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Revisiting a family of five-dimensional charged, rotating black holes
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In the absence of a higher-dimensional analog to the Kerr-Newman black hole, five-dimensional
Einstein-Maxwell theory with a Chern-Simons term has become a natural setting for studying charged,
stationary solutions. A prominent example is the Chong-Cveti¢-Lii-Pope (CCLP) solution, which describes
a nonextremal black hole with electric charge and two independent angular momenta. This solution has
been widely studied, and generalizations have been proposed. In this paper, we revisit a large family of five-
dimensional black hole solutions to Einstein-Maxwell-Chern-Simons (EMCS) field equations, which
admits to be written in terms of a generalized Plebanski-Demianski ansatz and includes the CCLP and the
Kerr-NUT-anti—de Sitter solutions as particular cases. We show that the complete family can be brought to
the CCLP form by means of a suitable coordinate transformation and a complex redefinition of parameters.
Then, we compute the conserved charges associated to the CCLP form of the metric by analyzing the near-
horizon asymptotic symmetries. We show that the zero mode of the near-horizon charges exactly match the

result of the Komar integrals.

DOI: 10.1103/zsds-3262

I. INTRODUCTION

Einstein-Maxwell-Chern-Simons (EMCS) theory in five
spacetime dimensions provides an excellent model for
investigating stationary, charged, and back-reacting solu-
tions, including rotating black holes. The absence of a
five-dimensional analog of the Kerr-Newman solution in
general relativity, together with the variety of geometries in
dimensions higher than four, hampers the analytical study
of charged, rotating solutions in more than four dimensions.
A special case where this is possible is precisely Einstein
gravity coupled to an Abelian gauge field with the addition
of a Chern-Simons term. The theory thus defined has
been considered in the literature to study various aspects
of nonextremal black holes in higher dimensions. For
example, the derivation of logarithmic corrections to the
Bekenstein-Hawking entropy formula from the Kerr/CFT

“Contact author: marcodia@iafe.uba.ar
‘Contact author: gaston.giribet@nyu.edu
*Contact author: jlaurna@gmail.com

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2025/112(8)/084026(13)

084026-1

correspondence has been considered as a practical
example [1].

Although complicated enough, the field equations of the
EMCS theory in five dimensions have been explored, and a
number of explicit solutions have been found. The catalog
of solutions known so far is interesting, including multiple
angular momenta, electric charges, a NUT-like parameter,
and extra parameters that lead to different asymptotic
behaviors. The purpose of this work is to study the main
families of known solutions, the relations among them,
their global features, their conserved charges, and thermo-
dynamic variables.

A large family of metrics that solve the EMCS field
equations in five dimensions was obtained in [2]. This
family describes spacetimes with electric charge, mass, a
NUT-like parameter, independent rotations in two orthogo-
nal planes, and three additional parameters. It includes, as
particular cases, the well-known Chong-Cveti¢-Lii-Pope
(CCLP) solution [3] as well as the Kerr-NUT-(A)dS space-
time [4]. In [5], it was shown that the solutions derived in
[2] are the most general electrovacuum spacetimes admit-
ting a double-extended Kerr-Schild form. Therefore, study-
ing the physical interpretation of the parameters of such
solutions is important.

A key challenge in analyzing the physical properties of
such a multiparameter solution is identifying the appropriate
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orthonormal frame that would permit to compute its
conserved charges. The presence of a NUT-like charge,
along with the presence of new parameters, hampers the
detection of global pathologies that could preclude the
correct calculation of the charges. One possible strategy to
circumvent this technical obstruction is to look for the a
coordinate transformation that renders the metric mani-
festly asymptotically locally flat, de Sitter (dS), or anti—de
Sitter (AdS). Another strategy would be to investi-
gate whether a coordinate redefinition suffices to elimi-
nate the NUT-like parameter—it has been demonstrated
for the case of the Kerr-NUT-(A)dS metric that in five
dimensions, such parameter can in principle be removed
[6]. Here, we will explore these strategies for the family of
metrics found in [2]. This will enable us to show that such
solutions turn out to be equivalent to the CCLP metrics via
a complex redefinition of the parameters and a suitable
local change of coordinate. This observation is of great
help in investigating the physical properties and geometric
interpretation of the results of [2]. For example, by
relating the solutions in [2] to those in [3], one can
identify the right asymptotics and, consequently, calculate
the conserved charges. Since the CCLP solution has been
extensively discussed in the literature [7-16]—especially
recently [17-36]—establishing its connection with other
families of solutions is interesting [2].

