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In this paper, we propose a criterion for bounding the relative errors associated with the determination of the
Stokes vector that describes the state of polarization of a light beam. No assumptions about the magnitude, origin,
or statistical behavior of the errors are made. It is shown that figures of merit such as the condition number and the
equally weighted variance naturally arise as optimization parameters. Moreover, a third optimization parameter
emerges, which takes into account errors associated with the matrix that represents the selected configuration
of analyzers. Finally, a new and more general figure of merit is derived from this analysis and is applied in
an optimization process of a very well known polarimeter. © 2013 Optical Society of America
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1. INTRODUCTION
The knowledge about the polarimetric properties of a sample,
or the state of polarization (SOP) of a light beam, allows us to
obtain information related to different physical phenomena. In
this sense, polarimetry is a topic of interest in many research
fields, such as biological tissue analysis [1,2], glucose concen-
tration sensing [3], determination of optical active molecules
in turbid media [4], vegetation remote sensing [5], or cloud
detection [6].

The SOP of a light beam is well determined if the corre-
sponding four Stokes parameters are known. They can be
obtained from radiometric measurements performed with a
polarimeter. This device is said to be complete if it allows
us to determine the four parameters.

A Stokes polarimeter is conformed by polarizing optical
elements such as polarizers and waveplates, whose axis
orientations and/or phase retardations can be modified. Each
possible configuration of these elements constitutes a particu-
lar polarization state detector (PSD).

The measurement technique consists of projecting the SOP
of the incoming light beam on different PSDs and registering
the corresponding intensity values. The set of radiometric
measurements yields a linear equation system. Therefore,
at least four linearly independent equations, obtained from
adequate configurations, are required in order to determine
all parameters.

Mathematically, the equation system can be written in
matrix form as

I � QS; (1)

where I is the intensity measured vector, S is the Stokes
vector, and Q is the matrix of analyzers of the system (the
matrix that contains all the configurations over which the

input vector is projected). In order to find the Stokes vector,
the matrix Q should be inverted. When four measurements
are performed, the Q matrix has the dimensions 4 × 4 and
the system can be solved by multiplying by the inverse matrix
on both sides of Eq. (1).

However, while four measurements performed in adequate
configurations are enough to get a complete polarimeter, it
has been reported in previous references [7–9] that precision
in the results improves when redundant information is added,
i.e., by conducting N > 4 projections. In that case, the matrix
Q from Eq. (1) is rectangular (of N × 4 dimensions) and there-
fore has no inverse.

Then the system represented by Eq. (1) may be solved by
defining the Moore–Penrose pseudoinverse [10]

~Q≡ �QTQ�−1QT ;

so that the Stokes vector we want to determine may be
written as

S � ~QI:

Experimentally, both matrix Q and the set of measured
intensities have associated uncertainties that affect the
accuracy of the instrument in determining the Stokes vector.
This accuracy can be improved by adequately choosing the
number of measurements to be performed and the distribu-
tion of PSDs over the space of possible configurations of
the polarimeter.

Thus, it is necessary to find a set of figures of merit that
allow us to evaluate the performance of the instrument in
relation to the selected configurations. Different parameters
have been proposed in previous papers, such as the condition
number (CN) [9,11], the equally weighted variance (EWV)
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[7,9,11], the absolute reciprocal determinant [7], and the de-

terminant of the matrix of analyzers [12]. Nevertheless, to
our knowledge, the relation of these parameters to the accu-
racy of the instrument has not been explored, nor why they
are appropriated to be used in an optimization process. More-
over, in previous articles, besides prioritizing a particular
source of error, it is assumed that the inaccuracies are small.
Some papers take into account only intensity errors [9], while
others only consider uncertainties related to the matrix of ana-
lyzers, but they are not propagated to the pseudoinverse [8].

In this paper, we propose a criterion for bounding the rel-
ative errors associated with the determination of the Stokes
vector S. No assumptions about the magnitude, origin, or
statistical behavior of the errors are made. It is shown that
figures of merit such as the CN and the EWV naturally arise
as optimization parameters. Moreover, the influence of these
quantities on the optimization process is explained through
the proposed bounding relationship. Finally, a new and more
general figure of merit is derived from this analysis. An exam-
ple is performed in order to show how this new optimization
parameter should be used and some of its benefits.

