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1. Introduction

In a seminal paper, Lovasz and Schrijver [6] introduced two lift-and-project operators, Ny and N, with which - starting
from a (convex) polytope X C [0, 1]" - we may construct a sequence of polytopes yielding in at most n steps the convex
hull of the integer points in X, K; = conv(K N {0, 1}"). (They introduced also a third operator, N, which generally does
not yield a polyhedron and the results in this paper may not apply.)

In what follows, we denote by N either operator, N or Ny, and define N?(JC) = X and N§(JC) = N,j(N’g’1 (X)) for every
integer k > 1 (we refer the reader to Section 2 for further basic definitions and notation).

We always have X; C N;‘“(JC) C N¥(X) for any k, and N(X) C No(X), although N"(X) = Nj(X) = X.

This brings up the idea of the N-rank or index of the convex set X, r;(K), defined as the smallest k for which N §(J< ) =
K. Thus, r(K) <rg(K) <n.

A particularly interesting case is when K; = STAB(G), the stable set polytope of a simple graph G = (V,E), and
K = FRAC(G), the fractional stable set polytope. Since we will mostly use FRAC(G) as the initial relaxation, for simplicity
we write N£(G) = NE(FRAC(G)).

Lovasz and Schrijver pointed out that STAB(G) = FRAC(G) if and only if G is bipartite, whereas N(G) = Ny(G) =
CSTAB(G), the polytope defined by the trivial, edge and odd cycle inequalities,

1
qu < = (|C] — 1) forall odd cycles C.
ueC 2
Thus, for bipartite graphs we have r;(G) = 0, and in general, r;(G) < |V| — 2, with equality attained if G = K, the
complete graph on n vertices. Many other properties are shown in [6].
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Fig. 1.1. The Au and Tungel graph (AT-graph).
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Fig. 1.2. Graphs where the operators differ at the second iteration and coincide (G;) or not (G,) at the third, reaching STAB(G) at the fourth.

Several questions naturally arise from the fact that N;(G) = CSTAB(G). For example, are there simple characterizations
of N¥(G) or N¥(G) for k > 27 Is it always the case that N§(G) = N¥(G)? Or, at least, is it ro(G) = r(G) for all G?

The last two questions were raised by Liptdk and Tungel [5], who were among the first to study the ranks of N;(G), and
introduced two conjectures: the N — Ny conjecture, stating that N(’)‘ (G) = N*(G) for all k, and the rank conjecture, stating that
10(G) = r(G).

The N — Ny conjecture was shown to be false by Au and Tungel [1], by giving an example of a graph with 7 nodes and 14
edges for which r(G) = ro(G) = 3 and N*(G) # Ng (G). This graph - which we will call the AT-graph - is shown in Fig. 1.1.
They also showed that adding a suitable edge yields a perfect graph with the same properties.

Another counter-example to the N — Ny conjecture is given by the web graph W2, having 8 nodes and 16 edges (u is
adjacent to v if [u — v| € {1, 2}, where the difference is taken modulo 8). As with the AT-graph, for G = WS2 we have
r(G) = 10(G) = 3 and N*(G) # NZ(G) (it can be seen that x = é(l, 1,1,2,1,1,2,2) € N3(G) \ N*(G)). Unlike the
AT-graph, W is planar.

Obviously, the N — Ny conjecture holds for graphs G with ry(G) < 2, which includes bipartite graphs (ro(G) = 0) and
t-perfect graphs (defined by STAB(G) = CSTAB(G)), and in particular, series—parallel graphs. It also holds for the complete
graphs. Nevertheless, as seen by the previous examples, neither perfect graphs nor planar graphs are properly contained in
the family of graphs for which the N — Ny conjecture is true.

On the other hand, the rank conjecture remains unsettled. It holds for perfect graphs (for which STAB(G) = QSTAB(G),
the clique polytope associated with G), h-perfect graphs (defined by STAB(G) = QSTAB(G) N CSTAB(G)), and many other
graphs (see, e.g., [1,5]).

Thus, it is important to extend the known families of graphs for which either conjecture holds: in these cases we would
not need to study N¥(G), and just consider N(')‘(G), which in a sense is “easier” since it can be obtained as ﬂj Pj(N(’)"1 (G)),
where P; denotes the Balas et al. lift-and-project operator defined by P;(X) = conv((JC N{x:x=0HU(KN{x:x= l}))
(see [2,6]).

Anormal technique for studying the N, N and Ny ranks is to bound them by the disjunctive rank associated to the operator
P;. Still, the disjunctive rank may be strictly greater than the N and Ny ranks, as shown by the web W2, having N;-rank 2
but disjunctive rank 3. Of course, the N, -rank may be strictly smaller than either the N or Ny ranks: for n > 3 we have
r4(K,) = n — 2 whereas ry (K,) = 1[6].

The complexity of the study is illustrated by the fact that we could have N?(G) # Ng(G), r(G) = ro(G) = 4 and either
N3(G) equal to or different from NS(G) (respective examples are given by the graphs G; and G, of Fig. 1.2). That is, the
operators may differ at some step but be equal later (and before reaching STAB(G)).
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Fig. 1.3. A graph whose full support facets have different ranks.

Also, although N¥(G) C NX(G) always, it is the case that sometimes all the facets of N§(G) are facets of N¥(G) as for the
AT-graph and W2, and sometimes this is not true.

