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Optimal identification of potential-radiation
hydrodynamics for moored floating
structures—a new general approach
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Abstract

In this paper, a new state-space model of the potential-radiation hydrodynamics in
moored ocean engineering floating structures and its parameter identification are presented.
The raw data for this goal are the added mass and potential-damping matrices in frequency-
discrete domain.
In a preliminary study of existing approaches in the literature, two mathematical models

and their estimation are comparatively analysed in detail. These served in the development
of the new approach that shares certain main advantages of the previous approaches.
The model is identified in a least-squares sense using a weighted norm and a free control

parameter to accomplish a trade-off between quality and stability. This reduces numerical
instability problems and also keeps the analytical and computational benefits of a para-
metric state-space model. The model can be conveniently expressed in any usual canonical
form in state space.
The application of the model acceptably accurate reproduces the behaviour of the poten-

tial-radiation hydrodynamic forces in time. Case studies involving a semisubmersible and
buoys are shown to demonstrate the features of the proposed approach.
# 2004 Published by Elsevier Ltd.
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1. Introduction

Moored floating structures are employed in a gamut of marine operations that
involve basically transport, towing, launching and submergence of offshore units
and components. This class of ocean engineering systems (OE systems) mainly
includes platforms, buoys, barges, crane ships, pipe-lying ships and drill ships.
Often these structures behave in complex forms due to nonlinearity in their dynam-
ics, and for a monochromatic wave excitation, it causes unpredictable evolutions
even for normal operation. These situations call for a need of feedback control.
Usual controls for draught, roll stabilisation, dynamic positioning and control of
nonlinear oscillations require detailed dynamic models for reaching high-quality
performance (Youssef et al., 2002; Gawad et al., 2001; Fajinmi and Brown, 1999;
Fossen, 1999; Aamo and Fossen, 1999). Also stability analysis of nonlinear dynam-
ics demands parameterised models in order to apply modern mathematical tools
(Kreuzer et al., 2002; Gottlieb and Yim, 1993; Umar and Datta, 2003; Gottlieb
and Yim, 1997; Kim and Bernitsas, 2001).

The dynamics of an OE system is established as a balanced among, on one side,
inertia, Coriolis and centrifugal forces, and on the other side, restoring, hydro-
dynamic and propulsion forces. Hydrodynamics is an important part of the whole
model, and hence it is required to be precisely described for achieving the above-
mentioned control goals.

The modelling of the hydrodynamics is in general complex and is basically
obtained from numerical Finite Element Methods using the Flow Potential Theory
of Airy or the nonlinear Theory of Navier–Stokes.

From the point of view of the hydrodynamics, an OE system interacts with the
fluid environment due to its self-motion. This interaction is subject to incident,
refraction and radiation-induced forces. In particular, the last forces are caused
from the velocity and acceleration of the OE system structure with a memory effect
with vanishes in time. This hydrodynamics is highly dependent on the hull
geometry and can be characterised by time-weighting functions or more elaborated
parameterised models.

In the literature there exist two approaches for characterising the radiation
hydrodynamics in time domain: convolution description (Cummins, 1962; Ogilvie,
1964), and state-space representation (Jiang, 1991; Schelin et al., 1993).

The start point within Airy’s theory for both approaches are the so-called hydro-
dynamic coefficients, added mass and potential damping, which represent the radi-
ation-induced hydrodynamics in frequency domain. These are experimentally
calculated employing test facilities (shakers) (Wu and Hsieh, 2001; Chakrabarti,
1994), or by means of ad hoc programs that simulate hydrodynamic loads for dif-
ferent monochromatic oscillations in a prespecified range of frequencies (Soylemez
and Atlar, 2000).

It is not clear enough in the literature which one of the two both mentioned
approaches is more adequate for stability analysis and controller design. In this
paper, both mathematical formalisms are explored from the viewpoint of the rep-
resentation and identification. On the basis of comparative properties of both
OE: Ocean Engineering 14-05-2004 08:28:39 3B2 Ver: 7.51c/W Model: 1 OE865
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descriptions, a new state-space model is developed, which shares advantages of the
previous ones. The development of the new model and its identification is quite
general, embracing all the OE system structures mentioned at the beginning.

The paper is organised as follows. First, the dynamics of a generic OE system is
explained. Therein, the hydrodynamics is focused on Airy’s theory framework.
Afterwards modelling and identification methods for the existing approaches are
described from a new perspective. An extensive comparative study of their proper-
ties gives rise to the new approach in state space. Next, an optimal parameter esti-
mation of this model is proposed. Finally, case studies are designed to test and
show features of the new approach.

2. Dynamics of an OE system

An OE system possesses a dynamics expressed by the solution of the ODE

MðqÞ€qqþ Kðq; _qqÞ ¼ FSðq; _qqÞ þ FRð _qq; €qq; s0Þ; ð1Þ
where M is the generalised inertia matrix, K the Coriolis and centrifugal general-
ised forces, FS the resultant of restoring forces (buoyancy, weight and mooring-
lines forces), thruster, propel, incident, diffraction and viscous forces), FR the
radiation force matter of this analysis, q, _qq and €qq are the generalised position, velo-
city and acceleration vectors of the fixed reference system centre O, respectively
(see Fig. 1), and finally s0 is the so-called regular part of the hydrodynamic
radiation force.

The generalised position vector is

q ¼ x y z u h w½ �T; ð2Þ
with the modes x (surge), y (sway), z (heave), u (roll), h (pitch) and w (yaw).
OE: Ocean Engin
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Fig. 1. Coordinate frame for a moored OE system barge.
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Positive displacements and positive counterclockwise rotations are subject to the
convention depicted in Fig. 1. The centre O is assumed to be the material point
where the sensors (gyroscope, accelerometers, inclinometers) are placed for captur-
ing the OE system behaviour. The notation used for matrices, variables and
constants is in italic, while those of vectors in bold. In addition, a dot over a
symbol represents differentiation with respect to time.
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O3. Hydrodynamics of an OE system

The hydrodynamics of an OE system describes the interaction of the moving
structure with the surrounding fluid. It depends on the geometric characteristics of
the structure wet part, and also of direction and frequency of incident waves. The
hydrodynamics encompasses the radiation, diffraction and incident forces. All these
can be explained by means of the Potential Flow Theory. For irrotational fluid,
the potential flow function U (x, y, z) satisfies the Laplace equation (Dean and
Dalrymple, 1991)

r2Uðx; y; zÞ ¼ 0: ð3Þ
This equation must be solved under some boundary conditions imposed for the
free surface, the structure hull and the depth.

The potential flow at any geometric point (x, y, z) of the wet hull is the result of
three phenomena: the movement of the incoming wave, the perturbation of the
body that diffracts the incident wave, and finally the radiation induced by the mov-
ing body. All these phenomena act simultaneously. For small steepness of the inci-
dent wave (say for H=k < 1=50, with H the wave span and k the wave length) and
unsteady small-enough body motions, the potential flow can be expressed as

Uðx; y; z; tÞ ¼ UI þ UD þ
X

j

URj
; ð4Þ

with j 2 fx; y; z;u; h;wg, UI, UD and UR the incident, diffracted and radiated poten-
tials due to the unsteady motion in the modes j, respectively.

To find functions UD and UR that satisfy (3), the Bernoulli equation is invoked
leading to the free boundary conditions

@2UD

@t2
þ g

@UD

@z
¼ 0 ð5Þ

@2URj

@t2
þ g

@URj

@z
¼ 0: ð6Þ

Additionally, the kinematic hull boundary conditions are

@UD

@n
¼ � @UI

@n
; on S0 ð7Þ

@URj

@n
¼ _qqini; on S0: ð8Þ
OE: Ocean Engineering 14-05-2004 08:29:10 3B2 Ver: 7.51c/W Model: 1 OE865
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where S0 is the wet hull surface at hydrostatic equilibrium, n the normal at the
considered hull point and ni a versor for the motion _qqi 2 f _xx; _yy; _zz; _uu; _hh; _wwg (see
Fig. 1).

Finally, at infinitely distant positions the potentials UD and UR accomplish

limffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2þz2

p
!1

rUD ¼ limffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2þz2

p
!1

rURj
¼ 0: ð9Þ

The linearised Bernoulli equation holds

ph � pa
q

¼ @U
@t

þ gz; ð10Þ

with pa and ph the atmospheric and the fluid pressure, respectively, which gives the
load on the hull by means of the integration over S0

Fjðx; y; z; tÞ ¼ �q
ð
S0

@UI

@t
ds� q

ð
S0

@UD

@t
ds

� q
X
j

ð
S0

@URj

@t
ds� qg

ð
S0

z ds; ð11Þ

with ds being an elemental hull surface with normal n. The first, second and third
terms in (11) represent the incident, diffraction and radiation forces, respectively.
The last term in (11) characterises the hydrostatic forces.

Following Cummins (1962) and Ogilvie (1964) the radiation potential is repre-
sented by

URj
ðx; y; z; tÞ ¼ cTi ðx; y; zÞ _qqðx; y; z; tÞ

þ
ðt

�1

X
j

jijðx; y; z; t � sÞ _qqjðx; y; z; tÞ ds; ð12Þ

with _qq and _qqj the velocity vector and component of the hull point (x, y, z), ci
a point-dependent constant vector and jij a point-dependent memory function
representing the past history of the fluid motion in the coupled modes ij after a
sudden change of position of the body.

3.1. Radiation hydrodynamics in time domain

Introducing (12) in the third term of (11) and performing the integral on the wet
hull causes the radiation-induced hydrodynamic force acting upon the body

FRðtÞ ¼ �M1€qqðtÞ �
ðt

�1
Kðt � sÞ _qqðsÞ ds ð13Þ

FRðtÞ ¼ �M1€qqðtÞ �
ðt

0

KðsÞ _qqðt � sÞ ds; ð14Þ

where the matrix M1 is the value of the so-called added mass at an infinitely large
frequency and K(s) is a functional matrix of the independent variable s containing
all the memory of the fluid response. It depends only on the geometry of the wet
OE: Ocean Engineering 14-05-2004 08:29:12 3B2 Ver: 7.51c/W Model: 1 OE865
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part of the submersed body. It is noticeable that the evolution in time of FR

depends on the acceleration and velocity of the point O at time t, as well as on the
past history of velocity of O, which is weighted through the characteristic matrix
function KðsÞ on s 2 ½0;1�.
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F3.2. Radiation hydrodynamics in frequency domain

Consider the fluid-structure system at rest and an impulsive excitation vector

_qqðsÞ ¼ �½dðsÞ; . . . ; dðsÞ�T, where d is the Dirac impulsive function. Then from (13)
or (14), a radiation-included hydrodynamic force FRdðtÞ occurs, whose evolution in
time is absolutely integrable in t 2 ½0;1�. Hence, using the Fourier transform in it,
results in

F FRdðtÞf g ¼ �DðxÞ � jxMaðxÞ; ð15Þ

with j ¼
ffiffiffiffiffiffiffi
�1

p
, MaðxÞ and D(x) the added-mass and potential-damping matrices,

respectively. For a general absolutely time-integrable velocity _qq, the force in fre-
quency domain results

FRðjxÞ ¼ ð�DðxÞ � jxMaðxÞÞ _qqðjxÞ ð16Þ
FRðjxÞ ¼ �DðxÞ _qqðjxÞ � MaðxÞ€qqðjxÞ: ð17Þ

Besides, the asymptotic properties are valid

lim
x!1

MaðxÞ ¼ M1 6¼ 0 ð18Þ

lim
x!1

DðxÞ ¼ D1 ¼ 0: ð19Þ

The matrices Ma(x) and D(x) are numerically calculated for each frequency
using Finite Element Methods and Strip Theory. An ad hoc program for this
divides the wet hull into strips and computes the complex relation FRj

ðjxÞ= _qqkðjxÞ
for every strip so that matrix elements djk and majk

can be integrated over S0 as

djkðxÞ ¼ �
ð

S0

Re
FRj

ðjxÞ
_qqkðjxÞ

� �
ds ð20Þ

majk
ðxÞ ¼ � 1

x

ð
S0

Im
FRj

ðjxÞ
_qqkðjxÞ

� �
ds; ð21Þ

with point-dependent ð _qqkÞds 2 f _xx; _yy; _zz; _uu; _hh; _wwg, ðFRj
Þds the point-dependent element

i of FR, and ds an elemental strip normal vector for an induced monochromatic
motion of frequency x.

