SCHRODINGER TYPE SINGULAR INTEGRALS: WEIGHTED
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ABSTRACT. A critical radius function p assigns to each z € R? a positive
number in a way that its variation at different points is somehow controlled by
a power of the distance between them. This kind of function appears naturally
in the harmonic analysis related to a Schrodinger operator —A + V with V' a
non-negative potential satisfying some specific reverse Holder condition. For
a family of singular integrals associated to such critical radius function, we
prove boundedness results in the extreme case p = 1. On one side we obtain
weighted weak (1,1) results for a class of weights larger than Muckenhoupt
class Aj. On the other side, for the same weights, we prove continuity from
appropriate weighted Hardy spaces into weighted L!. To achieve the latter
result we define weighted Hardy spaces by means of a p-localized maximal heat
operator. We obtain a suitable atomic decomposition and a characterization
via p-localized Riesz Transforms for these spaces. For the case of p derived from
a Schrodinger operator, we obtain new estimates for of many of the operators
appearing in [I6].

1. INTRODUCTION

Let us consider the Schrédinger operator £ = —A +V in R?, d > 3, where V is
a non-negative locally integrable function satisfying a reverse Holder condition for
q>d/2,

(1) (|;| / V(y)Qdy)l/q<|,f| | v

for every ball B C R?. It is well known that if in addition V is not identically zero,
the function

1
(2) p(z) =supqr>0: 7"d_2/B(zr)V§l , rcRY

is non-zero and finite and for some constants c,,ky > 1, the following property
holds
—ko

_ko
- z—y |z = [\ For
3 clpx<1+|) < ply Scpz(lJr)
for all 2,y € R?, (see Lemma 1.4 in [16]).
Since the pioneering work of Shen (see [I6]) many authors deal with the harmonic
analysis associated to Schrodinger operators under the above assumptions (see for
example [3], ], [9], [10], [12], [I7)).
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From now on, we shall call a critical radius function any continuous function
p: R%— (0,00) satisfying . Let us point out that even the left inequality may
be deduced from the other, we choose to write it in this way for future references.

Associated to such function p, we introduce in Section |2| two classes of opera-
tors, S§ and S”, different singular integrals appearing in the Schrodinger setting
(see [16]).

The first class S consists of operators associated to kernels satisfying some
special size and smoothness point-wise conditions. In particular, they are classical
Calderén-Zygmund kernels with an extra decay at infinity related to the function
P

Examples of this kind of operators are Schrodinger Riesz transforms V(—A +
V)_l/ 2 provided V satisfies a reverse-Holder condition ([I)) for some ¢ > d. However,
when is satisfied only for ¢ such that d/2 < g < d, those Riesz transforms fail to
be Calderén-Zygmund. In fact, they are bounded on L? only for p in a finite interval.
Anyway, their kernels still satisfy some integral size and smoothness conditions.

To cover such case and that of other operators associated to the Schrodinger
semi-group, we also deal with the family S (see Section [2| for the definition).

Let us mention that weighted LP estimates for both kind of operators and p > 1
can be derived from the results obtained in [2] (see Proposition [7| below)

In this work we concentrate our attention on weighted inequalities for both classes
of operators at the extreme case p = 1. In this sense, in Section 2] we analyze weak
type (1, 1) weighted inequalities for classes of weights larger than Muckenhoupt class
Aq. Then we turn into the study of boundedness on appropriate weighted Hardy
spaces. To this end we introduce in Section [3| weighted Hardy spaces associated
to p defined in terms of p-localized maximal operator associated to the usual heat
kernel. For the Schrodinger case we identify such spaces with those given in terms
of the maximal operator of the semi-group as defined in [9] in the unweighted case
and in [I7] for A; Muckenhoupt weights.

As in those papers, we obtain in Section [4 an atomic decomposition of the
spaces and we also give a characterization in terms of p-localized classical Riesz
transforms. With these tools at hand we obtain in Section [5l boundedness results
for the p-singular integrals over these weighted Hardy spaces.

Finally, we apply all our results to the Schrédinger setting, obtaining continuity
properties for p = 1 of many of the operators appearing in [I6]. We also derived
the corresponding characterization of the Schrodinger-Hardy spaces in terms of
Schrodinger Riesz transforms, extending the results in [9] and [I7] to a wider class
of weights.

Let us introduce the classes of weights we are going to deal with. We recall that
a weight is in the A, class of Muckenhoupt, 1 < p < oo, if the inequality

o () ()

holds for any ball B C R,
For case p = 1, a weight w is in the Muckenhoupt A; class, if the inequality

(5) / w < C|B| inf w
B zeB

holds for any ball B C R%,
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Given a critical radius function p we shall consider two families of weights. We
introduce the Ag’loc class of weights as those w satisfying or for p-local balls,
that is, B = B(z,r) with r < p(z). Also, given § > 0 and 1 < p < co we will say
that w € Ag’e if the inequality

o () () o)

holds for all balls B = B(z, ).
For p = 1 we define A‘l”g as the set of weights w such that

6
r
7 /wg C|B (1—0—) inf w.
(7) ; Bl o))
holds for all balls B = B(x,r).

Remark 1. It is not difficult to see that in it is equivalent to consider cubes
instead of balls, due to .

We denote Af = U9>0A§’9, for 1 < p < oo. It is clear that A, C Af C Az*loc
and it is easy to check that for p = 1, the inclusions are strict. In fact the weight
wy(z) = (1+ |z|)” belong to Af for any v > d(p — 1) but they do not lie in A,. On
the other hand, w(x) = e**, for any k = 1,...,d, are weights in Agvloc but not in
Af. Also, observe that in the limiting case V' = 0, the above classes coincide.

Classes Af are intimately connected with the family of maximal operators Mpa
defined by

—6
0 _ r 1
(8) My f(w) = sup (1 * p<x>> B i I

for any ¢ > 0. In fact, for 1 < p < oo they are bounded on LP(w), provided w € A
(see Proposition 3 in [I]).

There are some useful facts about weights in these classes that we shall use in
the sequel.

Proposition 1. (see [3]) If w € A'°° then for any 8 > 1, w € AJP'°C.
With this in mind, it is easy to get the following property for these weights.

Proposition 2. Let w € A’f’loc and By = B(zo, p(x0)) for a fived xo € R%. Then
there exists a weight v € Ay such that v|g, = w|p, and moreover the constant of v
in Ay depends only on the constant of w in AL,

Proof. We use the fact that if a weight satisfies inequality for all balls contained
in By, it is possible to find such extension of w (see [3]). To check that w|p, satisfies
such property, let B = B(z,7) C By. By (3) it holds that c1p(zo) < p(x) < cap(z0)
and therefore if r < p(zg) we have r < p(z)/c; and by the above property w €
A’f/ eulo¢ then inequality is true for the ball B. O

Remark 2. Since by Proposition w e AP implies w € Afp’loc, we may also find
an Aj-extension of w|gp, for any fixed 8 > 1 according to Proposition

The next proposition is a consequence of Lemma 5 in [3] which resembles a
reverse Holder property.
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Proposition 3. If w € A7, 1 < p < oo, then there exist positive constants 6, n
and C such that

(o)™ <o ) (3)

for every ball B = B(x,r). Moreover, if w € A’f’e then n depends only on 6 and the
constants appearing in .

Also, as in the Muckenhoupt case we have the following (see [4]).
Proposition 4. Ifw € Af, 1 <p < oo, then there exists € > 0 such that w € AZ—e'

Another property of weights in A} that resembles A; is presented in the following
result (see []).

Proposition 5. If w € A, then there exists v > 1 such that w” € Af.

Finally, let us recall a very useful tool to work with critical radius functions.
For a proof we refer to [9]. Even though the proof is given for p in the context of
Schrédinger operators, the only property used is inequality .

Proposition 6. There erists a sequence of points xj, j > 1, in R%, so that the
family Q; = B(zj,p(z;)), j > 1, satisfies

i) U;Q; = RY.

it) For every k > 1 there exist constants C' and Ny such that, Zj Xe@; < CrMN.

2. WEAK TYPE (1,1) OF SINGULAR INTEGRALS OF p-TYPE

In [2] some special kind of singular integrals have been considered in a way that
when p comes from a Schrodinger operator, several Riesz transforms associated to
L fall under that scope. Moreover weighted strong inequalities can be derived from
the results therein.

In this section we introduce appropriate classes of singular integrals related to
critical radius function p and prove weighted weak type (1, 1) inequalities for a wide
class of weights.

First we deal with the class Sf consisting of singular integrals T' given by a kernel
K(z,y) satisfying
(a) T is bounded on L? for any p > po, for some py > 1.

