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1 | INTRODUCTION

The strong influence of relativistic effects on atomic and molecular response properties of heavy-atom containing molecules was first shown few
decades ago.m Pyykko included relativistic effects in the calculations of NMR spectroscopic parameters by applying a relativistic model that resem-
ble Ramsey’s theory™® and use relativistic molecular wave function of the relativistically parameterized extended Hiickel method, REX.®! Other
more elaborated semi-empirical methods and codes were later on used to improve those first results./4-!

The importance of including relativistic effects on the calculation of response properties compelled the theoretical chemists to develop new
specific relativistic theories and models. Several formalisms and models appeared in the literature from that time, whose implementations gave
more accurate results than that obtained using previous schemes.l”*2 We can split them into two broad groups: four-component methods and
two-component methods.[*2-17!

Even though accurate calculations of response properties of medium-size molecules, meaning molecules containing more than 10 heavy atoms

(belonging to the fourth row or below of the Periodic Table) cannot be actually performed using four-component ab initio methods, they provide
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the best theoretical framework to do it. Conversely, they still have some sound theoretical difficulties about the interpretation of mechanisms and
its electronic origin that will be mentioned below. One remarkable point that must be stressed is the fact that the four-component theoretical stud-
ies of magnetic properties using polarization propagators, one need to consider the contributions of the virtual pair creation/annihilation, to include
what is known within the nonrelativistic (NR) regime as the diamagnetic contributions. This naturally arises within the relativistic regime, but it is not
an easy task when the studies are performed with two-component methods.*>1¢!

Polarization propagators are among the most powerful methods to study response properties [1017-20] They can be used within both regimes,
relativistic, and NR. The implementations of its four-component version®Y does not include at the moment electron correlation til second-order of

h,?2 which, at least within the NR regime must be used to get accurate results in the calculation of NMR magnetic properties.'%*4 Still the

approac
four-component version of polarization propagators permit to get the paramagnetic and diamagnetic contributions by applying few well defined
approximations shown in Ref. [23] In such a case, the NR paramagnetic contributions arises from the excitations to the positive-energy spectra and
diamagnetic contributions by considering virtual pair creation/annihilation. We should mention that there is another recently developed scheme

which permit the calculation of diamagnetic and paramagnetic relativistic terms for magnetic properties.?*!

Taking into account these last findings, and the work of Fukui and coworkers?*

who developed a gauge invariant scheme by including the
external magnetic field in the Breit-Pauli Hamiltonian up to order ¢™*, a new two-component formalism was derived by two argentinian
groups.[zé'm At almost the same time, another two-component formalism in which perturbation theory was applied to the Breit-Pauli Hamiltonian
(Breit-Pauli perturbation theory, BPPT) although with different grounds was derived.?®2?) The former model, known as linear response with elimi-
nation of small components, LRESC, was first applied to NMR magnetic shieldings, and then, recently, to other response properties.[*0-32

In this review, we shall shortly explain the basic ideas that underlies to the LRESC model, and what physical insights do appears from its applica-
tion. We shall explain it in a systematic way, and show how the leading relativistic corrections to the NR contributions of some response properties
do appear, and shed some light about the electronic mechanisms that only appears within the LRESC model. We shall also explain how the LRESC
models were used to get new relativistic relationships among few response properties, like among NMR magnetic shieldings and nuclear spin-
rotation constants, and among g-factors and susceptibilities. The analysis of the main characteristic of the LRESC will be illustrated with results of
calculations on molecular models and the following response properties: NMR magnetic shielding, nuclear spin-rotation tensor, g-tensor, and

susceptibility.

2 | RESPONSE PROPERTIES

The study of spectroscopic parameters starts with the proposal of phenomenological perturbing Hamiltonians, from which experimental spectra are
described accurately. In the case of perturbations that arise from internal or external magnetic fields and also from the molecular rotation, the phe-

nomenological expression of the energy of a closed-shell molecule is

1 1
E—Eo—§B®1®B—mB®g®L—;lK®MK®L "
=Y Be(1-ox) @ met Y pe ® (D) @ oy
K K>L

where L is the rotational angular momentum (related to the system angular velocity =1~ ® L, with I the tensor of inertia). This momentum is

given only by the rotational states of the nuclei of the system.[*? In addition, B is an external magnetic field, and uy= 2%,'155 Iy is the magnetic moment
of nucleus N. gy, e, m,, and c are the g-factor of nucleus N, the electronic charge, nuclear mass and the speed of light in the vacuum, respectively. Iy
is the spin angular momentum of nucleus N. Gaussian units are used throughout this work.

From this expansion, the set of molecular tensors are obtained as

O’E ’E
O'N:1+m e —Dnm (2)
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’E
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o’E 2
“ 2Bl %7 2™ Bl , )

where ey and Jym are the nuclear magnetic shielding and the indirect nuclear spin coupling tensors (both NMR spectroscopic parameters), respec-
tively; My the nuclear spin-rotation tensor; y the magnetic susceptibility tensor; and g the rotational g-tensor. Dym is the direct nuclear spin cou-
pling tensor which does not contribute to gas-phase and also to averaged liquid-phase spectra.

Conversely, the molecular Hamiltonian can be separated into two terms: the unperturbed Hamiltonian plus a much smaller perturbative

Hamiltonian
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H=HP® +V=HPB 4+ Vg +Vyy+V, (5)

HPCB is the Dirac-Coulomb-Breit Hamiltonian and the perturbation terms are: V; (due to an external uniform magnetic field, B), Vy (due to

where
the magnetic moment of each nucleus of the molecule, uy), and V,, due to the molecular rotation. There are several other perturbations that are not
considered, here, because we restrict our theoretical analysis to the aforementioned five response properties.

When point nuclear models are used, the vector potentials that are the sources of Vg and V) are given by

I
AN: (”NX';> (6)
N
A :Bxi (7)
87E2

where ry=r—Ry refers to the electron position with respect to nucleus N, r taken from the origin of coordinates.

It is worth to mention, here, that definitions given in Equations 2-4 are independent of the theoretical regime in which they are expressed.

3 | MODELS AND LEVELS OF APPROACH

To explore the behavior of response properties three different formalisms are mainly used: wave-function-based, DFT-based, and polarization
propagators. The first two are widely known by the quantum chemistry community. The third one was developed in the early seventies of the 20th
century within a NR framework, and some years later was successfully extended to the relativistic framework 2%

Polarization propagators give new insights on the way one realize which and how important are the electronic mechanisms involved in the the-
oretical description of response properties. It has some advantages: (i) their formal expressions are the same with independence of the regime where
they are expressed, (i) the relation among the formal expressions used to calculate properties in both frameworks, relativistic, and NR, arise naturally
by scaling the velocity of light, ¢, and (iii) it appears quite clearly that paramagnetic and diamagnetic contributions as such are well defined only
within the NR regime. This separation does not appears within the relativistic regime, even though one can obtain them starting from such regime
and making ¢ — oc. One of its main disadvantage may be on the introduction of four-component electron correlation which is at the moment only
included at its first-order level of approach.

One should also mention that quite recently polarization propagators were written within the QED language giving new roads to include QED
effects together with all other well-known effects.?®! Furthermore, it was also shown that polarization propagators can be obtained from the path
integral formalism, and this fact explains why they have the advantages aforementioned.

The application of four-component methods to the calculation of response properties is highly demanding of computer-power and time-
consumption in ab initio methods when the study considers both, medium-size molecules and high accuracy. They are usually performed on top of
accurate calculation of wave functions and energy spectra, for which the inclusion of electron correlation is usually mandatory.[?3-37! This is normally
worked out within the no-pair approximation although a new scheme to go beyond the no-pair approximation was published.*83? All the efforts
performed for getting accurate wave functions and energy spectra are then translated to response property calculations.

Furthermore, the usual and well-known nonrelativistic electronic mechanisms, which were historically considered by spectroscopist and quan-
tum chemist to analyze the physics underlying the whole set of spectroscopic parameters, do not appear explicitly in the actual four-component
expressions. In line with this, it must also be mentioned the appearance of the negative-energy branch of the energy spectra which introduce
another source of difficulties in the analysis of electronic mechanisms. So, two-component and scalar formalisms were proposed to reduce computa-
tional costs and continuous using the NR way of thinking about the physics behind response properties.

(1215401 3nd chapter of books,“* there are several two-component models which were developed during

As mentioned in other recent reviews
the last decades. In this review, our main concern is related with two-component methods, and specifically with the LRESC one. So we shall give a

broader explanation of its fundamentals together with its relation with polarization propagators as written in both regimes, relativistic, and NR.

3.1 | Four-component models

Some of the formally most accurate models to treat molecular properties of heavy-atom containing molecules are based on effective four-

component Hamiltonians, which were built on the grounds of their NR equivalents. We specially mention here, due to its relation with magnetic

[42-44] ot four-component DFT level,[*>#¢! the linear response theory at the four-component

48-50]

properties, those developed by Malkin and coworkers,

relativistic molecular Hartree-Fock level of Saue and Jensen,”! the theories and applications of Liu and coworkers! and the relativistic polar-

ization propagator formalism™*! which were all implemented at four-component level.
We want to mention few of the four-component calculations of the response properties we are interested in. Calculations of shieldings and

QED effects on water molecules,!*! the first calculations of NMR shielding and indirect spin-spin coupling tensors in hydrogen halides,®"! the gauge

[52

origin independent calculations of molecular magnetizabilities,®? and the calculation of the second-order magnetic properties of Bast and

coworkers.[?!
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Within the relativistic regime, the perturbative four-component Hamiltonians used to obtain the response properties we are interested in, are

the following
Vp=a-Ag; Vn=a-Ay; Vi=—0-J; (8)
where « are the Dirac matrices, and J. = L, + 1/2%, is the total angular momentum.

We shall now sketch the polarization propagators due to they can be separated, after an approximation, in two terms that are related with

equivalent terms in the two-component formalism we are going to explain below in some detail.

3.1.1 | Polarization propagators
The general form of the four-component polarization propagator is given in a matrix form as

-1

Waa Wab Qa
(P:Qe=(PLPL- ) [ Woo Wop o | | Q |, ©)
where
Pa=(Plh,), (10)
and
Wub=(ha\E?—FIo|ﬁb). (11)

In these expressions, h is a manifold of excitation operators from which the complete set of excited states can be obtained. Besides, the opera-

tors P and Q are described in a basis of excitation operators. Equations 10 and 11 contain binary products defined as
(PlQ)=(0 [P, Q] [0) (12)
We can write Equation 9 in a more compact way
((P;Q))g=b"W™"b? (13)

The factor W™t of the rhs of Equation 9 is known as the principal propagator, while b” and b? are the property matrix elements or, as
they were called within the semi-empirical models, the perturbators.””) The principal propagator depends only on both the electronic molecular
system as a whole and the spin (time-reversal within the relativistic regime) dependence of the perturbators, but it is independent of the partic-
ular response property. It gives the main streamlines for the transmission of the interaction between the external perturbations related with the
property matrix elements, through the unperturbed electronic system. It means that the external perturbations intervene explicitly only on the
perturbators.

In the exact case, the polarization propagators and the term linear in each of both external perturbations of the second-order corrections to the

energy are equal, that is,
Esn=Re ((P;Q))eo (14)

When considering excitations from an occupied MO to both the positive- and negative-energy MOs one shall get an equivalent expression to
that of Equation 9,

o e e Wyeeee \peeep -1 Qee
(P: Q)= (P ,pp)<wep’ee Wep}gp) <er> (15)

where ee and ep means that only excitations to positive-energy and negative-energy electronic orbitals are allowed, respectively.
One very important property of this formulation is the fact that both, the relativistic principal propagators and perturbators go to their NR coun-
terparts when the velocity of light is scaled to co. This means that one can obtain the NR formal expressions and their results of calculations using

this natural limit.

3.1.2 | (e-e) or paramagnetic-like and (p-p) or diamagnetic-like contributions

At first sight, the relativistic four-component expressions of magnetic response properties do not show, explicitly, purely diamagnetic or purely para-
magnetic electronic mechanisms.?Y! They provide only one mechanism that is paramagnetic-like due to its formal relation with such type of usual

NR electronic mechanisms. As an example, the full relativistic expressions of the NMR spectroscopic parameters are obtained as
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2 X
aMe_2<<°°‘3’M;Ca><rG>> (16)
C v

e2h? caxXry caxry
JMNZW'YM'YN r,?,, 5 rﬁ (17)

where rg is the electronic position with respect to the Gauge origin. Constants yy and yy are the magnetogyric constants of nucleus M and N,

and

respectively.