The general strategy that we propose has been applied in
other references to analyze the errors associated with Mueller
matrix polarimeters [13–15]. However, in this paper we
introduce a particular approach based on the power series
expansion of errors.

2. ERROR ANALYSIS FOR A COMPLETE
STOKES POLARIMETER
Let us suppose that δI and δ ~Q are uncertainties associated
with the intensity measurements and the matrix of analyzers,
respectively. The last one includes calibration errors,
positioning errors, misalignments, etc. Then ~Q and I values
will be contained in the intervals � ~Q − δ ~Q; ~Q� δ ~Q� and
�I − δI; I� δI�, respectively. Thus, if variables ~q ⊂ �−δ ~Q; δ ~Q�
and i ⊂ �−δI; δI� are defined, the equation corresponding to
S could be written as

S�~q; i� � � ~Q� ~q��I� i�: (2)

This equation implicitly contains uncertainties in S. Let us
define the mean value of S as S̄ � ~QI. Then, if this expression
is subtracted from Eq. (2), fluctuations δS around the mean
value can be expressed as

δS�~q; i� � S�~q; i� − S̄ � � ~Q� ~q��I� i� − ~QI: (3)

It should be taken into account that in error analysis what
matters is the overall magnitude of the fluctuation, and that
this quantity can be obtained from the norm of matrices
and vectors, respectively. Thus by distributing the brackets
and applying the appropriate norm on both sides of the pre-
vious equation, it results in

‖δS�~q; i�‖ � ‖ ~Qi� ~qI� ~qi‖: (4)

Let us write Eq. (3) in indicial form as

δSj�~q; i� �
X
k

~Qjkik �
X
k

~qjkIk �
X
k

~qjkik;

where j and k represent the row and column indexes,
respectively.

If variables ik and ~qjk vary in a continuous way and they are
bounded for all j and k, then by the continuity of the sum and
product operations, it is found that δSj is a bounded and con-
tinuous function of ik and ~qjk for all j and k. Moreover, from
the continuity of the norm, it follows that ‖δS‖ is a bounded
and continuous function of ~q and i. Then the Weierstrass gen-
eralized theorem states that there exist ~q� (~q

−
) and i� (i

−
)

such that the function reaches a maximum (minimum) in
the considered region [16]. It is supposed in this argument that
uncertainty intervals are of a finite size. If any of them (or
both) were infinite, the maximum value of the function would
tend to infinity, because

lim
δI;δ ~Q→∞

‖δS‖ � ∞:

Thus, if we defineΔS≡ δS�~q�; i��, then ‖ΔS‖ � maxf‖δS‖g
and ΔS is the maximum available error in computing S.
This implies that the real value of S belongs to the inter-
val �S − ΔS;S� ΔS�.

As ΔS depends on the values of ~q� and i�, which in turn
depend on the values of I and ~Q, its magnitude depends on
the error associated with each particular measurement.
However, if an optimization process were carried out in order
to improve the performance of the instrument, it would be
desirable to find a bounding criterion related to the extreme
values of the error interval instead of one related to the errors
associated with particular measurements.

In order to do so, it is enough to remember that

‖~q�‖ ≤ ‖δ ~Q‖; ‖i�‖ ≤ ‖δI‖;

and by the matrix norm properties (Appendix A), Eq. (4) may
be bounded as

‖δS�q; i�‖ ≤ ‖ ~Qi�‖� ‖q�I‖� ‖q�i�‖

≤ ‖ ~Q‖‖i�‖� ‖q�‖‖I‖� ‖q�‖‖i�‖

≤ ‖ ~Q‖‖δI‖� ‖δ ~Q‖‖I‖� ‖δ ~Q‖‖δI‖; (5)

where the last expression no longer depends on the optimiza-
tion variables ~q and i. So, there is a bound for ‖δS‖ as a
function of δI and δ ~Q.

It is important to point out that in our analysis it is assumed
that the norms of vectors and matrices are consistent [10] (see
Appendix A).