(b) For each N > 0, there exists Cy > 0 such that

K (z,y)| < Cn L <1+|$_y>N
T T =yl p(y)

(¢) There exists 0 < A < 1 such that for each M >0

|y—yo|A |z — yo M
K(x,y) — K(z,y0)| < C 1+ )
[K(z,v) = Kl o)l Mz = yold+> p(yo)

|z—yol

for every z,y € R, provided |y — yo| < 521

Remark 3. Let us observe that from inequality it is easy to get that

& — y| jz —y [\
©) bt p(x) = <1+ p(y) ) ’
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for any @,y € R% In particular, condition (b)) is equivalent to ask the same in-
equality but with p(y) replaced by p(x).

Operators in the class S appear in the Schrodinger context when the potential V'
satisfies a reverse Holder inequality of order ¢ > d. Nevertheless, when d/2 < ¢ < d,
even Riesz transforms are not in SJ. For example, they are bounded on L only
for a limited rage of p.

To deal with those cases we introduce the class S” as the operators T associated
to a kernel K satisfying for some s > 1, the following properties.

(a’) T is bounded on LP, 1 < p < s.
(b’) For each N > 0 there exists Cy > 0 such that

1/s , R —N
</ |K(x,y)|sdx) < ONyR™Ys (1 + > ,
R<|z—z0|<2R p(xo)

for every y € B(xg,r) and R > 2r.
(¢’) For every 6 > 0, there exists Cy such that

1/s

, 9k \’
St (14 ZE) ([ K - Kaati) <0,
2k 1 2k

k1 P(xo)

for every ball B = B(zg,r) with 7 < p(z¢) and every y € B.

Using results from [I] and [2] we have the following proposition concerning strong
weighted inequalities for operators in S and S*.

Proposition 7. (i) If T € 8§ then T is bounded on L?(w) with 1 < p < oo and
any w € Ap.

(i) If T € S, then T is bounded on LP(w) with 1 < p < s and any weight w,

1

—p=1 P

w1 € Ap,/s,.

Proof. We start with the proof of since it is more delicate. Let us fix p, with 1 <

p < s and W T € AZ//S" From Proposition 4| there exists s; with p < s1 < s such

that w™ 71 € AZ,/S, . Besides, assumptions Qﬁj and ’ also hold for s; instead of

1

s. Therefore, the adjoint operator T™* satisfies the hypothesis of Theorem 5 of [2]
with s = s;. Consequently,

(10) [ i@l < ¢ [0 st

for any 6 > 0 and every v € A%l¢ = U,IZlAg’lOC.

By Proposition 3 in [I] the operator M/(is’l is bounded in L%(v) for v € As/s,l
with ¢ > s}. Inequality and a duality argument imply that 7" is bounded on
L1(v), 1 < ¢ < 81, forv a1 € AZ’/SQ’ particularly on LP (w).

The proof of (fi) is easier using Theorem 6 in [2] instead of Theorem 5.

O

In order to get weighted weak type (1,1) inequalities for operators in S and S”
we use an adapted version of Calderén-Zygmund decomposition lemma.
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Lemma 1. (See [4) For any 0 > 0 there exists an at most countable family of
cubes {P;}, P; = P(x;,7;) such that for all A >0

where kg is the constant appearing in . Moreover,

(12) If(x)] <A, ae x¢&U;P;.
Now we are in position to state and prove the main result of this section.

Theorem 1. (i) IfT € 8§ and w € AY, then T is of weak type (1,1) with respect
to w.
(i) If T € S” and w* € A, then T is of weak type (1,1) with respect to w.

Proof. We use an argument close to the proof of Theorem 3 in [4]. We start showing
statement (). If w satisfies that w® € Af, then w® € A’ for some > 0. In
this case it is also true that w € A?? with 6 = /5.
Given f € L'(w), let us consider P; = P(z;,7;) the Calderén-Zygmund decom-
position given in Lemma [] associated to 6. We define the set of indexes
Jo=Ai: ry<play)}, Ja={i: ry>ply)},
and
Ql = Uj€J1Pj’ QQ = UjEJQPj'
Now we split f =g+ h+ I/, as
ﬁfpj f, if x GP]‘, jE Jl,
g(w)z 0, if.’tGPj, j€J2,
f(z), if x ¢ Q,
with Q) = Ql U QQ,

J
0, otherwise,

hz) = {f(x)— A fp £ iz e Py je

and therefore h'(x) = xq, f. ) )
Let Pj = Pj(l’j,Q\/ﬁTj) and Q = Uij. NOW,
(13) w({z: [Tfl(x) > A} < w(@) +w({z ¢ Q: |Tfl() > A}
The first term of the last expression, can be controlled using and the fact
that w € A?? (sce Remark , as
= -0
- - 1 P .
w@®) < Yuip) £ ;55 (e 25) [
' A& | P p(x;) P;
(14) J J

1 1
=N inf < - .
A%— l};jw/lef < A/Rdlflw

For the second term of (13)), we estimate I = w({z : |Tg(z)| > A}), II =
w{z ¢ Q: |Th(z)] > \}) and ITT = w({z ¢ Q: |Th'(x)| > A}).

To deal with T first notice that, from Lemma [1] it follows that |g] < A. Now,
from w® € A} we get w®” € A? for some v > 1 (sce Proposition

A

and taking p
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such that p(1 —s') + s = L it is easy to check that wTET € AZ,/S, with 1 <p <s.
Then from Proposition [ (item (i) it follows that 7" is bounded on L?(w).
Therefore,

(15)

wiles o) > M) 5 5 [ low 55 (2 [ [ st

jGJ
Since w € Af and for j € Ji, r; < p(x;) we have wgf") < infp, w, and hence the
- .

last expression in can be easily bounded by % fR; |f|w
In order to deal with I1 we apply Tchebysheff’s inequality to get

1< 1/ Th(x)|w(z) de < ~ /
/\ (Q)c Q)p

3 ( T, e - K(x,xj>|h<y>|dy)w<x> "
by Z / 1h(y) </ ) |K(z,y) — K(z,2;)|w(x) dx)dy7

JE€EJ1

/ny dy‘()dx

—
—
D

=

IN

| /\

where we used that h has zero average on P;, j € Ji.

The inner integrals may be estimated splitting into square annuli and applying
Holder’s inequality with exponent s. In this way, setting Pf = P(z;,28/nr;) we
have

(17)
/ K () - K@ z)w() de
(Pj)e

k>1

oky. 0 1/s
<1nfw d/s < J ) (/ |K(x,y)K(z,xl)|Sd9:) ,
Pj Z p(;) P\ PF ’

k>1

since w® € A # and 0 = B/s’. In the last expression we may apply Hérmander’s
type condition " since P]“Jr1 \Pk C BkJr2 \ Bjk, where Bjk B(zj,2%/nr;), to

obtain
1
SO IR Oy MUTEE Y I
JGJ R4

VISDA
Finally, we take care of ITI which involves h' = fxq, . Proceeding as for II,
(18) Ir< — Z / |h (y (/ |K(x,y)|w(z) dm)dy.
JEJ Pj)e

Now, for each j € J, we bound the inner integral splitting into square annuli
and applying Holder’s inequality as in . Then from condition (]Er) and the fact
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k+1 k k+2 k .
that P\ Py’ C B;7" \ B we obtain

1/s 1/s’
g (/k+1 |K(m,y)|sd$) (/k lw(m)s dx)
> PFHI\ Pk PFt

E>1

2k, \ TN/ 1 1
< 1+ J ) ( w(z S,dm)
> (145 P Jpen )

k>1

2 T7 N s’
< ]I]f E +

J k>1 p(m])

(19)

/- |K (2, y)|w(z) dz <
(Pj)e

< infw,
P;

with a choice of N large enough.
Therefore, the right hand side of can be bounded by a constant times

s e [ s 33 [ e s [ e

]EJ j€J2

Now, let us see the statement . Let w € AY, more precisely w € A’f’g, for some
0 > 0. Proceeding as for , we obtain from and the inequality

w(fe: TA@) > A} < w(@ + w(fe ¢ 0 IT7)@) > \)
< 5 [ Ml + e g0 176 > )

As before it is enough to estimate IV = w({z: |Tg(zx)| > A}),V = w({z ¢
Q: |Th(z)| > A}) and VI = w({z ¢ Q: |Th'(z)| > \}).

To deal with IV we observe that holds since Af C Ap.