We may ask then: how the diamagnetic and paramagnetic NR mechanisms do appear? As was shown in Ref. [23] the off-diagonal contributions
to the principal propagator are smaller than the diagonal ones. So, leading contributions will include only the diagonal terms, meaning that one can
neglect the W and W®*¢ matrices of Equation 15 in not very accurate calculations. In such a case, taking P = Q = V, Equation 15 can be rewrit-

ten as

(V5 V)) = (Vs V) D+ (v vy PP

18
— bP,ee (Wee,ee)fl bQ‘ee + bP.ep (Wep,ep)fle,ep ( )

From the last equation, it is seen that the ((; ))(efe) and ((; >><pf‘°) correspond to paramagnetic and the diamagnetic terms, respectively, of any
response property within the NR domain. So, the so called (e-e) and (p-p) contributions to the four-component expressions of the four-component

polarization propagators can be considered as paramagnetic-like and diamagnetic-like, respectively.

3.2 | Two-component models

The main advantages of the two-component models we want to stress are the following: (1) their less expensive use of computational resources,
and (2) the possibility of using well-known electronic mechanisms to explain the behavior of atomic and molecular response properties. This last
advantage refers to the elimination of the negative-energy branch of states and the application of the usual NR way of thinking about the physical
world. When one include the virtual creation and annihilation of electron-positron pairs and four-component operators, one is facing with new inter-
pretative difficulties about the physical mechanisms involved that are still far from being well understood.

Our main concern in this review is on the model coined LRESC, although we should mention few of the more representative two-component
methods that were applied or are being applied to calculate and analyze response properties. They are the methods developed by Fukui and
coworkers,[25’54] Vaara and coworkers or BPPT,[29] DKH,[55'59] ZORA,[6°‘62] 2c-NESC/H F,[63] and the different X2C models.[64~¢8!

Zaccari and coworkers!¢”! published the formal relation that relate the BBPT (Breit-Pauli perturbation theory) approach and another one formu-

lated by Kutzelnigg.[”® These three proposals appeared almost at the same time and started from different grounds.

3.3 | The linear response within the elimination of small components model

In this section, we shall explain in some detail the theoretical grounds of the LRESC model, which was originally presented as a scheme to describe
relativistic effects on the nuclear magnetic shielding tensor.?4?”) At present it has already been extended to analyze some other response properties
which will also be discussed in this review.

The overall procedure has two large steps:

HDCB

a Apply the Rayleigh-Schrodinger perturbation theory, RSPT, within the Fock space spanned first by and then another one spanned by

H© . We consider explicitly the contribution of electronic states and positronic states. Afterwards a double perturbation theory is used to con-
sider either operators that conserve the number of particles or operators that do not conserve the number of particles. Some tricky procedures

are involved inside all this, and will be shown when necessary.

b The four-component matrix elements are transformed in two-component matrix elements by using the elimination of small component scheme,

ESC, to expand those matrix elements til order ¢ . All correcting terms will be expressed in the language of polarization propagators.

We start writing down the unperturbed four-component relativistic Hamiltonian for an N-electron atomic or molecular system, in an appropriate

form
HPB=HP +vCB (19)
or

HPB=HO) +H(*) (20)
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HP is the summation of one-body Dirac Hamiltonians of a particle in the Coulomb field of the nuclei; and VB stands for the Coulomb-Breit interac-

tions. The eigensolutions of HP¢B

span a Dirac-Fock space. Its elements have a definite number of particles, meaning N, N + 2, N+ 4,... The term

9 does not connect states with different number of particles in the Dirac-Fock space, and H(*) gathers two-body operators that create or
destroy one- and two- electron-positron virtual pairs. In a nutshell, HPB is a charge conserving operator although it does not conserve the number
of particles.

Introducing a complete set of eigenstates of HPE in the Dirac-Fock space, the E? term can be written as

F2-3" (OVin)(n|v|0) _ 3 (vac|V|n)(n|V|vac) (21)

E()*En Evac 7En

n#0 n#vac

where |n) are those states that can be connected with |0) (or |vac), in the second term) by the application of the perturbation V (that is divided in
three terms) of Equation 5. The state |vac) stands for the vacuum state in the QED picture. The second term of the rhs of Equation 21 means the
vacuum polarization contribution that arise due to the presence of the external (magnetic) field represented by the operator V. This term appears
only in a full relativistic scheme (there is no, and cannot be, such a term within the NR regime) and should be subtracted to properly account for the
modifications that a magnetic field produce in an atomic or molecular electronic system.”*72 This procedure is similar to that proposed recently by
Liu and Lindgren.!®!

Then, starting from four-component matrix elements of Equation 21, and expanding them as a power series in ¢~ up to order ¢~#, one finally
obtain the two-component LRESC model. To be coherent in the treatment of the rhs of Equation 21, we divided it in two terms which are defined

according to their NR limits.
ED=E,+E, (22)

where the contributing terms to E, fulfill lim .., (Eo—E, ) # 0 and {|n)} — {|ns)}. So, hereafter, they will represent those molecular states which
generate the Schrodinger-type molecular spectrum and shall be explained in more detail below.

Conversely, E, is built with those terms which fulfill a similar condition, for example, lim ., (Eo—E,) * = 0 and |n) — |ny). They contain terms
which have contributions from at least one virtual electron-positron pair. The vacuum polarization effects arises due to the presence of the external
potential V and are included in E,,.

Within the relativistic regime, the four-component states {|0),|n)} do have a definite number of particles although they can be different
because of the virtual pair creation/annihilation implicit in V and HPB. Conversely, the charge Q=—eN is conserved in both regimes.

From Equations 21 and 22, the paramagnetic-like and diamagnetic-like contributions to the second-order energy are

E,= Z O‘V|na na|v‘0> (23)
na#0
and
E,— Z O|V\nb nb|V\0> Z (vac|V|np)(np|V|vac) (24)

np#0 np#vac Evac _E"b

Few considerations shall explicitly be given here:

1. The eigenstates |n,) have a definite number of particles. The N-particle eigenstates of H©) are written as {\ngo)) = |nn)},

2. We shall consider zeroth- and first-order contributions to eigenstates |nq) (|na) = \nf,())) + |n,§1)>, being \nﬁ,”) =3 m W)
o —Em

3. The eigenstates {|n,)} of H® are states of N+2 or N*+4 particles and will be written as {\nf)) = |nk), K=Nx2 N4},
Based on these considerations, only E, has matrix elements with no virtual pair contributions, NP, and both, E, and E,, do have few contributions
due to the effect of one- and two- virtual pairs.
E, ~ ENP+EYP (25)

We want now to consider the Equation 24 because we proposed for it a tricky solution. Given that one should calculate matrix elements that
contain positive and negative energy states, together with difference of energies that include the whole branch of negative-energy states, we

adopted the proposal used previously in Ref. [23]: the inverse of the difference of energies can be approximated by

4 11 Eo—E,
(Eo—En,) ' =—(2mc®+An0) = — T <2+ 2mc2b> (26)

Any0

where Ap o = En, —Eo— 2mc? is of order c® or lower so that T

can be considered as an expansion parameter. We make use of the fact that, within
the QED picture, negative energy solutions of the Dirac equation are re-interpreted as positive energy states for positrons.
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Introducing this relationship in Equation 24

Ep~ — ngz (<0)2V+ﬁ[HDCB,V] nb><nb|wo>)
2mc2z <<vac 2V+ ! [HDCB V] nb>(nb|V|vac>> 27)
—EN+2 4 E)+4
where we have used
(Eo—En){01VIns)=(0[H®, V][ny) (28)
Then Equation 22 do have the following four terms!?!
E@ o ENPEYPHENT2 4 EVH4 (29)
Each one of these four terms could have one-body and/or two-body contributions. They explicitly are
ENP=ENP(1)+ENP(2) (30)
EYP=EYP(2) (31)
B2 =By 2()+E)2(2) (32)
=62 (33)

When the contribution of positronic states is taken separated of that of electronic states, the addition of the first two terms give E€~¢), and
equivalently, the addition of the last two terms give E?°~P). Furthermore, the lowest order of relativistic corrections of E€¢~¢) and E(P~P) js ¢~2.

In the formalism of relativistic polarization propagators (see subsection 3.1.1), E¢~¢) is related with the positive energy - positive energy cou-
pling terms of the linear response functions. It yields the so-called “electron-electron” (e-e) rotations. The expansion of E€~€) will lead to the para-
magnetic term (NR) and its (relativistic) corrections, as shown below. E°~P) is related with contributions from electronic—positronic coupling terms
of the linear response functions, yielding the so-called “electron-positron” (p-p) corrections. From the E?°~P) energy correcting terms we shall get the
usual diamagnetic contributions to magnetic properties at the NR limit, in addition to its relativistic corrections.

Now, we can go further and supply some details of the second large step, which consist in the application of the scheme of elimination of the
small components to the matrix elements of Equations 23 and 27. In this way, the final expressions shall all be expressed in terms of positive-
energy orbitals.

The four-component matrix elements are transformed to the Pauli space of spinors, |<T>,-> by applying the ESC method
(7 IVIofY) = (6:]0(V)[y). (34)

Given that we are interested only in the leading order relativistic effects, we shall retain terms up to order c2, and so O(V) =2 O™ (V)+0? (V),
where O™ (V) is the NR operator and the remaining term is the leading order relativistic correction to operator V.
According to Refs. [26,28,73], the two-component operators that are actually used in the LRESC model

O(a-Ag) O(a-An) O(—w-Je) (35)

are obtained when the Equation 34 is applied to the operators of Equation 8 (see Appendix). We shall consider that

L
16)= <i5§> (36)

together with the fact that the normalized wave-function is given by

2
_ P~ \ x
(6h=NIb)=(1- gz ) 0 @)
and the usual ESC relationship among the small and large components
1 VE—E
s
99) = g [1* e (0 P10 (@8)

being the large component exact up to order ¢ 2

The two-component spinors that are solutions of the Breit-Pauli Hamiltonian are expanded in its base. Such a Hamiltonian is obtained from

(&P IHP<B () = (¢;[HEP| ). (39)

where
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HBP=HS+D, (40)

HS stand for the Schrédinger molecular Hamiltonian and the operator D do contain the generalized N-particle space operators of one-body, Dy,

and two-body, Ds, terms.?¢! The complete one-body term is D; = HMY/PW + SO \where

= P (41)
8m3c?
Hov= L gaye (42)
8m2c2
H¥W = ﬁo’ - (VVExp), (43)

and VC represent the electron-nucleus coulombic attraction. The two-body contribution to D is Dy = HP¥(2) 4 HOO 4 HFC=SS | 1450(2) 4 SO0,
We are now able to show the final formal expressions for E€~¢) and E°~P). So, for two perturbative operators, V; and V,, the (e-e) contribution
to the energy can be expressed as
ENP(V4,V5) = E@)(O™(Vy), 0™ (Vp))+E? (O™ (V1), O<2)(V2)) “4)
+E@ (O<2> (V1), O"f(Vg)) +EG (O™ (Vq),0™(V2), D),

where E and E® are the second- and third-order corrections to the (NR) energy:

E@(AB)=> W+c.c, (45)
n#£0 Eo—En

and

EC/(A,B,C)=>_

{ (OJA[n)(n|B—(B)|m) {m|C|O)
n,m#0

(Eo—En)(Eo—Em)
. {0[BIn){n|C—(C)|m) (m|A[0) (46)
(EO_En)(EO_Em)

(0[Cln) (n]A—(A) |m) (m[B|O)
T (Bo—Ey)(Eo—En) }“'C"

A, B, y C are N-particle operators, |0) is the ground state, c.c. indicate the complex conjugate of the preceding terms, and (X) is the ground-
state expectation value of the operator X (X = A, B, C). When A = B, Equations 45 and 46 do not include the c.c. terms.

To complete the explicit expressions of E, we give EYP as

1 Z <0N|H(i)PN+2V+VPN+2H(t) \nN)(nN|V\ON)
. o (@)

_ 1 Z(ON|V\nN)(nN\H<t)PN+2V+VPN+2H(1)\0N>
2mc2 = Eoy—Eny
where V=V +Vs.

[26]

Conversely, the actual expressions of E, are found through some tricky procedures,“®" although we shall sketch, here, the main ones. From

Equation 27 we define the operator X(V) as

1

=2V+
X(V)=2V+ 5

[HPCB V] (48)

This operator has two different terms: one-body or X(V; 1) and two-body or X(V; 2). They are

1

. — D
X(Vi1)=2v+ 55 [H. V] (49)
and
X(V;2)=2V+ e [VB.V] (50)
’ 2mc2t
due to [VE, V] =0.