One approach to these studies is to compare the N;-ranks of just the facets of STAB(G), and in particular to consider only
those with full support. In this regard, it is interesting to notice that the rank (N or Ny) of a facet with full support need not
be equal to the rank of G. For example,

X1+ X2 + X3+ X4+ X5 + 2% + X7 + X3 + X9 < 3,
X1+ 2%y + 2x3 4+ X4 + 2X5 + 3Xg + X7 + Xg + X9 < 4,

are two of the facets of the stable set polytope of the graph in Fig. 1.3 (a variant of the AT-graph), the first one has Ny-rank
2 and the last one has N;-rank 3.

Yet another common technique - which we follow here - is to consider different operations on a graph and study how
these operations influence the behavior of the N and Ny operators.

For instance, the AT-graph may be obtained from the wheel W5 (a center node joined to every node in the cycle Cs) by
replicating one of the rim nodes. It is easy to see that r;(Ws) = 2, and by replicating the node the Ny-rank has increased
by 1. For general G, if we replicate a node in G to obtain G/, the facets of STAB(G') are completely characterized in terms of
those of STAB(G), and r4(G) < r3(G') < r(G) + 1, but either inequality could be strict.

Another important operation is the (complete) join of the disjoint graphs G; = (V1, E;) and G, = (V5, E;) to obtain
G= (V,E)withV =V;UV,ande € E ifeithere € Ej,ore € E;,ore = [vy, vp] withv; € V;andi € {1, 2}. To wit, we
could think of the AT-graph as the join of the center with the 6 rim nodes. For general G, the non-trivial facets of STAB(G)
are precisely those obtained by combining the non-trivial facets of STAB(G;). As in the case of the replication of nodes, this
simplicity does not carry over to the behavior of the ranks: r;(G) > max {r;(G1), r4(G,)} but we could have strict inequality
(as in the AT-graph case) or equality (e.g., by completely joining the graph in Fig. 1.3 with one node). Even more, r;(G) may
be as large as r;(G1) + r3(G,) + 2, as seen by taking G; and G, to be complete graphs.

When G is obtained by replication of a node or the join of two graphs, the facets of STAB(G) are completely characterized,
but there are many operations for which some facets of STAB(G) may be obtained from those of the original graph (see,
e.g.,[98,10,3,11]).

With a view to understanding the Liptak and Tuncel conjectures, here we extend their work on the N-ranks of FRAC(G) by
studying the relationship between the facets of N ’g(G) and those of its induced subgraphs. After reviewing some notation and
some elementary results, in Sections 3 and 4 we study the odd subdivision of an edge and the stretching of a node operations
introduced by Wolsey [10]; in Section 5 we study the star subdivision, introduced by Liptak and Lovasz [4], and in Section 6
we study what we believe is a new operation, the clique subdivision of an edge, motivated by the AT-graph. We end the
discussion by applying our results to show that the N — Ny conjecture remains false if we take QSTAB(G) instead of FRAC(G)
as the initial relaxation, and stating a general result along this line.

2. Preliminaries

In this section we review some of the nomenclature we use, and state some simple results.

We will not differentiate between row and column vectors, since the orientation of the vectors employed in this paper
should be clear from the context. We denote by e; the i-th unit vector and by 0 the null vector, in any case of appropriate
dimension. If x and y are vectors of the same dimension, their inner product is indicated by x - y, and x > y indicates x; > y;
foralli.IfI C {1,2, ..., n} wewrite x(I) = ) ;. X;. An inequality of the form a - x < b is valid for the set S C R" if it is true
forallx € S.If r : a- x < bis valid for the polytope X, and {x € KX : a - x = b} is a facet of X, we will say that & defines a
facet, and sometimes we will say simply that 7 is a facet of K.
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2.1. The Ny and N operators
_ Asalready mentioned, the Ng and N operators were introduced by Lovasz and Schrijver [6], who considered convex cones
KX C R (with components indexed by 0, 1, ..., n) such that
[xeR":(1,x) € X} C[0,1]"

Denoting by diag(Y) the diagonal of the matrix Y, for a convex cone X as above, we let Mo (X) be the cone of matrices
Y € RO+Dx@+D gych that diag(Y) = Y'ey = Yeg, and Ye; € K and Y(e; — €;) € X fori =1, ..., n. Projecting Mo (X) to
R™!, we get the cone

No(K) = {Ye : Y € Mo(K)}.

By requiring the matrices in My (X) to be symmetric also, we obtain the cone M (X) and its projection
N(X) = {Yeq : Y € M(X)}.

The cone generated by the convex set X C [0, 1]" is
cone(X) = {(t, tx) e R"™ : t > 0, x € X}.

For simplicity, when we say we are applying the Ny or the N operator to a convex set X C [0, 1]", we mean that we
consider cone(.X), apply the corresponding operator to it, then take the intersection of this cone with x, = 1 and project it
back onto R". Thus, in the sequel, No(X) and N(X) stand for these final subsets of [0, 1]". We say that Y represents a point
x € Ny (K) CR"ifY € My(cone(X)) C R DD and ye, = (1, x).

The next lemma establishes that if a valid inequality is tight at some pointx € N;(X), thenitis also tight for the columns
of a matrix representing it in the higher dimensional space.

