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HAAR TYPE SYSTEMS AND BANACH FUNCTION SPACES ON SPACES OF
HOMOGENEOUS TYPE

LUIS NOWAK, GLADIS PRADOLINI, AND WILFREDO A. RAMOS

ABSTRACT. In this note we prove that the Haar type systems defined on spaces of homo-
geneous type are unconditional bases for a wide family of Banach function spaces. Also,
we give a characterization of these spaces via Haar coefficients. The main tool used in the
proof is a generalization of the technique of extrapolation of Rubio de Francia in Banach
function spaces defined on spaces of homogeneous type.

1. INTRODUCTION AND MAIN RESULT

In the setting of L?(R") one of the main properties of the orthonormal wavelets bases is
that they constitute unconditional bases for many spaces of functions that arise in Harmonic
Analysis. For example, if ¥ is such a basis with certain given properties then the system
W is an unconditional basis for the weighted Lebesgue spaces L (R") with 1 < p < oo,
where the weight w belongs to the classical Muckenhoupt A, class. The same is valid when
we consider the Lorentz spaces L”4(R") with 1 < p,q < e. The characterization of these
functional spaces is given in terms of the coefficients of wavelets in the representation of
the function (see for example [27]). Moreover if we suppose certain regularity properties on
the functions y € ¥, then it is known that the system ¥ is also an unconditional basis for a
large class of spaces that include the mentioned above as well as Sobolev spaces W57 (R")
and Hardy spaces H,(R") ([21} [10]).

In the Euclidean context, Izuki proved in [17] that the bases of wavelets with certain
conditions of regularity are unconditional bases for the variable exponent Lebesgue spaces
Lp(')(]R”). These spaces seem to be the most adequate context in order to describe the
behaviour of certain fluids, called electrorheologic fluids ([26]). In order to prove the result
in [17], the author used the extrapolation technique due to Rubio de Francia ([24} 25]), by
virtue of the fact that the boundedness of Hardy-Littlewood maximal operators on L") (R")
is fulfilled.

In the setting of variable Lebesgue spaces, several authors studied the continuity proper-
ties of the operators that arise in connection with the partial differential equations modelling
many situations. Particularly, in [11]] and [8] the authors proved the boundedness of the
Hardy-Littlewood maximal operator on L(") (R™) by requiring certain continuity properties
on the exponent p(-) and in [15] the same result is proved in the context of metric spaces.

The systems W mentioned above characterize the functional spaces in the sense that the
norm of the function f involved can be given in terms of the coefficients of wavelets (v, f)
in the representation formula Y (y, f)w. In this paper we shall adopt this point of view in
the framework of metric spaces with a doubling measure. More precisely, we will prove that
the Haar type systems are unconditional bases for certain Banach function spaces (B.E.S.).
As an application of our main result we obtain the characterization of several spaces via the
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coefficient of wavelets such as Lebesgue and Lorentz spaces on spaces of homogeneus type
and their variable versions.

In order to state our main result we give some definitions and properties that we shall be
working with.
We denote L as the set
LY =L7(X,u) ={feL”(X)/ supp(f) C B(xo,r) for some xo € X,r > 0}.

We shall say that B is a B.E.S. with the bounded maximal property (B.M.P.) if L is dense
in B and there exists a real number p; > 1 such that B!/P is a B.E.S. with

||M9fH([Bl/pl)’ < CHfH(Bl/pl)’a

1N/
for every f € (IB% Pl ) , where M is the dyadic Hardy-Littlewood maximal operator defined

in Section §2, where B!/71 is also defined.

We are now in a position to state our main result.

Theorem 1.1. Let (X,d, ) be a space of homogeneous type and let I be a Haar type
system. Let B be a B.ES. with the B.M.P. Then S is an unconditional basis for B. More-
over, there exist two positive constants ¢y and cy such that for every f € B the following
inequalities hold

e |lfllg < 1S£1lp < 2| flls (1.1)
where

he

1/2
Sf(x) = ( ) \<f,h>|2|h(X)!2> :

For the definition of unconditional bases see [2, Section 7].