The matrices Ma and D are symmetric; however, their elements majk
ðxÞ and

djk(x) are symmetric and skew-symmetric, respectively. They can be simplified by
exploiting different common body symmetries of OE systems, for instance: port/
starboard, fore/aft, bottom–top and combination of them (Fossen, 1994). For
instance:
OE: Ocean Engineering 14-05-2004 08:29:13 3B2 Ver: 7.51c/W Model: 1 OE865
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1. Port/starboard symmetry

Ma ¼

ma11
0 ma13

0 ma15
0

0 ma22
0 ma24

0 ma26

ma13
0 ma33

0 ma35
0

0 ma24
0 ma44

0 ma46

ma15
0 ma35

0 ma55
0

0 ma26
0 ma46

0 ma66

2
6666664

3
7777775

ð22Þ

2. Fore/aft symmetry

Ma ¼

ma11
0 0 0 ma15

ma16

0 ma22
ma23

ma24
0 0

0 ma23
ma33

ma34
0 0

0 ma24
ma34

ma44
0 0

ma15
0 0 0 ma55

ma56

ma16
0 0 0 ma56

ma66

2
6666664

3
7777775

ð23Þ

3. Port/starboard and fore/aft symmetries

Ma ¼

ma11
0 0 0 ma15

0
0 ma22

0 ma24
0 0

0 0 ma33
0 0 0

0 ma24
0 ma44

0 0
ma15

0 0 0 ma55
0

0 0 0 0 0 ma66

2
6666664

3
7777775

ð24Þ

4. Port/starboard, fore/aft and bottom/top symmetries

Ma ¼

ma11
0 0 0 0 0

0 ma22
0 0 0 0

0 0 ma33
0 0 0

0 0 0 ma44
0 0

0 0 0 0 ma55
0

0 0 0 0 0 ma66

2
6666664

3
7777775

ð25Þ

The simplifications can go on further for radial symmetries, which are appropri-
ate for cylindrical or spherical bodies.

The magnitude of the function elements of Ma(x) and D(x) depends on the
main dimension of the cross profile, which is perpendicular to the considered direc-
tion of the mode. For example, in a spar buoy with radial port/starboard and
fore/aft symmetries (see Fig. 2), the added mass and potential damping induced by
roll and pitch motions are very important (see Figs. 3–8), while in a semi-
submersible with only port/starboard symmetry (see Fig. 9), the added mass
and potential damping induced by a yaw motion are the most significant (see
Figs. 10–17). Moreover, comparing both cases, the profile of a spar buoy is much
more simple than that of a semisubmersible, leading consequently in the last case
to the presence of many resonance peaks in the elements in frequency domain.
OE: Ocean Engineering 14-05-2004 08:29:14 3B2 Ver: 7.51c/W Model: 1 OE865
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It is assumed that the matrices Ma(x) and D(x) are provided from numerical

programs for hydrodynamic analysis and behaviour simulation. However, they are

obtained at only a finite (often not large enough) number of frequency samples

xi 2 ð0;1Þ. So some reconstruction procedures can be used in order to convert the

sequences of numbers fMaðxiÞg and fDðxiÞg into the continuous-frequency matrix

functions Ma(x) and D(x).
Three different reconstructions are discussed in this section.
OE: Ocean Engine
E
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Fig. 2. Moored OE system spar buoy.
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4.1. Shannon reconstruction

If the sequences {Ma(ix0)} and {D(ix0)} are obtained at equally spaced points
ix0 with i 2 I, then the so-called Shannon reconstruction can be applied (Aström
and Wittenmark, 1996) to retrieve the added mass and potential damping as

MaðxÞ ¼
X1

i¼�1
Maðix0Þ

sin ðx � ix0Þ=x0=pð Þ
ðx � ix0Þ=x0=p

ð26Þ

DðxÞ ¼
X1

i¼�1
Dðix0Þ

sin ðx � ix0Þ=x0=pð Þ
ðx � ix0Þ=x0=p

; ð27Þ

for x 2 ½0;1�.
The Shannon reconstruction cannot be applied if the samples are not equally

spaced. Besides in (26)–(27), it was used in the symmetry property Maðix0Þ ¼
Mað�ix0Þ and the skew-symmetry property Dðix0Þ ¼ �Dð�ix0Þ in order to avoid
errors in the reconstruction of Ma(x) and D(x) for small frequencies (border
effect). The contribution of every weighting function sinððx � ix0Þ=x0=pÞ=
ðx � ix0Þ=x0=p is maximal at x ¼ ix0, but it becomes asymptotically smaller for
frequencies away from ix0. For instance, this contribution is smaller than 5% of
{Ma(ix0)} (or {D(ix0)}) for x � ði � 6Þx0 and x � ði þ 6Þx0. It is to be mentioned
that the border effect is unavoidable for large frequencies, because of the trunc-
E
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Fig. 3. Elements ma11
ðxÞ, ma22

ðxÞ and ma33
ðxÞ of MaðxÞ of a spar buoy.
n Engineering 14-05-2004 08:30:12 3B2 Ver: 7.51c/W Model: 1 OE865
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Fig. 4. Elements ma44
ðxÞ, ma33

ðxÞ and ma66
ðxÞ of MaðxÞ of a spar buoy.
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Fig. 5. Elements ma15
ðxÞ and ma24

ðxÞ of MaðxÞ of a spar buoy.
n Engineering 14-05-2004 08:30:53 3B2 Ver: 7.51c/W Model: 1 OE865
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Fig. 6. Elements d11ðxÞ, d22ðxÞ and d33ðxÞ of DðxÞ of a spar buoy.
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Fig. 7. Elements d44ðxÞ, d55ðxÞ and d66ðxÞ of DðxÞ of a spar buoy.
n Engineering 14-05-2004 08:32:07 3B2 Ver: 7.51c/W Model: 1 OE865
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Eation of the sequences {Ma(ix0)} and {D(ix0)} for large i’s and the contribution of

infinite weighting functions to the right of the end frequency.
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Fig. 8. Elements d15ðxÞ and d24ðxÞ of DðxÞ of a spar buoy.
T

n

U
N

C
O

R
R

E
C

Fig. 9. Moored OE system semisubmersible THIALF.
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Fig. 10. Elements ma11
ðxÞ, ma22

ðxÞ and ma33
ðxÞ of MaðxÞ of a semisubmersible.
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Fig. 11. Elements ma44
ðxÞ, ma55

ðxÞ and ma66
ðxÞ of MaðxÞ of a semisubmersible.
n Engineering 14-05-2004 08:34:03 3B2 Ver: 7.51c/W Model: 1 OE865
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Fig. 12. Elements ma13
ðxÞ and ma64

ðxÞ of MaðxÞ of a semisubmersible.
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Fig. 13. Elements ma42
ðxÞ, ma51

ðxÞ, ma53
ðxÞ and ma62

ðxÞ of MaðxÞ of a semisubmersible.
n Engineering 14-05-2004 08:34:58 3B2 Ver: 7.51c/W Model: 1 OE865
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Fig. 14. Elements d11ðxÞ, d22ðxÞ and d33ðxÞ of DðxÞ of a semisubmersible.
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Fig. 15. Elements d44ðxÞ, d55ðxÞ and d66ðxÞ of DðxÞ of a semisubmersible.
an Engineering 14-05-2004 08:36:02 3B2 Ver: 7.51c/W Model: 1 OE865
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Fig. 16. Elements d13ðxÞ and d64ðxÞ of DðxÞ of a semisubmersible.
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Fig. 17. Elements d42ðxÞ, d51ðxÞ, d53ðxÞ and d62ðxÞ of DðxÞ of a semisubmersible.
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4.2. Piecewise-constant reconstruction

For not necessarily regular sampled sequences Ma(xi) and D(xi), one applies in
the interval [xi, xiþ1], a simple step-forward reconstruction for i ¼ 0; 1; . . . as

MaðxÞ ¼ MaðxiÞ for xi � x � xiþ1 ð28Þ
DðxÞ ¼ DðxiÞ for xi � x � xiþ1; ð29Þ

or alternatively, for i ¼ 1; 2; . . ., a step-backward reconstruction

MaðxÞ ¼ MaðxiÞ for xi�1 � x � xi ð30Þ
DðxÞ ¼ DðxiÞ for xi�1 � x � xi: ð31Þ

Assuming Ma(x) and D(x) have smooth first derivatives, the largest value of
the error is given, for instance for the step-forward reconstruction and regular
sampling xi ¼ ix0, by

eMa
¼ max

i2Iþ
0

Ma ði þ 1Þx0ð Þ � Maðx0Þj j � x0 max
x2½0;1�

dMaðxÞ
dx

����
���� ð32Þ

eD ¼ max
i2Iþ

0

D ði þ 1Þx0ð Þ � Dðx0Þj j � x0 max
x2½0;1�

dDðxÞ
dx

����
����: ð33Þ

The smoother is the evolution of the frequency functions, the smaller is the
reconstruction error and smaller is x0. This reconstruction has the advantage that
it can be used for nonregular sampling. Additionally, the truncation of the sequen-
ces {Ma(xi)} and {D(xi)} for large values of the samples xi does not affect the
reconstruction aside from the errors (32)–(33).

4.3. Piecewise-cubic reconstruction

This approach consists in a cubic-spline data interpolation. For not necessarily
regular sampled sequences Ma(xi) and D(xi), one applies in the interval [xi, xiþ1]
the splines

majk
ðxÞ ¼ ajkðx � xiÞ3 þ bjkðx � xiÞ2 þ cjkðx � xiÞ þ djk ð34Þ

djkðxÞ ¼ fjkðx � xiÞ3 þ gjkðx � xiÞ2 þ ljkðx � xiÞ þ mjk; ð35Þ

The spline coefficient set fajk; . . . ; mjkg is attained in a least-squares-error sense
from

ajk

bjk

cjk

djk

fjk

gjk

ljk

mjk

2
66666666664

3
77777777775
¼ XðxÞ 0

0 XðxÞ

 �
majk

ðxi�2Þ
majk

ðxi�1Þ
majk

ðxiþ1Þ
majk

ðxiþ2Þ
djkðxi�2Þ
djkðxi�1Þ
djkðxiþ1Þ
djkðxiþ2Þ

2
66666666664

3
77777777775
; ð36Þ
OE: Ocean Engineering 14-05-2004 08:38:12 3B2 Ver: 7.51c/W Model: 1 OE865
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with

X ¼
ðxi�2 � xiÞ3 ðxi�2 � xiÞ2 ðxi�2 � xiÞ 1
ðxi�1 � xiÞ3 ðxi�1 � xiÞ2 ðxi�1 � xiÞ 1
ðxiþ1 � xiÞ3 ðxiþ1 � xiÞ2 ðxiþ1 � xiÞ 1
ðxiþ2 � xiÞ3 ðxiþ2 � xiÞ2 ðxiþ2 � xiÞ 1

2
664

3
775
�1

: ð37Þ

The existent border conditions at the beginning and the end, i.e., for j ¼ 1; 2; . . .
and for j ¼ Nx � 1;Nx � 2, are solved especially by taking the four samples on the
right side and on the left side, respectively. For the rest of xi, Eq. (36) applies
straightforwardly with validity in the respective interval [xi, xiþ1].