Lemma 2.1. [f the inequality w : a-x < bisvalid for X, and a - x = b for some x € N4(X), then for every representation Y of
xand X' € R" such that Ye; = (x;, X') wehavea - X' = xbanda- (x — X)) = (1 —x) bforalli=1,...,n

Proof. Since (x;, X') and (1—x;, x —X") both belong to cone(X) and  is valid for X, a-X' < x;pband a- (x—X') < (1—x;) b.
Adding these two inequalities we obtain

a-x=a-X'+a-x=X)<xb+(1—x)b=b.

The result follows now froma-x =b. O
2.2. Graphs, stable sets and related polytopes

We will work with simple undirected graphs G = (V, E), usually lettingn = |V|.If v € V, the graph obtained by deletion
of v, denoted by G — v, is the subgraph of G induced by the nodes in V' \ {v}. Similarly, G — [v4, v,] stands for the graph
obtained after removing the edge [v1, v,] from G.

A stable set in G is a subset of mutually nonadjacent nodes and a clique is a subset of pairwise adjacent nodes.

The stable set polytope of the graph G is the convex hull of the incidence vectors x> of the stable sets S of G,

STAB(G) = conv{ " : S stable set in G},

the fractional stable set polytope is defined by the trivial (0 < x, < 1 for v € V) and edge inequalities,
FRAC(G) = {x € [0, 11" : X, + x, < 1, [u, v] € E},

and the clique polytope is defined by the trivial inequalities and the clique inequalities,
QSTAB(G) = {x € [0, 1]V : x(K) < 1, K clique in G}.

The maximal clique inequalities always define facets of STAB(G).
If an inequality  is valid for STAB(G), we define its Ny-rank, r4(s7), as the minimum k such that r is valid for N§ (G).

3. 0dd subdivision of an edge

Wolsey [10] introduced the odd subdivision of an edge as follows: given the graph G and an edge [v1, v,] of G, construct the
graph G’ from G by deleting the edge [v4, v,], adding two new nodes, v, and vy, and the edges [v1, Vn11], [Vnt1, Unia]
and [vp42, v2].
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Leta-x < b,witha > 0and a # e; + e, define a facet of STAB(G). Wolsey proved [ 10, Proposition 2] that
a-X+b Xnp1+xp42) <b+ D
defines a facet of STAB(G') if
b’ =max{a-x—b:x e STAB(G — [v1, v2])} > O.
Our purpose is to generalize this result to the N context. Given a valid inequality for N "n(G),
T:a-x<b,

with a > 0 and a # e; + e;, we look for a valid inequality for N’;(O) of the form

T:a-Xx+b (Xnp1 +Xnp2) <b+D,

with b’ > 0.

Notice that the inequality x; + x, < 1, valid for FRAC(G), is replaced for FRAC(G') by the three inequalities
X1+%41 =1, X1+ X2 <1 and Xpp+x <1,

which define facets of N¥(G') for every k.
Liptak and Tungel [5, Theorem 16 and Lemma 17] showed the following.

Ifx ¢ STAB(G) thenX = (x, 1 —x1,%;) & STAB(G).
Ifx € N{(G) thenk = (x,1—xy,x1) € N§(G).
rs(G) = ry(G).

They also gave an example where the inequality (3.7) is strict.
For X € R™"? we write X = (X, X,41, Xn2) With x € R", and set

H={XeR"™ X1 + X2 = 1}.

We establish now a partial converse and a more precise version of (3.5) and (3.6).

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)
(3.6)
(3.7)

Lemma 3.1. Let G’ be obtained from G by the odd subdivision of [vi, v2]. If x € R", let X' = (x,1 — xq,x;) and X*> =

(X, X2, 1 —x3).

1. If X = (X, Xpt1, Xnt2) € N’g(G/) N H, thenx € N’j‘(G) and X is a convex combination of X! and X2. In particular, x; + X < 1,

and if X is an extreme point of N(G') thenX = X' or X = ¥*.
2. If x is an extreme point of N§(G), then X' and X? are extreme points of N’g(G’).

Proof. 1. GivenX = (X, Xn11. Xa42) € N£(G') N H, we prove that x € N¥(G) by induction on k.

For k = 0 we only have to check that x; + x, < 1. Since the inequalities in (3.4) hold and x € H, it follows that

X1+ Xpp1 H X2 X2 = 14+ X1+ % <2,

and thenx; +x, < 1. _
Suppose k > 0 and let Y be a representation of x € Ng(G’),

- 1 Xi o X Xn | Xay1 Xay A
X X X1 X1in 0 X142
oo Xi Xi1 s Xi Xin Xin+1  Xing2
Y = ,
Xn Xn,1 Xn,i Xn Xnn+1  Xnn42
Xn+1 0 Xnt1,i Xntin | Xng1 0
L Xni2 | Xnt2,1 Xnt2,i Xn+2.n 0 Xnyo -

where, €.g., X1 1,142 = Xnt2,n11 = 0 since [vyy1, vay2] € E(G) [6].
Lemma 2.1 and x,41 + Xp42 = 1imply

Xni1,i T Xnt2,i = Xi, K1 — Xng1,) + Kng2 — Xny2.0) = 1 —x;,

fori = 0,...,n+ 2, so that, by the inductive hypothesis, the submatrix of Y with rows and columns in {0,

representation of x as a point in N ’é (G).