Furthermore, for the calculation of the response to two external fields, V should include both of them. Then, being Z |np)(ny| = P, a projector
onto positronic states, or making explicit that P, is a projection onto the K-particle manifold of the Dirac-Fock space (Z [nk){nk| = Px) we can write
both terms of Equation 27 as (For more details see egs. 61, 62, and 70-75 of Ref. [26])
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1
By (V)= 5, (ONIX(V)Pw+2V|ON) + 5 (vac|X(V)P2V]vac) (51)
and
1 * *
EN*4(V)= g ((ONIH Pr-aVP.2VION) +(Oh| VP2 VP H ) OW))
(52)
1 + +
~ 8 <<vac\H<*)P4VP2V|vac) +(vac|VP,VP4H™) \vac))
where V=V, +V,. If we consider only those terms that involves the one-body part of HPE (see Equation 32), we get!?®!
1
E) 2 (1)= omez (ONIV1 Pp X (V23 1)+V2 P, X(V1;1)[On) (53)
N+4 N+2

In the case of magnetic perturbations, the term E;/** is canceled out with one of the different contributions to E; 4, although it does not hap-
pens for other perturbative Hamiltonians.

At the end, the actual expressions usable to calculate the (e-e) and (p-p) contributions to atomic and molecular response properties are those of
Equations 44 and 53, respectively.

We should mention that polarization propagators can be applied to calculate every second-order static molecular property at four- or two-

component level of approach. This is apparent from the following equation
Evzy, = Re ((Va: V2)) oo, .

where V4 and V, are the interaction Hamiltonians that consider external perturbations acting on the unperturbed system. Effl)vz stands for the

second-order correction to the atomic or molecular electronic energy. Response properties are obtained from these expressions.[*”!

Within the LRESC model they have a form equivalent to Equation 54
2
Egvyow,) = Re ({O(V4); O(V2) ) o, (55)
where O(V1) and O(V3) are the operators V; and V; written in the framework of the two-component LRESC model.

3.4 | Response properties within the LRESC model

The actual expressions, up to order ¢ =2, of the formal two-component operators mentioned in Equations 35, 44, and 55 are

O (Vi) =HPSO 4+ HFC/SP (56)
0@ (Vyy)=HPSO~K yFC/sD-K (57)
O™ (V) =HO%+H%? (58)

0@ (Vg)=HOZ K 4 52K 4 yB-SO (59)
O (V) =HBOL 4 {BO~S 8O~ (60)
02 (v))=0 61)

where all explicit expressions of perturbative Hamiltonians are given in the Appendix.

Then, combining two of the perturbative potentials we obtain all tensors we are interested in: Vy with Vg give the NMR magnetic shielding; Vy
with V, give the spin-rotation tensor; Vg with V, give the g-tensor and Vg with V; give the magnetizability. We should also mention that combining
Vn with V) we would obtain the J-coupling tensor, Jyn, which still have some problems to be worked out within the LRESC model. We should also
mention that, combining V, with V; we obtain the operator X that gives the effective tensor of inertia, as mentioned in Ref. [74] but now including
relativistic effects.

HPSO

In the last set of equations, the NR perturbative Hamiltonians are the following: is the paramagnetic spin orbit, HF/SP is the Fermi contact/

HOZ is the orbital Zeeman, and H? is the spin Zeeman. They are originated in the electronic interactions with either, the magnetic

spin dipolar,
moments of the nucleus N, gy, or with an external magnetic field B. Conversely, H®°~- and HB®~S are the Born-Oppenheimer perturbations that
appears due to the rotation of the nuclear system and is associated with the electronic orbital L and electronic spin S angular momenta, with respect
to the center of mass, CM, of the molecule.

The leading order relativistic corrections are: HPSO~K the Kinetic-paramagnetic spin orbit, HF</SP=X  the Kinetic-Fermi contact/spin dipolar, HOZ 7K,
the Kinetic-orbital Zeeman, H32~X, the Kinetic-spin Zeeman, and HB~5°, the so-called magnetic field induced spin-orbit.

In Tables 1 and 2, we show a summary of how the (e-e) contributions of properties are expressed within the LRESC model, up to order c 2 (see
Equation 44). As usual [,] and {, } represent commutator and anticommutator operations, respectively.

Gaussian atomic units (e=m=h=1 and ¢ = 137.0359998) are used from here.
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TABLE 1 LRESC contributions to the no-pair (e-e) part of four-component expressions

Property o(Vy) o(Vs,) D LRESC contributions to ENP?
ol O™ (V) O™(Ve) - ({HRP2;HO%))
O™(Vn) 0@ (V) - ((H PSO;HOZ—K>> + <<H'§C/5D: HSZ=Ky)

+ <<HFC/SD HB*SO>>

O<2)(VN) Om(VB) - <<HPSO K. HOZ>>
onr(VN) Onr(vB) D4 << HPsO. HMv/Dw HOZ>>
+ ((HY FC/SD . HSO(1) Hoz>> + <<HZC/5D;HSO(1);HSZ>>
Onr(VN) O”'(VB) D, ((HP O . HOw(2). HOZ>> ((H,F:ISO;HOO;HOZ»
+ << PSO HFC SS. HOZ))
+ << FC/SD Hso Hoz>> + <<H,ZC/SD;HSO(2);HSZ>>
+ <<HFC/SD HSOO. HOZ)) 4+ <<HZC/SD;HSOO;HSZ>>
M’e\llec(e—e) onr(VN) Onr(vj) _ <<H§SO; HBO*L>>
O™(Vn 02 (v)) -
0@ (V) o™(Vy) - ((HPSO K, HBO-Ly)
Onr(VN) onr(v)) D:l << HPsO. HMv/Dw HBO- L>>
n <<HFC/SD HSO(); HBO-Lyy <<HFC/SD HSOW); |{BO=S})
o™ (Vn) oM(V, D, ((HRSO; HDw(2); HBO-Lyy 4 ((HPSO: HOO; HEO-Ly)
+ <<HPSO HFC ISSH HBO L>>
n << MRCIERE Hso HBO |.>> HFC/SD.HSO(Z)‘HBofs»
+ ((H FC/SD - HSO0, {80~ L>> + ((HEC/SD;HSOO;HBo—s»
S’ O™ (Vi) 0 (Vi) - ((HRPO: HEPO)) + ((HRET2; HEFP))
O™ (V) 0 (V) - ({HESO; HPSO-Kyy 4 <<HFC/SD HFC/SD—K>>
0@ (vy) O™ (V) - ((HRSO—K: HPSOYy 4 ((HF LFC/sDK, FC/SD>>
Onr(VN) O"r(VM) D4 << HPsO. HMv/Dw HPSO>>
+ <<HPSO HSO(1) HFC/5D>) <<H,F\’ASO;HSO(1);HZC/SD>>
+ << FC/SD HMV/DW HFC/SD>>+ <<H'§C/SD:H50(1):HLC/SD>>
Onr(VN) Onr(VM) D2 <<HPSO HDw +HOO+HFC SS;H,F\’ASO»

+ <<HrF\’lSO; HSO(Z) +HSOO; HII;C/SD>>

+ ((HPSO, HSO(2) 4. 500, HZC/SD»

+ <<HZC/SD; HDw(2) 4 OO 4 HFC-Ss. HII;C/SD»
FC/SD FC/SD

+ ((Hy / ;H5°<2)+H5°°;HM/ )

?Electronic contributions to the molecular energy (NR linear and quadratic responses).

3.4.1 | The NMR magnetic shielding tensor

We now give a brief account of the leading order LRESC corrections to the shielding tensor, 6. The correcting terms are summarized in Table 1
where the whole branch of one-body and two-body operators is displayed. In the calculations only one-body operators will be considered.

The whole set of leading relativistic corrections had been clustered in different ways: (i) taking into account their spin character, as singlet or tri-
plet; (ii) taking into account their response order in perturbation theory, namely first-, second-, or third-order; and (iii) regarding the historical classifi-
cation of paramagnetic and diamagnetic terms. We should mention that Vaara and coworkers proposed also to cluster the corrections as “passive”
and “active."?®!

In Tables 3 and 4, we show all corrections grouped as paramagnetic and diamagnetic, together with their correcting terms. The operators
involved in both Tables are corrections to the Schrodinger Hamiltonian of singlet-type, that is, Mass velocity (H™") and Darwin (HP") operators; and
of triplet-type as is the case of Spin-orbit (H3°(1)) operator.

Regarding the diamagnetic corrections that appears in Table 4, both are of singlet type, although one is of zeroth order and the other one of
first order.

From Equation 53, the (p-p) contribution to the shielding tensor can be obtained making V1 =Vy and V,=Vp. With this replacement, the contri-

butions of Table 4 can be expressed as
E°P=P)(Vy, V)= (0|HP"|0) — 1 <0\HD'a K|0)+E@ (HPia HMv/Dw) (62)

where
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TABLE 2 LRESC contributions to the no-pair (e-e) part of four-component expressions

Property O(Vy) o(V,) D LRESC contributions to ENP?
gelec(efe) Om’(VB) Onl’(vj) - <<HOZ; HBO*L>>
Onr(VB) O(Z)(Vj> - —
02(Ve) o™(V)) - ((HOZ=K; HBO-Ly)
Onr(VB) Onr(vj) D4 <<HOZ; HMv/Dw; HBO*L>>
O™ (Vp) o™(Vy) D, <<HOZ; HDw(2); HBO*L>> + ((HOZ; HOO; HBO—L))
+ <<HOZ. HFC—SS: HBO—L>>
G 0" (Va) 0" (Ve) - §(H%; HOR))
onr(vB) O(z)(VB) = %((HOZ; HOZ*K>>
O<2)(VB) Onr(VB) = %((Hosz; HOZ>>
O™ (V) O™ (V) D4 % ((HOZ; HMv/Dw; HOZ>)
O"r(VB) onr(VB) D, %((HOZ; HDw(Z); HOZ>> 45 % <<HOZ; HOO; HOZ>>
4 %((HOZ; HFC*SS; HOZ))
X(efe) Onr(\/J) O"'(VJ) - %((HBO*L; HBO*L>>
o™(Vy) 0@ (v)) - -
0@(v)) o™(vy) - -
onr(vJ) Onr(vj) D4 % <<HBO*L; HMv/Dw; HBO*L>>
onr(vj) Onr(vj) D2 %<<HBofL; HDW(Z); HBO*L>> + % <<HBofL; HOO; HBO*L))
+ %((HBO?L; HFC*SS; HBO*L>>

?Electronic contributions to the molecular energy (NR linear and quadratic responses).

HPa=Ay - Ag (63)

1

Hbia-K— _ =
4ct

L
[2 (”Nr—e'N) (B-Ly)+B-By+2(Ay - Ag)p?+2n(py - B)3(ry) (64)
N
with B=V XAg, the external magnetic field, and By=V XAy. In addition, Ly=(r—rN)Xp is the electronic angular momentum with respect to the
nucleus N.
All the details concerning the derivation of the leading order relativistic corrections to EP~P)(Vy, V) are given elsewhere.[?%!

We can then express the (e-e) contribution of Equation 44 within the LRESC model as (see Table 1)

Eo(€=¢) (Vy, V) = E@) (HPSO, HOZ) 4+ E() (HPSO—K HOZ)
+ E@)(HPSO, HOZ—K) 4 F(2) (FC/SD 52K 4 14B-50)
+ EG)(HPSO, {Mv/Dw 1407)
+ E®)(HFC/SD [SO0(1) | HOZ) 4 E(3) (HFC/SD, SO 1sZ).

(65)

where the one-electron operator D; do contain the relativistic corrections to the Schrodinger Hamiltonian, HMY/P% and HSO(),

3.4.2 | The nuclear spin-rotation tensor

Few years ago a new relativistic formalism was developed to obtain the spin-rotation tensor.*%7>! Such a tensor do have a nuclear in addition to an
electronic contribution. This last one is also divided in two terms: (e-e) and (p-p) contributing terms. A little later Liu and coworkers proposed another
formalism, based on a body-fixed relativistic molecular Hamiltonian.*?7¢ The formulation of the SR tensor within the LRESC formalism requires the
knowledge of two terms of the second-order corrections to the energy: EM©~¢) and EM(P~P). Hereafter, only EN? is considered to obtain EM(~¢),

whereas for EMP~P) only the E}/*2(1) will be taken into account. The first term is

TABLE 3 LRESC corrections to the paramagnetic term on nuclear magnetic shielding tensor

Paramagnetic corrections 52K gB-SO ¢9Z-K 4 gPSO-K ¢>© gPara=Mv/Dw
Character First-order triplet (P1T) First-order singlet (P1S) Third-order triplet (P3T) Third-order singlet(P3S)
Response functions <<HFC/SD; HSZ*K)) ((HPSO; HOZ*K)) <<HOZ, HFC/SD7 HSO(1)>> <<HOZ7 HPSO, HMv/Dw>>

b ((HFC/SD; HB—SO)) + ((HPsofK; HOZ>>
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TABLE 4 LRESC corrections to the diamagnetic term on nuclear magnetic shielding tensor

Diamagnetic corrections gPia—Mv/Dw oDia—K
Character First-order singlet (D1S) Zeroth-order singlet (DOS)
Response functions ((HDia; HMv/Dw>> (Hmafk>

EM(e—e) (VN7vj):<<HPSO+HFC/SD+HPSO—K+HFC/SD—K; _w_122)>>
<<HPSO+HFC/SD; D; _w__,((g2>>>

((H?; —o- L)) +{(H?OK; —o - L))
+<<HPSO+HFC/SD; D; ,w,1(2>>>,

e

+
(66)

Given that we shall deal with the ground-state of closed-shell systems, the operator Jf) can be replaced by L. in the first two terms. The first
term of Equation 66 is the well-known NR expression of the spin-rotation energy, whereas all the other terms are its relativistic corrections.

