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Symplectic structures on nilmanifolds: an obstruction for
its existence

Viviana del Barco*

Abstract. In this work we introduce an obstruction for the existence of
symplectic structures on nilpotent Lie algebras. Indeed, a necessary condition is
presented in terms of the cohomology of the Lie algebra. Using this obstruction
we obtain both positive and negative results on the existence of symplectic
structures on a large family of nilpotent Lie algebras. Namely the family of
nilradicals of minimal parabolic subalgebras associated to the real split Lie
algebra of classical complex simple Lie algebras.
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1. Introduction

A nilmanifold is an homogeneous manifold M = T'\N where N is a simply
connected nilpotent Lie group and I' is co-compact discrete subgroup of N. For
these compact manifolds the natural map from Hx(n), n the Lie algebra of N, to
the de Rham cohomology group H*(M,R) is an isomorphism for all 0 < i < 2n,
as showed by Nomizu in [13].

In particular this implies that any symplectic structure on a nilmanifold
is cohomologous to an invariant one. Thus to solve the problem of existence of
symplectic structures on the nilmanifold I'\/V reduces to find a non-degenerate
closed 2-form w on the Lie algebra n; if it exists n is called a symplectic Lie
algebra. Here we work from this Lie algebra point of view.

The goal of this work is to prove that every symplectic nilpotent Lie algebra
has a certain non-zero component on its cohomology. Actually, the intermediate
cohomology of a Lie algebra n (concept presented by the author in [3]) is used in
Theorem 3.1 to give a necessary condition for n to admit a symplectic structure.
As an application, we study the validity of this property on a particular subfamily
of nilpotent Lie algebras.

Benson and Gordon in [1] proved that the Hard Lefschetz Theorem fails
for any symplectic non-abelian nilpotent Lie algebra. In order to show this,
they deduce some general structure results of symplectic nilpotent Lie algebras.
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Nevertheless there are not many general conditions to determine whether a given
nilpotent Lie algebra is symplectic or not.

Until now there are known all the symplectic nilpotent Lie algebras up to
dimension 6 (see [6, 15] for instance) and this list is mostly build-up by studying
case by case. But the lack of a full classification of real nilpotent Lie algebras of
dimension > 8 makes this method non-feasible in greater dimensions.

Moreover, several authors studied the problem on different subfamilies of
nilpotent Lie algebras. For example, the classification of symplectic filiform Lie
algebras, which are Lie algebras n of nilpotency index k£ = dimn — 1, is given in
[11]. Moreover, in [5] the authors work with Heisenberg type nilpotent Lie algebras.
Among nilpotent Lie algebras associated with graphs, a complete description of
the symplectic ones can be made in terms of the corresponding graph [14]. The
full classification of the symplectic free nilpotent Lie algebras is done in [2].

In this context, the aim of this work is to contribute with a better under-
standing of the structure of symplectic nilpotent Lie algebras. Its organization is
as follows. Section 2. is devoted to an introduction to the intermediate cohomol-
ogy of nilpotent Lie algebras and the development of the properties that will be
used later on the presentation. In Section 3. we study the relationship between
symplectic structures and intermediate cohomology. This leads us to a necessary
condition for a nilpotent Lie algebra to admit a symplectic structure. We notice
that this condition is not sufficient in general.

In Section 4 we restrict ourselves to the study of the existence of symplectic
structures in the family of nilradicals of minimal parabolic subalgebras associated
to the real split Lie algebras corresponding to complex classical simple Lie algebras.
We prove that the obstruction in Theorem 3.1 is also sufficient for that family.
This allows us to obtain both positive and negative results about the existence of
symplectic structures in this case.

Recall that for the nilpotent complex case Kostant in [10] describes the Lie
algebra cohomology groups of the nilradicals of Borel subalgebras for any irre-
ducible representation as a direct sum of one dimensional modules of multiplicity
one. The real version of his description was recently given in [16]. Here we also
use a decomposition of the cohomology groups but the summands are not in one
to one correspondence with those of neither Kostant (in the complex version) nor
Silhan in the real case.

2. Intermediate Cohomology of nilpotent Lie algebras

The concept of intermediate cohomology of nilpotent Lie algebras and a deep
study of its properties were analyzed by the author in [3]. For completeness of this
work we give here a brief introduction to this cohomology by quickly reviewing its
definition and the properties that will be used later.

Let g denote a real Lie algebra. The central descending series of g, {g'}
for all ¢ > 0, is given by

=g g=[g9g"], i>1

A Lie algebra g is k-step nilpotent if g* = 0 and g"~! # 0; this number & is called
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the nilpotency index of g. Nilpotent Lie algebras will be denoted by n. Abelian
Lie algebras are 1-step nilpotent. Moreover, 2-step nilpotent Lie algebras verify
n! C 3(n), where 3(n) denotes the center of n.

The Chevalley-Eilenberg complex of a Lie algebra g of dimension m is
0—>R—>g*i>Azg*£> ...... dm—?A’”g*—>O. (1)

We identify the exterior product APg* with the space of skew-symmetric p-linear
forms on g, thus each differential d, : APg* — AP*1g* is defined by:

dpc (z1, ..., Tpy1) = Z (=) e[, 4], Ty oo By ooy By D)
1<i<j<p+1

The first differential d; coincides with the dual mapping of the Lie bracket
[,]: A’g — g and the collection of d, is a derivation of the exterior algebra
A*(g*). We will denote d instead of d, independently of p.

The cohomology of (A*g*, d) is called the Lie algebra cohomology of g (with
real coefficients) and it is denoted by H*(g, R) and more often as H*(g) if there is
no place to confusion. For nilpotent Lie algebras H!(n) = n/n! and dim H?(n) > 2
[4].