The largest error when using cubic interpolation is

emajk
¼ max

i2Iþ
max
x2Rþ

0

majk
ðxÞ � ajkðx � xiÞ3 � bjkðx � xiÞ2 � cjkðx � xiÞ � djk

�� ��
ð38Þ

edjk
¼ max

i2Iþ
max
x2Rþ

0

djkðxÞ � fjkðx � xiÞ3 � gjkðx � xiÞ2 � ljkðx � xiÞ � mjk

�� ��:
ð39Þ

For regular sampling xi ¼ ix0, the error can be estimated for at least four times
differentiable Ma(x) and D(x) as

emajk
� x4

0 max
x2½0;1�

d4 majk
ðxÞ

� �
dx4

����
���� ð40Þ

edjk
� x4

0 max
x2½0;1�

d4 djkðxÞ
� �
dx4

����
����: ð41Þ

For small x0, the error is bounded considerably especially for smooth functions
Ma(x) and D(x). Similarly as in the former procedure, the truncation of the
sequences {Ma(xi)} and {D(xi)} for large values of the samples xi does not affect
the reconstruction apart from the errors (38)–(39) and the mentioned local border
effect at the end frequency. The other main advantage of this reconstruction is the
analyticity of the approximated function, whose integral or derivative can be com-
puted exactly. The main disadvantage is that the procedure is complicated to
implement, and cumbersome and time-consuming to apply.
O

257
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260
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C5. Existing approach: convolution model

Two approaches will be described to characterise the radiation-induced hydro-
dynamics under the Potential Flow Theory, namely the nonparametric convolution
approach and the parametric state-space approach.

They are explored from the points of view of representation, identification and
stability.
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5.1. Representation

Taking (13) or (14) into account, the functional matrix KðsÞ, s 2 ½0;1� repre-
sents a nonparametric characteristic of the potential-radiation hydrodynamics. It
depends only on the geometry of the submersed part of the structure. It is defined
as the impulse response of the so-called regular hydrodynamic radiation force

s0 ¼ FRðtÞ þ M1€qqðtÞ: ð42Þ

over the wet hull for the fluid-structure at rest, due to an impulsive velocity

_qqðtÞ ¼ �dðtÞ _qqð0Þ ¼ ½�dðtÞ; . . . ;�dðtÞ�T; ð43Þ

where d(t) is the Dirac impulsive function, or equivalently, to a sudden change of
position

qðtÞ ¼ �hðtÞqð0Þ ¼ ½�hðtÞ; . . . ;�hðtÞ�T; ð44Þ

where h(t) is the Heaviside step function.
Using the Kramers–Kronig relationships (Bracewell, 1978), it is valid

DðxÞ ¼ � 2

p

ð1
0

ð1
0

MaðxÞ � M1ð Þx sinðxtÞ dx

� �
cosðxtÞ dt ð45Þ

MaðxÞ � M1 ¼ � 2

px

ð1
0

ð1
0

DðxÞ cosðxtÞ dx

� �
sinðxtÞ dt; ð46Þ

from which is follows the impulse function matrix

KðsÞ ¼ 2

p

ð1
0

DðxÞcosðxsÞ dx ð47Þ

¼ 2

p

ð1
0

ðMaðxÞ � M1ÞxsinðxsÞ dx: ð48Þ

Besides, if K(s) is absolutely integrable, the following properties can be drawn
out using the Riemann–Lebesgue Lema (Ogilvie, 1964)

lim
x!1

ð1
0

KðsÞsinðxsÞ ds ð49Þ

¼ lim
x!1

ð1
0

KðsÞcosðxsÞ ds ¼ 0 ð50Þ

lim
x!0

1

x

ð1
0

KðsÞsinðxsÞ ds ð51Þ

¼ lim
x!0

ð1
0

KðsÞcosðxsÞ ds ð52Þ

¼
ð1
0

KðsÞ ds < 1: ð53Þ
OE: Ocean Engineering 14-05-2004 08:38:24 3B2 Ver: 7.51c/W Model: 1 OE865
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Eqs. (49)–(50) show the continuity and boundness of K(s), while (53) gives evi-
dence of the stability of the hydrodynamics of the fluid-structure, i.e., it establishes
that the radiation-induced force over the hull will asymptotically vanish in time
after a sudden motion of the structure from rest in an environment also at rest.

In Fig. 18 the elements corresponding to the principal diagonal of K(t) matrix
for the OE system spar buoy are depicted. Analogously in Figs. 19–20, the
elements for an OE system semisubmersible platform are seen.

5.2. Identification

The identification consists in calculating the impulse function matrix K(s) by
means of (47) or (48). As the integral in (47) is less cumbersome, we adopt this
way. For the element jk of K(s) one gets

kjkðsÞ ¼
2

p

ð1
0

djkðxÞcosðxsÞ dx: ð54Þ

The piecewise-constant and the piecewise-cubic reconstructions are appropriate
for implementing the integrated function analytically. For instance, the piecewise-
constant step-forward reconstruction for Nx samples gives

kjkðsÞ ¼
2

p

XNx

i¼1

djkðxiÞ
s

ðsinðxiþ1sÞ � sinðxisÞÞ: ð55Þ

On the other side, the cubic interpolation for Nx samples produces

kjkðsÞ¼
2

p

XNx

i¼1

1

s4
6ekj �gkjs

2
� �

cosðxisÞþ 3ekj �2þ s2ðxi �xiþ1Þ2
� ���

þs2 gkj þ2fkjðxiþ1 �xiÞ
� ��

cosðxiþ1sÞþ s 2fkj �hkjs
2

� �
sinðxisÞ

�
þ hkjs

2þ fkj �2þ s2ðxi �xiþ1Þ2
� �

� gkjs
2þ ekj �6þ s2ðxi �xiþ1Þ2

� �� ��
�ðxi �xiþ1ÞÞsinðxiþ1sÞÞÞ: ð56Þ

As the determination of K(s) is usually carried out with the purpose of further
digital processing and simulation, the identification will require the evaluation of
(55) or (56) for discrete values si 2 ½0;TK �, where TK is some common settling time
for all elements, obtained from

kjkðsiÞ � kjkðsi�1Þ
�� �� � 0:01 max

si2½0;TK �j;k¼1;...;6
kjkðsiÞ ð57Þ

where 1% of the maximal value of kjk(si) in (57) fits well in the applications.
Finally, the result of the nonparametric estimation is a matrix sequence {K(si)}
with si 2 ½0;TK �.

5.3. Stability

The dynamic stability of the fluid-structure hydrodynamics is inherently ensured
by physical laws. This stability is reflected by the fact that K(s) tends asymptoti-
OE: Ocean Engineering 14-05-2004 08:38:26 3B2 Ver: 7.51c/W Model: 1 OE865
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Fig. 19. Elements k11ðtÞ; k22ðtÞ and k33ðtÞ of the K(t) for a semisubmersible.
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Fig. 18. Elements k11ðtÞ ¼ k22ðtÞ; k33ðtÞ and k44ðtÞ ¼ k55ðtÞ of the K(t) for a spar buoy.
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cally to zero. This can be proved using the property of D(x) of being continuous

(cf. (49)–(50)), so one gets

lim
s!1

KðsÞ ¼ lim
s!1

2

p

ð1
0

DðxÞcosðxsÞ dx ð58Þ

¼ lim
s!1

2

p

ð1
0

DðxÞaðxsÞ dx ð59Þ

¼ 0; ð60Þ

where

aðxsÞ ¼ 1; if cosðxsÞ � 0
�1; otherwise

�
: ð61Þ

Hence the numerical stability of the sequence {K(si)} for every si 2 ½0;1� is

ensured for every reconstruction type and one fulfills

lim
si!1

KðsiÞ ¼ 0: ð62Þ
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Fig. 20. Elements k44ðtÞ; k55ðtÞ and k66ðtÞ of the K(t) for a semisubmersible.
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6. Existing approach: state-space model of Jiang

6.1. Representation

Eq. (17) can be stated as (Jiang, 1991; Schelin et al., 1993)

FRð _qq; €qqÞ ¼ �M1€qqþ s0; ð63Þ

where s0 stands for the regular part of the radiation force and is described in

frequency domain by

s0ðjxÞ ¼ �DðxÞ � jx MaðxÞ � M1ð Þð Þ _qqðjxÞ: ð64Þ

and in time domain by

s0ðtÞ ¼ �
ðt

�1
Kðt � sÞ _qqðsÞ ds ¼ �

ðt

0

Kð _ssÞ _qqðt � sÞ ds ð65Þ

The s0 accomplishes for the memory dependence of the force with the fluid motion.
The right side of (64) can be approximated by a matrix polynomial as

s0ðjxÞ ffi � ðjxÞnþ1I þ
Xn

l¼0

ðjxÞlAl

" #�1 Xn

l¼0

ðjxÞlBl

" #
_qq; ð66Þ

where n is the order of the approximation.
Assuming equality in (66), passing the matrices ðjxÞlAl and ðjxÞnþ1I in (66) to

the left side and dividing the all terms by (jx)n, the following state-space represen-

tation can be deduced

_ss0 ¼ s1 � Ans0 � Bn _qq

..

.

_ssn�1 ¼ sn � A1s0 � B1 _qq
_ss0 ¼ �A0s0 � B0 _qq

8>>><
>>>:

; ð67Þ

where s0; . . . ; sn are the so-called hydrodynamic states, and Al and Bl are constant

matrices of the representation.
The stability of (67) will be important for the next development of an algorithm

for optimal identification of Al and Bl.
323
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C6.2. Stability

As (66) is an approximation of (64), the stability of (67) must be tested because

the model may be unstable. To this goal, (67) can be stated as

_yysðtÞ ¼ AsysðtÞ þ Bs _qqðtÞ; ð68Þ
OE: Ocean Engineering 14-05-2004 08:40:10 3B2 Ver: 7.51c/W Model: 1 OE865
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with

ysðtÞ ¼ sT0 sT1 . . . sTn
� �T

; ð69Þ

Bs ¼ �Bn �Bn�1 . . . �B1 �B0½ �T; ð70Þ

As ¼

�An I 0 . . . 0
�An�1 0 I . . . 0

..

.
. . . . . . . .

. ..
.

�A1 0 . . . 0 I
�A0 0 . . . 0 0

0
BBBBB@

1
CCCCCA: ð71Þ

So, the hydrodynamic model is asymptotically stable if and only if As has all its

eigen-values with negative real part.

