (4.4) and the definition of h we obtain that

nmmgz</ﬁﬁh)”i=</mﬁ@%ﬁw)”f

)/s")” > Land r(-)/s" € P8(R™) since p(-) € P'°§(R"), from Lemma

From the fact that (r(-)/s")~
H > h such that H € A; and

there exists a function

Thus, we have that

13



Then, since H/% € A(s, o), we can apply the hypothesis, Lemma and (4.5) to obtain
that

lgllpcy = ClHIANL,, 0 0)
> c||ae i

Hﬁl/s’
00

()
= CHf‘?Hr(.)'

On the other hand, since % — ﬁ = % then r* < 5 Thus, by Corollary we have that

%], = ol

()
Finally, since f € L), and ¢(-) € P'°8(R™), from Lemma we have that
<&,
£,y < €[],
which concludes the proof.

O]

Proof of Theorem[2.13 By following the same argument as in proof of Theorem [2.10] we can
obtain the existence of a function H such that

lgll, gy > ( / |g|sh> Ve ( G /s,)s>1/s

1/s
2 (fur o) Tzl e

r()

=l
Qe
where _
11 1 é§-é)
r@) " plx) s on 7
Then, the result follows by applying Lemma, and Remark O
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