...,n}isa
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2. IfX" were not an extreme point of N§(G'), thenk' = Az+(1—1)w with A € (0, 1)andz, w € N{(G').IfZ = (2, Zn11. Zny2)
and w = (w, wpy1, Wpyo) itis easy to check thatx = Az + (1 — A)w. Moreover, z, 1 + Zy42 = 1 and wp1 + wWpg = 1.
According to the first part,z, w € Ng(G), contradicting that x is an extreme point ofN"ﬁ(G). 0O

The next result follows immediately from the previous lemma.

Lemma 3.2. If G’ is obtained from G by the odd subdivision of [vy, v,] and 7 in (3.2) is valid for N’j‘(G), then 7 in (3.3) is valid
for N&(G') N H for every .
Thus, in order to define b’ for 7 as in (3.3), we only need to consider points outside H. To this end, let W be the set of
extreme points ong(G’) notin H (W # ( since 0 € W), and for x = (X, X,11, Xn12) € W let
Bx) =min{y > 0:y (1 —Xy41 — Xp42) > a-Xx — b}.
For every X € W we will have that if b’ > 8(x) then
a-x+b Xop1 +Xpp2) <b+ 1D,
so it is natural to define
b = max{B(x) : x € W}. (3.8)

Remark 3.3. If N’;(G/) = STAB(G'), the value of b’ in (3.8) coincides with that of (3.1), and is called strength of the edge
[v1, v2]in[4].

The above definitions and Lemma 3.2 imply the following.

Theorem 3.4. If G is obtained from G by the odd subdivision of [vq, vy] and 7 in (3.2) is valid for N"ﬁ(G), then 7 defined
in (3.3) with b’ as in (3.8), is valid for N§(G’).

When 7 defines a facet ofN"t(G), we may say more.

Theorem 3.5. If G is obtained from G by the odd subdivision of [vq, v;], 7 in (3.2) defines a facet of N’;(G) different from
X1+ X, < land b’ given in (3.8) is positive, then  given in (3.3) defines a facet of N§(G’).

Proof. We know from Theorem 3.4 that 77 is a valid inequality for N’;(G/). Letx!,...,x" € N§(G) be affinely independent
points satisfying 7 with equality, and define

X=,1—x},x}) fori=1,...,n.

In addition, there must existj € {1, ..., n}suchthat xj] —|—x’42 < 1(otherwise, w would define the same facetas x;+x, < 1).
Letus set X"*' = (¥, 1 — x}, x,). From (3.6), X' € N{(G) fori = 1,...,n+ 1.Finally, let X"**> € W be an optimal solution
of (3.8).

It is not difficult to see that X!, ..., x"*2 are affinely independent points satisfying 7 with equality. Therefore, 7 defines
afacet of N¥(G). O

Corollary 3.6. Under the hypotheses of Theorem 3.4, both inequalities, = and 7, have the same Ny-rank, i.e., r4(w) = r3(7T).

Proof. Let r and r be the Nj—ral}ks of 7 and 7, respectively. Theorem 34 (with k = r) impliesr > r.
On the other hand, let x € Ng(G). Using (3.6), X = (x, 1 — x1,X1) € Ng(G’) and then

a-x+b(1—xi+x)<b+b".
Therefore, 7t is a valid inequality for N;(G) andr <r. O

We conclude this section by commenting on similarities and differences between the N, relaxations and the stable set
polytope after odd subdivision of an edge.

Mahjoub [7] presents nice structural results complementing Wolsey’s result. More precisely, if a = (a, ap+1, an42) and
a- X < bis afacet defining inequality of STAB(G') different from those in (3.4), then we have the following.

1. If both a,41 and a,,4, are positive, we must have a, 1 = 2.
2. We cannot have a,,;1 > 0 and a,4, = 0 (and vice versa).

The first of these two statements is no longer true when we consider N’g(G’) instead of STAB(G'). A counter-example is
the graph obtained by the odd subdivision of 1, 7] in the AT-graph (Fig. 1.1). However, we may extend the second statement
to the intermediate N relaxations, using thatif G = G; U G, and V(G;) N V(G,) = {v}, then N’j‘(G) is defined by the facets

of the polytopes N¥(G;) and N£(G;) 5, Theorem 6].
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Lemma 3.7. Let G’ be obtained from G by the odd subdivision of [v, vo] and let a-x < b be a facet defining inequality of N’;(G’)
different from those in (3.4). Then we cannot have a,; > 0 and a,,, = 0 (and vice versa).

Proof. Ifa,,; > 0and a,;, = 0, a-x < bdefines a facet of N ’j‘(G/ — Upy2)- By the above mentioned result, the facet defining

inequalities of N’j‘(G/ — Unt2) also define facets of Ng(G/ — {vn+1, Una2}). Since ap1 > 0, a - x < b must coincide with the
facet x; + x,11 < 1, contradicting the hypothesis. O

4. Stretching of a node

Wolsey [10] presented also a generalization of the odd subdivision of an edge, the stretching of a node: given the graph
G and a selected node v,, we obtain G’ by separating the adjacent nodes of v, into two non-empty subsets V; and V5,
introducing two new nodes v, and v, so that each vertex of V; is joined to v,4¢, £ = 1, 2, and finally joining v, to
Un+1 and vy only.