When the Lie algebra is nilpotent, a filtration of the cochain complex in
Eq. (1) arises in the following manner. Consider the subspaces of n* defined by
Salamon in [15]

Vo=0 Vi={a €n* :da € A*V;_,} i>1. (2)

Then Vo C V3 C---CV; C--- Cn* and Vj is the annihilator of n, the ith-ideal
in the central descending series; that is V; = (n%)°. In particular, n is a k-step
nilpotent Lie algebra if and only if V, = n* and Vj_; # n*.

Suppose n is a k-step nilpotent Lie algebra of dimension m, then for any
q=0,...,m, the space of skew symmetric ¢g-forms AIn* is filtered since

0=A, C AV, C...C A, C ATV, = A%n*. (3)

In addition each of these subspaces is invariant under the differential, there-

fore

FPC* 0 —R—V, , — ANV )y — o — A"V, — 0 (4)
is a subcomplex of the Chevalley-Eilenberg complex for each fixed p and {FPC*},>¢
constitutes a filtration of the complex in Eq. (1).

As any filtration of a cochain complex, {FPC*},>( gives rise to a spectral
sequence {EP(n) fﬁgz. In this case, this spectral sequence always converges to
the Lie algebra cohomology of n (see [3] and references therein). In particular this
implies that each cohomology group H'(n) can be written as a direct sum of the
limit terms of the spectral sequence. Namely

H'(n)= @ E2(n) foralli=0,...,m. (5)
ptq=i

This way of describing the cohomology groups as a sum of smaller spaces
suggests us the following definition.
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Definition 2.1. Let n be a nilpotent Lie algebra of dimension m. Then, for
each ¢ = 0,...,m, the intermediate cohomology groups of degree ¢ of n are the
vector spaces EP%(n) with p+q =1.

Notice that for each ¢ = 0,...,m there is a finite amount of non-zero
intermediate cohomology groups of degree 7.

Each intermediate cohomology group can be described using the Lie algebra
differential restricted to the subspaces in the filtration:

{x € AP*V,_, : dx =0} (6)
({z € Arta—In* : do € APTaV}_,}) + {x € APtaV}_, 1 : do =0}

B2 () = -

If a nilpotent Lie algebra n can be decomposed as a direct sum of a one
dimensional ideal R and a nilpotent Lie algebra of dimension one less than n,
a similar formula to the Kiinneth formula can be stated for the intermediate
cohomology.

Theorem 2.2 ([3]). Let n be a k-step nilpotent Lie algebra which can be
decomposed as a direct sum of ideals n = R @ b. Then b is k-step nilpotent
and for all 0 < r < oo it holds

1. EP7P(n) =0 forallp=0,...,k—2 and EF11"*n) =2 R.
o BELak(n) & BE12K() @ R,
3. EP'7P(n) = EP'P(h) if p<k-—2,

4. Epi(n) = EPI(h) & EPTHL)  ifptg>2.
Throughout an inductive procedure the next result follows.

Corollary 2.3.  Suppose n is a non-abelian mnilpotent Lie algebra.  Then
E%(R* @ n) = E%%(n) for any s > 0.

3. Symplectic structures and the E%?" intermediate cohomology
groups

A symplectic structure on a differentiable manifold M is a differentiable closed
2-form ) that is non-singular at every point of M. Not every manifold admits
such a structure. It is well known that for a compact symplectic manifold, its
even de Rham cohomology groups are non-zero. When M is a nilmanifold this
criteria is useless to determine the non-existence of symplectic strucutres since
H2?(M) = H?(n) and always non-zero for nilpotent Lie algebras [4]. And yet
there exists non-symplectic nilmanifolds. We present here an adapted version of
this criteria that can be used to determine non-existence of symplectic structures
on nilmanifolds.

Recall that a Lie algebra is symplectic if it admits a skew-symmetric bilinear
form w which is both closed and non-degenerate; in that case it is necessarily even
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dimensional. In Theorem 3.1 we prove that there is a close relationship between the
existence of symplectic structures on a nilpotent Lie algebra n and its even dimen-
sional intermediate cohomology groups E%?"(n). Thus a new general obstruction
for the existence of these structures on nilpotent Lie algebras is introduced.

Theorem 3.1.  Let n be a symplectic nilpotent Lie algebra. Then E%?"(n) # 0
forall r=1,... dimn/2.

Proof. Given a symplectic form w on a k-step nilpotent Lie algebra n, the
fact that is non-degenerate implies w ¢ A?V,_;. Formula (6) for p =0 and ¢ = 2
gives

_ {z e APn* i dr =0}

{r € A2V, i do =0}

So w defines a non-zero element in E%?(n). The wedge product w” = wA .7. Aw
defines an even order non-exact closed form which also defines a non-zero element
n

E (n)

{z € A*n* : dz =0}
d(A>=n*) + {z € N>V} : dz =0}

Thus the theorem follows. ]

Y (n) =

Remark 3.2.  Notice that if n is nilpotent, the fact £%*(n) = 0 states not only
that n is not symplectic but also R® & n is not symplectic for all s > 0 as a
consequence of Corollary 2.3.

The converse of this result is not valid in general as the next example shows.

Example 3.3.  Let n,, o be the free 2-step nilpotent Lie algebra on m genera-
tors. Recall that n,, 2 = f,,/(fm)? where f,, is the free Lie algebra on m generators.
On the one hand, when m > 4 the Lie algebra n,, > does not admit symplectic
structures (see [2, 5, 14]).

On the other hand, E%* (n,,2) # 0 for all m. Indeed, consider the Hall
basis B of n,, for a set of generators {ey,..., ey}, explicitely

B={e;, [ejex] i=1,....m, 1 <k<j<m}.