It is well known that precision in the measurement
of a quantity A is associated with the relative error
ε�A�≡ ‖δA‖∕‖A‖. In this way it is desirable to find an expres-
sion for ε�S�. Thus, if the norm is applied to both sides of
Eq. (1), and by considering property (A4) of Appendix A, it
leads to

‖Q‖‖S‖ ≥ ‖I‖: (6)

Finally, if expression (5) is multiplied by expression (6),
and by grouping conveniently, we obtain
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‖δS‖
‖S‖

≤
�
‖δI‖
‖I‖

� ‖δ ~Q‖
‖ ~Q‖

� ‖δI‖
‖I‖

‖δ ~Q‖
‖ ~Q‖

�
‖ ~Q‖‖Q‖: (7)

Additionally, keeping in mind that the CN is defined as [17]

κ�Q�≡ ‖ ~Q‖‖Q‖;

the expression for the relative error ε�S� is given by

ε�S� ≤ �ε�I� � ε� ~Q� � ε�I�ε� ~Q��κ�Q�: (8)

Therefore, the CN naturally arises as an optimization
parameter, given that it is a bounding factor that is indepen-
dent of the S vector to be measured.

As a following step, it should be considered that Eq. (8) de-
pends on the unknown parameter δ ~Q (in fact, δQ is the known
parameter); thus it is convenient to write δ ~Q in terms of Q, ~Q,
and δQ. To do so, and by analogy with Eq. (3), let us write

δ ~Q�q� � ��QT � qT ��Q� q��−1�QT � qT � − ~Q;

where q ⊂ �−δQ; δQ� is a variable parameter.
Now, the matrix norm can be applied to both sides of the

previous equation in order to get

‖δ ~Q�q�‖ � ‖��QT � qT ��Q� q��−1�QT � qT � − ~Q‖:

By considering the same arguments explained at the begin-
ning of this section, there exists a q� value that maximizes the
error (or that makes the matrix norm tend to infinity), and as a
consequence

‖δ ~Q‖ � ‖�QTQ�In � Γ���−1�QT � qT�� − ~Q‖;

where Γ� � �QTQ�−1��QT � qT��q� � qT�Q� and In represents
the identity matrix of order n. From the inverse matrix proper-
ties and those related to the inverse of the product of two
matrices, we obtain

‖δ ~Q‖ � ‖�In � Γ��−1�QTQ�−1�QT � qT�� − ~Q‖

� ‖�In � Γ��−1� ~Q� �QTQ�−1qT�� − ~Q‖:

Taking out �In � Γ��−1 as a common factor and distributing
the remaining brackets, the previous equation reduces to

‖δ ~Q‖ � ‖�In � Γ��−1��QTQ�−1qT� − Γ� ~Q�‖
≤ ‖�In � Γ��−1‖�‖�QTQ�−1qT�‖� ‖Γ� ~Q‖�
≤ ‖�In � Γ��−1‖�‖�QTQ�−1‖‖qT�‖� ‖Γ�‖‖ ~Q‖�:

From the singular value decomposition [10] it can be shown
that ‖�QTQ�−1‖ ≤ ‖ ~Q‖2 (see Appendix B), and consequently

‖δ ~Q‖ ≤ ‖�In � Γ��−1‖�‖ ~Q‖2‖qT�‖� ‖Γ�‖‖ ~Q‖�;
ε� ~Q� ≤ ‖�In � Γ��−1‖�‖ ~Q‖‖qT�‖� ‖Γ�‖�:

Additionally, the application of the norm on the definition
of Γ� leads to

‖Γ�‖ � ‖�QTQ�−1��QT � qT��q� � qT�Q�‖
≤ ‖�QTQ�−1‖‖��QT � qT��q� � qT�Q�‖
≤ ‖�QTQ�−1‖�‖QT � qT�‖‖q�‖� ‖qT�‖‖Q‖�
≤ ‖ ~Q‖2‖q�‖�2‖Q‖� ‖q�‖�
≤ ‖ ~Q‖2‖Q‖‖δQ‖�2� ε�Q��
≤ κ�Q�2ε�Q��2� ε�Q��; (9)

where it was considered that ‖q�‖ � ‖qT�‖ (see Appendix A)
and that ‖q�‖ ≤ ‖δQ‖ (this last relationship is evident from
the definition of q).