This operation is named the stretching operation of type I in [5] and is also analyzed in [3] for obtaining facets of the
stable set polytope.

Let us recall some results in [5,10], analogous to the ones presented in the previous section.

Ifa-x < bwith a > 0 defines a facet of STAB(G) such that

max {a-x:x € STAB(G),x; =0,j € V, U {n}} =b
for £ = 1, 2, then [10, Proposition 3],
X+ ay Xap1 + Xny2) < b+ ap, (4.1)

defines a facet of STAB(G').
The main purpose of this section is to obtain a similar result for the intermediate Ny relaxations.

Ifz = (z1,...,2y4p) € R™™P for some p > O we write Z = (z1, ..., 2,-1) € R" ', sothatz = (Z, zy, . .., Zo4p). We also
consider

H ={ReR"™ %+ X0y =1} fort=1,2.

We have, by [5, Lemma 26 and Theorem 25], the following.

Ifx = (X, x;) & STAB(G), thenx = (X, 1 — Xy, X,, X,) & STAB(G). (4.2)
Ifx = (& ;) € N§(G), thenk = (R, 1 — Xy, Xn, Xa) € N5(G)). (4.3)
r4(G) < ry(G). (4.4)

Lemma 4.1. Let G’ be obtained from G by stretching the node v,. If X = (X, Xy, Xnt1, Xn42) € N’é (G)NHy, then (X, Xp12) € N’é (G).

Proof. We prove that (X, X,12) € N§(G) by induction on k.

For k = 0 we only need to check that the edge inequalities x; + x, < 1fori € V; U V; are satisfied. If i € V5, this is true
since x; + x,4» < 1 for every point in FRAC(G'). Let i € V;. Combining the inequalities x; + X,42 < 1, % + X,+1 < 1and the
fact that x € H; we have

Xi+ X2 <X+ 1—Xp =X +Xp11 < 1.

Hence, x € FRAC(G). _
Suppose k > 0 and let Y be a representation of X in N§(G’),

-1 X1 s Xi | X Xn41 Xny2 7
X1 X1 X1,i X1,n X1,n+1 X1,n+2
v — Xi Xi 1 s Xi s | Xin Xin+1 Xin+2
Xn Xn,1 Xn,i Xn 0 0
Xng1 | Xng1,1 Xn41,i 0 Xn41 Xn+1.n+2
L Xny2 | Xni2,1 Xnt2,i 0 | Xn42,n41 Xny2 -

Since x, + X,+1 = 1, Lemma 2.1 implies

Xn,i + Xnt1,i = Xi, (Xn - Xn,i) + (Xn+l - Xn+1,i) =1-x;,
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fori =0, ..., n+ 2.Using the inductive hypothesis we obtain that
r 1 X1 “en Xi ‘e Xn42
X1 X1 X1,i X1,n42
y = : : : :
Xi Xi1 e Xi cr | Xing2
L Xnt+2 | Xn+2.1 Xn42,i Xnt2

is a representation of x as a point in Ng(G). O

Let W;; be the set of extreme points ofN’t‘(G’) inH; \ Hj fori,j =1, 2 (clearly, W;; # 9).

Theorem 4.2. Let G’ be obtained from G by stretching v,. If = : a-x < b defines a facet of N’;(G) such that & asin (4.1) is valid
for N&(G'), and

max {d-X + apXp2 1 X € Wio} = max{G-X + apXpyq : X € W1} = b, (4.5)
then 77 defines a facet of N£(G)).

Proof. Let x!, ..., x" € N’g(G) be affinely independent points satisfying = with equality, and fori € {1, ..., n}, consider
X =&, 1—x,x,x).

Using (4.3), X' € N£(G') N Hy N H, foreveryi € {1,...,n}.
Let X"*! € W, , and X"*2 € W, ; be optimal solutions to (4.5), i.e.,

a- 8" +axit) =b and a- X"+ a3 =b.
Thenx!, ..., x"*2 are affinely independent points satisfying 7= with equality, and 77 defines a facet of Ng(G’). O

Remark 4.3. Let us observe the following.

e After Lemma 4.1, ifx € N¥;(G') N Hy, then @ - X + a,x,,, < b provided that a - x < b is valid for N¥;(G).
e Theorem 4.2 generalizes Wolsey's result [ 10] when N"t(G/) = STAB(G).
e The hypotheses of Theorem 4.2 clearly imply that ry(7w) < ry(m).

5. Subdivision of a star

Given G and a selected node v, with neighbors vy, . . ., v, Liptdk and Lovasz [4] define the graph G’ obtained by subdivision
of a star on v, as follows: for everyi € {1, ..., s}, delete the edge [v;, v,], add a new node v,; and the edges [v,+, vi] and
[Un—H’s Urz]-

Ifa-x < bwitha > 0defines a facet of STAB(G) and
Cin=max{a-x—b:x e STAB(G — [vi, vs])} > 0, fori=1,...,s,
it is proved in [4] that

N N N
AR+ (Z Cin — an> Xo+ Y CinXnpi b+ Y Cin— an, (5.1)
i=1 i=1 i=1

defines a facet of STAB(G').
In [5, Lemmas 16 and 17] the authors show the following.