6.3. Identification

The identification problem consists in determining the constant symmetric matri-

ces Al and Bl upon data Ma(x) and D(x).
Notice first that the space-state model is characterized by constant symmetric

[6� 6]-matrices Al and Bl, for l ¼ 0; . . . ; n, leading to 72ðn þ 1Þ undetermined coef-

ficient. Due to the large number of unknown parameters, a bad conditioned esti-

mation problem in a least-squares sense in frequency domain is expected. In order

to make the identification in this sense possible, some counteractive measures must

be undertaken.
In this paper, a discrete least-squares estimation method of the sets {Al} and

{Bl} is presented. The information contained in the frequency-discrete raw data

Ma(xi), M1 and D(xi) is generally not sufficient to achieve this goal. So a recon-

struction procedure upon the raw data is consequently necessary. After frequency-

continuous functions Ma(x), M1 and D(x) are found, transmitted asymmetries

from raw data are eradicated using instead

MaðxÞ þ MT
a ðxÞ

2
;
M1 þ MT

1
2

;
DðxÞ þ DTðxÞ

2
; ð72Þ

respectively. Besides, one employs the particular feature of symmetry for the OE

system structure and nulls the respective elements mjk(x) and djk(x), which round

about zero due to numerical imprecisions.
Another measure of achieving a good conditioned estimation consists in introdu-

cing a weighting matrix (Jiang, 1991; Schelin et al., 1993)

GðLÞ ¼ diagðL;L;L; 1; 1; 1Þ; ð73Þ

with L is a positive real-valued parameter. According to Jiang (1991), L means the

main longitude of the structure.
OE: Ocean Engineering 14-05-2004 08:40:12 3B2 Ver: 7.51c/W Model: 1 OE865
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Assuming the equality in (66) and then multiplying both sides by G(L), one
accomplishes

1

ðjxÞnþ1

L2C11 LC12

LC11 C22

 �
¼ ð74Þ

1

ðjxÞnþ1

L2B011
LB012

LB021
B022

 �
þ � � � þ 1

jx
L2Bn11

LBn12

LBn21
Bn22

 �
� 1

ðjxÞnþ1

� LA011
LA012

A021
A022

 �
LC11 C12

LC11 C22

 �
� � � � � 1

jx
L2An11

LAn12

LAn21
An22

 �

� LC11 C12

LC11 C22

 �
; ð75Þ

with Al11
; . . . ;Al22

; Bl11
; . . . ;Bl22

3� 3-block matrices, which compose Al and Bl,
respectively, and C11; . . . ;C22 3� 3-block matrices conforming to ½DðxÞþ
jxðMaðxÞ � M1Þ�.

Let us consider the row j on the right side of (75). The matrix elements involved
there and referred to as aljk and bljk can be arranged for estimation purposes into
the parameter vector of dimension 12ðn þ 1Þ

hj ¼ b0j1
; . . . ; b0j6

; . . . ; bnj1
; . . . bnj6

; a0j1
; . . . ; a0j6

; . . . ; anj1
; . . . ; anj6

� �T
: ð76Þ

Using (74)–(75), one constructs a regression equation for the estimation of hj as

QjðLÞYjðxÞ ¼ QjðLÞWjðxÞhj: ð77Þ

with Wj(x) being the so-called regression matrix, Qj(L) a weighting matrix and
Yj(x) the so-called measured vector.

The regression matrix is composed of 12 different regressors (six real and
six imaginary), which are evaluated at Nx discrete frequencies. It has the dimension
½12Nx � 12ðn þ 1Þ� and looks

WjðxÞ ¼ /Rj1
ðx1Þ; . . . ;/Rj6

ðx1Þ; . . . ;/Ij1
ðx1Þ; . . . ;/Ij6

ðx1Þ; . . . ;/Rj1
ðxNxÞ; . . . ;

h
�/Rj6

ðxNxÞ; . . . ;/Ij1
ðxNxÞ; . . . ;/Ij6

ðxNxÞ
iT
; ð78Þ

with the real and imaginary regressors

/Rj1
ðxiÞ¼

�1

xnþ1
i

; . . . ;0;
1

xi
; . . . ;0;

dj1ðxiÞ
xnþ1

i

; . . . ;
dj6ðxiÞ
xnþ1

i

; . . . ;�dj1ðxiÞ
xi

; . . . ;�dj6ðxiÞ
xi

" #T

ð79Þ

and

/Ij1
ðxiÞ¼ 0; . . . ;

1

xn
i

; . . . ;0;
1

x2
i

; . . . ;0;
�maj1

ðxiÞþm1j1

xn
i

; . . . ;
�maj6

ðxiÞþm1j6

xn
i

; . . . ;



� maj1
ðxiÞ�m1j1

� �
; . . . ; maj6

ðxiÞ�m1j6

� ��T
; ð80Þ
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respectively, where majk
, m1jk

and djk are elements of Ma, M1 and D, respectively.

In the development of (79)–(80) an n even was supposed (for n odd the develop-
ment is analogous).

The weighting matrix Qj(L) is a square block-diagonal matrix

QjðLÞ ¼
diag P0; . . . ;P0½ �; for j ¼ 1; 2; 3
diag P1; . . . ;P1½ �; for j ¼ 4; 5; 6

;

�
ð81Þ

with

P0 ¼ diagðL2;L2;L2;L;L;L;L2;L2;L2;L;L;LÞ ð82Þ

P1 ¼ diagðL;L;L; 1; 1; 1;L;L;L; 1; 1; 1Þ: ð83Þ

The measure vector is

YjðxÞ ¼ x1 maj1
ðx1Þ � m1j1

� �
; . . . ; dj6ðx1Þ; . . . ;xNx maj1

xNxð Þ � m1j1

� �
; . . . ;

�
�dj6 xNxð Þ

�T
: ð84Þ

The least-squares solution for the estimation of all hj’s results

h1

..

.

h6

2
64

3
75 ¼

WT
1 Q1ðLÞW1

� ��1
WT

1 Q1ðLÞY1

..

.

WT
6 Q6ðLÞW1

� ��1
WT

6 Q6ðLÞY6

2
664

3
775: ð85Þ

Choosing L as the main longitude of the OE system often does not ensure the best
model in least-squares sense (67). Consequently in this paper, we develop a pro-
cedure for optimal estimation with respect to a variable parameter. The algorithm
performs the optimisation row by row, and thus it uses an optimal variable Lj for
every now j of (85).

To this end, one faces a double minimisation for Lj and for the hj’s by means of

min
Lj>0

min
hj

QjYj � QjWjhj

� �2 ð86Þ

¼ min
Lj>0

QjYj � QjWj WT
j QjWj

h i�1

WT
j QjYj

 �2

; ð87Þ

which, after some extensive manipulations, leads to the analytical extreme con-
dition

L3
j

X
k

ajkðxÞ � Lj

X
k

bjkðxÞ ¼ 0 for j ¼ 1; 2; 3; ð88Þ

Lj

X
k

bjkðxÞ ¼ 0 for j ¼ 4; 5; 6; ð89Þ

with the extreme values L0j
¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
k bjk=

P
k ajk

q
or L0j

¼ 0, respectively, and
ajk, bjk frequency-dependent terms for every row j.
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However, as all the L0j
’s may not ensure stability of (67), it is recommended

performing (87) numerically.
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6.4. Suboptimal identification

Therefore, to accomplish stability, a suboptimal solution is generally chosen. So,

instead of (87), the following minimisation with constrain is developed (Jordán and

Beltán-Aguedo, 2003)

min
RefkiðAsÞg<0

X
j

min
Lj>0

QjðLjÞYj � QjðLjÞWj WT
j

h
QjðLjÞWj

i�1

WT
j QjðLjÞYj

 �2

: ð90Þ

which is equivalent to a row-by-row minimisation with constraint on model

stability, i.e., it is carried out for every row j separately before testing for stability.
Expression (90) is systematically performed for discretely increasing positive Lj’s

in some interval [Lmin, Lmax]. The constraint RefkiðAsÞg < 0 refers to the real part

of the eigenvalues of As in (71). If this constraint cannot be satisfied during the

optimal estimation, it is recommended decreasing the order of the approximation

n. However, doing that in order to reach stability, the accuracy of the state-space

model is sacrificed.
Another feature of the row-by-row estimation (90) is that it does not assure the

symmetry of the estimated matrices Al and Bl. Hence a simple forced symmetris-

ation can be conveniently achieved by doing Al þ AT
l =2 and Bl þ BT

l =2.
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6.5. Mode-dependent optimisation

It is remarkable that the row-by-row optimisation distributes the least square

error of each row uniformly onto all elements of itself. In the case where the row

elements have different order of magnitudes (as this is often the case in OE

systems), the most affected estimations will be the smallest elements in the row.
Often, some motions are more important than others, for instance, the plane

motion (x, z, h) of a semisubmersible, or the roll and pitch motions in a buoy.

Moreover, this motion may not correspond to the modes with the highest hydro-

dynamic gain. In such a case, it is desirable to perform the optimisation mode by a

mode that includes only the most significant ones of the particular behaviour.

Towards this goal, minimisation with constraint (90) is expressed as

min
RefkiðAsÞg<0

X
j

Pjmin
Lj>0

QjðLjÞYj � QðLjÞWj WjQðLjÞWj

� ��1

j
WT

j QðLjÞYj

h i2

; ð91Þ

where pj is a binary variable containing 1 or 0 according to the influence of each

mode j (also row j) in the dynamics. For example, in planar motion (surge, heave

and pitch), it is valid p1 ¼ p3 ¼ p5 ¼ 1 and p2 ¼ p4 ¼ p6 ¼ 0. Consequently, the

model is fitted for this restricted motion.
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6.6. Application of the algorithm

The algorithm is tested using the semisubmersible floating platform OE system
(see Fig. 9). The main longitude is the structure length L0 ¼ 170 ½m�. This system is
very complex from a hydrodynamic viewpoint because the wet hull is very irregular
in comparison with other systems like buoys, barges and ships. In consequence, the
approximation order that is selected must be relatively large. In the implemen-
tation, the settings correspond to a motion of 6 degrees of freedom, i.e., pj ¼ 1,

Lj 2 ½1; 200� and n ¼ 6. One notices in Figs. 21–24 that the fitting captures the lar-

gest resonance peaks reasonably well for the adopted order.
It is worth noticing that applications based on the state-space model of Jiang

require low computational costs in comparison with the convolution model. Even
when this advantage is shaded by the difficulties of selection of a suitable approxi-
mation order and finding stable models at the same time, it becomes more interest-
ing when an analytical model is required. In applications concerning a low or
limited range of frequencies or when the dynamics is only required in stationary
state, a state-space model of low order is preferable, for example n ¼ 2 or 3. On
the contrary, when the hydrodynamics is so complex, a large order of approxi-
mation is necessary. But in this case, it may cause model instability.
434
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D7. Comparison of existing approaches

In this section, one summarises the features relative of the existing approaches
seen earlier (see Table 1). Therein potential advantages are signalised with the sym-
bol ‘‘

p
’’. It is noticed that stability and accuracy are the advantages of the convol-

ution model, in contrast with the low computational costs and analyticity feature
of the space-state model, which are the benefits of this approach.