To estimate V as for we get

(20) V<72/\h (

JjeJ1

>/ - K (o) o) )y,

k>1

Since for each k > 1, z € PF+! \ Pf and y € P; it follows |y — z;| < % and
then, according to condition we obtain for some 0 < § < 1 and M > 0,

BT, e \M
K (2, y) = K(z,2)] < Omr — <1+|$ %')
j
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From (21)), and the fact that w € AP

Z /Pk+1\Pk K (2,y) = K(z, z;)w(x)dz

E>1
2k, \ M1
< 9ke <1 + J > w(z)dx
2 @) TP fpes

2k7" —M-+6
< sz5<1 + = ) inf w
= p(z;) Pk

s ri, —M+6
< inf o7k 14 =L }
TN (EY )

If we choose M > 6 the last sum is finite.
Therefore, we can estimate the inner integral of to get

1 1 1
< =N inf < = < - _
ves e [ s 33 [ s 5 [ e
jeJ1 J VIO J
Finally, VI is estimated in the same way as 111, observing that for each y € P;
we have p(y) ~ p(z;). Hence, from condition (b)) we obtain for j € Jo

o e <en ([ (i E5) o)

k>1 j

< Z <1 + 2t )N <1 w(z) dac)
s o) P Jpee |

k>1

ri, —N+6
< inf 1+ J
Nng( mm)

’ E>1

< inf w,
Pj

choosing N > 6.
O

3. WEIGHTED HARDY SPACES ASSOCIATED TO p
Given a function p we introduce the following two maximal operators

W f(x) = sup : Wef ()]

0<t<p?(x

and
WiO0f(x) = sup W\ f(x)|
0<t<p?(x)

where W; is the classical heat kernel

1 _lz—y|?
1

Wi(x,y) = W‘f

and W/}°¢ is the integral operator associated to the kernel

thoc(x’ y) =W, (:L'v y)XB(ac,p(x))(y)'
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When p comes from a Schréodinger operator £ = —A + V with V € RH, for
q > d/2, we shall also consider two other maximal operators, namely

T*f(x) = sup T f(x)|
t>0

and
T*0 f(x) = sup |T}°° f(z)]
t>0

where T} is the semi-group operator with infinitesimal generator £. It is known
that T} is an integral operator with a kernel that, by abuse of notation, we denote
T:(x,y). Moreover, since V is non-negative, we have 0 < Ty(z,y) < Wi(x,y) (see
[9]). Analogously, T}°¢ is the integral operator against the kernel

Ttloc(xa y) =T (1‘7 y)XB(a:,p(a:))(y)

In what follows our aim is to prove that any of these maximal operators applied
to a certain function f are bounded below by |f|. To this end we want to check
that, for appropriate weights w, they are the maximal operators associated to some
approximations of the identity in L!(w), in the a.e. sense.

First we shall see that W as well as T are controlled by any maximal function
of the type

—0
0 - r 1
””“”‘f%(l+mw> B i I

with 6 > 0, while the local operators W,;"O and T%° are bounded by

1
MpP°f(z) = sup —— | fI-
r 0<r<p(z) ‘B(.’L‘,T” B(z,r)

In fact the following proposition holds

Proposition 8. Let f € L{ .. Then, there exist constants Cp and C such that

a) Wy(|f]) < CoMpf and T*(|f|) < CoMy [, for any 6 > 0.
b) Wyl(If]) < CMpef and T*O(| f]) < CMef.

Proof. For the first inequality in @ we write for some N > d+ 1, and By =

B(z, 2k\/1)

W/ (a /tmxyu y)| dy

1

d/2 Z/BkJrl\Bk (

k>0

|x—y0‘N
+C’—/ (1—1— fy)| dy.
il . NG 1f ()

) Dl dy

) W) dy
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The first term is bounded by a constant times

1 1
ZWW/B,CH |f(y)] dy

k>0
14 2k)—N+d+1

< CZQ_k (|Bk+1|/B |f(y)] dy.

k>0

Now if t < p(x)? we have 2(1 +2F) > 1 + 2?(;;/{ and hence the last expression is
bounded by M;V*d’lf(a:). Taking N large enough we can reach any 6 > 0.

To deal with second term observe that if + < p(x)? we have 27¢ < (1 + pi)_a
for any 6 > 0. Therefore

42 I pe,vi) Vi e

1
< td/z/B(m,\/E) |f(y)| dy
Vi )‘9 1
C d
= <1+ o@) Bl Jaen T Y
< CM{f(x).

Next observe that the first inequality in @ follows with the same steps but now
the sum is extended up to ko — 1 with kg = max{k : 281/t < p(x)} and also appears
the term

1

-N
z —y|
C—5 / (1 4! ) f)l dy
12 ) Ba o))\ B.2%0 V) Vi )
Thus, having in mind that (1 + 2F)=V+d+1 < 1 and 2%/t ~ p(x) we obtain
ko

W f](x) < 2-kf F@)] dy + 270 f FW)] dy,
k=0 B(z,28V/1) B(z,p(x))

and the inequality follows since the radius of the balls are at most p(z). Notice
that we do not use t < p(z)? here.

As for the second inequality in @ the fact that 0 < Ty(z,y) < Wi(z,y) and the
remark above give

(22) 70| f|(x) = sup T/l () < sup WoC| fl(x) < MY“f ().

Finally the remaining inequality follows from (20) in [3] which gives for any
N >0,

(T, = T29) | fl(1) < —— 3" 274 / 1

p(z)? k>0 B(x,2%p(x))

1 N—d—-1 1
<C 2’“( > e e | f]
g 1+ 2k |B(x,25p(2))] J B(a,2% p(a))

< CMY~ f(a).

’;his(,) together with , gives the desired estimate since MLOC < 20]\/[2 for any
> 0.
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d

It is known that M})OC is of weak type (1,1) with respect to the weight w if and
only if, w € A2'°° (see [3], Theorem 1).

As we mentioned before, in [I], LP-weighted inequalities were studied for the
operator Mg whenever 1 < p < co. Following the ideas developed there, it is not
hard to see the behavior of Mg for p = 1.

Proposition 9. Given a weight w € A, the maximal function Mp‘g s of weak type
(1,1) with respect to w, for 8 large enough.

Proof. Assume w € AJ for some ¢ > 0. Let Qr = B(xg,p(x)), & > 1, be a
covering of R? as in Proposition @ Following the proof of Proposition 3 in [I], we
can write

MY f(z) < MY f(z) + MJ?f(x),
where

—0
Mg = s (14-05) il

r>p(x) ({,E 1‘,7‘)| B(z,r)
Since M)°¢ is of weak type (1,1) for w € AP and AP c A?'°°| it is enough to
bound M§’2f.
As in [1], for z € Qy, setting @7, = 27Qx, we have

o1 2-9(0—0)
MO2f(a) <sup2 0 L [ s AT / flw
¢ el e Z (@) Jos

1 . A
< —j(6—0) - k
~ w(Qk) ;2 /Q;c [ w(Qr)

where in the second inequality we use w € Af. Then

w({z eRY: MJ2f(x) > A}) <> w{z € Qi Ar/w(Qr) > A})

k>1

1§ o-it0-0) /
<3 2770y Qilflw

i>1 k>1

1 -
SA/W'“’<22 " N)>'

Jj=1

and the proposition follows taking 6 > o + Vy.
O

Remark 4. The operators W and T™ are of weak type (1,1) with respect to Af-
weights. The same holds for W** and T*° with respect to Af 1o¢_weights. The truth
of these statements can be seen as a consequence of Proposition 8 and Proposition[J]
and the weak type (1,1) of M}°¢ for weights in AP1°¢ (see [3], Theorem 1). In
particular, the first two operators applied to functions in L' (w), w € Af, are finite
almost everywhere and the same is valid for the other two for functions in L!(w),
w e Afl),loc.

Lemma 2. If f € Cy, the continuous functions of compact support, then W, f, T, f,
Weef and T}°°f converge point-wisely to f when t goes to zero.
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Proof. The statement is well known for the heat semi-group. For the remaining
cases we shall prove that their differences with Wy go to zero. In fact

Km—%ﬂﬁMs/ W, ()| ()] dy

lz—y|>p(z)

<Clfl [ e da.
|z|>p(z) /2t

Since p(x) > 0 for all x, the last integral goes to zero with ¢.
Also from the estimate given in [10] (see Proposition 2.16) for t < p(x)?

where g is a positive Schwartz function and € > 0, we obtain the result for T} f.
Finally we observe that

(Te = T;°) f ()] < (We = W)\ f ()

which follows from the point-wise estimate T3(x,y) < Wi(x,y) between the kernels.
Now proceeding as above in the proof is finished.

(23)

O
With these observations we may prove the next result.