Ifx & STAB(G), thenX = (X, 1—Xn, X5, ..., X,) & STAB(G). (5.2)
Ifx € N{(G), thenX= (& 1—Xn, X, ..., %) € NJ(G). (5.3)
r:(G) < r:(G). (5.4)
Following the ideas of the previous sections we look for a facet 7 of N ’j‘(G/) of the form (5.1) which could be derived from
a facet ofN’g(G). In order to do so, we define fori =1, ...,s,

N N
Hi={&eR™ xpi+x=1, T=(\H\H, H=[]H. (5.5)

i=t i=1

i

The following simple result helps us to construct a point in N’; (G) from a point in Ng(G’) that also lies in H.
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Lemma 5.1. Let G’ be obtained from G by subdivision of a star on v,. If x = (X, Xn, Xnt1, - - - » Xnts) € N’;(G’) N H, with H given
in(5.5), thenx = (X, 1 — x,) € N§(G).

Proof. The proof is by induction on k.

For k = 0 it only remains to check that x; + (1 — x,) < 1foreveryi € {1,2,...,s}.Sincex € H, x, + x,1; = 1 for every
i,sothatx; + (1 —x,) = X; + x4 < 1given that X € FRAC(G).

Assume that k > 0 and let

— 1 X1 Xj Xn Xn+1 Xnts -
X1 X1 X1,j X1,n X1,n4+1 st Xints
x] X],] P Xj “ e Xj,ﬂ X],TlJr] “ e xj,n+5
Y =
Xn Xn,1 Xnj Xn Xn,n+1 Xn,n+s
Xn+1 | Xn+1,1 Xn41,j Xn4+1,n Xn+1 Xn+1,s
= Xn+s | Xn+s,1 Xnts,j Xnts,n | Xnts,n+1 Xnts —

be a representation of x € N’j‘(G’).
Using Lemma 2.1, we know thatfori=1,...,sandj=1,...,n+s,

Xnj + Xntij = Xj, (Xn — Xnj) + Kngi — Xppij) = 1 —X;.

Hence, the inductive hypothesis implies that

r 1 X1 N X; e 1—x, 7
X1 X1 X1,j X1 — X1n
Y = : : : N
X; Xj.1 s Xj ) X Xin
L 1—2%; | X1 — X1 Xi — Xnj 0 i

is a representation of x as a point of N’g (GH). O

When the points belong to H, there are no restrictions on the coefficients c;. More precisely, we have the following.

Lemma 5.2. Let G’ be obtained from G by subdivision of a star on v,. If = : a - x < b is valid for N§(G), then

S S S
ﬁ:&-fc—f—(Zci—an) xn—i-Zc,-angb—}—Zc,-—an, (5.6)
i=1 i=1 i=1

is valid for N’j‘(G/) NH foreveryc, i=1,...,s.

Proof. Let us first rewrite 7 as
N
@ R+ a,(1=x)) = Y ci (1= Xy — Xpps) < b.
i=1

Ifx € N*.(G') N H, from Lemma 5.1, (%, 1 — x,) € N¥,(G). Since a - x < b is valid for N¥(G),

a-X+a,(1—x,) <bh. (5.7)
Finally, 1 — x, — X,.; = O for every i since x € H, and using (5.7), the result follows. O
Let us now rewrite 77 in (5.6) as
N
w:ia-Xx+a,(1—x,)—b< Zci(l — Xp — Xnai).
i=1
As is easily seen, x € T; satisfies 7 if and only if
a-Xx+a,(1—x,)—b -

S
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Let W; be the set of extreme points of N’g (G') which are in T;, and for x € W, let
Bi®) =min{y >0:a-X+a,(1—x,) —b < y(1 — X — Xn4)},
and
¢ = max {Bi(x) : x € W;}. (5.8)

Theorem 5.3. Let G’ be obtained from G by subdivision of a star on v,. If = : a - x < b defines a facet of Ng(G) such that &
in (5.6) is valid for N§(G'), then 7 defines a facet of N(G).

Proof. Letx',...,x" € N’;(G) be affinely independent points satisfying = with equality. Forj € {1, ..., n} let
¥N=@®F1-x,x,...  x)eR".
By (5.3),% € N¥(G') NH forallj e {1,...,n}.
Now let X** € W; be an optimal solution of (5.8) fori € {1, ..., s}.
Then, x* € N ’g(G’) forevery ¢ € {1, ..., n + s}, are affinely independent and satisfy 7 with equality. This shows that 7

defines a facet of N§(G'). DO

Remark 5.4. Let us observe the following.

e The coefficients ¢; in (5.8) generalize the ones obtained by Liptdk and Lovasz for the stable set polytope. That is, if
N¥(G') = STAB(G') then ¢; = ¢; , with ¢;, defined as in [4].
e The hypotheses of Theorem 5.3 clearly imply that ry(7) < r; (o).

6. Clique subdivision of an edge

In the introduction we mentioned that the AT-graph (Fig. 1.1) could be obtained from the graph-join of W5 and a point,
or as the replication of a rim node in W5s. It may be seen also as obtained from K5 consisting of the nodes {3, 4, 5, 6, 7} in
which we make an odd subdivision of the edge [3, 5], obtaining the nodes 1 and 2, and then connecting these with 7. As a
matter of fact, the reverse operation of contracting the edges [1, 5] and [2, 3] shows that the AT-graph is not planar.