In the following, a new state-space model is developed, which possesses a better
stability and uniform accuracy for all elements like the convolution model, but keeps
the analytical and computational advantages of the state-space model of Jiang.
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R8. New state-space model

From (63) and (64) consider the complex function matrix of the hydrodynamics
for the regular part s0

HðjxÞ ¼ ½�DðxÞ � jxðMaðxÞ � M1Þ�; ð92Þ
whose real and imaginary components satisfy the extreme conditions

Dð0Þ ¼ 0 ð93Þ
Dð1Þ ¼ 0 ð94Þ
lim
x!0

xðMaðxÞ � M1Þ ¼ 0 ð95Þ

lim
x!1

xðMaðxÞ � M1Þ ¼ 0: ð96Þ
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Fig. 22. Identification of the element ma22
ðxÞ of the semisubmersible platform OE system.
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Fig. 21. Identification of the element ma11
ðxÞ of the semisubmersible platform OE system.
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Fig. 24. Identification of the element d22ðxÞ of the semisubmersible platform OE system.
D
P

R
O

O
F

Fig. 23. Identification of the element d11ðxÞ of the semisubmersible platform OE system.
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RUsing the Initial Value Theorem of the Fourier Transform, we also point out the

physical fact

Kð0Þ ¼ lim
x!1

2

p

ð1
0

DðxÞcosðxtÞ dx 6¼ 0; ð97Þ

i.e., a sudden response of the system. Analogously, from the Final Value Theorem

of the Fourier Transform one achieves

Kð1Þ ¼ lim
x!0

2x
p

ð1
0

DðxÞ dx ¼ 0: ð98Þ

Conditions (93)–(94) obey the physical facts. Eq. (95) can be explained because

Ma(0) and M1 are finite matrix quantities. Condition (96) is accounted for from

the Kramers–Kronig relationships (Bracewell, 1978) with the fact that K(s) is

continuous in s, through (49), i.e.,

lim
x!1

x MaðxÞ � M1ð Þ ð99Þ
O¼ lim
x!1

�2

p

ð1
0

ð1
0

DðxÞcosðxtÞ dx

� �
sinðxtÞ dt ð100Þ
C

N¼ lim

x!1

ð1
0

KðtÞsinðxtÞ dt ð101Þ
U¼ 0: ð102Þ
Table 1

Feature comparison in the identification of the two model approaches
Convolution-based model
OE: Ocean Engineering
Space-state model
p
Inherent model stability
 Model stability must be checked out

during the optimal identification
p
Parameter: density of points per time unit

of the time responsep

Parameter: approximation order n.

Trade-off between accuracy and stability
Accuracy is uniformly distributed

in the elements of the time response
FAccuracy is optimised row by row in Al and Bl.

It is better for the largest element of the rowp

High memory need
 Low memory needp

High computational needp
 OLow computational need
No restriction
 Number of frequencies Nx � ðn þ 1Þp

Convenient for dynamics analysis

in only numerical form
 OConvenient for dynamic analysis

in analytical and numerical form
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Thus (92) can be approximated by a frequency transfer function matrix under

the six conditions (93)–(98)

GðjxÞ ¼

PxxðjxÞ
QxxðjxÞ

PxyðjxÞ
QxyðjxÞ � � � PxwðjxÞ

QxwðjxÞ
PyxðjxÞ
QyxðjxÞ

PyyðjxÞ
QyyðjxÞ � � � PywðjxÞ

QywðjxÞ
..
. ..

. . .
. ..

.

PwxðjxÞ
QwxðjxÞ

PwyðjxÞ
QwyðjxÞ � � � PwwðjxÞ

QwwðjxÞ

2
6666666664

3
7777777775

ð103Þ

with zeros at x ¼ 0 and x ¼ 1 due to (93)–(96). Consequently, every element of

(103) must be a strictly proper rational function (conditions (94)–(96)) of order n

with a single zero at x ¼ 0 (conditions (93)–(95)) and n stable poles (98). More-

over, due to (97), every element of (103) must also have a relative degree equal one,

i.e., orderðQjkðjxÞÞ ¼ orderðPjkðjxÞÞ þ 1.

Accordingly, the Laplace transfer function element hjk of (92) is

PjkðsÞ
QjkðsÞ

¼
s bn�1sn�2 þ b2s þ b1

� �
sn þ an�1sn�1 þ � � � þ a1s þ a0

; ð104Þ

with s being the Laplace variable. In contrast with the space-state model of Jiang,

the order n of the approximation may be different for each element in (103).
Corresponding to (103), the hydrodynamics is approximated alternative to (67)

by

s0 ¼ GðjxÞ _qq; ð105Þ

and there exists the following class of minimal state-space representation

_ssx ¼ Axsx þ Bx _qq
_ssy ¼ Aysy þ By _qq
_ssz ¼ Azsz þ Bz _qq
_ssu ¼ Ausu þ Bu _qq
_ssh ¼ Ahsh þ Bh _qq
_ssw ¼ Awsw þ Bw _qq

; ð106Þ
468
U
Ns0 ¼ CT sx; . . . ; sw
� �

; ð107Þ

where the new state vectors sx; . . . ; sw have dimensions �nnj ¼
P

k njk, with j; k 2
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fx; y; z;u; h;wg and the matrices are

Aj ¼
Ajx 0 0

0 . .
.

0
0 0 Ajw

2
64

3
75 ð108Þ

Bj ¼ diag

bxxn
jx�1

. . . bxwn
jw�1

..

. . .
. ..

.

bxx1
. . . bxw1

0 . . . 0

2
66664

3
77775; . . . ;

bwxn
jx�1

. . . bwwn
jw�1

..

. . .
. ..

.

bwx1
. . . bww1

0 . . . 0

2
66664

3
77775

0
BBBB@

1
CCCCA; ð109Þ

CT ¼
0 0 . . . 1
..
. ..

. . .
. ..

.

0 0 . . . 1

2
4

3
5; ð110Þ

with the block matrices in the form

Ajk ¼

�ajkn
jk�1

1 0 . . . 0

�ajkn
jk�2

0 1 . .
. ..

.

..

. ..
.

0 . .
.

0
..
. ..

. ..
. . .

.
1

�ajk0
0 . . . . . . 0

2
666666664

3
777777775
: ð111Þ

The matrix Aj represents the contribution of all mode motions for inducing the
radiation load component of the mode j.
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8.1. Stability

It is worth mentioning that the stability of the whole system (106) is established
by the properties of the �nn eigenvalues ki to be

Re kiðsI � AÞf g < 0; i ¼ 1; . . . ; �nn; ð112Þ
with �nn ¼

P
j �nnj ¼

P
j;k njk and

A ¼ diag Ax;Ay;Az;Au;Ah;Aw
% &

: ð113Þ

The state-space model (106)–(107) was expressed in the observable form. How-
ever, it can be transformed in every other usual canonical form.

One important advantage of this model is that the order njk of every transfer
function (104) can be fitted for every complex function element of HðjxÞ inde-
pendent of the others. On one side, this will lead to a saving in the number of
coefficients in comparison with the first state-space representation. Additionally, it
enables a better control of the stability in over-dimensioned approximations, which
may become critical when unstable zero-pole cancellations occur.
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8.2. Identification

The objective here is to develop an algorithm for parameter identification with

rational model structures that reflect properties (93)–(96) in the state-space form

(106), starting from frequency complex function matrices Ma(x) and D(x).
The identification in frequency domain is usually difficult because it becomes ill-

conditioned for relative larger orders njk. The reason for that is the construction of

linear regressions that are commonly composed of monomial terms with different

order of magnitudes in the frequency.
First, we note that G(jx) inherits the properties of symmetries of H(jx), i.e., it

contains mostly 21 nonzero function elements. So the identification can be focused

on elements on and over the diagonal (or under the diagonal).
Let us consider the element jk of H(jx) in the form (104), thus

�djkðxÞ � jx majk
ðxÞ � m1jk

� �
¼ PjkðjxÞ=QjkðjxÞ; ð114Þ

which leads after some transformations to

�djkðxÞ � jx�mmajk
ðxÞ ¼ 1

ðjxÞn
a0djkðxÞ þ 1

ðjxÞn�1

� b1 þ a1djkðxÞ þ a0 �mmajk
ðxÞ

� �
þ � � � þ 1

jx

� bn�1 þ an�1djkðxÞ þ an�2 �mmajk
ðxÞ

� �
þ an�1 �mmajk

ðxÞ;

with �mmajk
¼ majk

� m1jk
. Assuming njk even (the case with njk odd results anal-

ogously) one gets the regressor function

/realðxÞ
/imagðxÞ

 �
¼

0
1

ðjxÞn�2
...
�1

x2
0

1

ðjxÞn
djkðxÞ 1

ðjxÞn�2
�mmajk

ðxÞ ...�1

x2
djkðxÞ �mmajk

ðxÞ
�1

jn�2xn�1
0 ...0

�1

x
�1

jn�2xn�1
�mmajk

ðxÞ �1

jn�2xn�1
djkðxÞ ...�1

x
�mmajk

ðxÞ�1

x
djkðxÞ

2
664

3
775;
ð116Þ

so that it accomplishes the linear regression function

�djkðxÞ
�x�mmajk

ðxÞ

 �
¼ /realjkðxÞ

/imagjk
ðxÞ

 �
hjk; ð117Þ

with the unknowns arrayed in the parameter vector

hjk¼ b1 b2 ...bn�1 a0 a1 ...an�1½ �T: ð118Þ

An estimation of hjk using norm two is preferred because of mathematical

advantages. So we can directly apply the least-squares method (LS) in frequency

domain. Besides, a discrete identification method can be employed.
OE: Ocean Engineering 14-05-2004 08:42:21 3B2 Ver: 7.51c/W Model: 1 OE865



505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

35M.A. Jordán, R. Beltrán-Aguedo / Ocean Engineering XX (2004) XXX–XXX

ARTICLE IN PRESS
U
N

C
O

R
R

E
C

T
E

D
P

R
O

O
F

Toward this goal, let the so-called data matrix be constructed through (116)

onto a frequency-discrete domain of Nx frequencies as

WjkðxÞ ¼

/realjk
ðx1Þ

/imagjk
ðx1Þ

/realjk
ðx2Þ

/imagjk
ðx2Þ

..

.

/realjk
xNxð Þ

/imagjk
xNxð Þ

2
6666666664

3
7777777775
; ð119Þ

Similarly, let the so-called data vector be defined for the same set of frequencies as

YjkðxÞ ¼

�djkðx1Þ
�x�mmjkðx1Þ
�djkðx2Þ
�x�mmjkðx2Þ
..
.

�djk xNxð Þ
�x�mmjk xNxð Þ

2
6666666664

3
7777777775
: ð120Þ

Previous to developing an estimation method, let us point out the numerical

problem that arises when regressor function (116) is evaluated at small frequencies.
In this case, the first columns of (116) are numerically larger in many orders of
magnitude than the last ones. On the contrary, when the frequency is large, the
first columns of (116) are numerically smaller in many orders of magnitude than
the last ones. This fact has negative consequences in the LS solution because the
so-called pseudoinverse of the LS algorithm given ½WT

jkWjk��1 results in general ill-

conditioned.