Proposition 10. The following inequalities hold a.e.

i) |fI SWif and |f| <T*f for f € L'(w) and w € Af.

i) |f| SWOF and |f| < TOf for f € LY (w) and w € AP
Proof. As a consequence of Remark [4] the previous lemma and the density of Cy
in L' (w), by standard arguments, we obtain the a.e. convergence to f of W, f, T} f,
W/ee and T}°¢ for f as stated. Using that the limit is bounded by the supremum
and that p(z) > 0 we get [f) and [id)).

O

For any given p satisfying and a weight w, we may define the Hardy spaces
H;(w) = {f € L' (w): W, fllzw) < oo},
and
Hpyo(w) = {f € L'(w) : [W;°fll 11 (w) < 00},
If w € A7, by Proposition [10] the quantity W) fllLt (w) becomes a norm and the

1 .
same occurs when w € A7 for [W° f|| 1 (). Therefore, in such cases we set

Iy oy = WS fllrw)  and ([fllm2 ) = W0 £l 11 () -
Moreover we have [ fllz1w) < [Iflla2w) and [fllzrw) < [flla1 ) for w € AY

and w € Af’loc respectively.
When p is associated to some £ = —A + V (through (2)) we may also define

Hp(w) = {f € L'(w) : [|T* fll 11 (w) < 0},
and
Hp o(w) = {f € L'(w) : IT*°f|l 11wy < 00},
with norms given by

Il = 1T fllerw)  and 1fllmy ) = 1T £l L1 ()
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Analogous considerations hold for these spaces

Ifllerwy < 111wy, for we AY,
and
Hf”Ll(w) < ”fHHzl:o(w)’ for we A;I),loc.

Let us remark that the spaces H}(w) with w = 1 was introduced by Dziubariski
and Zienkiewicz in [9] as the natural Hardy spaces in the Schrodinger context and
also this definition appears in [I7] for w € A;.

Our first result deals with some relationships among these spaces. We point out
that the first statement of item [b)) of next theorem was obtained in [I0] for the
unweighted case, although with a different proof.

Theorem 2. Given p and a weight w, we have

a) H)(w) = H} o(w) for we A} with equivalent norms.
b) When p comes from a Schridinger operator, H)(w) = Hp(w) for w € A7 and

H)o(w) = Hf o(w) forw e AP with equivalent norms in both cases.

In particular, the four spaces coincide when p comes from L and w € Af.

Proof. In view of Proposition [L0]it will be enough to show

i) [Wr—=WyO0 <8,
i) [T* —T*°| < 8,
iii) [Wr0 —T%0 < Sy,

with S; bounded on L*(w) for weights w € Af{, and Sy bounded on L!(w) for
w e APC,

Let Qr = B(xk,p(xr)), k > 1, be a covering of R? as in Proposition |§| and
we A7,

For [i) we observe that given N > d,

_lz—y|?
e Tt
;- WO p@) < swp [ o f()ldy
o t<p2(0) Jjo—yl>p(e) Y2
< sup t(N—d)/2/ |f(y)|N dy
t<p2(2) jo—yl>p(z) [T =Yl
< (N—d) |f ()]
S p(z) / T dy
; |lz—y|~27p(x) |Z‘ - y‘N
9—J(N—d)
S e |f(y)] dy
sz% |B($7 2jp(x)) B(z,2ip(x))
=51 f(x)

_ From () it is easy to check that there exists a fixed dilation such that B(x, p(x)) C
Qr = CQy, for any = € Qy, just taking C = ¢,2F + 1. Since pr = p(z) ~ p(z),
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using that w € A7,

9—Ji(N—d)
/ Slfw<z (Qr) ch/w@k,'ﬂ

E>0 >0
_ w(2 Q)

S S g [

R0 e

L oy BT

7>0 k>0

/ |l 22 J(N—d—c—Ny)

7>0

The estimate is achieved taking N large enough.
As for [il), we use estimate (20) in [3] obtaining, for any N > d,

(@ =T )@ S o) 2N [ i) dy <5 f(@).
§>1 21 B(z,p(x))
Finally to check , let w € A?'°° and observe that

(W0 = T0) f ()| < sup |(Wy*° = T1°) f(w)| +  sup |(Wy*°f(2)]
(24) t>0 t>p(x)?
= So1f(x) + Saaf(x).

For the first term we use the estimate (see (3.2) in [9])

Wi(.y) — Ty(w.)] < C (p(‘f')

when |z —y| < p(z). )
As before if z € Qy, then B(x, p(x)) C Qr = CQy, and py ~ p(z). Therefore,

So1f(x) < Cp;?[ i(;)d'_edy

o |

1
|z —yl|d’

and thus
e w(z) >
[ Sa1st@ ot ar < i [klf(y)|</q) i) dy

Since y € Qy, the ball Qx € B = B(y, Mp(y)) with M = cp(C + 1)kot1 and
p(y) =~ pg, the inner integral is estimated by

w(x) 2-Je
d
/; ‘x_y|d e pkz |2 JB| ~w($) X

2B

<C 277 inf w
Pk];J i
< Cprw(y),

where in the second inequality we use that A%'°¢ = AM#Aloc,

Therefore,
/ SQ,lfU)SC/ |f| w
k Qk
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for some constant C' that depends only on the constants of . By the finite
overlapping property of the covering, the sum in k gives

/ 52,1waC/ | f] w.
R R

For the second term in we have

1
p W@ < s [y
z,p(x

t>p(a)? t>p(x)?

1
d
S o 10

thus, with the same notation as above,

[ st ar <S> [ in ([ i) ay)ut)

<

E>1
<C w@"') d
< Z - /Qkf(y)ly

<Cy inf w(x)/ | f(y)|dy

k>0 TEQk Q

< Cz/@ [F()lw(y) dy

k>0

<c [ 1)) d

4. ATOMIC DECOMPOSITION

In this section we are going to obtain two characterizations for the weighted
Hardy spaces just introduced: one in terms of (p, w)-atoms and the other by means
of p-localized Riesz transforms. Both results will be carried out in the context of
the space H, o(w), with w € AP1°¢ defined in the previous section in terms of the
classical p-localized heat semi-group. In view of Theorem [2] we shall obtain the
corresponding characterizations for the other spaces. In particular when p comes
from a Schrédinger operator we get a generalization of the atomic decomposition
given in [9] and [I7]. As for the Riesz Transforms characterization we do not recover
that given in [9] and [I7] since it involves Schrédinger Riesz Transforms which can
not be expressed in terms of p. Nevertheless, we shall go back to this issue later on
(see Theorem [5| below).

In order to obtain the atomic decomposition of H ;’O(w) we shall proceed as in
[0] and [I7], starting from the one presented in [6] by Bui for local Hardy spaces
with weights in A;. Recall that those spaces were defined as

hl(w) = {f e L' (w): sup |Wif|(z) € Ll(w)},
0<t<1
a particular case of H)(w) with p = 1. Moreover, defining for R > 0,

Wa(w) = {f € L'(w) s sup [Wfl(w) € L} ()
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and applying Theorem 2] we get
1 lns ) = IW, Fllzr ey = W5 Fll £ )

for p= R and w € A;.
Given R > 0 and a weight w, following [6], we define an h}-atom as a function
a satisfying that there exists zg and r such that suppa C B(zg,r), and

i) flalloe < ol
i) [pa=0,ifr<Z.

Theorem 3 (Theorem 5.2 in [6]). Let w € Ay. A function f belongs to hk(w) if
and only if there exists a sequence of hk~atoms {a;} and numbers {\;} such that

[ = Z A,
in the sense of L'(w) and >, |\;| < co. Further,
[ £lln1, () = inf { Z Ni|: f= Z)\iai, for a; hi-atom }

Remark 5. In [9] and [I7] it also appears the following property of that decompo-
sition: if f € hk(w) is such that supp f C B(z,r) with r > R, then the atoms may
be chosen with supports contained in B(z, Cor) for a constant Cj independent of
fandr.

The proof of Theorem [3| appears in [6] for R = 1. With respect to Remark
although it was cited in [J] as proved in [6] we were not able to found that result
there. In fact Bui obtains the atomic decomposition as a consequence of an analog
result for H!(w), the classical weighted Hardy space and the following equivalence:
f € hi(w) if and only if f —+* f € H'(w), where 9 belongs to the Schwartz class,
[ =1 and with null moments of higher order.

It is worth noting that an arbitrary atomic decomposition of a compactly sup-
ported f € h}(w) may not share the property in Remark Also, the decomposition
constructed in [6] for functions in H'(w) with compact support does not seem to
enjoy that property either. To our believe a suitable atomic decomposition should
be provided. To this end a crucial step is building the atoms with supports in the
level sets of a smaller grand maximal function that involves convolutions only with
compactly supported functions .