Thus, given the graph G with nodes {1, ..., n} and the clique (not necessarily maximal) K = {vy, ..., v} 2 <s <n)in
G, it seems natural to define the clique subdivision of the edge [vq, v,] in K as follows: G’ is obtained from G by deleting the
edge [vq, v2], adding the nodes v,;1 and v,, together with the edges [v1, vpt1], [Vnt1, Unt2], [VUnt2, V2] and [V, vj] for
i=1,2andj = 3,...,s.(InFig. 6.1 we show the clique subdivision of the edge [1, 2] in the clique K = {1, 2, 3}.)

Notice that if the clique is K = {v1, v}, this operation reduces to the odd subdivision of [v1, vy ].

We know of no results on the facets of the stable set polytope after applying this operation, and we start by following
the ideas of Wolsey [10] and Mahjoub [7].

Let us consider the sets

K=K\ {vi,v} ={vs,....v}, K=KU{vpi1,vns2}, Ki=KU{vj, vpy} fori=1,2, (6.1)
and let us note that K, the original clique in G, is no longer a clique in G, but every set in (6.1) is.
Remark 6.1. The above defined cliques K, K; and K, are maximal in G'. Hence, the inequalities
xK)<1, x(K)<1 fori=1,2, (6.2)
define facets of STAB(G') and ong(C’) forevery k > s — 2.
Consider the valid inequality for STAB(G)

mT:a-x<b, (6.3)
where b > 0, a > 0 and such that thereisj € {4, ..., s} witha; # 0. Forx € R™2, we denote X = (X, X1, X142), and look
for a valid inequality of STAB(G') of the form

T:a-x+bxE) <b+1V, (6.4)
with b’ > 0.

Proposition 6.2. Let G’ be obtained by the clique subdivision of [v1, v,] in the clique K of G.If 7 as in (6.3) is valid for STAB(G)
different from the clique inequality x(K) < 1, and

b =max{a-x—b:x e STAB(G — [v, v2])} > O, (6.5)

then 7 defined in (6.4) is a valid inequality for STAB(G').
Moreover, if 7 defines a facet of STAB(G), 7 defines a facet of STAB(G').
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5 5
G G'

6 4 6 4

1 2 17 8 2

Fig. 6.1. The graphs G and G’ of Example 6.7.

Proof. We first study the validity of 7 and it is enough to do so for the binary points in STAB(G').  _
Ifx € STAB(G'), itis clear that x € STAB(G — [v1, v;]). Now, if x & STAB(G) then x; = x; = 1and x(K) = 0, and therefore,

a-x+bREK)=a-x<b+1b.
On the other hand, if x € STAB(G) then a - x < b and X(K) < 1. Summing the two inequalities we have the validity of 77.
If 7 defines a facet of STAB(G), there exist binary affinely independent points x!, ..., x" € STAB(G) satisfying 7 with

equality.
Ifi e {1,...,n},letus define

*,1,0) ifx +x'(K) =0,

. 1

¥=1(,0,1) ifx, =1 (thenx, +x'(K) = 1and x, + ¥ (K) = 0),
(*',0,0) ifxi = 1forsome3 <t <s (thenxil +X@E) =1).

Note that all these cases are mutually disjoint and that each one is possible.

Since this facet does not coincide with x(K) < 1, there exists j such that ¥(K) = 0, and let y"*' = (¥, 0, 1). Finally,
let x* € STAB(G — [v1, v2]) be an optimal solution to (6.5). Since x] = x5 = landx; = Ofort = 3,...,s, we define
"2 = (x*, 0, 0), which satisfies y"t2(K) = 0.

It is not hard to check that y!, . .., y"*2 satisfy (6.4) with equality and are affinely independent points. [

Let us now study necessary conditions for the coefficients of the facets of STAB(G') for this operation (cf. [7]).

Lemma 6.3. Let G’ be obtained from G by the clique subdivision of [v1, v,] in the clique K. If @ > 0 and b > 0 are such that
m:a-x<b (6.6)
is a facet defining inequality for STAB(G'), then we have the following.

1. If this inequality is different from x(K;) < 1in (6.2), then we cannot have both a,., > 0 and a,,, = 0.
Similarly for X(K3), an+2 > 0and a, 1 = 0.
2. If this inequality is different from those in (6.2), then a,+1 = apyo.

Proof. 1. Let us assume that a,; > 0 = a,4, and let & be a set of affinely independent stable sets in G’ for which (6.6) is
satisfied with equality.
Let S € 8. Notethat SN K; # @sinceifn+ 2 € SthenS’ = S\ {n + 2} U {n + 1} would be a stable set for which
a- Xs’ > b. Hence, x°(K;) = 1for every S € §. This implies that 7 defines the same facet as X(K;) < 1.

2. Again, suppose that a,,1 > 0 and consider 4§ as before. We will prove the existence of a set Sp € § suchthatn+42 € Sy
and 1 & Sp.
If this were not the case, for every S € § we would have thatn + 2 € Simplies 1 € S,and then SN K; # @.1fn+2 ¢S,
again SN K; # @ for S € 8, since otherwise we could add the node n + 1 to the stable set S obtaining a - x° > b (recall
thata,,; > 0).Inany case, we have x°(K;) = 1forevery S € 4, contradicting the fact that 7 is different from x(K;) < 1.
LetS' = Sy U{n+ 1} \ {n+2}.5 isastablesetinG anda- x° < b = @- x*, proving an,1 < Gy;>. By symmetry,
pi2 < Opy1. O

We end this section by analyzing the relationship between the N; ranks of G and G'. For this purpose we first establish
the following.