Before describing the organization of the paper, we give some comments on the previous
theorem. At first, given an arbitrary function f in B, the definition of S/ may not make
sense. But as we shall be working in B with B.M.P., the operator S can be defined by using
an extension argument.

The paper is organized as follows. In Section §2 we give some preliminaries. In Sec-
tion §3 we define the Haar type system and recall some useful properties in the context
of weighted Lebesgue spaces defined on spaces of homogeneous type. In Section §4 we
give the extrapolation theorem in the context of B.E.S. and the proof of the main result. In
Section §5 we show some applications of Theorem[I.1]

We would like to thank the referee for their valuable suggestions and comments.

2. PRELIMINARIES. DYADIC ANALYSIS ON SPACES OF HOMOGENEOUS TYPE

Let us first recall the definition and basic properties of the spaces of homogeneous type.
If X is a set, a nonnegative symmetric function d defined on X x X is called a quasi-distance
in X if there exists a constant K > 1 such that

d(x,y)=0 ifandonlyifx=1y

d(xvy) = d()@x)

d(x,y) < K[d(x,2) +d(z,)],
for every x,y,z € X.
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HAAR TYPE SYSTEMS AND BFS ON SPACES OF HOMOGENEOUS TYPE 165

We shall say that (X,d, ) is a space of homogeneous type if d is a quasi-distance on X,
and u is a positive Borel measure defined on a o-algebra of subsets of X which contains
the d-balls that satisfies a doubling condition, that is, there exists a positive constant C such
that the inequalities

0 < u(B(x,2r)) < Cu(B(x,r)) < oo

hold for every x € X and every r > 0.

It is well known that the d-balls are generally not open sets. Nevertheless in [20],
R. Macias and C. Segovia proved that if d is a quasi-distance on X, then there exists a
distance p and a number o > 1 such that d is equivalent to p%, and the p®*-balls are open
sets. This remark allows us to consider (X,d, 1) to be a space of homogeneous type where
d is a distance on X. In order to apply the Lebesgue Differentiation Theorem we shall also
suppose that continuous functions are dense in L' (X, u) if p(X) = oo.

The construction of dyadic type families in metric or quasi-metric spaces with some inner
and outer metric control of the sizes of the dyadic sets is given by M. Christ in [5]. We now
introduce a special family of such dyadic subsets. These families satisfy all the relevant
properties of the usual dyadic cubes in R”. Actually, the only properties of Christ’s cubes
needed in our context of spaces of homogeneous type are contained in the next definition
given in [3].

Definition 2.1. We say that ¥ = J jeZ@j is a dyadic family on X with parameter 6 € (0, 1),
briefly that 2 belongs D (§), if each 2/ is a family of open subsets Q of X, such that

(d.1) For every j € 7 the cubes in 27 are pairwise disjoint.

(d.2) For every j € 7 the family 97 covers almost all X in the sense that
1(X ~UgesQ) = 0. o ]

(d.3) If Q € @/ and i < j, then there exists a unique Q € 2" such that Q C Q.

(d4) IfQ € 97 and Q € D' with i < j, then either Q C Q or QNQ = 0.

(d.5) There exist two constants aj and ay such that for each Q € 9/ there is a point x € Q
for which B(x,a187) C Q C B(x,a,68).

The main properties of the dyadic family & defined above are given in the following
result (see [2]).

Proposition 1. Let & be a dyadic family in the class ©(6). Then

(d.6) There exists a positive integer N depending only on the doubling constant such that
for every j € Z and all Q € 9/ the inequalities 1 < #(0(Q)) < N hold, where
0(Q)={0 € 2’ :Q CQ}.

(d.7) X is bounded if and only if there exists a dyadic cube Q in 9 such that X = Q.

(d.8) The families 9/ = {Q € 27 : #({Q € 2/t : Q' C Q}) > 1}, j € Z are pairwise
disjoint.