8.3. Optimal estimation

One manner to circumvent this problem consists in using a weighted norm,
which attains the optimal LS estimation by accomplishing the restriction

@ YjkðxÞ � WjkðxÞhjk

� �T
WðxÞ YjkðxÞ � WjkðxÞhjk

� �h i
@hjk

¼ 0; ð121Þ

with the function in brackets containing the sum of weighted quadratic errors for
the Nx samples. The matrix W is a weighting matrix. The solution of (121) is

hjkopt
¼ WT

jkðxÞWðxÞWjkðxÞ
h i�1

WT
jkðxÞWðxÞYjkðxÞ: ð122Þ

We propose a particular function matrix W in the frequency so that it would be
possible to get a better conditioned pseudoinverse of the weighted LS problem. If
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W is chosen diagonal such as

WðxÞ ¼ diag f1ðx1Þ; f2ðx1Þ; . . . ; f1 xNxð Þ; f2 xNxð Þð Þ; ð123Þ

where f1(x) and f2(x) are some weighting functions, then the columns of WðxÞWjk

ðxÞ can be influenced in such a way that the linear independence among them can
be strengthened.

The way we do that consists in selecting weighting functions

f1ðxÞ ¼ xc1 ; with c1 > 0; ð124Þ

f2ðxÞ ¼ xc2 ; with c2 > 0; ð125Þ

such that the numerically rounded vectors /realjk
and /imagjk

satisfy

max
c12R1

þ

det
1

x

ðx

0

x2c1 /T
realjk

ðxÞ/realjk
ðxÞ dx

 �
¼ a1 > 0; ð126Þ

max
c22R1

þ

det
1

x

ðx

0

x2c2 /T
imagjk

ðxÞ/imagjk
ðxÞ dx

 �
¼ a2 > 0; ð127Þ

i.e., xc1/realjkðxÞ and xc2/imagjk
ðxÞ both span spaces of dimension equal to dimðhjkÞ

with maximal levels a1 and a2, respectively. Hence the data regressor (116) becomes

xc1 /realðxÞ
xc2 /imagðxÞ

 �
¼

0
1

jn�2ðxÞn�2�c1
. . .

�1

x2 � c1

0
1

jnðxÞn�c1
djkðxÞ 1

jn�2ðxÞn�2�c1
�mmjkðxÞ . . .

�1

x2�c1
djkðxÞ 1

x�c1
�mmjkðxÞ

1

jn�2xn�1�c2
0 . . . 0

�1

x2 � c2

�1

jn�2xn�1�c2
�mmjkðxÞ 1

jn�2xn�1�c2
djkðxÞ . . .

�1

x1�c2
�mmjkðxÞ �1

x1�c2
djkðxÞ

2
664

3
775

ð128Þ

It can be seen in the equation above that properly selected functions xc1 and xc2

have the effect of flattening the order of magnitudes of the columns of /real and
/imag in every frequency. This will substantially better the solution from a numeri-

cal viewpoint, especially for large orders of the rational transfer function model
(104). Since the exponents of the elements of xc1/real and xc2/imag are similar in

the order of magnitude, we simply choose c1 ¼ c2 ¼ c. Fig. 25 shows the weighting
function xc parameterised in c.

An optimal gain c can be analytically be found by establishing the following
optimal criterion on the sum of weighted LS errors

min
c2R1

þ

EjkðcÞ ¼ min
c2R1

þ

Yjk � WT
jkhjkopt

' (T
WðcÞ Yjk � Wjkhjkopt

� �

¼ min
c2R1

þ

Yjk � Wjk WT
jkWðcÞWjk

h i�1
WT

jkWðcÞYjk

� �T

�WðcÞ Yjk � Wjk WT
jkWðcÞWjk

h i�1

WT
jkWðcÞYjk

� �
; ð129Þ

and then making @EjkðcÞ=@c ¼ 0 in order to pick up the optimal c.
Similar to the optimal estimation of the model (67), this solution does not ensure

model stability. Hence, instead of following this way, we will involve the problem
OE: Ocean Engineering 14-05-2004 08:42:24 3B2 Ver: 7.51c/W Model: 1 OE865



P
O

F

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

37M.A. Jordán, R. Beltrán-Aguedo / Ocean Engineering XX (2004) XXX–XXX

ARTICLE IN PRESS
U
N

C
O

R
R

E
C

T
E

Dof instability of the model in the estimation of rational transfer functions in fre-
quency domain.

8.4. Suboptimal estimation

The stability of the model is ensured when the system matrix (113) does satisfy
(112). As it may not occur for the optimal value of c, a suboptimal solution is gen-
erally chosen instead. The criterion for obtaining this solution consists in a con-
strained optimisation of the sum of the LS errors

min
c2R1

þRe kiðQjkðsÞ¼0Þf g<0
EjkðcÞ

¼ min
c2R1

þRe kiðQjkðsÞ¼0Þf g<0
YT

jkWðcÞYjk � 2YT
jkK

T
jkYjk þ YT

jkK
T
jkKjkYjk

h i
; ð130Þ

with Kjk ¼ WðcÞ Wjk½WT
jkWðcÞWjk��1WT

jkWðcÞ and QjkðsÞ ¼ 0 the characteristic
equation related to the transfer function PjkðsÞ=QjkðsÞ. This concludes the esti-

mation of one transfer function.

8.5. Filtering in frequency domain

One notices from Figs. 10 to 17 that the hydrodynamic complex function com-
ponents djk(x) and mjk(x) possess in general many resonance peaks. These can be
accounted for from physical reasons. When the wet surface has a changing radius
of curvature, the potential damping and the added mass look fluctuating in the
frequency domain (for instance, in a semisubmersible). On the contrary, if the
radius of curvature is constant as in a spherical buoy, the frequency responses for
potential damping and added mass are smooth.
OE: Ocean Engineerin
R
O

Fig. 25. Weighting function for optimal estimation.
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The consequence is that the more irregular is the geometry of the wet surface,
the larger must be the order of the model chosen and vice versa. As the identifi-
cation is carried out systematically element by element, the corresponding order njk
is chosen individually according to the number of resonance peaks of the function
djk(x) or mjk(x). The following general rule can be applied as reference

njk � 2 � number of resonance peaks of djkðxÞ: ð131Þ

When the dynamics of a complex OE system is excited in a narrow interval of
frequency, the selection of a large model order may make no sense. It is then more
appropriate to chose a reduce-order model for this application interval of fre-
quency. A suitable way to fit the model response to a small frequency interval is to
employ a smooth filter like

pðx;xc1 ;m; bÞ ¼ e�bðx=xc1Þm; ð132Þ

where xc1 is the cut frequency of the filter for m ¼ 1, m the filter order with
m � 2 and even, and b > 0 the filter coefficient.

The smooth filter has the properties (see Figs. 26 and 27)

lim
m!1

pðx;xc1 ;m; bÞ ¼ 1 for x < xc1

0 for x � xc1

�
ð133Þ

lim
b!0

p x;xc1 ;m; bð Þ ¼ 1 ð134Þ

lim
b!1

p x;xc1 ;m; bð Þ ¼ 0: ð135Þ

So, the filter applies to the potential-damping function element and one achieves

�dd jkðxÞ ¼ e�bðx=xc1ÞmdjkðxÞ; ð136Þ

with �dd jk a filtered element function to be employed in the regression (117) instead
of djk.

Let us exemplify in Fig. 28 the application of (132) to a potential-damping func-
tion element of a semisubmersible for different b’s. It is shown that the filtered
damping functions drop down abruptly for different particular b’s. However, in the
pass-band of frequencies, the course of the functions remain practically intact with
respect to the true function. The reason for that is the selection of a high-order filter
for this application. It is also noticed that for large values of m, the cut frequency
for �dd11ðxÞ can be alternatively defined by a proper selection of b with xc1 ¼ 1.

The same filter process could also be accomplished for the added-mass function
ðmjkðxÞ � m1jk

Þ. But doing that, the Kramers–Kronig relations are no longer valid

since

e�bðx=xc1Þm x mjkðxÞ � m1jk

� �� �
6¼ �2

p

ð1
0

ð1
0

e�bðx=xc1Þm

djkðxÞcosðxtÞ dx

 �
sinðxtÞ dt: ð137Þ

The equality in (137) would be only valid in the case b ¼ 0 (see property (134)).
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Fig. 26. Smooth filter in x and b domains, for m ¼ 4 and xc1 ¼ 1.
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DSo, for the identification we use instead the filtered added mass as achieved by

mjkðxÞ � m1jk
¼ �2

xp

ð1
0

ð1
0

�dd jkðxÞcosðxtÞ dx

 �
sinðxtÞ dt: ð138Þ

Thus the filtered transfer function element hjk of (92) is

�hhjk ¼ e�bðx=xc1Þmhjk; ð139Þ

¼ ��dd jkðxÞ � jxmjkðxÞ � m1jk
: ð140Þ

Clearly the new filtered component (139)–(140) satisfies the Kramers–Kronig
relation.

In the following, the filtering process is incorporated to the algorithm when a
reduced-order model is desired.
 R

594
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R8.6. Sample density

Since the transfer function model (92) as well as the state-space model (106) con-
tinues in frequency and time, respectively, the identification through frequency-discrete
samples reduces the precision of the model attained. If the set of samples Nx is small,
then a high-order interpolation of the samples is necessary in order to increaseNx.

For this purpose, a cubic spline data interpolation is introduced as described in
Section 4.3. This involves the damping function first.

Once the reconstructed function �dd jkðxÞ is obtained, one can sample it regularly
for the purpose of identification at a step

Dx ¼ xmax � xmin

qNx
; ð141Þ
OE: Ocean Engineerin
R
O

nduced-radiation damping function d11ðxÞ of a semisubmersible for th
Fig. 28. Filtered i ree different b’s.
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with xmin, xmax being the minimum and maximum frequency in the domain inter-
val, respectively, and q indicating the density of points with respect to the original

set of samples djk(xi). So the set f�dd jkðxiÞgqNx
i¼1 is obtained (in general q > 1).

Finally, the reconstructed added-mass functions result from the Kramers–Kronig
relation

�mmjkðxÞ � m1 ¼ �2

xp

ð1
0

ð1
0

�dd jkðxÞcosðxtÞ dx

 �
sinðxtÞ dt; ð142Þ

with the posterior sample of �mmjk at the rate q to give f�mmjkðxiÞ � m1jk
gqNx

i¼1 . Note
that the integrals in (142) are performed piecewise for every neighbouring interval
[xi, xiþ1].

8.7. Complete description of the estimation algorithm

The parameter estimation algorithm for the state-space model (106) can be char-
acterised as a systematic process, in which all transfer function elements in the
matrix H(jx) of (92) are identified one by one till the whole matrix is completely
scanned. Symmetries of H(jx) are taken into account in order to diminish
the number of steps. The state-space model is finally conformed according to
(108)–(109) from all the estimations of hjk’s.

The algorithm for optimal estimation is summarised in the following.
D
620
Step 1
Design

Order o
Filter o
Filter c
Filter c
Interva
Numbe
Density

OE: Ocean
S

p

f
r
o
u
l
r

En
election of one hjk of (92).