Likewise, we find that

‖ ~Q‖‖qT�‖ ≤ ‖ ~Q‖‖δQ‖ � κ�Q�ε�Q� ≤ κ�Q�2ε�Q�:

In this way, from these bounding relations, it follows that

ε� ~Q� ≤ κ�Q�2ε�Q��3� ε�Q��‖�In � Γ��−1‖:

The last factor on the secondmember of the equation above
can be expanded as a power series of Γ�. From the theory of
matrix power series it is known that the radius of convergence
is less than unity, i.e., the Taylor series will be convergent if it
satisfies the condition ‖Γ‖ ≤ 1 [18]. However, even if the
power series is not convergent, it will be majorant with
respect to the original function. This fact implies that in both
cases the relation

‖�In � Γ�−1‖ ≤
X∞
i�0

‖Γ‖i

holds, and as a consequence it is possible to write, in general,

ε� ~Q� ≤ κ�Q�2ε�Q��3� ε�Q��
X∞
i�0

‖Γ�‖i: (10)

In addition, Eq. (9) leads to

X∞
i�0

‖Γ�‖i ≤
X∞
i�0

fκ�Q�2ε�Q��2� ε�Q��gi;

and by combining the above two equations, we obtain

ε� ~Q� ≤
X∞
i�0

f�κ�Q�2ε�Q��i�1�3� ε�Q���2� ε�Q��ig:

It is apparent that

�3� ε�Q���2� ε�Q��i ≤ �3� ε�Q��i�1;

so it follows that

ε� ~Q� ≤
X∞
i�1

fκ�Q�2ε�Q��3� ε�Q��gi;

where the initial value of index i was shifted in order to
introduce the change i� 1 → i in the sum exponent.

E. Chironi and C. Iemmi Vol. 31, No. 1 / January 2014 / J. Opt. Soc. Am. A 77



The factor between braces is a monotonous function of
κ�Q� and ε�Q�. Therefore, the complete series behaves
monotonously, in relation to both parameters.

Then, let us define the functions

ξ�Q�≡ κ�Q�2ε�Q��3� ε�Q�� (11)

and

Ξ�Q�≡
X∞
i�1

�ξ�Q��i:

In this way, Eq. (8) can be written as

ε�S� ≤ fε�I� � �1� ε�I��Ξ�Q�gκ�Q�; (12)

where the relation ε� ~Q� ≤ Ξ�Q� has been used.
Equation (12) shows that the parameters that impose a limit

on the precision of a polarimeter are κ�Q�, ε�I�, and Ξ�Q�.
Also, it is derived from this equation that

lim
ε�Q�;ε�I�→0

ε�S� � 0;

which means that the relative error associated with S
approaches zero as the uncertainties related to the intensity
measurements and the matrix of analyzers decrease, as was
expected.

So far, it has been shown that the figure of merit CN arises
naturally as an optimization parameter. Let us prove that the
same is valid for the EWV. In order to do that, Eq. (11) can be
rewritten as

ξ�Q�≡ ‖ ~Q‖‖δQ‖�3κ�Q� � ‖ ~Q‖‖δQ‖�;

where the explicit dependence on ‖δQ‖ and ‖ ~Q‖ appears.
Consequently, Eq. (12) becomes

ε�S� ≤ fε�I� � �1� ε�I��‖ ~Q‖‖δQ‖Ξ0�Q�gκ�Q�; (13)

where, in order to shorten it, we have defined

Ξ0�Q�≡ κ�Q��3� ε�Q��
X∞
i�0

�ξ�Q��i:

It is not difficult to verify that EWV � ‖ ~Q‖2 when ‖ · ‖ is the
Frobenius norm [8,17] (see Appendix C). Therefore, Eq. (13)
shows that the CN and the EWV emerge as optimization
parameters when errors associated with Stokes polarimeters
are bounded in terms of the norm of the vectors and matrices
related to the measurement process.

It is important that both magnitudes are present in this
equation, because, as was shown in previous papers [8,9],
the EWV is the figure of merit that takes into account the im-
provement in the accuracy of the results as the number of
measurements N increases.