It must be stressed that the operator O(— - J.) do not contribute to the relativistic corrections of the energy, up to order 1/c? (see Equation
61).

We shall now analyze separately the LRESC expansion of both parts of EM(e~¢) (az AN, o -Jé“)). They are

EM(e—e) (a Ay~ Lff)) —((HP°; —a - L))

+ ((H07K —o - L))

) (67)
+ ((HFC/sD 4z (ap®>—(a-p)P)))
+ ((HPSO+HFC/SP. D —a - L)),
and
- 1
EVEe) (2 Ay, —o0- S ) = (H/*P; - - (0" (o P)P))) (68)

+ ((HPSO+HFC/SP . D —p - S)).

The third term of Equation 67 is canceled by the first term of Equation 68. In addition, expanding the fourth term of Equation 67 and the sec-
ond one in Equation 68, and also using arguments of symmetry it is obtained (retaining only one-body terms, that is, considering EM("—‘e)=E{,“P(1))
that

EME®) (0 - Ay, — - JID) = ((HPO; —o - L))
+{(HPO: —0- o))
+ ((HPSO; HMV/Dw » — . L)) (69)
+((HFC/SP . HSOM) . —g . )
+((HFC/SD . HSOW) . —gy . 5)).
One of the important features of the (e-e) contribution to EM is the fact that the lowest order term of EM(e—¢) (a‘AN, -o- 5(4)) is of order
1/c2, whereas the lowest order correcting term to EM(e~¢) (az AN, o - L<4)> is of order c°. Nevertheless, the former is non-negligible with respect
to the last one.

Therefore, the LRESC expansion of the electronic (e-e) part of the spin-rotation, SR, constant of a nucleus N can be written as””!
o2

lvaL
— MuRfelec (70)

leec(efe) _ EM(efe) (d . AN, —w- Je)

+MZSO*K+MIF3‘ara—MV/Dw+M'S\IO—L_,'_M'S\lOfS’

where MNR~¢ is the NR electronic contribution to My, My~ is a second-order RSPT relativistic correction, and the remaining three terms are

third-order corrections.
We shall now turn to obtain the one-body LRESC contributions to Mﬁ,'ec(”*p). They arise from the evaluation of the electronic excitations to
negative-energy states, in which case the projector is written as P,=1—P,=1—|nq)(ns|. Then, according to Equation 53 we have
1

EM(p*p)(VM V)= >

((ON|VNPX(Vy; 1)|On) +(On|VsPpX(Vi; 1)|ON)), (71)

where
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1

X(Vn; 1):2<1-AN+? [HP - An], (72)
1

X(v,;1)=—2w.15—?[HD,wae] (73)

The analysis of the dependence of the energy of Equation 71 with c=! shows that EM“’"’)(VN, V) is at least of order ’;—'; (Vn=a - Ay is propor-
tional to py). As it has been shown that the NR limit of EM©~¢) (Vy, V;) is of order £, it is easily deduced that the NR limit of EMP~P) (Vyy, V) is zero.
Besides, the leading order relativistic corrections are obtained retaining only terms of order "TN in the expectation values of Equation 71. There-

fore, for simplicity (with no loss of precision) it can be taken that
X(VN;].)220(~AN+%[B7Q~AN]:21-AN+BG(~AN, (74)
1
X(Vy;1) >~ 72w‘167§[[37w‘16]:72w~16. (75)

Given that the projection operator over the negative-energy electronic states, P,=1—P,, up to order ¢~ %, is expressed as the following 4 X 4

matrix of spinors components

R
P,= o p , (76)
- 1
2c
the operators in Equation 71 shall be written as
—a‘ANaz;p o-An
VNP X(Vy; 1)=(a- AN)PpX(— - JP; 1)=—2 ¢ oop |@ e (77)
0 —O"ANT
and
‘;JG-AN 0
ViPX(Vi;1)=(—o S Py X(x-Avi D=0 - Jo | =€ .p (78)
—0 AN 3—o AN
2c
Then, Equation 71 can be rewritten as
EM=p)(v\. V)= 1 L 1/nS
(Vn, J)_@“oNKON‘)
G- p G-p
oA oA oA 0k) 9
-2 w-Jo+w-J. s
0 —o- AP oAy 3% Ps Ay %)
2c 2c
or
EM(p’p)(VN,VJ)=4—i3(OLN|(w-Jea-po'-AN+2o'-ANa-pw~Je—2o'-ANw»Jea~p—a-pw-Jea-AN) |Ok,).
This expression can be reduced to
, 1
EMP P>(vN,v,)=4—c3<ok,|([w-1e,a-p]a-AN+2a.AN[a.p,w-Je])\om. (80)

As the relativistic leading order corrections to EM(€~¢) have a factor ’;—g, which is the same as the factor appearing in Equation 80, EM®~P) will not
have NR contributions. So, Equation 80 gives the lowest order relativistic correction to EM®~P). Furthermore, given that [6-p,»-J.]=0, then
EM(®=P)=0 up to this order.

Therefore, the LRESC model explicitly shows that both, the NR and the lowest order relativistic correction to EM(P~P) are zero. It means that, up

to order 1/c?

EMP=P) (Vy, V))=0 = MP P =0, (81)
3.4.3 | The relativistic relationship between the NMR shielding and the spin-rotation constants

Within the relativistic regime there is no immediate relationship among the NMR magnetic shielding and the SR tensors. This is apparent when we

consider the second-order corrections to the energy that are used to obtain the relativistic NMR shielding tensor, and spin-rotation tensor
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TABLE 5 LRESC core and ligand corrections

First-order triplet First-order singlet Third-order triplet Third-order singlet Zeroth-order singlet First-order singlet
P1T P1S P3T P3s DOS D1s

core ligand core

52K 4 5B-SO GOZ—K 4 GPSO-K | SO | para—Mv/Dw Dia—K 4 gDia—Mv/Dw

) _ 8N ) (r=ry)Xe '
E'“)(In, B) 2mpC’N ((7“’_”\]‘3 ; [(r=rg)Xa])) - B, (82)
and
2) __ 8N,  rery)Xa -1
E@(Iy,L) Zmpc’N It P~ XYL -
83

N (r—rn)Xa 1 1
=— Iy (—= [(r— Xp+ =[x+ - L.
ampeN (e | ra) P 5 E])

where py = %’:C In is the magnetic moment of nucleus N, Iy is its nuclear spin, and gy is its g-factor.

[74,78

From our LRESC model we can get a deeper insight on why the NR relationship, known as Flygare relationship, ! breakdown.l””! Consider-

ing the LRESC expressions of the (e-e) contribution to E° and E™, both can be related each other, up to order 1/c?, in the following manner

0 0
E— 0(676> . . = —_——
2c B E ((1 AN,d AB) 3

i Oj

(P - L2 L))

EME0) (- Ay, — - Je)

1 (84)
+ ((HFC/3P; — 2 [3sip*=(S - p)pi]))
1
+ <<HFC/SD ; sz [(l" . V)VCS;—(r - S)V,VC]>>
+ ({HFE/SP ; HSOW) 5.
From the definitions of NMR shielding and SR tensors, we can rewrite this relationship as
O_ﬁ—e)LRESC: ? ME—¢ILRESC o )
b (85)
+ o'SZ’K +0,§,sz +0'E,’SO + %o',s\lofs.
where Mﬁfe)LRESC is given by the Equation 70. We can see that the NR Flygare’s relation
o_mepara: % Mukfelec ® '7 (86)
8N
is fulfilled,””*”®! together with the following relationships,””!
=" M w1 (87)
8N
being X = PSO-K, para-Mv/Dw, and SO-L. The SO-S contribution has a similar relationship although with an extra factor 2,
630-5 = 2 M ps0-s ) (88)
N N :

8N

Table 6 gives a representation of the LRESC contributions shared among the relativistic af\,e_e) and M,f,'ec(e_e) tensors. It shows schematically

which of the LRESC contributions to the shielding constants are also found in the SR tensor.

We should now introduce an analysis of the system of units used to relate both properties. We should take care of the fact that throughout
the whole of this article the Gaussian cgs atomic system of units is used, and the fact that the NMR shielding is a dimensionless magnitude
expressed in parts per million (ppm). So, the expression of the SR tensor, My shall be expressed as dimensionless. Given that atomic units were used
in the derivation of this last property, the SR tensor shall be expressed at the end in Hartrees. As kHz are the units used in their measurements,
they have to be transformed using the fact that 1 Hartree = 6.579683920729 x 102 kHz (Taken from Ref. [79]).

It is worth to highlight the fact that all relativistic corrections of the SR constants (up to order 1/c?) are included in the relativistic corrections of
the NMR shieldings, but they have additional terms related with operators HOZ=K HSZ=K and HB=SO, |n addition to that, there is a factor 2 of differ-
ence between the SO due to spin contribution to both properties.
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TABLE 6 LRESC (e-e) contributions shared among relativistic oy and My tensors

(e—e)—LRESC
oN
NR—para — ara—Mv/Dw — - 1.5S0-S 0Z-K SZ—-K B-SO
oy P +o‘f,so K+0'Z / +o‘§,o L+%o',s\lo s 20N oN~ Ttoy T toy
—e)— —1_S0-S t —e)—LRESC
:(ﬂ) M(e e)—LRESC Q1 =303 ga_?\’om(e e)
N
— — — — — —1,.50-S — satom—0Z-K atom—SZ-K atom—B—SO
:(%) X(MRR eIec+M,F\’ISO K+Mzara Mv/Dw+M,S\IO L+M,S\IO el =1o} =63 +63! +oi!

During the last few years several works were published containing studies related with the breakdown of the NR relationship among oy
and My.[#89-881 They applied the formalism given in Ref. [30] on heavy atom containing systems, using the NR relation from which the electronic
contribution to the SR constant can be transformed to units of magnetic shielding. Comparison of their results with four-component calculations
show large differences among o and My within the relativistic regime if one use the NR Flygare’s model.

Recently, based on the fact that the OZ-K, SZ-K, and B-SO mechanisms are core-dependent, an extension of the Flygare’s relationship was pro-
posed, in which the shielding tensor can be obtained from the SR tensor employing the new M-i (i=1, I, Il IV, V) models.””#" The M-IIl model was

the best model proposed in Ref. [77] and it is expressed as:
oN = %MN @ I+a3om + 103075 (89)
N 2

| [891]

It is still possible to propose a better mode which must include all spin-dependent contributions in the last term of the model given in Equa-

tion 89. If we do this we arrive to

—v_m 1 s
O'N V:g—ﬁMN®’+dﬁ°m+z(v,S\l7v?\ltom ) (90)
where
r—ry)Xa
W= (I @), 1)
[r=rn|

The new term 4 (vﬁ,—vﬁ}om's) is a generalization of $63° >, which represent now its lowest order contribution.

First, applications of the new relationship of Equation 90 show that they are much accurate than the previous attempts to obtain a relativistic

generalization of Flygare's model.[®”!

3.4.4 | The rotational g-tensor and the magnetic susceptibility tensor

As shown in Equation 4, the rotational g-tensor involves the operators Vg=a - Ag and V,=—w - J., and the susceptibility tensor has a bilinear
dependence of the operator V.

In the case of the g-tensor, we should mention that the action of the operator L on the nuclear variables of the electronic wavefunction is
equivalent to (minus) the action of the total electronic four-component angular momentum operator.[32] This is the reason why the g-tensor
depends on J\¥.

Both tensors can be written as a sum of two terms: one nuclear and one electronic. The electronic terms are obtained in both cases through

the linear response approach.®*?? This can also be done for spin-rotation tensors. In our case they are

3N=Z Znm,, [(rN.G rvem)l = (G - rl)rN,CM]
N

(92)
+ mMpc ((FecmXa; Je))y—o @ It
and
1 22 4 1
ZN:—ggmNch(lrﬁ,—rg,rN)—ﬂaXre,G; AXFe))oo- 93)

As happens for all relativistic polarization propagators,[19] the ones of Equations 92 and 93 involves excitations to positive-energy electronic
states ((e-e) rotations) and negative-energy electronic states ((p-p) rotations), which after few approximations can be expressed as two separated
terms.[?®) The NR limit of the (e-e) and (p-p) contributions of both properties corresponds to their paramagnetic and diamagnetic terms, respectively.