Lemma 6.4. Let G’ be obtained from G by the clique subdivision of edge [v, v,] in the clique K. Then, for x € R", we have the
following.
1. If x & STAB(G), then X = (x, X2, X1) & STAB(G').
2. If x € NX(G), then X = (x, X2, x1) € NX(G).
Moreover, X(K) = X(Ky) = x(K2) = x(K).
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Proof. 1. Once again, it is enough to consider only binary points. If X € STAB(G') N{0, 1}"*2, we cannot have X, 1 = Xp42 =
1 or, equivalently, x; = x, = 1. Since [vq, v,] is the only edge in G not in G, the result follows.

2. Letx € N"u(G). The proof is by induction on k.
If k = 0, the edge inequalities

Xng1 + Xng2 = X1 +x2 < 1, Xnpi tX =% +% <1

fori=1,2,j € IA<, are clearly satisfied. Assume k > 0 and let

r 1 X1 X3 cee X T
X1 X1 0 |- Xy
Xy 0 Xy R Xz’,‘
Xi | Xii1 Xi2 | 0 X

be a representation of x € N"n(G).

Define
— ‘l X] X2 xi Xn+]:X2 Xn+2:X]_
X1 X1 0 e X1 0 X1
X2 0 X2 R R X2 0
Xi | X1 Xi2 | e X oo Xi2 Xi1
X2 0 X2 e X2 o X2 0
L X X1 0 x]’i 0 X1 _

By the inductive hypothesis, column i belongs to x;cone(N ’;‘1 (G")) and similarly for the difference between the first and
the ith column, for every i. This matrix is also symmetric if the original one is, proving thatx € N "n(G/). 0

We may present now the main result of this section.

Theorem 6.5. If G’ is obtained from G by the clique subdivision of [v1, v,] in the clique K, then r;(G') > r4(G).

Proof. If r;(G) = k + 1, there exists x € N5(G) \ STAB(G). By Lemma 6.4, X = (x, x5, %) € N5(G') and X ¢ STAB(G), so
ry(G) > k+1. O

The following examples show that the N;-ranks can either strictly increase or remain unchanged by the subdivision of a
clique.

Example 6.6. Consider a clique K of size 3 in G = Kj. By the clique subdivision of any edge with nodes in K, we obtain
G = Ws, and I’j(G) = I’j(G’) = 2.

Example 6.7. The graph G in Fig. 6.1 is t-perfect and r;(G) = 1. The rank inequality x; + --- + xg < 3 defines a facet of
STAB(G'), and has N;-rank at least 2 since it is neither a trivial, nor an edge nor an odd cycle inequality. Therefore, r; (G') > 2.
In fact, it can be seen that it is 2.

7. A counter-example to the N — N, conjecture starting from the clique relaxation

In this section we show that the N — Ny conjecture is still false if we substitute QSTAB(G) for FRAC(G) as the initial
relaxation.

To do so, we will apply some of our previous results to the AT-graph, for which we know the original conjecture does not
hold. So let G be the AT-graph shown in Fig. 1.1, and consider the graph G” (to the right in Fig. 7.1) obtained from G by the
odd-subdivision of [4, 6] followed by the star subdivision on node 7. As is easily seen, FRAC(G”) = QSTAB(G").

Claim 1. N2(QSTAB(G")) # N?(QSTAB(G")).

Proof. We will make use of the point
1
x=2(2212111 NG \N(O),

considered by Au and Tuncel [1] to disprove the N — Ny conjecture.
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G’ 6 8 9 4 G" 6 8 9 4
5 ‘ \

1 2

Fig. 7.1. The graphs G’ and G” in Claim 1.

Let G’ be the graph obtained from the AT-graph G by the odd subdivision of [4, 6] (shown to the left in Fig. 7.1). Using
(3.6) for x we have

1
=3 (2,2,1,2,1,1,1,4,1) € N3(G).

Now, by Lemma 3.1 and since x ¢ N?(G), we must have X' & N%(G').
Let G” be obtained by the star subdivision on node 7 of G'. As before, (5.3) and Lemma 5.1 imply

1 21 201
:5(2,2,1,2,1,1,4,4,1,1,1,1,1,1,1)ENO(G )\ N(GY),

proving the claim. O

The arguments used in the previous proof can be extended to any graph G not verifying the N — Ny conjecture.

Theorem 7.1. Let G be a graph such that Ng(G) # N¥(G) for some k. If G’ is obtained from G by the odd subdivision of an edge,
the star subdivision of a node or the stretching operation, then N(’)‘(G’) # NX(G).

Remark 7.2. A related example is given by G = W82, for which we have FRAC(G) # QSTAB(G), r(QSTAB(G)) =
10(QSTAB(G)) = 2 and N(QSTAB(G)) C No(QSTAB(G)).
For instance, % (1,1,1,1,1, 1, 1, 2) is a vertex of Ng(QSTAB(G)) and does not satisfy

X1+ X2 + X3+ X4 + X5 + 4Xs + 4x7 + 4xg < 5,
a facet defining inequality of N(QSTAB(G)).
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