The dyadic Hardy-Littlewood maximal operator associated to ¥ is defined, for a locally

integrable function f, by

1
M, — d
a2f(x) nggu(Q)/Qlf! u,

where the supremum is taken over the dyadic cubes Q € & containing x.
Given a dyadic family & we say that a nonnegative and locally integrable function w is a
Muckenhoupt type dyadic weight, w € Agy, 1 < p < oo, if the inequality
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(g o reaue) (g fweo ™ du<x>)pl <c @1

holds for some constant C and every dyadic cube Q € Z.
When p =1 we say that w € A?y if the inequality

w(Q)

——= < Cw(x) (2.2)
u(Q)
holds for almost every x € Q and for every dyadic cube Q € &. The class AY is defined as
dy _ d
AY = JAY. (2.3)
p>1

Let us now introduce the basic notions of Banach function spaces. We refer to [4] for
complete details. Let (X,u) be a o-finite measure space. We shall write ./}, and //J
to denote the set of all p-measurable functions f : X — [—oo, +oo| and the subset of ./Z),
whose values lie in [0, ], respectively. A function norm is a mapping p : .#,; — [0,
such that for all f,g and f;, in ./, J , n € Z, the following statements hold:

e p(f)=0ifand only if f =0 u-a.e.,

e for all @ > 0 we have that p(af) = ap(f),

p(f+8) <p(f)+p(g):

if 0 <g < fp-ae.,thenp(g) < p(f),

if0 < fu 7 f peac. then p(f) / p(f),

if E C X with u(E) < eo, then p(,) < oo,

for each E C X with (E) < oo, there exists a positive constant C such that [ fdu <
Cp(f), for every f.

The space B = {f € .#), : || f||g < e} is a normed Banach space where the norm is given
by |Ifllz = p(|f]). Such space is called a Banach function space.
If B denotes a Banach function space defined on X with norm given by ||-||z, we define
the scale space B’, 0 < r < o, as the u-measurable functions f such that |f|" € B, with
1
“norm” given by || f||g- = [||f||l§- If r > 1, then B" is a B.E.S. However, if r < 1, then B" is
not necessarily a B.F.S.; the simplest example is the case B = L! (X).

The associated space B’ is the set of the pi-measurable functions f : X — [—oo, +oc0] such
that the quantity

sup{ [ et duto). ¢ €3, el <1
is finite. This space B’ is a B.F.S. and the following generalized Holder inequality holds
|1 @eldnt) <1115 lels
forall feBand g € B

3. HAAR SYSTEMS AND WEIGHTED LEBESGUE SPACES

The underlying algebraic structure in the Euclidean context is crucial for the construction
of systems of wavelets. In fact, they can be obtained by translations and dilations of some
given function. In the general setting of spaces of homogeneous type this structure is not
given and must be replaced by geometric arguments.
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For a given dyadic family & in the class ©(9) it was proved in [1] and [2] that we
can always construct Haar type bases .7, of Borel measurable simple real functions #,
satisfying the following properties:

(h.1) For each h € J# there exists a unique j € Z and a cube Q = Q(h) € £/ such that
{xeX:h(x)# 0} C Q, and this property does not hold for any cube in 27!,

(h.2) Forevery Q € & = UJGZ@J there exist exactly My =#(0(Q)) —1>1 functlons
h € 7 such that (h.1) holds. We shall write J7p to denote the set of all these
functions 4.

(h.3) For each h € 7 we have that [, hdu = 0.

(h.4) Foreach Q € 2 let Vo denote the vector space of all functions on Q which are
constant on each Q' € €(Q). Then the system { %o/ 1L(Q)"/?} U.H# is an orthonor-
mal basis for Vj.

By ./ we shall denote the Haar type system . when p(X) = oo and 7 U {u(X )*%}
when (X)) < oo,

As an easy consequence of the properties above, in [2] the authors obtained the following
results. In this context L2 := {f : [, |f]?wdu < oo}.