These basis were introduced by Hall in [7] and they are the usual ones to work
with when dealing with free Lie algebras. Notice that dimmn,,» = m(m + 1)/2.
The dual basis of B consists of 1-forms «of, a/* and their differentials, by Maurer-
Cartan formulas, are

do' =0, for i=1,...,m,
do = —a* Nod, for 1<j<i<m.

The filtration in Eq. (2) of n, , is

Vi = span{a’, i=1...,m},
Vo = span{a’, o i=1,....m1<k<j<m} =n

*
m,2"
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Assume dimmn,, 5 is even. It is possible to construct a closed 2r-form
defining a non-zero element in E%* (n,, ) for each r =1,... ,dimn,,»/2.

In fact, for r = 1, the 2-form a! A a'? is closed and fits into A2n7*n72 but
not into A?V;, so a! A a'? represents a non-zero class in E2?(n,,5). To give a
4-form we concatenate o' A a'? with the closed 2-form o' A a!'* thus obtaining
al A at? Aot A att. Using formulas above it is possible to see that this 4-form
is non-exact, therefore, it represents a non-zero element in E%*(n,, o) (see (6)). If
m = 3 then the 4-form a' A a'? A a'® A o2 can be used.

To obtain a closed 2r-form the idea is to concatenate 1-forms in the follow-
ing way

A ANAPAABA AT ACAEA NPT ACA AP A

up to obtain the form of the desired degree. One verifies that it defines a non-
zero element in E%?"(n,,5). Therefore each 2-step free nilpotent Lie algebra has
E%?r(n,,5) # 0 for all 1 <r < dimn/2 even though they are not symplectic for
m > 4. Thus the converse of Theorem 3.1 does not hold.

A similar procedure applies on free nilpotent Lie algebras of greater nilpo-
tency index which are also non-symplectic as proved in [2].

3.1. Aut(n) action on E2*(n).

Once it is known that a certain Lie algebra is symplectic, it is interesting to
classify its symplectic forms up to equivalence. In the case of symplectic nilpotent
Lie algebras the subspace E%? is non-zero. What we study here is how this
subspace helps to this classification problem.

The automorphism group of a Lie algebra g is

Aut(g) = {A € GL(g) : [Ax, Ay] = [z,y] for all z,y € g}.

This group acts on H?(g) in the following way: A - [w] = [(A7!)*w], for all
A € Aut(g) and [w] € H?*(g). Here (A7')* denotes the automorphism of the
exterior algebra A*n* induced by (A7')*: g* — g*.

When the Lie algebra is nilpotent its group of automorphisms Aut(n) acts
similarly in £%%(n). Given a closed 2-form w in A?n* denote with [w]®? its class
as an element of the quotient space

{z € A*n* : dz =0}

>~ F22(n).
weA o di=op =™

Any element in Aut(n) preserves the filtration in (3) of n* and in particular
(A™Y)*V,_; = Vj_;. This implies that if w;, wo are closed 2-forms on A%n* with
[w1]%? = [w]®? then [(A™1)*w;]%? = [(A71)*ws]®?. Therefore, the following action
is well defined:

Aut(n) x E%*(n) — E%*(n) (7)
ARPY) o A P2 = (A7)
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Proposition 3.4.  For any nilpotent Lie algebra n the map
p:H(n) — B (),  [w] e [w]*?

is an Aut(n) equivariant map. Moreover, the orbit map p : H?*(n)/ Aut(n) —
E%2(n)/ Aut(n) is surjective.

Proof.  The fact that d(n*) C A?V,_; implies that the map p : H*(n) — E%?,
p (Jw]) = [w]®? is well defined and surjective. Hence so is p.

Notice that p is injective if and only if dim H?(n) = dim E%*(n) and this
situation occurs only when n is a 2-step free nilpotent Lie algebra. |

In the next example we show that the quotient map p is not always injective,
even when E%? = ().

Example 3.5. Let n be the six dimensional nilpotent Lie algebra having non-
zero Lie brackets

[617 62] = €4, [617 63] = €5, [617 64] = €.

Denote by {e!,... e} the dual basis of n*. The followings are symplectic forms
on n:

wlzel/\e6—62/\e4+e3/\e5, wgzel/\66+62/\e5+e3/\e4.

They verify 0 # [w]%? = [wy]%? = [e! A €%]%2. However through direct computa-
tions one can prove that the de Rham cohomology classes of w; and wy do not
belong to the same Aut(n)-orbit.

In spite of the previous example, it is possible to find nilpotent Lie algebras
for which the cardinal of the quotient space E%?/ Aut(n) coincides with the amount
of Aut(n) equivalence classes of symplectic structures on n.

4. Classification of symplectic nilradicals.

In this section we study the intermediate cohomology of the real nilpotent Lie
algebras n arising as nilradicals of minimal parabolic subalgebras of the real split
forms of semisimple complex Lie algebras g. In particular we show that when
considering g to be a classical simple complex Lie algebra, it holds E%?(n) =0 in
almost every case. According to the results in the previous section those nilpotent
Lie algebras do not admit symplectic structures. Even more, we prove that if
E%2(n) # 0 then n admits such structures.

To determine the intermediate cohomology group E%? of those nilpotent
Lie algebras, our main tool is the root decomposition of semisimple Lie algebras.
For this subject we give the book of Helgason [8] as a reference. The understanding
of those systems allows the description of the filtration in Eq. (2) in terms of the
root spaces.
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Let g be a semisimple complex Lie algebra and let A be a root system of
g. Then g=bH o @aeA_{o} do, where b is a Cartan subalgebra of g. Denote as
AT the set of positive roots. The Lie algebra

n= @ Yo (8)

aeNT

is complex nilpotent.