As it was previously suggested[51] and explicitly demonstrated few years ago,ml the NR relationship between the electronic part of the rota-
tional g-tensor and the paramagnetic component of the susceptibility tensor is lost within the relativistic regime (see Equations 92 and 93). Besides,

[74]

in the NR limit the Flygare's equivalence'’™ is recovered.
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Again, the application of the LRESC model allows us to get a deeper understanding of the relation between both properties within a relativistic
framework.

The expansion for the magnetic interaction has been worked out above and it was extensively discussed by different authors.262%73 |t has the
form (see Equations 58 and 59):

O(a - Ag)=HOZ + H3? + HOZ K4 H3# K {850 (94)

Following the same arguments used in the LRESC expansion of the matrix elements of the four-component operator Jé‘” for the SR tensor we

can write (see Equations 60 and 61)
O(—a - JM)=HBO~L 4 {4BO-S, (95)
From this equation, we observe that no terms of order 1 /c2 contribute to the four-component total angular momentum operator J(e4>.
Considering the last two equations, the energy expansion (up to order 1/c2) can be written as

Eg(eﬂe)(vB7 VJ):<<(HOZ+HSZ+HOZ*K+H527K+H87$O) ; (HBofL +HBO*S)>>

(96)
+ <<(HOZ+HSZ) : D; (HB07L+H807$)>>

We shall mention again that if closed shell electronic structures are considered, then the one-body corrections belonging to E3€¢~¢) are

Eg(e—e)(VB’ V])=<<HOZ : HBO—L>>+<<HOZ—K ; HBO—L})
+ <<HOZ; HMv/Dw; HBO—L>> (97)
+ <<HOZ; HSO(l) : HBO—S>>+<<HSZ; HSO(l) ; HBO—L))_

or
EsC9) (o Ag, — - Je):(HOZ ; —o- L))
+ ((HOZ*K ; —o- L)) (98)
+ ((HOZ s MDY —o - L)),

From this expression, the g-tensor (see Table 2) is
gelec(e—e):mp <<Le : Le>> ® ’71
m 2 . -1
- ﬁ (({p*,Le}; Le)) @1 (99)
+mp ((Le; HMPW . LYY @17t

The first term of Equation 99 is the NR paramagnetic contribution to the g-tensor,”# whereas the other two are the mechanisms of the leading
order relativistic effects of g¢¢~¢. In this way, the LRESC model applied to the g-tensor give the following results
2

cE®
0BoL
:gNRfeIechgOZfKJrng/Dw‘

gelec(e—e):_zmﬂ7 (6*9)((1 Ag,—o- Je)

(100)

These mechanisms are analogous to those of the nuclear SR tensor.*% In the case of the g-tensor, unlike for the SR tensor, the spin-orbit con-
tribution vanishes identically.
Now, we look for the electronic mechanisms that underlies the g®=P) term. Following the same arguments exposed above for the LRESC

expansion of E°~P) in this case, we have that the one-body (p-p) contributions are

- 1
st p)(VB, V)= 2¢2 ((On|VBPpX(Vy;1)|0On) +(On|ViPoX(Ve; 1)|ON)), (101)
where
X(VB;1)=24'AB+%[B,a~AB]=2(Z~AB+BG('AB7 (102)
X(VJ;1):*20)~Je*%[[3,w~]e]:*2w‘]e. (103)

Expanding the operators of Equation 101 (with P, up to order 1/c) and applying the kinetic balance prescription to write Equation 101 in terms

only of |0k,), and retaining terms up to order 1/c3, we obtain

_ 1
EslP ”>(VB7VJ):@<OLN|([Q)-Je,a-p]a~AB+26-AB[o'-p,wJe])\Ok,). (104)
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As happens for the SR tensor, the relativistic correction is also zero. Then, the lowest order contribution to the (p-p) part of the energy is zero.

It means that, on the grounds of the LRESC model, the following expression is valid up to order 1/c?:
ESPP) (- Ag, — - J,) =0 = geecP=P) =0 (105)
Now, we turn to the magnetic susceptibility tensor. Applying Equation 94, and including terms with the dependence on c up to order 1/c?

Ee€)(Vg, Va)=((HOZ +HSZ ; HOZ+HS7))
+<<HOZ+HSZ' HOZ—K+HSZ—K+HB—SO>>
+<<HOZ—K+HSZ—K+HB—SO. HOZ+HSZ>>
+((HOZ+HZ; D; HOZ+H%)) (106)

=((HOZ ; HOZ))+2 ((HOZ K, HOZ))
+<<HOZ ; HMv/Dw ; HOZ>>'

As for the g-tensor, the SO terms (((HOZ ; H3°( ; H52))) are zero when closed shell electronic structures are considered. Therefore, the corre-

sponding (e-e) part of the energy will be given by the following three terms (see Table 2):

1 1
1€=0) (g . Ag. a - Ag)=((HOZ - B+ 0z-K. 4
EX (- Ag, - Ag)=((H?; 5 Le - BY) 2<<H ocle B>>

1
OZ . |yMv/Dw . .
+<<H :H ’2cLe B>>7

The first of them is the NR paramagnetic contribution to the magnetic susceptibility, whereas the remaining two terms are the leading order rel-

(107)

ativistic contributions originated in the operator H°Z2=X and in the scalar correction to the Schrodinger Hamiltonian, HM/Pw,

Therefore, according to the LRESC model, (=€) can be expanded (up to order 1/c?) as

2
xelec(efe) - 0
oBoB

NR~—para

EXe=®) (o Ap,a - Ag)

(108)
=
+x027|< +lparanV/Dw’

When closed shell electronic structures are considered, the relativistic mechanisms appearing in Equation 108 are of the same type as those
mechanisms found for g-RESC(e~e) Nevertheless, the OZ-K correction carries a different factor. In fact, within the LRESC approach this is the unique
difference between the (e-e) contribution to the susceptibility tensor and the rotational g-tensor.

For the (p-p) contribution we proceed as we did above,

1

E(P—p) =
2c?

((Wol(a - Ag)Pp(2+B)(a - Ag)|Wo)). (109)
From this equation, the diamagnetic component of the susceptibility tensor is obtained in the NR limit, together with the leading order relativis-

tic contributions.

3.4.5 | The relativistic relationship among the g-tensor and the y-tensor

From a theoretical point of view the relativistic magnetic susceptibility arises as a second-order correction to the energy due to the interaction
among the electronic system and an external and uniform magnetic field.

According to the LRESC model, its electronic (e-e) contributions can be expressed as in Equation 107 Conversely, the rotational g-tensor arises
from induced molecular magnetic moment due to its rotational motion. In this case, according to the LRESC model, its (e-e) electronic contribution is
given by Equation 98. Then, a straightforward relationship between both expressions is immediately obtained,
itz‘ﬁf@*"—)(oz Ag,—w-J,)
do; (110)
+H((HO#X5 L)),

2C%EX<E*E>(a Ag,a-Ag)=—
1
which, in terms of the properties, is equivalent to

1 1
(e—e)LRESC _ __ (e~€)LRESC o |4 = ,0Z-K 111
b4 am,? g 1+ 51 (111)

From, here, the NR Flygare’s relation is naturally recovered taking the NR limit. Within the relativistic framework, there is a factor 2 in the OZ-

K contribution that formally breaks down such a relationship, when considering relativistic effects up to order 1/c2‘
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4 | APPLICATIONS OF THE LRESC MODEL

In this section, we are going to show some of the more relevant applications of the LRESC model. We start with the analysis of the nuclear magnetic
shieldings, and then the spin-rotation constants. We will show the performance of our two-component model on the reproduction of four-
component calculations together with the analysis of the electronic origin of the different contributions to the relativistic corrections. All calculations
were performed considering only monoelectronic contributions, in such a way that E©€~®=ENP(1) and EP~P)=EN*2(1) is taken hereafter (see Equa-

tions 29-33), because the remaining two-body terms are not yet implemented in the DALTON code.”*?2

4.1 | Nuclear magnetic shielding constant

The LRESC model was first developed to analyze relativistic effects on the NMR magnetic shieldings. Then, historically it was this property the most
analyzed using the LRESC.

4.1.1 | LRESC theoretical performance and few selected applications

Earliest results of calculations of magnetic shielding tensor applying the LRESC model were published in Refs. [26,27,93,94]. There, all one-body
correcting terms to the shielding constants of HX and CH3X (X =F, Br, 1) were presented as benchmark calculations. It is worth to highlight, here,
that, in four-component RPA calculations, two-body effects arising from the Coulomb interaction are included within the mean field approach.
When these contributions are taking into account, even though they are small, the overall results with the LRESC method become excellent, as
stated in Ref. [27].

In Ref. [93], results for the so-called scalar field dependent terms cP2=K (see Table 4) and 6°Z~K+5P50~K (see Table 3) were presented. The
analysis of the orbital contribution to each correcting term of atomic ions X~ and HX (X = F, Cl, Br, ), have shown that the inner shells were respon-
sible for almost the total value of these corrections. One interesting finding was that 6®2=K and 69Z~K+gPSO=K 3re not sensitive to the changes of
the molecular orbitals of the valence shell. Also, cP5°~K vanishes for symmetric spherical electronic distributions (see Table 3), and its value in HX
molecules is originated in the p-type lone pairs of the atom X.

Another study of contributions using localized orbitals was published by Gomez et al. in Ref. [94]. In that paper, relativistic corrections to the
diamagnetic term of the shielding constant were evaluated in terms of localized molecular orbitals. The relative importance of the contributions of
the inner core and the valence shell molecular orbitals was clearly exposed. For noble gases, the difference c*©°™ —™ for diamagnetic contribution
was compared with the same difference in the LRESC context, ctRESC—g™ . |t was found that the description of the diamagnetic terms with the
LRESC scheme was very good, except for Radon atom. In this last case, the LRESC method does not reproduce accurately all the relativistic effects.
This fact is under study in our research group.

To assess the completeness of LRESC regarding its theoretical grounds, in Ref. [69], Zaccari et al. focused on the formal relations that shows
the gauge invariance of the LRESC method, and compared this scheme with two other similar descriptions for shielding constants, namely the

Breit-Pauli approximation presented by Vaara and coworkers??!

and the approach proposed by Kutzelnigg in Ref. [95]. It was shown, by the formal
expressions and by calculations, that the LRESC model is gauge invariant for shielding constants. The HX and CH3X (X = Br, I) model compounds
were used. It was formally shown how different LRESC correcting terms compensate each other to give an overall gauge invariance of the shielding
constant. The consistency among the LRESC, Breit-Pauli, and ESC-minimal-coupling approaches was also shown.

Roura et al. applied the LRESC formalism but using the molecular Hartree-Fock Hamiltonian.[?®! They obtained relations involving the Coulomb,
J, and exchange, K, operators for LRESC shielding corrections. The mean field effects that arise from direct Coulombic contributions were obtained.
Resulting in all cases by adding the Coulombic part of the HF operator to the external Coulomb field in the one-body LRESC expressions. Both
exchange and different terms from the Breit operator are also consistently included. Regarding the diamagnetic term it includes a mean field correc-
tion depending on the exchange operator without a one-body counterpart. Roura et al., claims this term to lead a small contribution to the nuclear
magnetic shielding constant. In this framework, the mean field spin orbit!®”?8! corrections are recovered, as well as the mean field counterpart of
two-body effects. The contribution of mean field effects on diamagnetic term was estimated (in ppm) as: % (%)2(10‘5) (see eq. 74 of Ref. [96]),
yielding around 0.08 ppm for Xe atom.