Theorem 3.1. Let & be a dyadic family on X such that 9 belongs to the class D(0). Then
every Haar type system S associated to 9 is an orthonormal basis in L*(X, 11).

In [2] the authors prove that the Haar type systems associated to Christ’s dyadic cubes
are unconditional bases for the spaces L}’ with w € A% and 1 < pg < e. More specifically,

Theorem 3.2. Let (X,d, ) be a space of homogeneous type and let A be a Haar system
associated to a dyadic family 2 and let S be the square function. If 1 < po <coandw € A%

then there exist two positive constants Cy and C, depending on the A y constant of w such
that for all f € LY (X, 1) we have that

Cillfllzzo < 1ISfllpro < Callfllzo-

Moreover, 57 is an unconditional basis for LY’ (X, ).

4. EXTRAPOLATION: PROOF OF THEOREM 1.1

This section is devoted to proving Theorem[I.1] An important tool used in this proof is
an extrapolation theorem in B.E.S. that generalizes the well known result due to Rubio de
Francia. In order to state the extrapolation theorem we introduce the following definition.

Definition 4.1. (B-admissible family) Let § be a family of ordered pairs (f,g) of non
negative, measurable functions on X. We say that § is B-admissible if given (f,g) € § the
following statements hold

o ([y f(x)Pow(x) d,u(x))% < oo for some pg > 1 and for every w € A?}g
o [[fllz <o

We are now in a position to establish the extrapolation theorem.

Theorem 4.2. (Extrapolation) Let & be a dyadic family on X such that 9 belongs to
D(0). Let B be a B.ES. on X. Let § = {(f,g)} be a B-admissible family. Suppose that
there exists p1 > 1 such that B/?1 is a B.FS. and

HM@V”(IBPII)/ SCHVH<BPII>’ 4.1)
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for every function v € (Bﬁy, with C = C(B).
If there exists pg € (1,00) such that for all w € Af%
1A o) < Collgllpoy  V(fr8) €F (4.2)
with Cy = Co(w, po) independent of (f,g), then the inequality

1fllge <Cillgllse V(f,8) €T (4.3)
holds with Cy, = C\(B, q) independent of (f,g), and 1/p; < q.

In the Euclidean context, this result was proved in [[7] and [9]; see also [14]. Also, it can
be obtained as a corollary of the following extrapolation result (see Theorem 5.1 in [23])).

Theorem 4.3. Let & be a dyadic family on X such that 9 belongs to class ©(0) and let B

be a B.ES. on X. Let F be a B-admissible family of pairs (f,g). Suppose that for some py,

0 < po < o, and every w € Aily,

) due) <€ [ gtomiodut) (4.4)
X X

If there exists qo, po < qo < oo, such that B'/% is a B.F.S. and My is bounded on (B'/®)’,
then

1fllg < Cliglls - 4.5)

In R” the theorem above was proved in ([9, Theorem 4.6]) for a more general family
than the classic dyadic cubes, and the same proof can be adapted to the context of spaces of
homogeneous type.

Now we prove the main result of this paper.

Proof of Theorem[I 1} Let f € LY and F C J# with §(F) < o then

Spf = (Z (f,h)]? |h|2) €LY CB.

heF

Then, defining §1 = {(|f].Sf): f € L’} and Fo.r = {(Skf,|f]) : f € L}, we obtain two
B-admissible families and, by Theorem|3.2] it is easy to check that the following inequalities
also hold

Culfllge <USFlpo s ISefllze <Callfllpro,  ¥w € AG. (4.6)

Now, by the hypothesis and applying the extrapolation Theorem .2 we obtain that there
exist two positive constants C} and C;, such that

1flls <CLISSflg 4.7)

and
ISk flle < Gl f e (4.8)
It is important to note that C; does not depend on F' C .