Remark 4.1.  Given a complex nilpotent Lie algebra n, the filtration described
in Eq. (2) and the induced spectral sequence are also canonically determined by n.
Therefore each Lie algebra cohomology group with complex coefficients H*(n, C)
decomposes as in Eq. (5).

In the particular case that n is the nilradical in (8) of a Borel subalgebra of a
complex semisimple Lie algebra, Kostant proved that H(n,C) is a direct sum of T'-
modules of dimension one (see [9, Theorem 6.1]) where 7" is the diagonal subgroup
of the semisimple Lie group. The action of 7" on n can be induced to Afn*
and commutes with the Lie algebra differential. As a consequence, the canonical
filtration of n* is preserved by the T'-action and the intermediate cohomology
groups BP9 are T-modules. But E?? is not irreducible in general. In particular,
each (complex) intermediate cohomology group of n is a sum of Kostant’s one
dimensional modules.

The Lie algebra n in Eq. (8) admits a basis {X, }aea+ such that g, = C X,
and the structure constants of n in this basis are in R. The object of study in this
section is the real nilpotent Lie algebra having those real structure coefficients; we
will also denote it as n.

This real nilpotent Lie algebra n is the nilradical of the minimal parabolic
subalgebra of the split form corresponding to the semisimple Lie algebra g.

We pursue the computation of the filtration of the Chevalley-Eilenberg
complex of n and the intermediate cohomology group E%(n).

Denote as 2\g = {ay, ..., a,} the subset of positive simple roots of g. Then
for any positive root « there are non-negative integers n;, ¢ = 1,...,r such that

r
a = E n;o;.
i=1

In this case we say that the level of the root is () =Y ;_, n;. Clearly the roots
of level 1 are only the simple roots. There exists a unique positive root .. of
maximal level, that is, such that ¢(a) < {(apmay) for all @ € AT,

For each 7 € N define L; = @M(Q):i RX, where X, is as before. Then

n= @ Lj and [Lj, Lz] - Li—l—j

j>1

and n is an N-graded Lie algebra.
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Let « be a positive root of level m and let 7, € n* be the dual element of
X, Since [g;, 9;] = g, for all i 4+ j = m, it holds

dva€ @ L;NL;. (9)

i+j=m

In particular dvy, = 0 if and only if « is a simple root. This accounts into a
description of the subspaces in (2) of n* as follows

Vo =0, Vi=span{ys: ((B) <j}=Li@---@L;, j=1,... k.

Notice that the nilpotency index of n is k = £(max) -
We proceed by making an insight into the space of closed 2-forms which
we denote as Z?. Such a form is an element of A’n* = @, Li A L;. In

this context, the result of Benson and Gordon [1, Lemma 2.8] assures that Z2 is
contained in a strictly smaller subspace, namely

Z2CLinLie P LinL;

1<i<j<k—1
Therefore any w € Z? can be written as a sum w = ¢ + @ where

celyNL;, @€ @ LiAL; and do=—do. (10)

1<i<j<k—1

The vector space L; has dimension one and is spanned by 7,,,... Moreover
L} = V; is spanned by the 1-forms ~,,, ¢ = 1,...,r where ay,...,a, are the
simple roots. Hence the 2-form o in (10) is in fact 0 = 7,,,. A 71, with n =
> iTiYa; € Vi, mi €R.

Since dn =0, do = dv,,,,. An and by Eq. (9),

do € Ly \NLiANL} @ @ LiAL ALY (11)
i+j=k
1<i<j<k—2
In addition,
doe N*(L;_ @ L; ,@---®LY). (12)

The key here is to compare components of do and —dw in particular
subspaces of those in Eqns. (11) and (12). For classical complex simple Lie
algebras this idea allows us to prove that Z? C A2?Vj;_; which by (6) implies
E%(n) =0.

Remark 4.2.  The structure of the semisimple Lie algebra g is independent of
the root system. Therefore, the real nilpotent Lie algebra associated to a certain
root system is isomorphic to the nilpotent Lie algebra arising from a different one.
For this reason we can choose the root system of g that is more convenient for us
to make calculations easier.

The result we obtain is the following.
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Lemma 4.3.  Let n be the nilradical of a minimal parabolic subalgebra of the
real split Lie algebra corresponding to the complex classical simple Lie algebra g.

1. If g=sl(n+1,C) for some n >3 then E%*(n) = 0.
2. If g=s0(2n+1,C) for some n >3 then E%*(n)=0.
3. If g=sp (2n,C) for some n >3 then E%*(n) =0.

4. If g =50 (2n,C) for some n >4 then E%*(n) = 0.

The full classification of the nilradicals admitting symplectic structures
follows.

Theorem 4.4.  Suppose n is a nilradical of a minimal parabolic subalgebra of
the real split Lie algebra corresponding to the complex classical simple Lie algebra
g. The Lie algebra of even dimension R* @& n, s > 0 admits symplectic structures
iof and only iof g is one of the followings:

s[(2,C), sl(3,C), so(5C).

Proof.  The nilradical n of s[(2,C) is the abelian Lie algebra of dimension one
and clearly R @ n admits symplectic structures. When g = s[(3,C), then n is
the Heisenberg Lie algebra of dimension 3. It is well known that R & n admits
symplectic structures in this case too.

The nilradical corresponding to so (5, C) is the 4-dimensional 3-step nilpo-
tent Lie algebra which can be endowed with a symplectic structure.

When g is not one of the Lie algebras above, Lemma 4.3 implies that its
nilradical n has E%*(n) = 0. By Corollary 2.3, given s > 0 the Lie algebra
R* & n also has zero intermediate cohomology group E%?. After Theorem 3.1,
those nilpotent Lie algebras are not symplectic. [ |

We proceed with the proof of Lemma 4.3. This is made using the canonical
root systems known for classical simple Lie algebras. Moreover it is performed
separately by cases because of the differences between those root systems. The
order in which the cases are exposed is from the easiest to the most difficult one.