621
Step 2
 S
 Eelection of design parameters for hjk.
R
R

E
C

T

622

arameter Symbol

the transfer function jk njk
der m
efficient b
t frequency for m ¼ 1 xc1

for optimal estimation [cmin, cmax]
of frequency samples Nx

of frequency samples in spline q
Step 3
 R
C
Oeconstruction of the hydrodynamic coefficients in continuous frequency

djkðxÞ ¼ ajkðx � xiÞ3 þ bjkðx � xiÞ2 þ cjkðx � xiÞ þ djk;

mjkðxÞ � m1jk
¼ �2

xp

ð1
0

ð1
0

djkðxÞcosðxtÞ dx

 �
sinðxtÞ dt:
623
Step 4
 S
U
Nmooth filtering

�dd jkðxÞ ¼ e�bðx=xc1Þm

djkðxÞ:
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onstruction of discrete-frequency sets with density q

�dd jkðxiÞ
% &qNx

i¼1
;

�mmjkðxiÞ � m1jk

% &qNx

i¼1
:

625
Step 6
 C

626
onstruction of the regressors YjkðxiÞ and WjkðxiÞ, and weighting function
W(cmin)
627
Step 7
 C
628

629
R
O

O
Fonstrained optimisation according to (130) for obtaining hjk

min
c2 cmin;cmaxj jRe kiðQjkðsÞ¼0Þf g<0

EjkðcÞ

¼ min
c2 cmin;cmaxj jRe kiðQjkðsÞ¼0Þf g<0

YT
jkWðcÞYjk � 2YT

jkK
T
jkðcÞYjk

h

þYT
jkK

T
jkðcÞKjkðcÞYjk

i
If the optimisation fails, i.e., no identified model becomes stable, one
attempts with a lower order njk and repeats Step 6 and Step 7.
630
Step 8
 C

631
Ponstruction of the rational function model PjkðjxÞ=QjkðjxÞ upon the
identified hjk from Step 7.
632
Step 9
 S

633
Dcanning of all elements hjk of (92) on and upon the diagonal of H(jx)

through Steps 1–8.

634
Step 10
 C

635636637
Eonstruction of the state-space model (106) through the matrices Aj

and Bj.
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T8.8. Design parameter selection

In the following, some guidelines for the selection of design parameters in the
table of Step 1 are given.

8.8.1. Selection of model order
As a rule of thumb, an acceptable identification of the whole frequency response

of the hydrodynamic transfer functions hjk(x) can be assured by choosing njk
according to the equality given in (131). However, complex geometries demand
relatively large values of njk and then the advantages of a transfer function model
are shaded by convolution models, which are more appropriate in these circum-
stances. Let us analyse some common situations where a reduced-order model
would be reasonable.

Usually the forced steady state of moored OE systems is characterised by the
presence of subharmonics. This nonlinear phenomenon is often caused by the non-
linear characteristics of the mooring lines which leads to system dynamics, whose
ordinary differential equations can be described typically by Duffing’s equation or
Mathieu’s equation (Landa, 2001; Guckenheimer and Holmes, 1997). In both
cases, the appearance of subharmonics in the dynamics is characteristic for certain
settings of the catenaries and of geometric and physical parameters. The funda-
mental frequency in the stationary dynamics are just the frequency of the wave.
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The subharmonics as well as the most probable maximal fundamental frequency

must be consequently in the pass-band of hjk(x).
On the other hand for irregular sea states, the energy of the wave is continuously

spread in the frequency domain and statistically described by a density spectral

function or spectrum. A well-studied wave spectrum is that of Pierson–Moskowitz

(PM), developed for wind-generated seas from analyses of wave spectra in the

North Atlantic Ocean. A glance at Fig. 29 shows that the significant interval where

the wave energy statistically lies is constrained approximately from 0.35 up to 1

(rad/s). Hence, in stationary state with irregular waves given by the PM spectrum,

the pass-band of the transfer functions hjk(x) cannot be larger than 1 (rad/s).
However, in transient states, a body with considerably low inertia can radiate a

substantial energy in different frequencies, so the induced-radiation forces could be

much more dominant than the incident waves of first order (Froude–Kryloff

forces). However, the larger is the system inertia, the smaller will be the energy of

high frequency components of the radiation forces. Therefore, in order to capture

this transitory behaviour in a reliable form specially for low-inertia systems, the cut

frequency for the hydrodynamic model must be at least greater than the largest res-

onance peak frequency of hjk outside the significant wave frequency interval.
Concerning Fig. 28 related to a high-inertia platform, the order n11 ¼ 4 or

6 could be satisfactory for the filtered function with b ¼ 0:05. On the contrary, if

the function was obtained with b ¼ 0:001, the order would be selected n11 ¼ 6 or

8 in order to capture the greater peak at x ¼ 1:2 ðrad=sÞ. In both cases, the order

n11 ¼ 6 could be suitable for registering the dominant transient behaviour through

an order-reduced model.
 C

OE: Ocean Engineeri
N
C

O
R

R
E

. 29. Pierson–Moskowitz spectrum for different significant wave heights
UFig Hs.
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8.8.2. Selection of filter parameters
All the filter parameters l, b and xc1 determine the number of resonance peaks

entering in the pass-band of the significant dynamics. In particular, the setup is
simplified by choosing m in a large dimension, say m ¼ 20, xc1 ¼ 1 and b to be
adjustable in order to accomplish an abrupt decay of the filter gain at a desired cut
frequency.
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8.8.3. Selection of interval for optimal estimation
A suitable choice of c can improve the condition of the pseudoinverse in the

parameter estimation. A look at (128) with c1 ¼ c2 ¼ c suggests that with c ¼ 0,

there results a series of weights fx�njk ;x1�njk ; . . . ;x0g, and with c ¼ njk a series of

weights fx0;x1; . . . ;xnjkg. So a reasonable interval for the optimal search in Step 7
would be

cmin; cmax½ � ¼ 0; njk

� �
: ð143Þ

For performing the optimisation numerically, the partition of this interval can be
simply regular.
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D8.8.4. Selection of number of frequency samples
Usually, the hydrodynamic coefficients are obtained by special ad hoc programs.

Many available commercial versions of these programs are available. The user
typically decides which frequencies will enter the series fdjkðxiÞgNx

i¼1 and

fmjkðxiÞgNx
i¼1. What is important is that the resonance peaks are captured in such a

selection. If the number of discrete frequencies is not large enough, then a smooth
reconstruction is needed for, for instance, a cubic interpolation. A cubic recon-
struction additionally serves to achieve an improvement in the numerical solution
of the integrals involved in the Kramers–Kronig relations.
E

704

705

706

707

708

709

710

711

712

713

714
U
N

C
O

R
R9. Case studies

In this section, the algorithm is tested with different geometries for the wet hull,
namely, a spherical buoy (Fig. 30), a spar buoy (Fig. 2), and a semisubmersible
floating platform (Fig. 9). Clearly, the complexity of the hydrodynamics increases
for the most irregular surface, i.e., the semisubmersible, in comparison with the
other OE systems. The consequence of this is that the orders for the transfer func-
tion approximations must be selected to be relatively large in comparison with the
more simple case, i.e., the spherical buoy.

9.1. Case 1: spherical buoy

A semisubmerged spherical buoy meets all plane symmetries, namely in the
xy-, xz- and yz-planes. Additionally, it possesses radial symmetry with respect to
OE: Ocean Engineering 14-05-2004 08:44:14 3B2 Ver: 7.51c/W Model: 1 OE865
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Revery principal axis. Therefore, the hydrodynamics simplifies to

HðjxÞ ¼

h11 0 0 0 0 0
0 h11 0 0 0 0
0 0 h33 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
6666664

3
7777775
; ð144Þ

with only two different elements.
As the radius of the wet hull is constant, one attempts to use a low order, for

instance njk ¼ 2. In Table 2, the design parameters for the optimal identification

are described. They are uniformly selected for all elements hjk.
When performing the constrained optimisation, the algorithm found all stable

models with minimum LS error Ejk for c ¼ copt ¼ 0:01, i.e., it took the minimum

value cmin. Table 3 shows the identified transfer function elements corresponding to

h11 and h33 for the order n11 ¼ n33 ¼ 2.
Figs. 31 and 32 show the real and imaginary parts of an estimated element. One

notices that order six fits better than order two, but at the cost of increasing the

number of coefficients significantly. Additionally, from Table 3 one notes that the

element h33 is practically proportional to h11, which is theoretically reasonable.
OTable 2

Design parameters for identification of a spherical buoy
njk
OE: Ocean Engineering
2

M
 4
Cb
 0.001
xc1
 1
Nx
 34
Nq
 18
[cmin, cmax]
 [0.01, 2]
[xmin, xmax]
 [0.0125, 6.5]
U
O

Fig. 30. Moored OE system semisubmerged spherical buoy.
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O9.2. Case 2: spar buoy

In a spar buoy, the xz- and yz-plane symmetries concur together (see Fig. 2).

Moreover, it possesses radial symmetry with respect to the z-axis. As a conse-

quence, the complex hydrodynamic matrix results in simplified

HðjxÞ ¼

h11 0 h13 0 h15 0
0 h11 0 h15 0 0
h13 0 h33 0 0 0
0 h15 0 h44 0 0
h15 0 0 0 h44 0
0 0 0 0 0 0

2
6666664

3
7777775
; ð145Þ
T
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Optimal estimation of the real part of h11ðjxÞ in a spherical buoy for different
Fig. 31. orders.
Table 3

Rational transfer functions for the hydrodynamics of a spherical buoy
H(s)
eering
Pjk(s) with coefficients: b2, b1, b0

Qjk(s) with coefficients: a2, a1, a0
P11ðsÞ=Q11ðsÞ
 0, 2:4822� 10�1, 0

1, 3:6095� 10�1, 9:8585� 10�1
P33ðsÞ=Q33ðsÞ
 F0, 4:6158� 10�1, 0

1, 3:5011� 10�1, 9:8246� 10�1
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shown.
The estimation of h15(x) can be seen in Figs. 33 and 34 for njk ¼ 2, njk ¼ 4 and

njk ¼ 6. One infers that njk ¼ 4 and njk ¼ 6 practically bring the same all-round

performance of the curve fitting. As this occurs approximately with all functions

hjk, one selects the lower model order njk ¼ 4. Table 5 describes the rational trans-

fer functions for njk ¼ 4.