That such grand maximal function characterizes the space h!(w) follows from
the next observation.

Proposition 11. Let w € A;. Then f € hi(w), if and only if, Myf(x) =
SUP; o1 e [Ur * f(2)] € L' (w), where A is a subclass of By.

Here, B; is the class given in [6] and the proof of the proposition is a direct
consequence of Corollary 1 there.

Then for a fixed constant ¢, we may choose 2 = {¢ € By : suppy C B(0,¢)}.
It turns out that a construction of atoms can be carried out with a similar pattern
to that given in [6] for H!(w) but with some variants adapted to the local nature
of the spaces, and as long as c is taken large enough.

Nevertheless, ¢ is a constant that depends only on the dimension. In this con-
struction atoms are built supported on cubes contained in Qg = {x : Mgy f(x) >
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0}. The advantage is that when f is supported in B(zg,r), with » > 1, then
Qo C B(zg,r +¢) C B(zg, (1 + ¢)r). Calling Cy = 1+ ¢, Remark 5| follows for
R=1.

Let us point out here that in [I8] (in a more general setting) the author introduces
weighted local Hardy spaces by means of a grand maximal function involving also
convolutions with functions 1 of compact support. He also obtains an atomic
decomposition proceeding very much in the spirit we just outlined.

For R # 1, the problem can be reduced to R = 1 by means of the following
observation.

Remark 6. A function f € hj(w) if and only if f(R-) belongs to hi(w;,r), where,
as usual, wy /g (z) = w(Rx)/R?. Moreover, the mapping f + f(R-) is an isometry.
Also, we point out that w;,p belongs to A; if and only if w € A; and with the

same constant. This allows to show that the equivalence between the atomic and

maximal norms given in Theorem [3| can be written with constants independent of
R.

In what follows we will denote by 7 the constant
7 =7(p,d) = 2¢,Co(1 + 2Co)*

where Cj is the constant of Remark ¢, and kg are the constants of p given in .
With this notation we may introduce the notion of (p,w)-atoms.
Definition 1. An integrable function a is said to be a (p,w)-atom if it satisfies:

(i) There exists a ball B(xzo,r) with r < yp(xo) such that suppa C B(xg,T).

(it) llalloo < Frmemy-
(ii) [za @ =0 whenever r <~ 'p(xq).

1Now we are ready to state and prove the following characterization of the space
Hj, (w).

Theorem 4. Let p be a function satisfying and w € AP'°°. Then a function
f € H)o(w) if and only if there exist a sequence of (p,w)-atoms {a;} and scalars

{\:i} such that
f= Z i,
in the sense of L'(w). Further,

2 () = inf { Z Nl : f = Z Aiai, a; (p, w)—atom}

Proof. First we show that for any decomposition of f we have || f[| g1 w) < 22 [Ail-
P,

By standard arguments it is enough to show that for any (p,w)-atom a we have
a€ H ;70(10) and moreover there is a fixed constant C' such that

lallmz ) < C-

So let a and By = B(xg,7) as in Deﬁnition that is, suppa C B(xg,r), r <
vp(xo). We shall evaluate the norms ||[W;al|L1x5,.w) and [|[WCallLi(asy)e w);
for some A > 1 to be chosen later.

Clearly, since Wy > 0 and [|Wy(z,-)||pr =1, W% < |lal|s and then

’w(/\Bo)

*,0
||Wp a”Ll(ABo,w) < m < C,
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where C' depends on A, v and the A?'°° constant of w (see Proposition .
To estimate |[W%al| 11 ((xBy)e,w), let us remind that

/ Wi (z, y)a(y)dy|
B(x,p(2))NBo

Therefore, W%a(x) > 0 implies |z — 20| < 7+ p(z) < (v + (2+7)*c,)p(z0) =
Ap(xg). Hence,

*,0 _
W, a(z) = sup
t<p?(z)

I, s ampean) = | W3 a(y)dy.
Ar<|z—zo|<Fp(zo)
Choosing A = v > 2, it follows that we have to consider only the case r <
p(xo)/~ and therefore we have [, a = 0. Using that property and that [z —zq| > Ar
and |y — xo| < r imply |z — x¢| = |z — y|, the mean value theorem gives,

Wp*’oa(x) < sup/ (Wi(z,y) — Wiz, xo)| |a(y)|dy
t>0 J|y—zo|<r

r d+1
Slale (2 5)

where we have used that |VW|(z) < ‘Z‘% Therefore, choosing jp such that
270=Lr < Fp(xg) < 2707 it follows that

w T
W5 %all L1 (aBoye w) < Ha”@"dH/ %dw
2r<|z—zo|<Yp(x0) ‘IE - I0|

Jo
1
Shile Y gz [ wlo)is
(25) Zgj(prd) lo—wo|<2ir

Jj=2

B Jo _
< 1Bol i 277 <1,
w(BO) Bo =2

where we have used that w € A7 for 8 = 27.

In order to prove the converse let us consider a covering {Qx }x by balls of critical
radius Qr = B(xg, p(xk)) as in Proposition @ Related to this covering, there is a
partition of unity {t¢ }» that may be chosen to satisfy (see [])

i) 0 <9 <1, supp ¢y C 2Qk.

ii) 15, € C1(R?) with |Vip| < p%, where pi, = p(zr).

iii) >, v = 1.
Associated with such covering, there exists also a sequence {wy}; of weights in
the class Ay such that wg|ac,Q, = W|2c,Q., according to Remark [2| (where Cy is
the constant of Remark . In particular, all the weights wy have a A; constant
independent of k. Clearly, f = ", fiy since by the finite overlapping property
of {2Q} the sum has a finite number of non-zero terms for each x. Moreover, we

shall prove the following claim:
If f € H) g(w), then fipy € h), (wi) and for some constant C, we have

> [ 0kllny, wo) < CUFIE o (w)-
k
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To prove the claim first observe that since supp fv5, C 2Qy the function W;‘;O( fir)
is supported in 3Q); and for x € 3Q; we have

W, (fib)(x) = sup

t<p?

S [ Wl W) ) vy

t<pi

[y e s

+ sup / W2, 9) 1 (y)dy
t<p? |/ |lz—y|<pk

= Al(z) 4+ A2 (2).

Using that [ (z) — ¢ (y)| < 2“4 and that Wi(z,y) < ﬁ we have

Y (z)

Pk
1
Aws [ MWL,

Pk J|z—y|<pr |‘7j - y|
Since Cy > 2 we have wy = w on 3Q); and hence

1 w(x
(26) Al s~ [ 17w ) dody

3Qk Pk J4Q, |z —y|<pk |x - y|

We decompose dyadically the inner integral and we bound it by
277 / 4
Pk 2 (a=ir)d wSp Y 27 inf w
(27) g (2791)% Jp(y.2-ipp) ; B(y,2—i pr)
S prw(y)

for every y € 4Qy, where we have taken into account that w € A’l”loc. Therefore,
from the finite overlapping property of {4Q} given in Proposition |§| we obtain

AwsY [ Aws [ 1w S 1l
;/Mk O) INTEY WUTETH e

Coming back to A7 and having in mind that is supported in 2Qj, and for some
constants ¢; and ¢y depending only on p, we have cipr < p(z) < capy for any
X € 2Qk7

A2(x) < vne) sup / Wi, y)|f ()| dy
cipr<|z—yl<c2pk

t>0

+ () sup / W2, 9) 1 (y)dy
t<p} |/ le—yl<p(z)

2,1 2,2
= A () + Ay (x).
For x € 2Qy, calling ¢2 = ¢o + 2 we have

Ay < L / 1F()ldy
c2Q

k

and hence,

(28) / ) AiJ(z)w(z)dxs“’(fg’“) / 1wl / 1Sl
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where we used that w € AP*'°° for B = &,. Again, the sum over k is bounded by

£l 21 ()
Finally for z € 2Qj we also have

A2 () < dpla) sup / Wiz, 9)f (y)dy
|lz—y|<p(x)

t<p(z)?
vu) sp [ Wilmg)l il
c1pp<t<eczp} J lr—y|<p(z)
Clearly the sum over k of the first terms gives W;’Of(x) and then ||W;’0f||L1(w) =
1122 o (w)-
On the other hand, the second term is bounded by

1
= d
L 1

for each = € 2Q);, and the estimate follows as in .