Proof. Part (1) of Lemma 4.3. Let g = sl(n+1,C), n > 3. If n = 3, the
Lie algebra n is isomorphic to the Lie algebra of strictly upper triangular matrices
4 x 4 for which can be easily shown that E%?(n) = 0.

Suppose n > 4 and consider the Cartan subalgebra b for which the positive
roots are e; £ e;, 1 < i < j < n+ 1. The set of simple roots is Ay = {o; =
e; — €11 =1,...,n}. Moreover the maximal 100t iS Qumax = Y .-, @;, hence the
nilpotency index k of n is £k = n. There are two different roots of level n — 1,
namely 6, = 7' a; and &, = 3.7, ay; in particular dim Lj,_; = 2.

Let w be a closed 2-form in n*, then w = 0 + @ where ¢ and @ satisfy the
conditions in (10). The fact do = —dw implies that the components of do and
—dw in the subspace L;_; A L] A L] are equal. So we compute both components.
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As before, 0 = vq,.. An where . = >""  rive,, € R i =1,...,n and
do = dYa,,..\n. Using Equation (9) and the fact that apa.x = 01+, = o+ we
obtain dya,,.. = a1Ys; Aay, +02 Vsy ANYay + T With 7 € A2Vj_o = A*(L}_,®---DLY)
and ai,as € R are both non-zero. This implies that the component of do =
Vo AN i Li_ ALY ALY is
D arrivs, Ao, Ao, + D 027 Vs, A Yor A Ve (13)

i=1 i=1
To find the component of dw in the same subspace write © = w; + @w; with
w € L ALy, @ € L AN L)oo ML ,e--0L).  (14)

j<k—1

72
Hence by Eq. (9),

doy € Ly y ALYALi® @ Li AL AL (15)
itj=k—1
By the same equation dw; has no component in that subspace. Therefore
the component of do equals the component of —dw; in L; ; AL} A L7.
Since n > 4 it is L; ; # Lj and the roots of level 2 are {a; + a1 1 1 =

1,...,n—1}. Hence Lj_,ALj has a basis of the form {5, AYa,+ai1s V6o ANVaitasss :
i=1,...,n—1}. Then

n—1 n—1
Wy = Zbi Yor N Vaitais: + Zci Yoy N Vas+ais>, ~ Where by, ¢; € R for allz.
i=1 i=1
Equation (9) implies that dya,4a;,: = &Yas A Vas,, Where & # 0, for all
t=1,...,n—1. Then

n—1 n—1
—dw; = Z bifi%h A Yoy N Yevigr + Z Cigiﬁ)/éz N Ve N Veigr
=1 =1

- Z bid’ytﬁ A Yai+aipr — Z Cid’%z A VYeitaiir-
i=1 i=1
The component of —dw; in L;_; A L7 A L7 is
n—1 n—1
Z bi€i751 A Yo, A Yeaiq1 + Z Cifi'}/(ig A Ve A Yeiqr- (16>
i=1 1=1
Indeed, the element dvs, belongs to A%V, o for i = 1,2 because ~s, € Ly | C
Vi-1.
Formulas (13) and (16) give the components in L;_; A L} A L} of do and
—dwy which must be equal, that is,

n—1 n—1
D biivsy AVas Ao T D CiiYos A Yoy Aoy =
=1 =1
n—1 n
Z 17376, A Yo A Ve + Z 2775y A Yy A Ve -
i=1 =2
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This expression implies that r; =0 for all « =1,...,n which means n =0
yielding to 0 = 0. The conclusion here is that if w = o + @ is closed then ¢ =0,
that is, w € A?V,_; and therefore £%?(n) = 0 as we wanted to prove. n

Proof.  Part (3) of Lemma 4.3. Let g = sp(2n,C) for some n > 4.

Let b be the Cartan subalgebra of g associated to the set of positive roots
AT ={e;te; 11 <i<j<mn, 2, 1=1,...,n}; the subset of simple roots
is Ao ={a; :==¢; —eiy1 i =1,...,n—1,ap, := 2¢,}. The maximal root is
Qlpax = Z?z_ll 2a; 4+ v, from which we deduce that n is 2n — 1-step nilpotent; set
k = 2n — 1. Unlike the previous case, dim Ly_; = 1; the root of level k — 1 is
0= o1 + Z?:_; 20(,; + o, .

Consider a closed 2-form w € A’n* with w = 0 + @ as in Eq. (10).
We are interested in computing the components of do and dw in the subspace
Ly  NLYANLY @ Lj_, N L5 A L7 which must be opposite. Below we compute
them both.

As before o = 7,,,.. An where 7 is a linear combination of the 1-forms ~,, ,
t=1,...,n. Moreover au,x = 6 + a;. The roots p = a1 + as + 2?2—31 20 + ap
and p' = Z?:_; 20;; + «a, are the only ones of level k — 2 so

QYoo = 1Yo N5 +02Yar+as NYp+ T, a; #0,a0 #0, with 7 € A*Vj_5. (17)

In fact, amax = 0 + @7 and there do not exists any positive root [ such that
/8 + Pl = Omax -
From Eq. (17),

do = dVapee NN = @1Yar N Vs AN+ Q2Var4as NV AN+ T AN,

being 7 A1 an element in A*V;_3. The component of do in Lj | A Li AL} &
Ly o NLSA LY is
1% N Vs N1+ 2o +an A Yp A (18)
To find the component of dw let w; and @; be 2-forms such that & = w;+w;
where

o € Lyn@PL)oLi ANEPL) o N(Lis® @ L)
i<k i<k-1
G#2 J#3
Using Eq. (9) for the differential of basic 1-forms one obtains

and dw; has zero component in the same subspace. Hence the component of dw
in Ly ALY AL} & Lj_, ANL5A LT is the component of dw; in that subspace.