Additionally, in Eq. (13) a third factor ‖δQ‖ arises. If δQ is a
function of the same variables as Q (as happens with align-
ment errors), then the optimal solution should minimize not
only the CN and the EWV but also this parameter. In that case,
the optimal solution will be a trade-off among the values of the

involved figures of merit, and, in general, this solution will dif-
fer from that obtained by considering only the CN and the
EWV. This fact has been experimentally found in a previous
work [8].

The results achieved suggest that a more general function
should be considered. Let us define the overall precision

factor (Λ) as

Λ�x1; x2;…; xN�≡ ‖ ~Q‖‖δQ‖κ�Q�;

(where each xi represents a possible configuration of the
system). This is a global figure of merit, because it takes into
account the dependence of the system on all the involved
parameters. This function includes error amplification through
matrix product (CN), redundant information (EWV), and
errors associated with matrix Q that depend on the selected
configurations of analyzers (‖δQ‖). The functional form of
each factor will be dependent on the optical elements that con-
form the polarimeter, its architecture, and degrees of freedom.

3. APPLICATION EXAMPLE
Let us show the use of Λ in an optimization process of a
polarimeter based on a fixed linear polarizer and a rotating
quarter-wave plate, as is shown in Fig. 1.

In order to compute Λ, we will consider only those
uncertainties in alignment of polarizers and quarter-wave
plates, because it will simplify the calculation of δQ. If a
matrix Q is determined by a set of analyzers X ≡

�x1;…; xN � that have uncertainties δX ≡ �δx1;…; δxN�, let us
call D≡ �X − δX;X � δX�. Then we can define

Q� ≡Q�Y�; (14)

Q
−
≡Q�Z�; (15)

with Y, Z ⊂ D, such that

Qij�Y� ≥ Qij�X0�; Qij�Z� ≤ Qij�X0�;

for all i, j and X0 ⊂ D. Therefore, it is possible to assert that the
real value of Q belongs to �Q

−
;Q��.

Thus,

δQ ≤ Q� −Q
−
; (16)

so Q� −Q
−
is a reasonable bounding expression for δQ.

For a Stokes polarimeter consisting of a fixed linear polar-
izer and a rotating quarter-wave plate, each analyzer will be
characterized by the angles of rotation of both optical

Fig. 1. Basic scheme of the polarimeter used as an example.
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elements. The value of the retardance of the wave plate is sup-
posed to be exact. But given that the polarizer is fixed, its
angle of rotation will be the same for all the analyzers, while
the angle of rotation of the wave plate will be different for
each one. Consequently, for N analyzers, N � 1 parameters
should be considered.

In order to find the set of N � 1 optimum parameters, for
N � 4, four different computational simulation processeswere
performed. Four figures of merit were used as optimization
parameters, one for each process: Λ for process no. 1, κ for
no. 2, ‖ ~Q‖ for no. 3, and ‖δQ‖ for no. 4. For each optimum con-
figuration obtained, the values of the other figures of merit
were calculated. It is important to note that all the calculations
were performed by using the Frobenius norm. We computed
δQ assuming that all the δXij were the same and that the exper-
imental uncertainty in all angles was 0.5°, so δXij � δX � 0.5°.
The results of all processes are given in Table 1.

The first remarkable result is that the parameters shown in
the first three columns have similar values. In fact, κ and ‖ ~Q‖
barely differ in the third significant digit. This fact explains
why previously reported optimization processes, in which
CN or EWV was minimized, led to a good performance of
the polarimeter. Second, it should be noted that the ‖δQ‖
values are all of the same order of magnitude in all the table
columns, but the other parameters are greater by more than
eight orders of magnitude in the last column. This means that
the ‖δQ‖ is a very inefficient optimization figure of merit.

In order to analyze the obtained configurations, we plotted
the optimum analyzers found through optimization processes
nos. 1, 2, and 3 over the Poincaré sphere (see Fig. 2). Each of
the continuous curves represents the position of all the ana-
lyzers that have the same value for the polarizer angle θ. The
blue, green, and black curves correspond to processes nos. 1,
2, and 3, respectively. Note that the blue curve is obtained by
rotating the green one at an angle of 50° to the left, and the
black one at an angle of 12° to the right.