The proof of the claim is now complete. Next, since each wy belongs to Ay
and fir € h,l;k (wg) we may apply Theorem [3| to obtain for each k sequences of
hy,, (wg)-atoms {a%} and scalars {\¥} such that

fibr = Araf,

J

in the sense of L' (wy) and

Z \)\ﬂ < ||f¢k||h/13k(wk)a

J

where in the last inequality the constant is independent of k.

Therefore, f = Zj’k )\?a? in the sense of L'(w). Moreover, by the claim,

LRSS 1 ¥kllng, wn) S IF 1 o (w)-
gk k
It only remains to prove that each af is a (p, w)-atom.

k

Assume F if fixed. Since af are h), (wy)-atoms they satisfy
a suppaf C B]]jc = B(ak,rk),

(a) 07
k 1
(b) ||a’]||00 < ’LU;C(B;?)’
(c) if ¥ < $pp then [y, a¥ = 0.
Moreover, by Remark since fi)y is supported in B(zy,2p;) we have B(m?, rf) -
B(xy,2Copk). Therefore
(29) \x? — x| < 2Chpr,  and rf < 2Copx
From inequality it follows that
pi = plar) < c,(1+2C0)p(eh)
and hence
rf < 2¢,Co(1+ 2C’0))kop(m§) = Wp(mf).

Then condition (fi)) in the Definition |1} is satisfied.

Next, since B(xg,2Copr) = 2CoQr and w and wy coincide there, we have
wr(B(x¥, r})) = w(B (2%, r¥)) and thus follows from (D)).

777 177
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Finally, let us assume that r¥ < p(z¥)/~. From and inequality ([3)) we deduce

1
p(xf) < (1 +2C0)"/Fot V) p(ay) < 27k

Therefore, r;’? < %pk and by we arrive to fRd aé’? = 0 as we wanted.
O

Remark 7. Let us remark that when p(z) = R, Theorem {4 gives an extension of
Bui’s result, stated as Theorem |3| above.
In fact, when w € A we showed that h(w) coincides with h}{yo(w) and since

AR © AP we get an atomic decomposition for the space hk(w) when w € AR,
that is, for some 6 > 0 it satisfies

w(B(z,1)) ( .
——= < (1+ —) inf w.
|B(l‘,7")‘ R B(z,r)

It is not hard to see that weights of the kind w(z) = 1 + |z|® satisfy the above

inequality but they may not be A; weights.

Remark 8. From the proof of the above theorem it follows that
112 o (w) = Z [ rllny, -
E>1

One of the inequalities is contained in the claim. For the other, taking the atomic
decomposition given in the proof, it holds

1 S SIS SOSTINT S S el -
k,j ko k

An advantage of having an atomic decomposition of some space X is the possi-
bility of reducing the proof of boundedness of a linear operator T" from X into some
Banach space Y to check that for any atom and a fixed constant A,

(30) 1T(a)lly < A.

It is worth mentioning that such reduction is not always possible for every operator
T when, for instance, X = H'(RY), Y a Banach space and cc-atoms are used in
the decomposition (see [5], [13], [14], [15]). Nevertheless, for the case X = H!(R%),
Y = LY(R?%) and T a Calderén-Zygmund operator, condition suffices to extend
T to a bounded operator from H'(R?) into L'(R?). A proof of this fact can be
found, for instance, in [11].

In the next proposition we adapt Grafakos’ argument to our situation.

Proposition 12. Let T be a linear operator of weak type (1,1) with respect to a
weight w € A", If there exists a constant C such that

(31) ITallL1(w) < C,
for every (p,w)-atom a, then T is bounded from H (w) into L' (w).

Proof. Let f € H}(w), by Theorem W] there exist sequences {a;} and {);}, such
that

(32) f = Z)\jaj7
J
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in the sense of L'(w) and a constant C' independent of f satisfying

(33) DN Cllfll )
i

Let us observe that since f € L!(w) then T'f belongs to L1'*°(w) and hence is
finite almost everywhere. Also, by and , the series > j A;Ta; converges in
L'(w) and hence it is finite almost everywhere.

Thus, given 6 > 0 and N € N, using the weak type (1,1) and Tchebysheff’s
inequality, we have

N
w{|Tf - Z/\jTaj\ > 6} <w{|Tf - Z/\jTaj\ >6/2})

+w({l Y ATas| > 06/2})

j=N+1

N 0
f - Z )\jaj + % Z /\jTaj
Jj=1

L (w) J=N+1

<

ST

L' (w)

The first term goes to zero since the sum converges in L!(w). The second term
also goes to zero since the series converges in L!(w).
Therefore T'f = 37, AjTa; a.e. and thus

ITf ) < D INITa @) S DN S If -
i i

O

Remark 9. For a weight w € Af, the above proposition holds true substituting
H}°(w) by Hj(w), according to Theorem

To finish this section we give a characterization of the Hardy space H, o(w) in
terms of p—local Riesz transforms.

Let 1 be a smooth function, € C§°(R?) radial, 0 < n < 1, suppn C B(0,2) and
n = 1in B(0,1). For the classical Riesz transforms R; with kernel k;(z) = z;/|z|?+!
we consider the p—localized operators

Rl f(x) =p~v~/kj(x -y)n <|xp(;5y|) fly) dy

~po. / Kz — ) f(y) dy.

These operators are known to be bounded on LP(w), 1 < p < oo, w € Ag’loc
(see [3]), even if we consider a non-smooth cut function like = x(0,1)-

In [6] a characterization of the local Hardy space h¥(w), with w € A; in terms of
R? with p = R was given. In fact, it is done for R = 1 but is easily extended to any
R > 0 (see Remark @ We point out that the constants in the equivalence of the
norms are independent of R and that they depend on the weight only through the
A, constant. To obtain a Riesz transforms characterization of H} 3(w), w € APloc
we use a procedure similar to Theorem [4{in order to reduce to the case of hit(w).
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Theorem 5. Let p be a critical radius function and w € AL'°° . Then f € H} o(w)
if and only if f and R?f, j=1,...,d belong to L*(w) and moreover

d
I 1le2 gy = I ller ) + Z IRl (w)-
j=1
Proof. First observe that the operator Rf is of weak type (1,1) with respect to
w € AP (see [3]). Then, in order to show that RY is bounded from H, o(w) into
L' (w), according to Proposition it is enough to check
IRl w) < C,

where a is a (p,w)-atom supported in B = B(xg,r), r < vyp(xg). As before,
for a choice of A\ similar to the proof of Theorem [} we estimate ||R;’a||L1(,\B7w)
and ||R‘]p'a||L1(()\B)c7w). For the first one, using the boundedness of R; on LP(w),
l1<p<oo,and w € AIP,*IOC, we get

IR all L2 a,w) < 1RZall 1oy wAB)Y?" < [lal| 1oy w(AB) /7'

<(z)"

where we used that w € A}7”'° according to Proposition
By the choice of A, we have as above that Rfa(z) = 0 for z ¢ AB unless

r < v 1p(zp) and hence [a = 0. Then

Rla(z)| < / K2 — ) — KE(x — xo)la(y)] dy

, d+1
< C|a”oo(|x—xo|>

where we used |V} ()| < C/|z|**" and that |z — y| ~ |z — o for y € B and
x ¢ A\B.

Hence, following as in , we obtain the desired estimate.

For the converse inequality let us assume that f and R]”- f are in L' (w). We shall
prove a similar result to the claim stated in the proof of Theorem [4] namely for
each j

(34) Z IR (Foi)l ot oy S IR Fllrwy + N2t w)
k>1

with the same notation in there.
In fact we set

RS (fb) ()] < [n (@) R f(2)| + RS (fooe)(x) — vu(x) RS f(2)]
=1I(x) + II(x).
For the second term, by the properties of 1, we obtain

[k (y) — Yr(2)] ¢ /()]
17 _ d — ————d
((E) = /B(a:,ka) |I - y‘d |f(y)| Y = Pk /B(;C,ka) |:17 - y|d71 Y

and the estimate follows as in and , since the function RJP *(f1r) is sup-
ported in 4Q and wy = w there.
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Also
I(x) < [vu(@) (RS — RY) f(2)] + |n(@)REf(2)| = Li(z) + Ia(x).
But for € 2Qy, since ¢1px, < p(x) < capr, we have

L(z) < Cun(x) / k(& — )lIf(9)] dy < ¢ / oS

c1pr<|z—y|<2c2pk P
where ¢ = 2¢; + 3. Continuing as in and having in mind that supp Iy C 2Qy

we arrive to [[Vx f|| L1 (w)-
Therefore, summing over k we get .