In this case, ¢(3) = 2 if and only if 8 = a; +a;41 forsome i =1,...,n—1.
Thus Lj_; A L3 admits the set {Va,4a,.1 AV, @ =1,...,n— 1} as a basis. The
roots of level three are o; + ;11 + a0, 1 =1,...,n —2 and 2a,,_1 + .
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Since n > 4, 3 # k—2 and Li A Lj_, is spanned by {Va,+as,1+aiss A

Vos Vaitaiptaize NV 20 = 1c0in =20 Ya, itan N Yoy V2an1+an N Yy} The
2-form w; can be written as

n—1 n—2
wp = E Ci%a;+ait1 Nys + E di’yai+ai+1+ai+2 A Yo + dn—1’72an71+0cn A Yo
i=1 =1
n—2
+ E 6i7a,-+ai+1+ai+2 A /yp/ + 6n—172an71+0cn A ’Yp') Ci, dia €; S R
i=1
From (10),
d,}/ai-l—ozlq,l = gl’yaz A 70@+17
_ 1 2 .
dﬁyQi+ai+l+0¢i+2 = S 7a¢+ai+1 A ’Vai+2 + Si Va; A 7a1+1+a¢+27
dV20,_1+am = Sn—1Yn—1 N\ Yan_1+oms

with &, s}, s?, s,_1 all non-zero.
Putting this all together we reach:

n—1 n—1
dO}]_ = Z CZ'SZJYOQ‘ A 'YaiH A Y5 — Z Ci’yai-i-azurl A d75
i=1 i=1
n—2
+ Z di(szl’yaﬁ-&wl A ’704242 + S?’Yai A 704i+1+04i+2) A Yo
=1
n—2
- Z diryai+ai+l+ai+2 A d’yP + dn—lsn—l’yanq A Van—1+an A Yo
i=1
n—2
- dn—172an71+an A de - Z ez"Vai—&-aHl-i—aHg A dvp/
i=1

+ ei<5g7ai+04i+1 A Veito + S?’yai A ’yai+l+ai+2) A Vo

n—2
i=1
- enflsnflfyanfl A fyanfl‘i’an /\ VP’ - en*172anfl+an /\ d’)/P,
Since ((p) = L(p') = k — 2, dv,, dyy € A*Vj_3. In addition, § = ay + p =
aq + p' implies

d’}/(; = bl’)/ag A ’}/p -+ bg’}/al A\ ’}/p/ + T/, b1 7é 0, b2 % O, with 7', € AQkag.
Therefore, the component of —dw; in L; ; ALY ALY ® Ly _, ANL5 ALY is

n—1 n—1
- Z Cigi,yai A ’}/oai+1 A ) + Z Ci,yai+04i+1 A (blvaz A /Yp + bZ/VOq A ,}/p/)

i=1 i=1
n—2

- Z di(sil/yai'f‘awrl AN S?,}/Oéi A ’7061'+1+0M+2) AYp (19)
=1
n—2

- Z 67:(87;170%’4‘041'-&-1 A Yeiyo + 82270% A ’7041'+1+04i+2) A Yo
=1

- dn—lsn—lf)/anfl A Vo140 A Yo + Cn—15n—1Yan_1 A\ Yon_1+0m A Yo' -
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The components of do and —dw; expressed in Eqns. (18) and (19) respec-
tively, coincide. Following usual computations we get that c;, e; are zero for all
i=1,...,n—1and j=1,...,n— 2 which simplify Eq. (19). After some other
simplifications we obtain once again that ¢ = 0 and then any closed 2-form in n
belongs to A?V;_; which is equivalent to E%?(n) = 0.

When g = sp(6,C) the Lie algebra n has dimension 9 and the proof is
made by direct computations using a mathematical software. ]

Proof.  Part (2) of Lemma 4.3. Suppose g = so(2n + 1,C) for some n > 5.

Consider the Cartan Lie subalgebra such that the set of positive roots is
At ={e;+e;: 1<i<j<mn,e,i=1,...,n}. Then dimn = n?. The simple
roots are {o; == ¢; —e;q 11 =1,....,n—1,a, := e,} and the maximal root
Omax 1S €1 + €69 = a1 + 22?:2 a;. As a consequence n is 2n — 1-step nilpotent;
set k = 2n — 1. Here we also have dim L;_; = 1; the root of level £ — 1 is now
0= o1 + ag + Z;L:_zl 2041'.

Let w € A’n* be a closed form and let o and @ be as in (10). In this case
we study the components of do and dw in L;_ NALTALY © L s NL; NL]®
L;_s ALy A L7 which must be opposite since 0 = dw = do + dw.

Recall that o = ~,,,,. An with n a linear combination of the 1-forms ~,, ,
i =1,...,n. There are two roots of level k—2, namely p = oy +as+as+> 1, 2q;
and p' = as+) 1 5 20;. Theroots of level k—3 are § = oy +ao+az+as+2> "1 .
and ¢ = a0+ a3 +2) 1, .

Notice that

Omax = 0 + @2,  Qmax = p+ (a2 +a3) = p' + (a1 +a2) and
Omax = 0+ (g + a3 + ) =0 + (a1 + az + az).
This implies
dfyamax = a1%a, A Y5+ Q2 Yaz+as A Yo +as Yai+as A Yo' (20)
+ay Yag+az+aa Ao+ as Yoq+astas NYor + T,
where a; # 0, for all ¢ and 7 € A?V,_4. Then do = dy,,,,. A7 is
do = a1, NYs N1+ G2 Yastas N Vo N1+ A3 Var+as N Ve AT
+04 Yag+agtas N Vo AN+ A5 Yartastas N Ve AN+ T, (21)
with 7 € A?Vj,_,. Thus the element
1 Yoy N Vs N1+ A2 Yagtas N Vp AN+ A3 Vay+as NV AT
+aa Yoo +az+ay A Yo AN+ as Yai+as+as A Yo A n (22>
is the component of do in Ly ALY AL} @ Ly s NL5SANLT @& L;_ s NL5 AN LY.