One pays attention to the fact that the weighting exponent c takes optimal

values within the search interval.
R
R

OTable 4

Design parameters for identification of a spar buoy
njk 4
OE: Ocean Engineering
m 4
Cb 0
.05
xc1 1
Nx 3
7
Nq 3
4
[cmin, cmax] [
0.01, 2]
[xmin, xmax] [
0.00628, 12.5]
U
P
R

O
timal estimation of the real part of h11ðjxÞ in a spherical buoy for differ
Fig. 32. Op ent orders.
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mal estimation of the imaginary part of h15ðjxÞ in a spar buoy for diff
UFig. 34. Opti erent orders.
g

R
O

timal estimation of the real part of h15ðjxÞ in a spar buoy for differe
Fig. 33. Op nt orders.
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Table 5

Rational transfer functions for the hydrodynamcis of a spar buoy
H(s) P
OE: Ocean Engineering
jk(s) with coefficients: b4, b3, b2, b1, b0
R

14-05-2004 08:45:40 3B2 Ver: 7.51c/W Mod
copt
Qjk(s) with coefficients: a4, a3, a2, a1, a0
P11ðsÞ=Q11ðsÞ 0
, 8:96� 106, 1:03� 107, 4:65� 104, 0
 3.82
1, 8:44� 10�1, �1.06, 2:62� 10�1, 1:24� 10�3
P13ðsÞ=Q13ðsÞ 0
 F, 8:68� 106, 9:74� 106, 3:58� 104, 0
 3.82
1, 8:23� 10�1, 1.02, 2:52� 10�1, 9:70� 10�4
P15ðsÞ=Q15ðsÞ 0
, 7:50� 108, 9:06� 108, 7:11� 107, 0
 3.60
1, 8:94� 10�1, 1.08, 3:47� 10�1, 2:79� 10�2
P33ðsÞ=Q33ðsÞ 0
O

, 2:46� 104, 1:06� 104, 3:24� 101, 0
 2.70
1, 2:76� 10�1, 7:65� 10�2, 3:33� 10�3, 6:54� 10�10
P44ðsÞ=Q44ðsÞ 0
, 6:14� 1010, 6:12� 1010, 9:59� 1010, 0
 4.05
O1, 7:38� 10�1, 2.29, 5:41� 10�1, 5:02� 10�1
PTable 6

Design parameters for identification of a semisubmersible
njk 6
m 2
0
b 0
 D.0001
xc1 1
Nx 4
2
p 1
 E5
[cmin, cmax] [
0.01, 6]
[xmin, xmax] [
0.01, 6.5]
T
N
C

O
R

R
E

C

g. 35. Course of the weighted LS error along c in case semisubmersibl
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D9.3. Case 3: semisubmersible platform

A semisubmersible has generally port/starboard symmetry (i.e., xz-plane of
symmetry). Consequently, the complex hydrodynamic matrix is

HðjxÞ ¼

h11 0 h13 0 h15 0
0 h22 0 h24 0 h26

h13 0 h33 0 h35 0
0 h24 0 h44 0 h46

h15 0 h35 0 h55 0
0 h26 0 h46 0 h66

2
6666664

3
7777775
; ð146Þ

with only 12 different elements.
The geometry of the wet hull is complex. Therefore, a reduced-order model is

searched for. In Table 6, the design parameters are described for the optimal
identification. They remain uniform for all elements hjk.

The constrained optimisation found all stable models with minimum LS error
Ejk for c ¼ cmin ¼ 0:01 as in the case of the spherical buoy (see for example Fig. 35).
Also the condition number of the pseudoinverse is best at c ¼ cmin (see for example
Fig. 36). Table 7 shows the identified transfer function elements corresponding to
the hjk’s on and over the diagonal. Note that h12 ¼ h14 ¼ h23 ¼ h25 ¼ h34 ¼ h36 ¼
h45 ¼ 0 due to symmetry properties.

The achieved good performance of the approximation with reduced-order mod-
els is demonstrated for d11(x) and m11(x) in Figs. 37 and 38, respectively.

Using the reduced-order model for the hydrodynamics, the behaviour of the
semisubmersible (Fig. 9) is simulated in time using the tool AQWA1 (AQWA,
OE: Ocean Engineeri
P
R

O
rse of the condition number of the pseudoinverse along c in case semisu
Fig. 36. Cou bmersible.
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Table 7

Rational transfer functions for the hydrodynamics of semisubmersible
H(s) P

U

N
O

R
C

OE: Ocean Engineering
jk(s) with coefficients : b6, b5, b4, b3, b2, b1, b0

Qjk(s) with coefficients: a6, a5, a4, a3, a2, a1, a0
P11ðsÞ=Q11ðsÞ 0
F

, 1:41� 107, 1:75� 107, 2:52� 106, 2:37� 105,

2:26� 104, 0

1, 5:19� 10�1, 1.93, 5:38� 10�1, 1:57� 10�1,

9:85� 10�3, 1:29� 10�3
P13ðsÞ=Q13ðsÞ 0
 O, 1:28� 107, 1:70� 107, 2:40� 106, 2:28� 105,

2:16� 104, 0

1, 5:07� 10�1, 1.90, 5:31� 10�1, 1:55� 10�1,

9:72� 10�3, 1:28� 10�3
P15ðsÞ=Q15ðsÞ 0
R
O, 4:32� 107, 1:91� 107, 7:64� 106, �1:29� 105,

5:65� 104, 0

1, 1:76� 10�1, 4:67� 10�1, 6:22� 10�2,

3:21� 10�2, 1:79� 10�3, 3:27� 10�4
P22ðsÞ=Q22ðsÞ 0
 P, 3:78� 107, 1:81� 107, 1:16� 107, 8:27� 105,

1:44� 105, 0

1, 4:85� 10�1, 1.06, 2:85� 10�1, 1:54� 10�1,

1:22� 10�2, 1:90� 10�3
P24ðsÞ=Q24ðsÞ 0
 D, 3:78� 107, 1:81� 107, 1:16� 107, 8:27� 105,

1:44� 105, 0

1, 4:8� 10�1, 1.06, 2:85� 10�1, 1:54� 10�1,

1:22� 10�2, 1:90� 10�3
P26ðsÞ=Q26ðsÞ 0
T
E, 7:27� 107, 3:73� 107, 1:95� 107, 3:30� 106,

3:59� 105, 0

1, 1:49� 10�1, 6:68� 10�1, 7:37� 10�2,

8:38� 10�2, 5:45� 10�3, 1:04� 10�3
P33ðsÞ=Q33ðsÞ 0
, 9:87� 106, 2:93� 106, 1:69� 106, 6:77� 104,

1:49� 104, 0

1, 3:79� 10�1, 7:52� 10�1, 1:32� 10�1,

3:18� 10�2, 1:63� 10�3, 2:35� 10�4
EP35ðsÞ=Q35ðsÞ 0
, 9:86� 106, 2:93� 106, 1:69� 106, 6:77� 104,

1:49� 104, 0

1, 3:79� 10�1, 7:52� 10�1, 1:32� 10�1,

3:18� 10�2, 1:63� 10�3, 2:35� 10�4
R

P44ðsÞ=Q44ðsÞ 0
, 6:13� 109, 8:47� 108, 5:09� 108, 3:65� 107,

5:39� 106, 0

1, 3:39� 10�1, 5:57� 10�1, 8:79� 10�2,

4:16� 10�2, 2:47� 10�3, 4:14� 10�4
P46ðsÞ=Q46ðsÞ 0
, 6:13� 109, 8:46� 108, 5:09� 108, 3:65� 107,

5:39� 106, 0

1, 3:39� 10�1, 5:57� 10�1, 8:79� 10�2,

4:17� 10�2, 2:47� 10�3, 4:14� 10�4
CP55ðsÞ=Q55ðsÞ 0
, 8:43� 109, 3:16� 109, 1:00� 109, 5:74� 107,

9:94� 106, 0

1, 3:92� 10�1, 7:72� 10�1, 1:49� 10�1,

5:76� 10�2, 3:49� 10�3, 5:64� 10�4
(continued on next page)
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R
O

O2002) for hydrodynamcis analysis in a 3-degree-of-freedom motion (modes: surge,
heave and pitch). A monochromatic wave with amplitude and period equal to
1.3 (m) and 13 (s), respectively, excites the platform frontally. Fig. 39 depicts the
evolutions of the surge velocity and acceleration of the platform. The evolution of
the surge component of the potential-radiation force is shown in Fig. 40. It is seen
that the behaviour with reduced-order model follows the true evolution acceptably
well both in transitory and stationary state. Similar all-round conclusions are
drawn out for the other components of the force in the heave and roll modes.
P

766

767

768

769
E
D10. Conclusions

In this paper, a new dynamic model and its parameter identification of the
potential-radiation hydrodynamics in moored ocean engineering floating structures
like semisubmersibles, barges, buoys and crane-ships are presented. The raw data
Table 7 (continued )
H(s)
OE: Ocean Engineering
Pjk(s) with coefficients : b6, b5, b4, b3, b2, b1, b0

Qjk(s) with coefficients: a6, a5, a4, a3, a2, a1, a0
P66ðsÞ=Q66ðsÞ
 0, 8:43� 109, 3:16� 109, 1:00� 109, 5:74� 107,

9:93� 106, 0

1, 3:92� 10�1, 7:72� 10�1, 1:49� 10�1,

5:76� 10�2, 3:49� 10�3, 5:64� 10�4
 F
T

U
N

C
O

R
R

E
C

Fig. 37. Optimal estimation of the real part of h11ðjxÞ in a semisubmersible.
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OE: Ocean Enginee
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O

. 38. Optimal estimation of the imaginary part of h11ðjxÞ in a semisubmersib
Fig le.
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Fig. 39. Evolution of the velocity and acceleration in the surge mode.
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Tfor these goals are the added-mass and potential-damping matrices in frequency-
discrete domain.

In a preliminary study of existing approaches in the literature, two mathematical
models and their estimation are comparatively analysed in detail. They are,
namely, the convolution model and the state-space model of Jiang (1991). An opti-
mal identification procedure in norm two was developed for the state-space model.
One concludes that applications based on the state-space model of Jiang will
require low computational costs in comparison with the convolution model. This
advantage may be severely shaded by the difficulties in the selection of a suitable
approximation order and, still more important, of finding stable models simul-
taneously. Thus, a state-space model becomes more interesting when an analytical
model in the parameters is required. In applications concerning a low or narrow
range of frequencies or when the dynamics is only required in stationary state, a
state-space model of low order is preferable. On the contrary, when the hydrodyn-
amics is so complex as in semisubmersibles, a large order of approximation is
necessary. But in this case, the model stability is so compromised that a convol-
ution model is more beneficial.

In an attempt to share advantages of both approaches, a new state-space model
is developed. The identified model possesses a better stability and ensures uniform
accuracy for all elements as in the convolution model, but also keeping the analyti-
cal and computational benefits of the state-space model of Jiang. The development
OE: Ocea
D
P

R
O

O
F

Fig. 40. Evolution of the surge component of the potential-radiation hydrodynamic force.
n Engineering 14-05-2004 08:46:54 3B2 Ver: 7.51c/W Model: 1 OE865
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is based on the frequency transfer function matrix of the hydrodynamics, whose

elements can be characterised by strictly proper rational functions with a single

zero at frequency x ¼ 0. The model is conveniently expressed in the canonical

observable form in state space for identification purposes, however, it can be con-

verted into every other usual canonical form.
One important advantage of this model is that the order of every transfer func-

tion element can be fitted to data independent of the others. On one side, this leads

to a saving in the amount of coefficients in comparison with the state-space rep-

resentation of Jiang. Additionally, it enables a better control of the stability in

over-dimensioned approximations, which may become critical when unstable zero-

pole cancellations occur.
The model is identified in a least-squares sense. A weighted norm has to be

introduced due to the numerical problems that arise when the regressor columns

are of different orders of magnitudes, especially for small and large frequencies.

This situation accounts for the ill-conditions of the pseudoinverse. In order to cir-

cumvent this numerical instability problem, exponential weighted functions in the

frequency and a cost functional of the estimation error in an extended space com-

posed of model parameters and a weighting exponent are developed. A suboptimal

solution is encountered by performing an uncoupled double minimization of the

cost functional in the extended space. A complete algorithm that accomplishes the

tasks of reconstruction in continuous frequency and filtering of the raw data, and

finally the parameter estimation upon them are described.
This provides a stable model and reproduces acceptably accurate the behaviour

of the potential-radiation hydrodynamic forces in time.
Case studies involving simple and complex geometries of the wet hull of three

OE systems serve to demonstrate the features of the proposed approach by numeri-

cal simulations.
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