Next we use the Riesz characterization of h{" (wy), being wy, an A; weight given
in [6]. Therefore for each k,

d
1Fklno ey = 1kl cwn) + D IRE(F) L0 )

=1

where the constants are independent of k. Therefore, summing over k£ and using
Remark |8 and we get the remaining inequality, finishing the proof of the
theorem.

|

Remark 10. Arguing as in Remark [7] we may obtain from the above result the
characterization of hf*(w) in terms of local Riesz transforms for w in A%, extending
Bui’s result.

5. BOUNDEDNESS ON p—HARDY SPACES OF SINGULAR INTEGRALS OF p-TYPE

Theorem 6. Let T € S§ and w € A7. Then T maps H)(w) into L' (w) continu-
ously.

Proof. According to Theorem [l] and Proposition it is enough to check that for
any (p, w)-atom a, |Ta 1 ) < C.
Assume that supp a C B = B(xq,7) with r < yp(zo). Then if we denote B = 2B

1/p A P
/ Tajw < (/ |Ta|p) (/ wp> .
B R4 B

If we choose p large enough such that w satisfies a p’ reverse Holder inequality (see
Proposition |3) and p > py we have

i/p . .
[ ato < e [ 1ap) 181 u(E) < Clalo®) < c.
B B

where in the last inequality we use Proposition
Next we observe that for © ¢ B and y € B we have | — zo| >~ |z — y|.
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Setting By = B(zo, v 'p(z0)) we have B = (BN BS) U (By \ B). Then, using
p(y) =~ p(zo) for y € B and condition above

-N
Ta(z)|w(x dxg/ / lalloe (x—x()) dy dx
./Bnnt (@)o(z) 3 |z — 20|\ p(z0)

rd w(zx)
[ — S R—
Vllo i 2 s T 2

N

2i+1By\27 By
S - ZQ*ij(QjHBO)
~ w(B) 127 Bo

Td

Jj=1

inf w 2—i(N-0)
w(B) B ;

<17

~

S

where 6 is such that w € A‘l’"9 and N is taken large enough.
Now we notice that By \ B # () if and only if 2r < v~ 1p(z¢) and hence we may
assume [ a = 0. Therefore for 2 € By \ B, using condition above, we get

d+A
Ta(z)] < /B K (2,y) — K(z,20)||a(y)| dy < C||a|oo<x_rm) :

Then for jo such that 2707 ~ v~ 1p(zg),

Ta w dz < Clla pdtA / ¢d1‘
/BO\B (@)l (z) lalleo Z s

|lz—x0]|

d Jo i

T _w(2'B)
< 27N
S S

<C,
since for any 1 < j < jo, 277 < v~ 1p(w0). O
Theorem 7. Let T € S?. Then T is bounded from H{ into L'(w) for w such that
ws € AL
Proof. From to Theorem [I| and Proposition [12]it is enough to check boundedness
on atoms.

Let a be an atom and B = B(xg,r) its support. In this case we proceed as in
the proof of Theorem [f] cutting the domain of integration. With the same notation

there, we have
1/p A P
/|Ta\w < </|Ta|p) (/M) .
B B

Choosing p < s but close enough, w* would satisfy the reverse Holder with ex-
ponent p’/s’ and being r < vyp(xg) the quantity above is bounded by a constant

times Ly
D () -
w(B) |B| /5
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Using the A? condition for w®’ the estimate follows.

Next, as before, we split B¢ = (BN BS) U (By \ B). Again we observe that
By \ B # 0 if and only if 2r < v~ !p(z0) and hence we may assume Ja=0. Using
that, Holder inequality and setting jo so that 2%0r ~ v~1p(zy) we have

/ NTa(x)|w(x) dx
Bo\B

Jjo
S ol 3w @ B0 [

1/s
(/ |K(x,y) — K(m,x0)|sdx) dy
= B \J2i+1B\2i B

where we have used that 2/r < y~!p(x¢) for j < jo.
For the remaining integral, we decompose the integral dyadically to get

(35)
/ |Ta(x)|w(z) dx
BenBg

<l [ ([ 1Kot de)ay

0
1/s
gCIIaHooZ[wS(QJ‘“BO)P/S// K (z,y)|*dz ) dy.
23i+1Bg\29 By

7>0 B

Now, since 21 < v~ !p(xq) we apply condition (]Er) with R = 29y~ 1p(z¢) and using
that w® € A?? we get

/ Ta(@)|w(z) do < CllaloBI S 275 inf o
BUHBS i1 27 Bo

1Bl .
<
(36) = Cum) W

|B| .
< f
- Cw(B) B
<C,

by taking N > 0/s’.
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On the the other hand, in the case 2r > v tp(z0), that is r ~ p(zg) and
By \ B =0, we proceed as in and but with R = 27r, to finally obtain

/ |Ta(z)|w(x) dx
BenBg

<l [ ([ 1K)t do)ay

o , 1/s
< Cllle S @B [ ([ Kl

i1 B
9i+1,\ ~(N=3)
< Cllall<BIY (1 n ) o w
= p(xo) 218

1Bl .
<
_Cw(B) uéfw
<C,

taking N > 6/s’.

6. THE SCHRODINGER CASE

In this section we are going to deal with singular integrals arising from the
Schrodinger differential operator £L = —A + V., V a non-negative potential and
satisfying a reverse Holder inequality of order ¢, ¢ > d/2 and d > 3. So, from now
on, p is the function defined by that, as we said, satisfies inequality .

As we proved in section [3} when w € A the Hardy space H}(w) coincides with
H}(w) = H) (w) so we may apply all the results from previous sections. Therefore
we already have an atomic decomposition for H}(w), its characterization by p-local
Riesz transforms, as well as boundedness of the associated p-singular integrals from
H}(w) into L'(w). More precisely, we conclude from Theorems |§| and |7 above the
following result.

Theorem 8. If an operator T belongs to S (respectively to SP) then T maps
H}(w) into L*(w) for w € A} (respectively for w? € A?).

Now we apply these results and those of Section [2]to some operators arising from
L that satisfy the above assumptions.

Theorem 9. Assume V € RH,, ¢ > d. Then the operators V(—A + V)~1/2,
(=A + V)7V2V and V(=A + V)7V are of weak type (1,1) and bounded from
H}(w) into L'(w) for w € AY. Further, if V€ RH,, q > d/2 the same holds for
the operator (—A + V)%, ¢ € R.

Proof. Tt is enough to check that these operators satisfy conditions @, (]ED and
in the definition of the class &Y.

As it was shown in [16] the above operators are Calderén-Zygmund operators,
S0 @ holds. Further their kernels satisfy (]ED and (see Theorem 9 and Theo-
rem 10 in [2] and references therein). Then, the result follows from Theorem || and
Theorem
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Theorem 10. Assume V € RH,, q > d/2 and let T, = VV/?(=A + V)~1/2,
To=V(=A+V)" and T3 = V(=A + V)2, Then the operators T, 5=1,2,3
are of weak type (1,1) and bounded from H}(w) into L*(w) for weights such that
w' € AL where s1 = 2q, s2 = q and s3 satisfies 1/s3 = 1/q — 1/d provided q < d.

Proof. We need to check conditions (), (bf) and () in the definition of the class
S*.

From [I6] (see Theorem 5.10, Theorem 3.1 and Theorem 0.5), each operator T;
is bounded on LP(R?) for 1 < p < s;, with j = 1,2,3.

We denote by K the kernel of the operator 7, j = 1,2,3. The proof that K3
satisfies condition (if) is given in Lemma 6 of [4]. As for K; and K> it follows from
the proof of Theorem 11 in [2] (notice that 77 and 73 are the adjoint operators of
those appearing there).