The computation of the conserved charges associated to
these families of solutions to EMCS field equations can also
be performed in another way, without dealing with its far
asymptotic behavior. This is achieved by resorting to the
near-horizon method developed in [37,38]. This method has
been applied to different black holes, mostly in four-dimen-
sional Einstein theory [39,40], Einstein-Maxwell theory
[41-43], and Einstein-Yang-Mills [44]. The method can
also be applied in dimension five [45], including the case of
horizons with nontrivial topology [46]. Here, we will apply it
in the case a CS term is also present. We will perform the
near-horizon computation of the charges and compare the
result with the Komar integral, finding exact agreement.

The paper is organized as follows: In Sec. II, we review
the family of solutions found in [2] as well as some
particular cases. In Sec. IIl, we propose a coordinate
change that results to be useful to show the relation between
the solutions in [2] and the CCLP metrics [3]. We also
discuss the existence of conical singularities and the
possibility of closed timelike curves. The correct identi-
fication of the global properties of the asymptotic geometry
turns out to be important to compute the Komar integrals
and obtain the conserved charges. In Sec. IV, we perform an
alternative computation of the conserved charges resorting
to the near-horizon formalism applied to the EMCS theory.
We compute the charges associated to the CCLP metrics in
this way, obtaining results in agreement with the results
obtained by different methods. In Sec. V, we summarize the
results.

I1. FIVE-DIMENSIONAL ELECTROVACUUM
GEOMETRIES

In this section, we will introduce the family of
geometries we will be concerned with. Consider the
five-dimensional EMCS action given by

S = / [kE(R+ 12&)*1 +kMF/\ *F"’kcsF/\F/\A],

()

where kg, ky, and kcg are the Einstein, Maxwell, and
Chern-Simons coupling constants, respectively. 4 is related
to the cosmological constant' by A = —64. The equations
of motion can be obtained by varying (1) with respect to the
fields; namely

1 k
Ry =5 9(R +12) +k—MT =0,

v

E
3 kcs
dxF +=-"SFAF =0, (2)
2 ky
with the stress-energy tensor
A 1 aff
T/w = Fﬂ F, _Zg/,wFaﬂF

We will study the family of solutions of (2) found in
Ref. [2] that can be casted in an extended Plebanski-
Demianski Ansatz with coordinates (¢, ¢, y, r, p); namely

Y(r) X(p) 1
L o ® 0¥ + - PR so' ® ' + 2292
dr®dr dp ® dp
® Q° + 2+r2< ) 3
PO xw) ?

with spacelike coordinates r, p, a timelike coordinate ¢ and
two angular coordinates ¢, y, and with the differential forms

L0 = U =p?Adt_a(a® = p*)dp b(b? = p*)dy
- == 2 _pH= 2 =
EaEp (@>=b)E, (b -a’)E,
(L +7rP)de a(a®> +r7)dg  b(b* +r*)dy
w = p— - —_
EE,  (@-b)E,  (P-d)E,
or ab(1+r?2)(1 = p*)dt  b(a® + r*)(a® — p*)dg
B CHON (a2 - bz)'E‘a
a(b®> + r?)(b* = p*)dy
(b* - a*)5,
p2r?
YV(r)a® + X(p)o'). (4)

'Because of the minus sign in the cosmological constant
relation AdS corresponds to 4 > 0.
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and’

X(p) :ux%, V)= E=l-a E=1-0
X(p) = — (a® - p*) (b —2172)(1 =) o P2 + 2ab
P P
gt — (1=t Aa? + B)p? + (a? + b+ Aa2b? + 2n) — 2T Q) ZZQ”X)Z
Y(r) = (a® + r?)(b? Jg r2) (1 + Ar?) e —2m4 yQﬂ)Q + 2ab
r
=t + (1 —a+ A(a® + b?))r* + (a® + b* + La*b* — 2m) +7(ab tsz’)z . (5)