Diamagnetic terms were also studied in more details. A better description of the shielding constants of sixth row atoms were published in Ref.
[99]. An alternative approach to the electron-positron contribution to magnetic properties, based on two-component Breit-Pauli spinors, was pre-
sented there. It was coined as geometric elimination of small component (GESC). In the presence of a magnetic perturbation, the manifolds of differ-
ent particle number operators are connected. This occurs even if the Coulomb-Breit interaction in the molecular Hamiltonian is neglected. The
effect of the positronic manifold is wholly taken into account by means of the positronic Hamiltonian (H*), expressed as a geometric series (see Ref.
[99]). Numerical results were presented for noble atomic gases and the HI molecule. For Xe atom the performance of GESC was quite good and pro-
vided an extra contribution of 334.27 ppm. GESC versus four-component calculations at RPA level of approach are 7052.8 ppm versus 7011 ppm,
respectively (see table 3 on Ref. [99]). Total BPPT values of constant for Xe were reported as 6718.5 ppm (Refs. [73,100]) and 6747.2 ppm (Ref.
[101]).
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TABLE 7 Basis set convergence on o(Sn) for all LRESC mechanisms. Uncontracted basis set were used in all cases

Sn F H NR SZ-K B-SO 0OZ-K+PSO-K  SO-L  para-Mv/Dw  Dia LRESC
[21s15p11d2f]  [10s5p1d] [4s1p)? 30845 21698 5138  296.8 169  —3421 ~791.6 39205
[23s20p16d5f]  [15s9p6d2f]  [10s3p2d]® 31037  2217.9  —4601  303.2 150  —346.7 ~792.6 40404
[25521p16d5f]  [15s9p6d2f]  [10s3p2d]®  3100.8 22204  —460.6  304.0 150  —347.2 ~7927 40397

2dyall.cv2z for Sn and cc-pCVDZ for F, H.
PMMA-Iresc.
“aug-cc-pVTZ-Iresc.

4.1.2 | Basis set analysis and gauge independence

We studied the convergence of basis sets for calculations of ™R, as well as for the different LRESC relativistic corrections. In Table 7, we show the
basis set used for the SnH,F, molecule, in which case converged results were obtained. A similar behavior was obtained for all other molecular sys-
tems that contain Hydrogen, Halogen, group-11, and group-14 nuclei.

It can be seen in Table 7 that the convergence of calculations using different basis sets is obtained with the MMA-Iresc basis set, which is an
smaller version of aug-cc-pVTZ-Iresc basis set and was named aug-Jun1 basis set in earlier works.[19271%4 The differences in the values of the total
shielding, obtained as the addition of the NR shielding constant with all relativistic corrections, is smaller than 1 ppm compared with the values
obtained using the larger basis set (aug-cc-pVTZ-Iresc). Hereafter, we will consider all calculations of the shielding constant and their relativistic cor-
rections as calculated with the MMA-Iresc basis set, unless otherwise is specified.

To show the gauge origin independence we carried out calculations of the relativistic corrections in the SnF,H, molecule. The gauge origin was
placed at both positions, the fluorine atom and the tin atom. Results of calculations are shown in Table 8.

We found that the quality of the basis set used in those calculations is such that there is no significant difference when the gauge origin is

placed at the nucleus of interest or in a vicinal atom.

4.1.3 | Nuclear magnetic shielding with the LRESC scheme

LRESC for nuclear magnetic shielding constants was first tested on HX (X =F, Cl, Br, I) molecular systems, taken as benchmark compounds. This
was done in the papers where the theoretical formalism was presented.?42”! To have a complete sight of LRESC, heavy atom containing molecular
systems were studied. We also aim to have an insight on each correcting term, and finally on 2014 we proposed an overview to treat relativistic cor-
rections grouped in two terms. We named those terms as core- and ligand-dependent."°? We present in this section a brief account of LRESC
achievements in describing heavy atom containing molecular systems.

The nuclear magnetic shielding of the nucleus N given by the LRESC formalism can be written as

G,IQRESC — G“R + GcNorr (112)

where ™R is the NR shielding value and °"

represents the relativistic corrections coming from the different electronic mechanisms of the LRESC
scheme as it was described in section 3.

Melo and coworkers have shown in several works that the magnetic shielding calculated with LRESC scheme are in very good agreement with
those obtained with four-component methods for atoms up to the fifth row of the Periodic Table.[2627:102103105] £q¢ medium-size molecular sys-
tems the differences among four-component and LRESC values are, in general, close to 2% and for heavier molecular systems, like Snlg, such a dif-
ference is close to 5%. However, for atoms belonging to the sixth row of the Periodic Table, like Au, Hg, Pb, and At, the differences reach values
that are between 15% and 20% lower than the relativistic values.[103:105:10¢]

In terms of the chemical environment of a heavy atom, Maldonado et al. studied in Ref. [105] the effects on the nuclear magnetic shielding con-
stant of the surrounding atoms to central Sn and Pb in SnH,XY and PbH,XY (X, Y =F, Cl, Br, 1) molecular systems. The electronic origin of the rela-
tivistic effects were discussed applying the LRESC model. It fave a 16% composition of HAVHA (heavy atom effect on vicinal heavy atom!1°7}) type

on o(Sn) at SnH,l,. It was found that the HAVHA type effect is due to the appearance of contributions that are different of o5°~t. With LRESC

TABLE 8 Gauge origin dependence for LRESC calculations on SnH,F, with MMA-Iresc basis set

SnH,F, Atom NR SZ-K B-SO 0OZ-K + PSO-K SO-L Para-Mv/Dw Dia LRESC
Gauge on Sn Sn 3103.7 2217.9 —-460.1 303.2 15.0 —346.7 -792.6 40404
Gauge on F Sn 3103.7 2217.9 —460.9 301.2 15.2 —345.2 -792.2 4039.7
Gauge on F F 450.2 12.2 -3.0 1.5 2.5 -4.7 -6.6 452.0
Gauge on Sn B 450.2 12.2 =&l 0.2 2.5 =83 -52 453.5
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plus an estimation of GESC correction to the heavy atom, shielding constants were compared to four-component RPA benchmark calculations. The
LRESC model had an excellent performance when diamagnetic terms were corrected via GESC. For this case, most of relativistic correcting terms
were not sensitive to the chemical environment. The ones which did change when substitutes changed were: ¢5°7t, ¢OZ K+ gPSO-K  and
oPara=Mv/Dw only one of them being of SO-type. The other two reflect the enhancement of the PSO electronic mechanism due to a kinetic energy
correcting term and angular momentum. The last term is always negative and opposite to the OZ-K + PSO-K. Then, its contributions are attenuated
although when added to the SO-FC it gives a fine tuning for reproducing the total relativistic corrections to the shieldings of central and substituent
atoms.

Regarding the spin-Zeeman operator of the spin-orbit contribution to shielding tensor, Ruiz de Azda et al. critically discussed in Ref. [108] the
assessment of the LRESC model on properties of linear molecules. They have shown that this correction yields no contribution to the isotropic
shielding constant of linear molecules, but it has higher importance when individual tensor components are evaluated. Specially, when studying the
anisotropy of the shielding tensor. In that paper it was found an interesting relation between SZ and OZ contributions to SO effects. Numerical
examples were provided, showing that the individual shielding tensor components and the anisotropy of the tensor are in good agreement with
results obtained with other methods, in particular with DHF approach.

Ruiz de AzGa and coworkers reported for Xe atom in XeF,: ¢,,(Xe) = 6143.5 (6477.8) ppm with LRESC (GESC) scheme and the chemical shift
56 =4597.2 ppm (LRESC). They compared the results with DFH values taken from Ref. [109]: 5,(Xe) = 6418.3 and 6380.0 ppm; 85(Xe) = 4268.0

and 4479.9 ppm. Also comparison with experimental results were made: §c(Xe)= 4722 and 4260 ppm; both measures in liquid CNH solvent!**°!

and solid phase.'*!]

An interesting study of magnetic properties of Hg containing compounds, is the work published by Arcisauskaite et all10dl They studied how
important are relativistic effects on NMR shielding constants and chemical shifts of linear HgX, (X = Cl, Br, I, CH3) compounds applying three differ-
ent methods. Calculations performed with LRESC, ZORA and four component approaches were compared. Both, LRESC and ZORA are good
enough to reproduce carbon shielding constants in Hg(CHz), within 6 ppm. In the case of chemical shifts, the LRESC fails to reproduce the tendency
of ZORA and four component, even though ZORA underestimates the absolute shielding constant of mercury by 2100 ppm. Also a gaussian nucleus
model for the Coulomb potentials was studied, reducing the shielding constant on Hg by 100-500 ppm and chemical shifts by 1-143 ppm when
compared with point nuclear model. No effects were found on shielding constants for the lighter nuclei (C, Cl, Br, I). It is worth to mention that
LRESC results lack in this case of the GESC correction, which inclusion might have reproduce in a better way chemical shifts.

To evaluate all LRESC corrections, one has to take into account 15 terms which can be divided in second- and third-order, and also of singlet
and triplet type, as stated in Tables 3 and 4. Historically this way of showing LRESC results was useful to compare it with other theoretical schemes,
as BPPT and minimal coupling. On the contrary this way of showing results is not quite useful to get insight on the overall shielding behavior, in
terms of the molecular electronic origin of relativistic effects. To overcome this drawback two papers were written with a new proposal of grouping
the leading relativistic corrections in terms of which molecular environment is the main source for those corrections.!*°21%%! They can be divided in
terms of core- and ligand-dependence, and they are explained in Table 5. “Core” corrections correspond to those LRESC corrections which do not
change their absolute values when the environment of the studied nucleus is changed. Conversely, “ligand” corrections are those which have a

strong dependence on each specific molecular environment.

4.1.4 | Core- and ligand-dependent corrections

The core-dependent contributions are given by all diamagnetic and one paramagnetic like corrections: mean values of diamagnetic singlet correc-

0)) S(1) T(l)).

tions (GZ( ; first-order diamagnetic singlet corrections (o3} ') and first-order paramagnetic triplet corrections (o,

Gcore:G§(0)+GZ(1) +GZ;(1) (113)

Ligand-dependent contributions are given by the rest of the leading LRESC paramagnetic like corrections: first-order paramagnetic singlet cor-

s(1
[

rections (o )); third-order paramagnetic singlet corrections (Gz(3>); and third-order paramagnetic triplet corrections (G;(s)).

o'igand :Gg(i) +Gg<3) +6£(3) (114)

In Table 9, we show results of the calculations of NR magnetic shieldings and the whole set of relativistic corrections coming from the LRESC
scheme in several model compounds, like IX, AgX, GeHzX, and SnX, (X=H, F, Cl, Br, |) and the addition of all terms grouped as core- and ligand-
dependent. Nonrelativistic calculations were performed with the DALTON suite of programs,[91]

As aforementioned, the core-dependent corrections were rearranged in three specific terms: 63(0)7 crj(l), and G;(l). Each one of them must be
analyzed separately, because they arise from different electronic mechanisms, have different behavior, different signs, and they are not of the same
order of magnitude. Two of them modify the diamagnetic component of the nuclear magnetic shielding (p-p part), and the third one modifies the
paramagnetic component (e-e part).

R represents a large percentage of the ¢"" value. When the substituent halogen

. o T
For heavy central atom in tetrahedral compounds, like Sn, c,,(
atom becomes heavier, such a percentage do increases because the NR value is smaller; for Snl, such a percentage reaches 66%. This correction is

strongly core-dependent, and, for heavy atoms, it is of the same order of magnitude as ™, as shown in Table 9. For light and not so heavy atoms,
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TABLE 9 Leading relativistic corrections obtained with the LRESC model to magnetic shielding for Ag and | nuclei in AgX and IX linear mole-
cules, and for Ge and Sn nuclei in GeH3X and SnX, tetrahedral compounds (X =H, F, Cl, Br, 1)

Core Ligand

Molecules  ¢™ 63(0) 63(1) oy oV o a® Core Ligand LRESC 4-comp
AgH 4157.66 —940.72 28345  1458.70 14259 —69.02 —75.85 801.43 —2.28 4956.81  4803.55
AgF 4229.29 —940.69 283.35 1458.67 123.75 —67.67 52.02 801.32 108.10 5138.71  5019.70
AgCl 4087.53 —940.79 28340  1458.69  141.45 —83.41 —244 801.30 53.15 494198  4827.98
AgBr 4076.90 —941.27 28343  1458.88  143.25 —71.90 —13.72 801.03 57.63 4935.56  4841.57
Agl 4037.13 —942.19 28347  1459.10  150.58 —54.92 —6.25 800.38 89.41 492692  4845.26
IH 4539.80 —1361.89 415.69  2098.97 279.71 —266.20 157,55 1152.77  171.06 5863.62  5885.47
IF —1478.73 —1361.94  415.68 2101.72  1153.72 —1852.01 2460.07 115547 176179 143853 927.08

ICl 1923.10 —1362.02 415.68 2100.53  659.56 —992.04 1357.95 115419 102547 410276  3745.18
IBr 2799.68 —1362.52 415.68 2100.19  523.67 —809.94 1061.69  1153.36  784.42 4737.46  4403.04
I 4290.44 —1363.37 41570 2099.85 317.54 —495.61 273.59 1152.18  95.52 5538.14  5532.36
GeH, 1765.68 —287.85 83.75 450.81 66.61 —65.05 -9.30 246.71 -7.73 2004.66  1979.67
GeHgF 1561.10 —287.87 83.74 450.83 74.47 —82.12 0.47 246.70 =745 1800.61  1756.47
GeH;Cl 1601.30 —287.96 83.75 450.87 73.38 —79.38 3.84 246.65 -2.16 1845.79  1802.71
GeH3Br 1614.55 —288.47 83.75 451.01 74.34 —81.33 29.80 246.29 22.81 1883.65  1850.29
GeHjsl 1655.51 —289.36 83.75 451.10 75.02 —85.24 99.26 245.49 89.04 1990.04  1954.32
SnH, 3270.26 —1137.66 34516 1757.93  298.83 —304.29 —38.33 965.43 —43.79 419191 412614
SnF, 3453.94 —1137.69 34503 175741  260.64 —291.25 20.00 964.76 —10.62 4408.08  4364.52
SnCly 2929.16 —1138.06 34515 1757.93  322.65 —401.14 91.62 965.02 13.13 3907.31  3988.53
SnBry 2819.86 —1139.89 34523 175950 347.81 —450.95 579.22 964.83 476.07 4260.76  4480.72
Snly 2672.93 —1141.24 34526 1760.75  372.94 —507.85 171575  962.98 1580.84  5216.74  5512.86

like germanium, such contributions are smaller when they are compared with the NR shielding value (smaller than 30%). The behavior of 63(0) is sim-
ilar to that of cs;(l), although it is less important than the latter and it has also opposite sign. The highest variations appear for tin atoms when they
are in the center of the molecule, and such corrections are among 32.9% and 42.6% of ™. The third core-dependent correction is 63(1), although
its contribution is smaller than the other ones. The variation with respect to the NR shielding constant is among 10.1% and 12.9% for tin containing
molecules.