To compute the component of dw in the same subspace, take w; and @;
such that © = w; + ©; where
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e L NP Ly )@ Li oA (D L))o Li s (6D Ly ) @ A (L, &- -8 L))
j<k—1 j<k—1 J<k—3

#2 i#3 J#4

The 3-form dw; has zero component in Ly ; ALYAL] & Ly _,ANL;ANLT @
Ly o NLi A Ly. Therefore the component of dw in that subspace is that one of
dw, and to compute it we will make use of the following formulas obtained from

Eq. (9):

d% = bl Yas A Yo + b2 Yo A Yo' + b3 Yo A Yas+oy + 7_/7
dyp = V1% ANYor V2 Yoy Ao+ 7", (23)
Ay = 1 Yas ANV + 7", with 7/, 7", 7" € A*V}_,4

The difference between dv, and dv, is due to the lack of simple roots 3 verifying
0+ B = p'; in opposite to p which verifies p = 0 + ay.

Notice that ¢(0) = ¢(0') = k — 3, hence 7y and s are in Vj_3; dvy and
dve are elements in A*V,_y = A*(L;_, - & LY).

The roots of level two are «; + a;11, © = 1,...,n — 1, which gives the
following basis of L;_; A Ly: {Yas+aia N5, ¢ = 1,...,n — 1}. In addition,
the roots of level three are o; + ;11 + a0, 1 = 1,...,n — 2 and «a,_1 + 2q,,.
Therefore L; N thf2 is Spanned by {’7061'+Oci+1+06i+2 A Vo> Vos+oi1+aige N Vo i =
Loooon =2, Yan142an N Vps Yan_1+2an N Y t.  Finally, the roots of level four

are o; + i1 + Qo + ip3, © = 1,...,n—3, and o, 2 + a,_1 + 2a,,. Since
n > 57 k—3 7é 4 and {7a¢+ai+1+ai+2+ai+3 N Ve, Yeitaip1+ospotaits AN, 1t =
Loy =3, Yan atom 14+20m N V05 Yo otan_142an /\ Yor} 18 @ basis of Lj 5 A Lj.

To make computations easier, write wy € LyALy_ @ L3AL;_o © LyALj_,
as w; = wf + wb + w§ where for some coefficients ¢;, d;, e;, f;, g; € R, it holds

n—1
a
wy = E Ci Vayitaia N5,
=1
n—2
w; = E dl Vo tair1+aie A ) + dn—l Yan—14+2an A Vp +
i=1
n—2
+ E €; 7ai+ai+1+ai+2 A ’yp/ + €n—1 Van71+20zn A ’yp/7
i=1
n—3
wl = E f’b 7&¢+O&i+1+ai+2+ai+3 A Yo + fn—2 /}/an,2+an71+2o¢n A Yo +
i=1
n—3
+ E 9i Vai+aip1+aipotaits A Yo + In—2 Vay_otan_1+2an A Yeor -
i=1

Notice that w§ € Li AL}, wb € LYAL; , and w§ € L;AL;_5. The differential
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of the basic elements of L3, Lj y L} are

d,yai+ai+1 = gz Ve, A Vevigrs

d7&i+ai+1+ai+2 = Szl’yai-&-oéiﬂ A Vovito + Szzfyai A VYeiz1taivas

dfyan_1+2an = Sn—1Yap_1+an A Yan s

d7a¢+ai+1+a¢+2+ai+3 = til Ve A VYevip1+oipataits + t? Yeai+ait A Yetipotaivs
_Hf? ’Yai+ai+1+ai+2 A fyai+37

Yo _a+an_1+20m = t711—2 Yan—z N\ Van—142an + t?z—2 Van-a+an—1+an N\ Van

where &;, sg y Sn—1, tf, are all non-zero.
The differential of w{ is by (23)

n—1 n—1 n—1

dw‘ll = Z Ci dryai“l‘az?l—l Nys — Z Ci Ya+aita A d’75 = Z Ci gz Ve A Vevita N Ys—
=1 =1 =1

n—1
D CiTarrais A (01%a5 Ao + 2 or Ay 40370 Aagras +7)
i=1

Then the component of dw{ in L; ALIAL} @& L _ALSALT®L; _ALSALY
1s
n—1 n—1

Z ci & Veai N Vazpr N Vs — Z bi ¢ Yaitaipr NVas NVp+ by ¢; Yaitairr N Yar NV (24)
i=1 i=1

since 7/ € A?Vj_y = A*(L;_,®---®L}) and Yo, 4a,4: A0 A Vas+as € LyALSAL}_.
In a similar way we compute the components of dw? and dw$ in L} | A

LINLY ® L o NL3ANLY® Lj_4 AN Ly A L7 which are:

- component of dw?:

i
[\

(dlszl F}/Oéi+04i+1 A ’}/oai+2 A ’yp + S@le Yo A 70&1'+1+a-;+2 A ’7/3)

=1

+dn—18n—l Yon_1+0m A ™ A Yo — dn—lyl Yan—14+2an A Y N Yor (25)
n—2
- Z (diyl Voitaip1taita A Ve A Yo + diV? Yai+aip1+aize A Ve A '79)
=1
n—2