The electromagnetic potential reads

10 0

A=———"—
p2+r2w

(6)

The metric has three constants,” a, Hy and py, and five
parameters, the rotation parameters a, b (without loss of
generality, we will take a < b), the parameter A (which is
related to the cosmological constant by A = —64), the mass
parameter m, the NUT-like charge n, and the electric charge
parameter Q. For the field equations to hold, the parameter y
must satisfy the equation

2k

X = i%( = ) (7)

2ky
3kes®

Here we will take y = £
must hold.

The solution presented above includes the CCLP metric
[3] as the particular case u, =0, uy, =1, n=0, a =0,
A=¢* y=+/3, with the coordinate definition p> =
a*cos?@ + b?sin> 0. We will generically consider the so-
called underrotating case =,, 2, > 0, and asymptotically
AdS spacetimes, which correspond to 4 > 0.

The metric has Lorentzian signature provided X(p) > 0,
so the rank of the variable p will be determined by that
condition. Fora = 0,n = 0, u, = 0, X(p) takes a factorized
form and consequently p € (a, b) for any sign of 4 as long as
we are in the underrotating case. We will analyze the rank of
p forn#0, a#0, and u, # 0 in the following sections.

The ranges of ¢ and y are also easily determined for the
cases where a =n =pu, =0. This is because in the
coordinate system we are using, it is clearly seen that
the metric is asymptotically (A)dS or Minkowski (if 1 = 0)

so the condition y, — p, = +1

*Notice a sign change in A with respect to the definitions of
X(p) and Y(r) in (9) and (10) of [2].

The reason why we make a distinction between these
constants and parameters will be discussed along the paper.

|

in oblate spheroidal coordinates. If the parameters n, a, or
1, do not vanish, the case is more complicated and will be
the subject of discussion in this article. The determination
of the correct domain of the ¢ — y pair of variables requires
one to factor the function X(p) and analyze the asymptotic
behavior of the metric and conical singularities.

One of the questions we want to answer is that of the
physical meaning of all the parameters of the solution
reviewed above, as well as its connection with other
solutions of the Einstein-Maxwell-Chern-Simos theory
reported in the literature. This will require, on the one
hand, to study the global properties of the solution. On the
other hand, the calculation of the conserved charges
associated to the geometries is important. As for the relation
of the solution reviewed above and other known solutions of
the theory, we have already discussed the connection to the
CCLP solution, which appears as a particular case. The
question remains as to whether the more general case, with
more parameters turned on, can also be written in the CCLP
form and, if so, what the precise relation is. We discuss this
in detail in the next section.

III. EQUIVALENCE WITH THE CCLP METRIC

If in the solution above, we perform the coordinate
change

t = t+ (a®>+ b*)y + ab(ab + Qu,),
— (ab + Qu, )b + alt + (b*A + 1)ay,
w — (a22 + 1)by + bt + (ab + Qu,)ad, (8)
the differential forms @°, @', and Q? take the form

o' =dt + rdy,
P2
+2—r2:| dt+ pzrz(ab + Qﬂx)d(ﬁ

o = dt — p*dy,
@t =~ [(ab + o

[Qp

21 2 +(p*=1r?)(ab + Q/’lx):| dy. 9)
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Now, if we take the coordinate transformation

- ; f ¢ W
r=Kr, p =Kp, I =-, ¢:_5a l/]:_3’
K K K
(10)
and simultaneously rescale
o5 _ X(kp) oo _ Y(xr) 5 _ 0
X(p) = , Y(7) = , ==, 11
(7)== M=—5  0=5. (1
and define parameters &, b as
= b
ab= Lg%f, (12)
PE
the metric takes the following form:
Y(7) =0 & ~0 X(p) =1 @ &l L &
= — ——Q
g 7+ Q +I~)2+;2(” Q +I~)2~2
oy oo (AP @ dF  dp @ dp
®92+(p2+r2)< — e , (13)
Y(7) X(p)
with

which is the exact form of the ansatz for p, =0, the
new rotation parameters @ and 13, and rescaled electric
charge Q = %