For the light central atoms, the total core-dependent contributions are not so important; but for molecules containing tin atoms they are almost
of the same order of magnitude as ¢™. Such contributions are between 27.9% and 36.0% of " (Sn), but the variation comes from the different NR
shielding values. As an example, the total core-dependent contribution to o(Sn) in SnF, is 964.76 ppm and for Snl, it is 964.77 ppm. However,
c""(Sn) is 3455.42 ppm in the former case and 2676.59 ppm in the latter, giving rise to different percentages.

When the chemical shifts (8(Sn)) are calculated with respect to a reference system, the core-dependent contributions are almost completely
canceled each other and the final value arises from the differences among the NR values, together with the ligand-dependent corrections.

Figure 1 shows the relationship between the core-dependent contributions and the atomic number of the nucleus whose magnetic shielding is
calculated. Two different fitting dependence can be proposed through quadratic and potential functions. Both functions give excellent fittings: o
(Z2)=0.777%2—-23.11Z+194.27 (ppm) and c°°¢(Z)=0.0056Z383 (ppm).

Regarding ligand-dependent corrections, the crf,(l) term increases its value when the central atom becomes heavier, but it does not change very
much when the environment is modified, even when the central atom is surrounded by several heavy atoms. Their contributions are close to 10%

& reaching values close to 20% of ™. Both contributions

of the corresponding ¢"" values. Conversely, the contributions of 02(3) are larger than cs,s,
have opposite signs, giving a total contribution less than 10% (negative) for the heaviest molecular system and decreasing the total shielding value,
a(Sn). In some of the lighter molecular systems, both contributions almost cancel each other.

The most important of the whole set of ligand-dependent relativistic corrections is c;<3>, which is responsible of many relativistic effects. Such
a correction includes the FC and SD contributions as can be seen in Table 5. The FC term has a very large range of variation when the weight of

(3)

the molecule grows up and it can be of the same order of magnitude as the NR value. For light systems o; is negative because the contributing
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FIGURE 1 Relationship between core-dependent corrections on ¢ and the atomic number of nuclei

SD term are larger than the FC one (in absolute value). For medium-size systems both values are almost the same so they cancel each other, and
then the total value is close to zero; but for heavy molecular systems the FC correcting term increases its value considerably and at the same time
the SD term becomes not very important. For Snls molecule, ¢™(Sn) = 2672.93 ppm and cl<3)(Sn) =1715.75 ppm representing 64.2% being the
largest contribution.

The total core- and ligand-dependent corrections are shown in Figure 2 for germanium and tin atom-containing molecules, in GeH3zX and SnX,
(X=H, F, Cl, Br, I) model compounds. It can be seen in this Figure that for germanium atom, the main relativistic corrections are of core-dependent
type. When the weight of the central atom grows up the most important corrections come from the ligand-dependent type, but only for heavy halo-
gen substituent atom like Br and |.

The analysis given above shows a compensation among core- and ligand-dependent contributions. The addition of core-dependent and two of
the three ligand-dependent corrections (excluding c;(3>) gives a very small contributions for light systems, and for the heaviest molecular system,
Snly, it reaches the largest absolute value, 26.4%. Conversely, only 0;(3) correction has a very different behavior and this is the reason why it was
considered the main electronic mechanism responsible of ligand relativistic effects. However, this is true only for light or not so heavy molecules,
since for heavy ones G;(s) does not reproduce the total relativistic effect for the nuclear magnetic shielding. The other relativistic corrections do
increase their contribution, especially those that are core-dependent. As a consequence, the addition of ¢™ plus cl@ does not give good enough
reproduction of the relativistic value for heavy atoms because the others contributions become important.

For linear molecules, like AgX and IX (X =H, F, Cl, Br, 1), the behavior of the relativistic contributions are different from those of the tetrahedral
geometry, as can be seen in Table 9. The performance of the LRESC is not good enough for IX molecules, like IF, where the difference with the
four-component value is large. The main relativistic corrections to the total magnetic shielding for the whole set of studied linear molecules are of
core-dependent type. They have a different behavior when we compare them with the magnetic shielding of central atoms in tetrahedral com-
pounds. The ligand-dependent corrections to ¢ have a small dependence with the type of the substituent for silver atom, but for a heavier nucleus
like iodine, such contributions are larger. When iodine atom is bounded to fluorine atom, the most important ligand-dependent contributions do

I I
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FIGURE 2 Core- and ligand-dependent corrections on o(Ge) and o(Sn) in GeH3zX and SnX,; (X =H, F, Cl, Br, ) model compounds
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FIGURE 3 Core- and ligand-dependent contributions to magnetic shielding in linear model compounds AgX and IX (X=H, F, Cl, Br, )

appear, being larger than the core-dependent ones. This seems to be the source of the difference with four-component value where the higher
order corrections may be important.

Figure 3 shows core and ligand-dependent contributions for AgX and IX molecules. Within the set of these corrections, the SO is the main one.
Such SO effects are more positive in the whole set of molecular systems when the halogen is X = F. Furthermore, when the weight of the molecule
increases few other important electronic mechanisms do become important.

4.2 | Nuclear spin-rotation constants

As seen in subsection 3.4.3, the SR and shielding tensors have some common mechanisms according to the LRESC model. Here, we analyze how
accurately the LRESC model reproduces the four-component results of SR constants in the molecule series IX (X=H, F, Cl, Br, I) also analyzed in
subsection 4.1, and we study how they are related with the shielding constants.

Nonrelativistic and relativistic calculations were performed at the RPA level of approach of the polarization propagator formalism with Hartree-
Fock and Dirac-Hartree-Fock wave functions, respectively, as implemented in the DALTONP*?2! and DIRAC program packages.!??!

In all calculations, we employed the nonrelativistic Dunning’s augmented correlation-consistent aug-cc-pCV5Z basis set for H, F, and Cl
atoms.[**? For Br and |, we used the relativistic acv4z basis sets of Dyall, dyall.acv4z.**3 The small component basis sets of relativistic calculations
were obtained by applying unrestricted kinetic balance (UKB) prescription. Uncontracted gaussian basis sets were used with the common gauge-
origin (CGO) approach in all calculations. Experimental geometric distances in gaseous phase compounds were used for the IX (X = H,[114l g sl
C1,1114] gy 11141 |[114)y serjes. The same geometries were used both in the NR and relativistic calculations. The bond distances in A are: 1.6090 (HI),

1.9098 (IF), 2.3210 (ICl), 2.4691 (IBr), and 2.6663 (l,). To describe the coulombic electron-nucleus interaction, a point nuclear model was employed

TABLE 10 Nuclear spin-rotation constants of nuclei of the IX (X =H, F, Cl, Br, |) systems obtained applying both four-component and LRESC
methodologies

%' j'js(e-e) %Milfﬁ(p-p)
X N %’ [ppm/kHz] ';—:'M’i‘jﬁ, LRESC 4-comp LRESC 4-comp
H 127) 418 8.69 —1415.56 —1359.89 0.00 0.38
H 0.84 341 47.16 47.00 0.00 0.00
F 127) 97.30 57.81 —8099.91 —8493.62 0.00 2.85
F 20.82 50.80 568.57 512.96 0.00 -0.02
cl 127) 238.41 81.01 —4137.22 —4312.62 0.00 1.53
g 489.63 69.53 -32.12 —30.86 0.00 -0.02
Br 127) 478.88 123.31 —3214.04 —3391.31 0.00 1.20
7Br 383.77 115.98 —~774.61 —698.21 0.00 -0.04
I 127) 728.20 140.18 —2006.02 -1992.33 0.00 0.51

Results are multiplied by the factor ';—Z', to obtain their values in ppm. Nuclear and electronic values of SR constants are displayed separately, and the
latter are splitted into their (e-e) and (p-p) contributions.
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TABLE 11 Individual LRESC contributions to the SR constants of both nuclei in IX (X =H, F, Cl, Br, I) systems.

m1

SN &

X N Mg ol MPSgK MP2g o MSGt MEGS M

H 127 —1457.05 205.75 —400.04 156.00 79.77 —1415.56
H 17.81 0.04 0.04 29.38 -0.11 47.16

F 127 —10 473.16 1507.93 —2754.20 2361.38 1258.14 —8099.91
9F 682.79 -1.29 8.32 -7.83 —113.42 568.57

cl 127 —5442.91 771.75 —1478.90 1360.22 652.61 —4137.22
35¢ 238.89 -3.03 —37.65 —126.45 —103.87 -3212

Br 127 —4168.70 580.29 —1206.95 1097.99 483.33 —3214.04
77Br —196.80 3.79 —136.39 --333.10 -112.12 —774.61

I 127 —1927.55 253.46 -732.10 237.21 162.96 —2006.02

Results are multiplied by the factor ';—:', to obtain values in ppm.

in all calculations, because it was the nuclear model used in the derivation of all the LRESC operators. Nuclear size effects were not considered in
this work; they do not affect at all the main conclusions of the present work.

The diagonal tensor elements of properties are labeled in such a way that L refers to the xx and yy tensor elements, for linear molecules along
the z axis.

In Table 10, we see that Mj'?,s(e_@ (N =1, X) are well reproduced by the LRESC method, obtaining differences of less than 5% with respect to
four-component results. There are two reasons to explain this behavior: (i) two-body operators were not included in the LRESC calculations of this
work, as stated previously, and (ii) differences due to higher order effects (higher than those of order C%) are not included in the current LRESC devel-
opment. In addition, the (p-p) contributions are exactly zero according to the LRESC theory, whereas the four-component values are of a few ppm,
fully corresponding to higher order corrections (of order 1/c* and higher).

In Table 11, each one of the LRESC contribution to the SR constants of | and X nuclei in IX (X=H, F, Cl, Br, I) systems is shown. It must be
taken into account that such results do not include two-body contributions. A comparison of Tables 11 and 12 shows the full equivalence of the
NR contributions of SR and shielding constants, but also of the PSO-K, para-Mv/Dw and SO-L mechanisms. A factor 2 distinguish the SO-S contri-
butions to both properties.[77]

As stated in Ref. [77], the OZ-K, SZ-K, and B-SO values are in agreement with the homologous contributions of the shielding of free atoms.

In Figure 4, it is clearly seen that M(fv,ff) is better reproduced by the LRESC model than cs(f;f) for iodine in the IX series. Following the argu-
ments given in Refs. [77,89], and taking into account the recently proposed relationships between SR and shielding constants, some explanation of
this behavior can be made.