_Van717an_1+2an A Yoy NYo + Z dzsll Ve +aii A Yeviga A Yo'
=1
n—2 n—2
+ Z diS? Vai N Vaypr+aips N Vo — Z dip Voitaipi+aiys N\ Yas N Vo
i=1 i=1
Fdp-15n-1 Yan_14an N Yan N Yo — Ay~ 1111 Yo 14+2am N Yas N\ Yor;

notice that, in fact, the elements of (25) belong to Ly s ALIALT @ L;_sANLSAL;.
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- component of dw{ :

n—3
Z fZ (tg 7011' A '7ai+1+ai+2+oc,-+3 + tzs/yai+ai+1+ai+2 A "7ai+3) A Yo
i=1
+fn_2(t717,—2,}/0¢n—2 /\ ,yan—1+206n + t72’b—2,yan—2+an—1+an /\ /Yan) /\ 79

n—3
+ Z Gi (tzl Ve A Yoig1+airotaits + t?’yai+oci+1+ai+2 A 7%43) A Yo

i=1

1 2

+9n—2(tn—2Van_o N Van_1420m T tn_9Van_stan_1+an N Yan) A Vo (26)

In this case, the elements of (26) are in L} 5 A L A Lj.

The component of —dw;y in Lj ALIALY & Ly JALSANLT® Ly _ANL5ALY
is obtained from Eqns. (24), (25) and (26) and, at the same time, it coincides with
the 3-form in (22).

The part in L} ; A L{ A L} of (22) and that of —dw; are equal, that is,

n n—1
D T Yy A A Yoy = D i Yo A Yaasy Ao
=1

=1

This imply r; = 0 for all 4 < i <n. Putting this in (22) and looking at the part
in Ly 5 ANL5A Ly of —dw, we obtain

3
Z Ni (@4 Vas+as+as N Vo T 05 Vay+astas N Vo) A Vo, =
=1
n—3
Z fz (tzl Ve A 7ai+1+ai+2+ai+3 + t?7a¢+ai+1+ai+2 A 7a¢+3) A Yo
=1
+fn72(t3l72,7an72 /\ f}/an71+2an + t721727@n72+an71+an /\ ryan) /\ /79
n—3
+ Z Gi (tzl Yo N Vaigr+aisataips T t?7@i+ai+1+ai+2 N 7%'+3) A Yer
=1
1 2
+gn—2(tn—2fyan72 /\ ’)/an71+204n + tn—Q,yan72+04nfl+Oén /\ ,yan) /\ fy@/ (27)
n—2
- Z (diyl '7ai+oci+1+ai+2 A Yo A Yo + diVZ /yai+a¢+1+ai+2 A Yau A 70)
=1
_dn—IVI Yan—1+2an A Yo A Yor — V2dn—1’7an,1+2an A Yau A Yo
n—2

+ Z d;piy Vaitoisi+aiys N\ Yag N\ Vor — 111 Yoy 1+2an N Yaz N Yor-
=1

Being careful and comparing term by term we deduce that ro = r3 = 0 and
fi=4d; =0 for all : > 2. Comparing one more time we reach r; = 0 and therefore
o = 0. As before, this implies E2%(n) = 0.

If g=50(7,C) or g =50(9,C) then the intermediate cohomology groups
E%2(n) were proved to be zero throughout a computational program. n
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Proof.  Part (4) of Lemma 4.3. The family of simple Lie algebras so(2n,C) is
defined for n > 4.

Let h be the Cartan subalgebra for which corresponds the following set of
positive roots AT ={e; £¢;: 1 <i < j<n}. Hence dimn =n(n — 1). The set
of simple roots is Ag = {a; :==€; — ey :i=1,...,n— 1,0, ' = €,_1 + €,} and
the maximal root a.y 1S €1 + e and can be obtained as qypax = o1 + 2 Z;:; a; +

Qp_1+a,. Then n is 2n — 3-step nilpotent. Define kK = 2n —3. As in the previous
case dim Lj_; = 1 and the root of level k—11is § = a1+oz2+z;:22 20+ 1+, .

If n > 6, then the proof of the previous case applies. Actually, the root
system corresponding to s0(2n,C) has two different roots of level k —2 which are
p=og+as+az+2> 0 0 a1+, and p=as+ > 0 5204 + oy + .

There are two roots of level three if n > 6 and in there is only one
in other case; this is why we add the hypothesis n > 6 to repeat the proof
made for the family so(2n + 1,C). In this case the roots of level k — 3 are
0 = a1 +astas+oy+2 ZZ;Q Qi+, 1+a, and 0 = ay+oas+2 Z?:_f ooy, 1oy, .

For these roots the same relations as for the last case hold:

Omax = 0 + g, Omax = p+ (e + a3) = p + (1 + ag)

Omax = 0+ (o +as + ) = 0"+ (a1 + s + a3).

Then Eq. (20) is valid, and so are Eqns. (22) and (23). The roots of level
two, three and four are

=2: a;+a,t=1,...,n—2and a,_o + .
(=3: o+ i1+ a0, t=1,...,n—2and a,,_3 + @, 2+ .
(=4: o+ Qi1+ ooz, t=1,....n—3 and a4 + a3 + o + Q.

Notice that the differentials of the elements of the basis of L3, Lj and Lj do
not coincide with those in the previous case. Nevertheless, they have the same
behavior. Proceeding in an analogous manner we obtain also in this case that
E%2(n) = 0.

For n = 4 and n = 5 we used a computational program to verify that
E%*(n) =0 in both cases. m

From the proof of the classification Theorem we can state the following:

Corollary 4.5.  For a nilpotent Lie algebra n as in Theorem 4.4 of dimension
greater or equal than 2 the followings conditions are equivalent:

1. any even dimensional trivial extension R® & n is symplectic,
2' E&?(“) 7£ 07

3. g=sl(3,C) or g=s0(5C).
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