Let {F,} be a sequence such that F,, C F,,; and UF, = 7. Then for every function
f € L and x € X we obtain that Sg, f(x) ,* Sf(x), and thus, by the Banach function space

properties and (.g)),
1571l = lim IS5, flls < Co L flls ¥/ € L2(X). “9)

Actas del XII Congreso Dr. Antonio A. R. Monteiro (2013), 2014



HAAR TYPE SYSTEMS AND BFS ON SPACES OF HOMOGENEOUS TYPE 169

Then, from (4.7) and (4.9) we can conclude that

Cilfllg < ISflle <C2lfllg VS € LZ(X). (4.10)
The general result for f € B follows by applying a density argument, as follows.

Let us first see that ||Sf||z < 2| fllg Vf € B.
Let { fx} C LY be such that || fy — f||z — 0 when k — oo. Using a discrete version of Fatou’s
Lemma we can write
Sf(x) < li]giilfok (x)

and consequently, by Fatou’s Lemma for B.E.S. (see [4, Lemma 1.5]) and (4.10),
1Sf[lg < 1i,gi;1f||5fk||]g < Czli]gglfokHB <G| flly VfeB. (4.11)

From the fact that Sfi (x) <2[S(f — fi)(x) + Sf(x)], the other inequality can be obtained
from the previous case in the following way:

17l = Jim [l < climinf i
<c (imint 0~ )l + 571

<c <1ikrgglf!fk—fuﬁ+ ISf IIB)
<c|sflly VfeB. (412)

This concludes the proof of (I.1)).
Let us now see that the Haar system is an unconditional basis for B.
Given h€ 2 C B, we define h* : B — R by h*(f) := [y hf du = (f,h). These operators
satisfy
s |1 if h=g
h (g)_{ 0 if hetg
for every g € :%Z .
For F C 7 with §(F) < oo we define
heF

We use the previous result in order to see that these operators are bounded in B with a
constant independent of F. Indeed, given f € B and g € .77 we have that

<TFfag>:Z<h,f><h7g>:{ <fég> ﬁ g;g

heF
and then we obtain that

STrNH) = L [(Tef.8) )]’ =<Z!<f,g>\2!g(X)!2> <S(f)(x)  (“13)

geH g€F
Finally, by (4.12), (4.13) and (4.11) we get
17eflls < CIS(Tr s < CIS(Hllz < Cllfll-

Now we will prove that span(.7¢) is dense in B.
From the hypothesis on B, it is enough to prove that span(.7#’) is dense in L” with norm

(ST

I llg-
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Let € > 0 be given and g € L°(X). From the fact that span(.7#) is dense in L (X) for

1 <pop<ecandw € A% (see [2, Theorem 9.1]) and g € L1 (X), there exists f € span(7)

such that ] 1
ewB)m || ew(B)  xp

||f—gHL{i,0(X) < C = C T

sl |[CrlzsTs sy

where B is a fixed ball in X and C; is the constant in (4.3).

On the other hand, f —g € L7 (X) C B, f—g € L, and || f — g||p < o.

Let us now consider the family § := {(f — g, 8%)}' From the fact that B has the
B.M.P. we can apply Theorem[4.2]in order to obtain that

XB

Cillxsllslls
and thus, the density result is proved. g

9

LX)

£

If = 8lls < Ci €,

5. APPLICATIONS

In this section we show some examples of B.FE.S. which satisfy the hypothesis of Theo-
rem[L1]

e When B =L”(X,u), 1 < p < oo, Theorem |1.1|is nothing but Theorem [3.2| (which
is Theorem 7.1 in [2]). In fact, in [2] the authors proved the boundedness of M4 in
LP(X,u) for every 1 < p < oo and the density of L (X, u) in L (X, ), that is the
B.M_.P. in this case.

e Let us now consider the Lorentz spaces B = LP9(X, 1) with 1 < p,g < oo, given by
the measurable function f defined on X such that

o d é
g = (2 [T erops) <o

t

where f* is the non increasing rearrangement of f. It is well known that |||/}, ,
is not a norm in L”9(X, 1) but we can always define an equivalent norm on these
spaces, (see for example [[16] or [19]).