An analysis of the models given in Equations 89 and 90, and their application to Figure 4, shows that the differences between four-component

and LRESC values of the shielding of iodine includes the homologous differences for the SR constants, but they also includes the differences

TABLE 12 Individual LRESC contributions to the perpendicular (e-e) contributions to the shielding tensor of both nuclei in IX (X=H, F, Cl,
Br, 1) systems

X N i S T v i T e g

H 127) —1457.05 205.75 —400.04 156.00 159.54 143.00 2552.76 —528.60 831.37
H 17.81 0.04 0.04 29.38 -0.22 0.03 0.00 0.00 47.09

F 127 —10 473.16 1507.93 —2754.20 2361.38 2516.27 142.41 2552.83 —529.37 —4675.90
F 682.79 -1.29 8.32 -7.83 —226.83 0.75 10.74 -2.63 464.01

cl 127) 544291 771.75 —1478.89 1360.22 1305.22 141.71 2552.81 ~529.99 —1320.09
3¢l 238.89 -3.03 —37.65 12645 —207.74 3.01 76.57 -19.32 ~75.73

Br 127 —4168.70 580.29 —1206.95 1097.99 966.66 141.14 2552.81 —531.20 —567.96
77Br -196.80 3.79 -136.39 -333.10 —224.24 34.92 714.98 —160.29 -297.13

| 127) —1927.55 253.46 -732.10 237.21 32591 141.06 2552.80 —532.06 318.74

Results are given in ppm.
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FIGURE 4 4cand LRESC perpendicular (e-e) components of shielding and spin-rotation (in ppm) tensors of iodine in IX (X = H, F, Cl, Br, I) systems

between four-component and LRESC values of the shielding of the free iodine atom and higher order effects corresponding to the SO-S contribu-
tion. In other words, according to Equations 89 and 90, and following Refs. [77,89], it can be showed that

m _ _
aﬁlc_ahREsc ~Mp (Mif‘c_MhREsc> ® H_(o_i‘tom 4:_6?\ltom LRESC)
8N
1 1
S atom,S SO-S
-&{E (VN—VN )—EO'N .

In Equation 115, it is shown that we can analyze the origin of “post-LRESC” contributions to shielding constants. In our current study, they

(115)

have two origins, as we have mentioned: (i) the two-body terms not included in our LRESC calculations; and (i) the effects of orders higher than C%

Following Equation 115, it is seen that ';—';J’ <M‘fﬁ*e),MTSSc(e—e)> is included as part of (Gi?ﬁlmp(e—e)76I1F‘azsc(e—e)). According to Figure 4, the

second and third term of the rhs of Equation 115 must be taken into account, because they play an important role.

TABLE 13 Differences between four-component and LRESC values of calculated perpendicular (e-e) contributions to shielding and spin-
rotation tensors of iodine in IX compounds

Molecule el AMEE (1) Ag?tom(e=e) (J=)2 LAVSEO () AT (1)
HI 55.66 —232.76 -326 -180.81
IF -393.71 —232.76 —495.87 —1122.47
Icl ~175.40 ~232.76 —243.46 ~652.67
IBr ~177.27 ~232.76 -189.23 ~599.99
I, 13.69 —232.76 16.82 —200.79

Values of shielding of free ionized iodine are also displayed. All values are given in ppm.

?A indicates the difference between four-component and LRESC values of the corresponding magnitude.
Sle—e) /py _ S(e— ) -

b%AVL(e e (I)*%(er E)(I)_Vatom.S(e e)(, ))_%GSLO S(’).
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From calculations of the shielding of free iodine atom simply ionized, we found that (c#comP(e=e)(|~)—tRESCe=e)(|7))= 1934.46 ppm -
2167.22 ppm = —232.76 ppm. This difference indicates that higher order effects must be considered also for free shielding constants.
In the particular cases of iodine in HI and |,, the agreement between LRESC and four-component values of M(ffe)(l) is excellent (55.66 and

13.69 ppm of difference, respectively; see Figure 4 and Table 13), whereas for c(f_e)(l) the differences are not negligible, but are the smallest of

this set of molecules. As shown in Table 13, the main origin of the LRESC versus four-component differences in cs(ffe)(l), for HI and |5, are the
higher order effects of the shielding of free iodine atom.

For the remaining systems (IF, ICl, and IBr), the differences between four-component and LRESC calculations of c(ffe)(l) are due not only to

higher order effects of 62°™e~®)(]-) (as in the case of HI and I,), but also they are due to higher order effects on M~ () and on v3* (1)~
vatom;Se=e) (]~ (the third term in the rhs of Equation 115).
Therefore, Table 13 allows one to deeply understand Figure 4, and particularly to know the origin of the differences between four-component

and LRESC result of calculations. Work along this line of research is currently in progress in our laboratory.

5 | CONCLUSIONS

There are several two-component methods that introduce relativistic effects as perturbative corrections. They were first developed to accurately
reproduce the four-component energy spectra.

The two-component linear response elimination of small component, LRESC, model was developed in the beginning to reproduce magnetic
response properties, but then it was used to reproduce any of the response atomic and molecular properties.

In this review, we have given the fundamentals and the basic assumptions used to obtain the explicit expressions of the LRESC model. They
are: (i) One should start working with the Rayleigh-Schrodinger perturbation theory, and divide the second-order correction to the energy into two
terms, each depending on its behavior when ¢ goes to infinity. There appears what we call the (e-e) or paramagnetic-like terms and the (p-p) or
diamagnetic-like terms; (i) the last term can be obtained making a transformation of the inverse of the difference of energies that consider
negative-energy electronic states. This transformation is one of the key points of the model; (iii) once this transformation is made, the next step is
to transform the four-component matrix elements into two-component matrix elements using the elimination of small component technique.

There is a second key assumption related with the vacuum. Given that the ground state is considered with respect to the vacuum, one need to con-
sider also the effect of the perturbation on the vacuum to get the correct effect of the perturbation on the electronic states (both branch of energy
states). Then, the (p-p) contributions do contain a term which introduce the polarization of the vacuum due to the presence of the external perturbation.

We also analyzed the different relativistic correcting terms that appears in the LRESC model. One interesting physical insight arises due to the
fact that there are correcting terms which depends on the core alone, and other terms that depends on the environment, named as core-dependent
and ligand-dependent terms, respectively. Using this separation one can get specific patterns of variations of relativistic effects on NMR magnetic
shieldings of different families of compounds.

Another very important finding shown in this review is related with the relativistic generalization of some of the well-known NR relationships, like
Flygare's relation among SR and shielding constants. The LRESC model allows for the comparison of equivalent terms that arises in the different
response properties. Being them exactly the same, one can find the way to generalize their NR relationship with the introduction of some new assump-
tions. In our case, we have shown how to construct the relativistic relationship among the NMR magnetic shielding and the spin-rotation constants, and
also, among the g-tensors and susceptibilities. When the velocity of light is scaled to infinity these two relationships recover its NR expressions.

The separation of the theoretical expressions of response properties in terms of their perpendicular and parallel components, together with
their (e-e) and (p-p) parts, give new insights about which are the main electronic mechanism involved when including relativistic correcting terms to
the NR expressions, and how to understand and treat them. We are also able to have a look on the origin of the differences among the LRESC and
the four-component results.

There are some molecular systems for which the LRESC model does not accurately reproduce the four-component results, but there are now
clear indications on why it happens and how this difference can be overcome.

In short, we have shown, here, how powerful the LRESC model is for: (i) reproducing four-component values of response properties of atomic and
molecular systems; (i) the analysis based on known NR operators of the electronic mechanisms that underlies the different relativistic effects that appears
in the response properties; and (jii) the search of the relativistic generalization of the likely relationships among properties that arises due to similar external

perturbations. We probed it for the relationship among NMR shielding and spin-rotation constants, and the g-tensor and the susceptibility tensor.
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APPENDIX

We include, here, the techniques used to obtain the two-component operators used in the LRESC model and its actual expressions. The four-

component operators that need to be transformed are « - A and o - J..

The operator « - A

Let us start with the four-component matrix element of the opertoar « - A

. : V—E V-E\ /o .
(6Pl AlOY) = (] [N(%) (1+ — >a.AN+ Na~A(1+ 2C2’) (%)N] 15,).

where N= <17 %) stands for the normalilzation constant of the wavefunction.

The NR correcting terms are then obtained when only terms of lower order in 1/c are considered
c-p c-p
. =(——)¢-A+o- P
O(a-A)(0) <2C )o' A+o A< 2C>

1

1
=P At o (VXA).

When A = Ay the paramagnetic Spin-orbit, PSO, the Fermi-contact, FC, and the spin-dipolar, SD operators appear:

Ly

1 1
HPSO=Zp. Ay== i
Cp N CﬂN rﬁlv

1 1
HFC/SD:_O-. VXAN)= —0 - VXA
2c ( N) 2c N

although when A = Ag the orbital Zeeman, OZ, and spin-Zeemman, SZ operators appear.

1 1
OZ:7 . = .
Ho="p-Ag=5_LB.

1 1
SZ_ ~ 5. (VX =-§.B.
H 2c° (VXAp) CS B

(A1)

(A2)

(A3)

(A4)

(A5)

(A6)

Relativistic corrections to the matrix elements of magnetic interactions arise when the different magnetic potentials are considered. In the case

of A= Ayn
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2 1
{—% (ach)” An+o- AN("zc”)}_ acz (PP PO HFE/SPy, (A7)
o-p V—E i
{ZC 22 '}z‘@“ v (A8)
and the relation
p?
(V—Ej)[di) *7\%) (A9)

to rewrite the corresponding terms of Equation Al as

S 5 ()
~0i(~gmr V-4 (52) )
to- A<43o' V- (2:’)5 >|&>,->

=(dj 213 - (VVXA) (A10)

_

. p?
8c 3(p-A+tic-pxA)— (p‘A—m‘pXA)@M)j)

= (B g~ (VVXA)

1
_SCZ{”Z’?‘A} g [P* i pXA|d).

In short, we get for the potential Vy the following relativistic operators

HPSO*Kjf@{pZIVHPSO}’ (All)
HFC/SD-K— 1 2 HFC/SD 1 A
=g 1P” b5z 0 VVXAY
(A12)

1 .
—g[pZ,m-prN].

In the case of A = Ag, by following again the same procedure as in the case of A = Ay, we obtain the lower order relativistic corrections when
V= VB

HOZ‘K:74—iZ{p2,HOZ}, (A13)

1
Hsz—Kz_@ [35p2—(S - p)p] - B, (A14)
HB-50— Z_is (- V)VeS—(r - $)VVe] - B. (A15)

The operator w - J,

The matrix elements of Vy were analyzed above (together with those of Vp, for shielding). Therefore, we focus our attention now to the expansion

of the matrix elements of V. Applying the same arguments used for shieldings, we obtain:

; V-E V—E\ (o .
(¢f4>\(—w-Je)|¢;4)>g—(cl),\{Nw-J IN+N(DE 26)<1+ 262>w-1g2>(1+ 2C2>(%)N}|¢,-), (A16)

where N=1— stz is the wave function normalization factor. The NR electronic total angular momentum operator J§2> is given by the addition of the

two NR angular momentum operators, the orbital and the spin. So Jf,_z) =rxXp-+ %o‘, where ¢ are the Pauli matrices.
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The lowest order terms are of order c®, whereas the leading order relativistic effects are given by those terms of order c~2. Considering that
the terms involving % are of order c™* and ¢, the leading order expansion of the matrix elements of Equation A16 are

(O (= 0 J)1df") = — (il [Neo- SN + (%)w @ (%)] 13;)- (A17)

As the electronic total angular momentum operator is a rotation generator, it is fullfilled that it commutes with ¢ - p, or

%2420, (A18)

and, therefore, there are NR corrections of order ¢ 2. Then, Equation A17 gives rise to

(01 (= )16 = (&1l (- 1) ), (A19)
which is equivalent to state
O(_wng))=HBO—J=HBO—L+HBO—57 (A20)
where
HBOI = _ . _,‘(22)7 (A21)
HBO Ll =— o L, (A22)
HBO-S—_,. Se. (A23)

A complete development of Equation A17 will give us an insight on how we can split the orbital and the spin angular momentum operators. It
can be rewritten as

o (O 1Je|d) ~ 0 (§il(Le+S)|by)+

B 1 1 ~ (A24)
- (5il| = gz (P2 (Le4S)}+ 550 -p(Le+S)a - p|[dy)-
and, as a consequence of Equation A18, we have
a~p(Le+S)a»p=(Le+$)p2=%{(Le+S),p2}. (A25)
Then, it is explicitly shown that there are no relativistic corrections, up to order ¢ =2, related to the operator 124),

o (@ W10 = 0 - (§il Le+9)] ). (A26)

Nevertheless, it is important to highlight that a different behavior is found for the individual Lff') and S operators, where
o (G ILE10) # 0 (@ilLel b)), (A27)
- (Y159 10/") # 0 (GlS]6;). (A28)

It is clear that this occurs because of the noncommutativity of operators L, and S with ¢ - p. Only the addition of both satisfies the commutation
relation.

The matrix elements found for that operators are, then,
- 1 -
o - (O IL016]Y) =0 - (@lLet 55 (00 (a - P)P)|)), (A29)

o OIS0 =0 (15— 107 (007~ (o -PID) ). (A30)

In the last equation, the matrix elements involving the spin operator, (J),»\S\(f)j) will be zero if |§;) or \cﬁj) are the ground state electronic wave
function. In addition, it is seen that the relativistic corrections to both operators (up to order 1/c2) are equal and have opposite signs.
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