Let us check that K7 and K satisfy condition (Bf). It is known (see [12]), that if
V € RH, with ¢ > d/2, for any N > 0, there exists Cy > 0 such that, for j = 1,2,

|$_y|>N 1 i/2
Ki(z,y)| <Cn|[1+ V(x)i/?,
Kt )l N( p(y) |z — y|4=d (@)

and in view of Remark [3] the above inequality also holds with p(z) in place of p(y).
Therefore, for y € B(xo,r) and R > 2r, using that |v — 29| ~ |x — y| as long as
R < |z — o] < 2R, we have

\i/(20)
(/ )P )
R<|z—w0|<2R
N i/(2q)
o=y \ 2N V() o
s L o =yl
R<|z—z0|<2R p(z) |z — y|ld=9)2a/i
_ i/(2q)
R N/ko+1 1 J
<1+ ) —_— / V(z)idx
( p(xo) Rd=j B(z0,2R) (@)

_ . / j/2
R N/ko+1 R—id/2a J
<1+ > —_— / V(z) dx ,
( p(zo) Ri=i B(20.2R) (@)

where we have also used inequalities @D and .
Finally, according to Lemma 1 in [12],

(57) /B(a:g,cR) Viy) dy < CRT <1 * P(];o))u

for some p > 1 and ¢ > 0. Therefore we obtain

(38)
. 3/ (29) , R\~ (N/(kot1)—pn/2)
(/ KiapPias) SR (1) .
R<|z—x0|<2R p(o)

Since N is arbitrary, the desired estimate follows.
Next, we check that K3 satisfies condition (bf). According to [16] (see page 538)
for every N > 0, there exists C'y > 0 such that

z—y N\ 1 1 V(z)
| Ks(z,y) SCN(1+ - + ERACEY
p(y) |'T - y‘d ! |'T - y‘ B(y,2lz—yl) |Z — .17|d 1
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Proceeding as before for y € B(xg,r) and R > 2r, and R < |x — z¢| < 2R, we
have

Kol < (14 -2) T L (L V)w)
3\ YY) R P(CUO) RI-L\ R 1\XB(z0,3R) Y )

where I is the classical fractional integral of order 1. Therefore,

1/53
( / |K<x,y>|53dz)
R<|z—z0|<2R

o R\ Nkt /g
s (e ) (5 + I am V)

From the boundedness of I, the fact that V € RH,, and inequality , we get

1/53 l/q
([, nseamyrmas) <o [ )
R4 B(z0,3R)

< CRYY / |V (x)|dx
B(z0,3R)

"
< OR%/a-2 (1 + R> )
P(ﬂfo)

Then, since d/s — 1 =d/q—2 and d/s’ =d — d/q+ 1, we obtain

1/s
(/ K(o)l*de)
R<|z—xzo|<2R

R\ W/ (kot1)—p)
S led <1 + > (Rd/sfl _’_Rd/q72)
p(zo)
, R\~ W/(kot1)—p)
< R/ (1 + ) :
p(o)

and the proof is finished since N is arbitrary.
Then we have proved that the operators 7T;, i = 1,2, 3, belong to the class S
and therefore the result follows from Theorem [I] and Theorem
O

Finally we are going to show that, as in the unweighted case, the space Hé (w)
can also be characterized in terms of Schrodinger-Riezs transforms, namely by the
components R; of the vector operator V(—A+ V)~1/2. 1t is worth mentioning that
this kind of result was obtained in [I7] only for weights in the classical class A;.

Theorem 11. Let L =—-A+V with V € RH; and w a weight. Then the equiva-
lence f € H}(w) if and only if f,R;f € L'(w) holds provided either

a) ¢>d and w € Af.

b) d/2 < q<d and w® € A} with 1/s =1/q — 1/d.

Moreover, in both cases,

d
Hf”Hg(w) ~ [ fllzr(w) + Z IR fll £t (w)-
=1
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Proof. From the previous theorems we only need to prove that f and R; f in L' (w)
imply f € H}(w).

Our goal is to use the characterization given in Theorem [5| Following the proof
of Theorem 3 in [3] we write

Rif(z) = (R} f(x) = R;(fxp.)(®) + (B; = Ry)(Fxe.) (@) — Rj(fxeg) ()
+ Rjf(x) = Ajf(x) + Ajf(z) + Ajf(z) + R;f(w),

where R; denotes the corresponding classical Riesz transform and E, = {y € R? :

[z —yl < p(y)}
Following the argument in [3], page 13, the L' (w) norm of A% and A? are bounded

by || fll 2t w) for w € A7 if ¢ > d or w®' € A if d/2 < ¢ < d.
Now, for A}, we observe that B(z,c™'p(x)) C Ey C B(z, cp(x)), with ¢ = ¢,2%0.
Also, since n = 1 in B(0,1) and n = 0 in B(0,2)¢ we obtain,

@15 [ () - x|

p(x) |z —y|?
1

S | )] dy.
p(z?) B(z,(c+2)p(z))

Finally since for « € Q, p(z) ~ p(xy), the norm [[A]f||L1 () is bounded by

| £l L1 (w) Proceeding as in and for any w € AP,
Therefore using Theorem |2| and Theorem [5| we get

1 1wy S NNy o)

d
Sl ) + D IRE Fllorw)

Jj=1

d
Sz ) + Z IR fll L1 (w)s

j=1
and the result follows. O

REFERENCES

[1] B. Bongioanni, A. Cabral, and E. Harboure. Eztrapolation for Classes of Weights Related to
a Family of Operators and Applications. Potential Anal., 38(4): 1207-1232, 2013.

[2] B. Bongioanni, A. Cabral, and E. Harboure. Lerner’s inequality associated to a critical radius
Sfunction and applications. J. Math. Anal. Appl., 407(1): 35-55, 2013.

[3] B. Bongioanni, E. Harboure, and O. Salinas. Classes of weights related to Schrodinger oper-
ators. J. Math. Anal. Appl., 373(2):563-579, 2011.

[4] B. Bongioanni, E. Harboure, and O. Salinas. Weighted inequalities for commutators of
Schrédinger-Riesz transforms. J. Math. Anal. Appl., 392(1):6-22, 2012.

[5] Marcin Bownik. Boundedness of operators on Hardy spaces via atomic decompositions. Proc.
Amer. Math. Soc., 133(12):3535-3542 (electronic), 2005.

[6] H.Q. Bui Weighted Hardy spaces. Math. Nachr., 103:45-62, 1981.

[7] D.V. Cruz-Uribe, J.M. Martell, and C. Pérez. Weights, extrapolation and the theory of Rubio
de Francia, volume 215 of Operator Theory: Advances and Applications. Birkhauser/Springer
Basel AG, Basel, 2011.

[8] J. Dziubanski, G. Garrigés, T. Martinez, J. Torrea, and J. Zienkiewicz. BMO spaces related
to Schrédinger operators with potentials satisfying a reverse Holder inequality. Math. Z.,
249(2):329-356, 2005.



32

B. BONGIOANNI, A. CABRAL AND E. HARBOURE

[9] J. Dziubarniski and J. Zienkiewicz. Hardy spaces H' associated to Schrédinger operators

with potential satisfying reverse Hélder inequality. Revista Matemédtica Iberoamericana,
15(2):279-296, 1999.

[10] J. Dziubariski and J. Zienkiewicz. HP spaces for Schrédinger operators. Fourier Analysis and

Related Ropics (Bedlewo), 56: 45-53, 2002.

[11] L. Grafakos. Classical and modern Fourier analysis. Pearson Education, Inc., Upper Saddle

River, NJ, 2004.

[12] Z. Guo, P. Li, and L. Peng. LP boundedness of commutators of Riesz transforms associated

to Schrodinger operator. J. Math. Anal. Appl., 341(1):421-432, 2008.

[13] G. Mauceri and S. Meda. Equivalence of norms on finite linear combinations of atoms. Math.

Z., 269(1-2):253-260, 2011.

[14] S. Meda, P. Sjogren, and M. Vallarino. Atomic decompositions and operators on Hardy spaces.

Rev. Un. Mat. Argentina, 50(2):15-22, 2009.

[15] Y. Meyer, M. Taibleson, and G. Weiss. Some functional analytic properties of the spaces Bq

generated by blocks. Indiana Univ. Math. J., 34(3):493-515, 1985.

[16] Z. Shen. LP estimates for Schridinger operators with certain potentials. Ann. Inst. Fourier

(Grenoble), 45(2):513-546, 1995.

[17] H. Liu, L. Tang and H. Zhu. Weighted Hardy spaces and BMO spaces associated with

Schrodinger operators. Math. Nachr., 285(17-18): 21732207, 2012.

[18] L. Tang. Weighted local Hardy spaces and their applications. Illinois J. Math., 56(2): 453-495,

2013.

19] D. Yang and Y. Zhou. Localized Hardy spaces H' related to admissible functions on RD-
g Y

spaces and applications to Schrédinger operators, Trans. Amer. Math. Soc., 363(3): 1197—
1239, 2011.

INSTITUTO DE MATEMATICA APLICADA DEL LITORAL CONICET-UNL, SANTA FE, ARGENTINA.
E-mail address: bbongio@santafe-conicet.gov.ar
E-mail address: ecabral@santafe-conicet.gov.ar
E-mail address: harbour@santafe-conicet.gov.ar



	1. Introduction
	2. Weak type (1,1) of singular integrals of -type
	3. Weighted Hardy spaces associated to 
	4. Atomic decomposition
	5. Boundedness on -Hardy spaces of singular integrals of -type
	6. The Schrödinger case
	References