In this context, Theorem [I.1] is contained in Theorem 6.1 in [23]], since in the
same article, the author proved that Mp is bounded on LP4(X, u) for every 1 <

Psq < oo

e We now introduce some basic facts about LP() (X, 1) in order to establish the result
in this environment.
Let (X,d, ) be a locally compact space of homogeneous type and let p : X —
[1,00) be a measurable function. For A C X we define

pyi=infp(x),  pli=supp(x).
XEA xCEA

For simplicity we denote p™ = p;g, p~ = px. We shall also suppose that 1 < p~ <
p(x) <pT <eoforxeX.

The variable exponent Lebesgue spaces L) (X) = LP() (X, i) are defined by the
u-measurable functions f defined on X such that, for some positive A, the func-
tional convex modular p(f/A) := [y |f(x)/AF ™ du(x) is finite. A Luxemburg
norm can be defined in L”")(X) by taking

1F1lpc) = inf{A >0/ p(f/A) <1}.
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These are special cases of Musielak-Orlicz spaces (see [22]), and generalize the
classical Lebesgue spaces. Actually, the most up to date reference for Lebesge
spaces with variable exponents happens to be the monograph recently published by
David Cruz-Uribe and Alberto Fiorenza [6]].

Some of the following results were obtained in the Euclidean context (see for
example [18]]), but it can be proved that they also hold in the context of homo-
geneous type spaces (for metric spaces see [[15]]). For example, it can be seen that
(LX), || ll(.y) is aB.E.S. On the other hand the dual space of LPO)(X) is LP' () (X)
and the Holder inequality holds, that is

/le(X)g(X)l du(x) <CIfllpe) lell ey -

It was proved in [15] that Cy(X,u), and consequently L7 (X, u), is dense in
L) (X, 1) when X is a locally compact space. Thus Theorem holds if we ask
M to be bounded on LP() with 1 < p~ < p(x) < pT < oo. In [13] the authors proved
that if X is an a-Ahlfors space with finite measure and p(-) satisfies the log-Holder
condition

P =P = oedmy)

when d(x,y) < 3, for some positive constant c, then M is bounded on L” O(x, ).

e Finally, if Q is an open subset of R” with |Q| =/, in [13] the authors define the
weighted variable exponent Lorentz spaces, as the set .£) (')’q(')(Q) of the measur-

p(lr) q(lt) I (t)‘

able functions f such that the norm \\f\\ﬂ?(,>,q<.>(g) = Hw(t)t LD
is finite.
In the same article the authors proved that this is a B.E.S. with the B.M.P. (see [13|

Theorem 3.12]), when w(z) = "), for certain function ¥, and for p,q € P{([0,1]),

where
Py ([0,1]) :={reL>([0,1]) / Ellir%r(t) = r(0), EI}Lm r(t) =r(e), 1 <r < rt < oo},
t— o0
REFERENCES

[1] Aimar, H. Construction of Haar type bases on quasi-metric spaces with finite Assouad dimension, Anal.
Acad. Nac. Cs. Ex. Fis. Nat., Buenos Aires 54 (2002).

[2] Aimar, Hugo; Bernardis, Ana; laffei, Bibiana. Multiresolution approximations and unconditional bases on
weighted Lebesgue spaces on spaces of homogeneous type. J. Approx. Theory 148 (2007), no. 1, 12-34.
MR 2356573.

[3] Aimar, Hugo; Bernardis, Ana; Nowak, Luis. Equivalence of Haar bases associated with different dyadic
systems. J. Geom. Anal. 21 (2011), no. 2, 288-304. MR 2772074,

[4] Bennett, Colin; Sharpley, Robert. Interpolation of Operators. Pure and Applied Mathematics, 129. Aca-
demic Press, Inc., Boston, MA, 1988. MR 0928802,

[5] Christ, M. A T(b) theorem with remarks on analytic capacity and the Cauchy integral, Colloq. Math. 60/61
(1990), no. 2, 601-628. MR 1096400.