From the results in Table 1 and Fig. 2, we conclude that
optimization processes nos. 1, 2 and 3 lead to configurations
that have a similar geometric distribution over the Poincaré
sphere and similar conditioning properties (the values of κ
and ‖ ~Q‖ are very close). However, an optimization process
that minimizes Λ provides more complete information, be-
cause it takes into account the influence of the error matrix
δQ and yields a lower value of its norm. The fact that in this
particular case the influence of ‖δQ‖ seems to be low does not
imply that this condition holds for any other polarimeter
design.

4. CONCLUSIONS
It has been demonstrated that from a bounding process of the
relative errors associated with a complete Stokes polarimeter,
the CN and EWV parameters naturally appear as adequate
figures of merit for optimization. Furthermore, a third optimi-
zation parameter emerges and explains why the inclusion of
calibration errors into the optimization process leads to an
optimal configuration that does not agree with the configura-
tion obtained when the matrix calibration errors are not
considered.

On the other hand, in order to derive these results, no
assumptions were made here about the statistical behavior
of the involved uncertainties, and therefore the analysis is
completely general.

Finally, a global figure of merit was proposed as an
optimization parameter. This overall precision factor includes
the CN, the EWV, and errors associated with the matrix of
analyzers Q.

APPENDIX A
A matrix norm of A ∈ Cm×n, denoted by ‖A‖, is defined as a
function f∶Cm×n → R such that

‖A‖ ≥ 0; ‖A‖ � 0⇔A � 0; (A1)

‖αA‖ � jαj‖A‖; (A2)

‖A� B‖ ≤ ‖A‖� ‖B‖; (A3)

‖AB‖ ≤ ‖A‖‖B‖; (A4)

for every A, B ∈ Cm×n and α ∈ C.
Additionally, the norm satisfies

‖A‖ � ‖AT‖: (A5)

A given matrix norm may have an important connec-
tion with some vector norms. This connection is called

Table 1. Numerical Values of the Four Figures of

Merit Calculated for Each of the

Optimization Processes

No. 1 No. 2 No. 3 No. 4

Λ 3.96 4.04 4.13 3.79 × 1017

κ 6.49 6.42 6.42 3.05 × 109

‖ ~Q‖ 4.59 4.54 4.54 2.16 × 109

‖δQ‖ 0.133 0.139 0.142 0.0576

Fig. 2. Optimum analyzers obtained in optimization processes nos. 1,
2, and 3.
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consistency, and it is said that a matrix norm ‖ · ‖M and a vec-
tor norm ‖ · ‖V are consistent if and only if for any matrix A ∈
Cm×n and any vector x ∈ Cn

‖Ax‖V ≤ ‖A‖M‖x‖V : (A6)

For example, the Frobenius norm and the usual vector norm
are consistent.

APPENDIX B
Let us represent the Q matrix and its pseudoinverse through
their singular value decomposition

Q � UΣVT ⇒ ~Q � V ~ΣUT;

where U ∈ Rm×m and V ∈ Rn×n are orthogonal matrices.
From this expression, and taking into account the property

of unitary invariance [10] of the 2-norm and Frobenius norm
(which are the commonly used in polarimetry), it follows that

‖ ~Q‖ � ‖V ~ΣUT‖ � ‖ ~Σ‖:

In addition, from the singular value decomposition, it is
found that

‖�QTQ�−1‖ � ‖�VΣUTUΣVT �−1‖ � ‖�VΣ2VT �−1‖
� ‖�VTΣ−2V�‖ � ‖Σ−2‖ ≤ ‖ ~Σ‖2 � ‖ ~Q‖2.

Therefore,

‖�QTQ�−1‖ ≤ ‖ ~Q‖2:

APPENDIX C
The EWV is usually defined in the literature as

EWV�Q�≡
Xr
j�1

1
σ2j

;

where σj represents the singular values of matrix Q.
Taking into account the unitary invariance of the Frobenius

norm, it is possible to write

‖ ~Q‖ � ‖ ~Σ‖:

Additionally, by definition of the Frobenius norm,

‖ ~Σ‖≡ �tr� ~ΣT ~Σ��1∕2 �
 Xr

j�1

1

σ2j

!
1∕2

;

and as a consequence,

‖ ~Q‖2F � ‖ ~Σ‖2 �
Xr
j�1

1

σ2j
� EWV:
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