[6] Cruz-Uribe, David V.; Fiorenza, Alberto. Variable Lebesgue spaces. Foundations and harmonic anal-
ysis. Applied and Numerical Harmonic Analysis. Birkhduser/Springer, Heidelberg, 2013. x+312 pp.
MR 3026953.

[7] Cruz-Uribe, D.; Fiorenza, A.; Martell, J. M.; Pérez, C. The boundedness of classical operators on variable
L? spaces. Ann. Acad. Sci. Fenn. Math. 31 (2006), no. 1, 239-264. MR 2210118|

[8] Cruz-Uribe, D.; Fiorenza, A. and Neugebauer, C.J. The maximal function on variable LP spaces, Ann.
Acad. Sci. Fenn 28 (2003), 223-238. MR 1976842.

[9] Cruz-Uribe, D.; Martell, J.M.; Perez, C. Weights, Extrapolation and the Theory of Rubio de Francia. Op-
erator theory: Advances and Applications, 215. Birkhuser/Springer Basel AG, Basel, 2011. MR 2797562,

Actas del XII Congreso Dr. Antonio A. R. Monteiro (2013), 2014


http://www.ams.org/mathscinet-getitem?mr=2356573
http://www.ams.org/mathscinet-getitem?mr=2772074
http://www.ams.org/mathscinet-getitem?mr=0928802
http://www.ams.org/mathscinet-getitem?mr=1096400
http://www.ams.org/mathscinet-getitem?mr=3026953
http://www.ams.org/mathscinet-getitem?mr=2210118
http://www.ams.org/mathscinet-getitem?mr=1976842
http://www.ams.org/mathscinet-getitem?mr=2797562

172 LUIS NOWAK, GLADIS PRADOLINI, AND WILFREDO A. RAMOS

[10] Daubechies, L.: Ten lectures of wavelets. CBMS-NFS regional conference series in applied mathematics,
61, 1992. MR 1162107,

[11] Diening, L.: Maximal function on generalized Lebesgue spaces LP (%), Math. Inequal. Appl. 7 (2004),
no. 2, 245-253. MR 2057643\

[12] Edmunds, D. E.; Lang, J.; Nekvinda, A.: On LPY) norms. R. Soc. Lond. Proc. Ser. A Math. Phys. Eng.
Sci. 455 (1999), no. 1981, 219-225. MR 1700499,

[13] Ephremidze, Lasha; Kokilashvili, Vakhtang; Samko, Stefan.: Fractional, maximal and singular operators
in variable exponent Lorentz spaces. Fract. Calc. Appl. Anal. 11 (2008), no. 4, 407-420. MR 2459733,

[14] Garcia-Cuerva, José; Rubio de Francia, José L.: Weighted norm inequalities and related topics. North-
Holland Mathematics Studies, 116. Notas de Matematica [Mathematical Notes], 104. North-Holland Pub-
lishing Co., Amsterdam, 1985. MR 0848136,

[15] Harjulehto, Petteri; Hasto, Peter; Pere, Mikko: Variable exponent Lebesgue spaces on metric spaces: the
Hardy-Littlewood maximal operator. Real Anal. Exchange 30 (2004/05), no. 1, 87-103. MR 2126796,

[16] Hunt, R.: On L(p,q) spaces. Enseignement Math. (2) 12 (1966), 249-276. MR 0223874/

[17] Izuki, Mitsuo: Wavelets and modular inequalities in variable LP spaces. Georgian Math. J. 15 (2008),
no. 2, 281-293. MR 2428471\

[18] Kovacik, Ondrej; Rakosnik, Jiff: On spaces LP™) and W*P®). Czechoslovak Math. J. 41(116) (1991),
no. 4, 592-618. MR 1134951,

[19] Lorentz, G.: On the theory of spaces A. Pacific J. Math. 1 (1951), 411-429. MR 0044740,

[20] Macias, Roberto A.; Segovia, Carlos: Lipschitz functions on spaces of homogeneous type. Adv. in Math.
33 (1979), no. 3, 257-270. MR 0546295,

[21] Meyer, Yves: Wavelets and operators. Translated from the 1990 French original by D. H. Salinger.
Cambridge Studies in Advanced Mathematics, 37. Cambridge University Press, Cambridge, 1992.
MR 1228209.

[22] Musielak, Julian: Orlicz spaces and modular spaces. Lecture Notes in Mathematics, 1034. Springer-
Verlag, Berlin, 1983. MR 0724434/

[23] Nowak, Luis: Haar type bases in Lorentz spaces via extrapolation. Rev. Un. Mat. Argentina 53 (2012),
no. 1, 71-83. MR 2987157,

[24] Rubio de Francia, José Luis: Factorization and extrapolation of weights. Bull. Amer. Math. Soc. (N.S.) 7
(1982), no. 2, 393-395. MR 0663793,

[25] Rubio de Francia, José Luis: A new technique in the theory of A, weights. Topics in modern harmonic
analysis, Vol. I, II (Turin/Milan, 1982), 571-579, Ist. Naz. Alta Mat. Francesco Severi, Rome, 1983.
MR 0748875.

[26] Ruzicka, M.: Electrorheological fluids: modeling and mathematical theory. Mathematical analysis of
liquids and gases (Japanese) (Kyoto, 1999). Surikaisekikenkytisho Kokyiroku no. 1146 (2000), 16-38.
MR 1788852.

[27] Soardi, P.: Wavelets bases in rearrangement invariant function spaces. Proc. Amer. Math. Soc. 125 (1997),
no. 12, 3669-3673. MR 1443168,

CONICET AND DEPARTAMENTO DE MATEMATICA, FAEA, UNIVERSIDAD NACIONAL DEL COMAHUE,
NEUQUEN, ARGENTINA.
E-mail, L. Nowak: luisenlitoral@yahoo.com.ar

CONICET AND UNIVERSIDAD NACIONAL DEL LITORAL. SANTA FE, ARGENTINA
E-mail, G. Pradolini: gladis.pradolini@gmail.com

INSTITUTO DE MATEMATICA APLICADA DEL LITORAL. CONICET. SANTA FE, ARGENTINA.
E-mail, W. A. Ramos: oderfliw@hotmail.com

Actas del XII Congreso Dr. Antonio A. R. Monteiro (2013), 2014


http://www.ams.org/mathscinet-getitem?mr=1162107
http://www.ams.org/mathscinet-getitem?mr=2057643
http://www.ams.org/mathscinet-getitem?mr=1700499
http://www.ams.org/mathscinet-getitem?mr=2459733
http://www.ams.org/mathscinet-getitem?mr=0848136
http://www.ams.org/mathscinet-getitem?mr=2126796
http://www.ams.org/mathscinet-getitem?mr=0223874
http://www.ams.org/mathscinet-getitem?mr=2428471
http://www.ams.org/mathscinet-getitem?mr=1134951
http://www.ams.org/mathscinet-getitem?mr=0044740
http://www.ams.org/mathscinet-getitem?mr=0546295
http://www.ams.org/mathscinet-getitem?mr=1228209
http://www.ams.org/mathscinet-getitem?mr=0724434
http://www.ams.org/mathscinet-getitem?mr=2987157
http://www.ams.org/mathscinet-getitem?mr=0663793
http://www.ams.org/mathscinet-getitem?mr=0748875
http://www.ams.org/mathscinet-getitem?mr=1788852
http://www.ams.org/mathscinet-getitem?mr=1443168

	1. Introduction and main result
	2. Preliminaries. Dyadic analysis on spaces of homogeneous type
	3. Haar systems and weighted Lebesgue spaces
	4. Extrapolation: Proof of Theorem 1.1
	5. Applications
	References