Now, let us explore the specific form of the functions X
and Y in terms of the new variables to understand the
meaning of the constants «, n, and y,. First, let us note that,
following Eq. (5), the functions X(p) and Y(#) now read

N +1—a+/1(a2+b2) 5

Y(7) = 27 5 7
K
2020+ a* + b* —2m | (ab + Ouy)?
+2 - m @O
K K'r
If we could solve the system of equations,
b 2 -
(a <|;<6Q//tx) — a2b2,
24 b% +2a’h? +2 - ~
a” + +4a + n:&2+b2+l&2b2,
K
1 —a+A(a* + b?) 27
g =1+ Aa>+ b?), (18)

then we would conclude that the original metric is actually
equivalent, at least locally, to the one with vanishing NUT
parameter, 4, and @, and rotation parameters & and b. As we
will see, this is actually the case. Notice also that, using the
relation p, — p, = 1, the function Y(7) is written

1 —a+ A(a® + b?)

K2

L a?b?A+a? +b*=2m  (ab+ Ou,)?

K * K072 = (19)

Y(F) =27 + 7

=+ (1+A(@* + b%))P
2(m+n)\ | (ab+0Q)>
Kt + 72

+ (zﬂm + a2+ b - . (20)

and, then, the mass of the new solution would be 1 = m}:g”
and the charge O = %

In conclusion, whenever Eq. (18) can be solved, all
metrics in (3) are related to the CCLP solution. Therefore,
we must analyze this system carefully. For clarification, we
will separate the analysis into the case of the vanishing and
nonvanishing cosmological constant.

A. The case A=0
If 1 = 0, a # 1 the polynomial p>X(p) is degree 2 in p?,

PANR Y R 22
(p) = 4p 2 p and Eq. (18) are solved for
2 2 27,2 2
+ b2 4 Ad2h? 42 b+ Op,
L9 ‘a n_(a 6%‘) . (16) x=V1-a (21)
K K°p N '
|
o pE @4 2n— /(@ + b+ 2n)2 —4(1 —a)(ab + Ou,)’
K 2(1-a)
P pi @ +b*+2n++/(a® + b*+2n)> —4(1 —a)(ab + Qu,)* (23)
_—2 pu—

K

2(1 —a)? '
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where p_ and p, are the roots of p?X(p), and conse-
quently X(p) is written as

(p* = p2) (P> - p3)

X(p)=(a—1) »? .

(24)

The condition X(p) > 0 together with the existence of real
roots for X(p) leads to the condition on a

2 4 p2 4o\ 2
1— (M) <a<l1. (25)
2(ab + Qﬂx)

Hence, the general metric with 4 = 0 is equivalent to the

CCLP metric with 4 = 0, mass parameter (’1"_2’;2, electric

charge ﬁ and rotation parameters & and b.

B. The case A # 0

Provided we have &, b, and « exist, then X (ka) =
X(kb) = X (\/LZ) = 0. Consequently @ b, and x can be
expressed in terms of the roots of the polynomial U(p) =
p*X(p), which is a degree-6 polynomial in p but is cubic in
p?. This feature tells us that every root of U has multiplicity
at least two. X(p) can be written as

o P p%)(pzp—zp%)(p2 —P) ()

where in general, p3, p3, and p3 are complex numbers.
Furthermore, if we set @, b, and x such that

2 2
@=L Pl 22 ()
AD3 Ap3

then the fulfillment of Eq. (18) is a mere consequence of
Vieta’s formulas.

Let us notice that, in general, any metric will be locally
equivalent to the CCLP metric, although perhaps involving
a complex rotation, charge, or mass parameters.

As mentioned above, the polynomial p>X(p) has only
even degree terms in p, and consequently, it is also a
polynomial on variable 7 := p?, so we define V() such that
V(p?) = U(p) = p*X(p). This means that

V(t) = At —10)(t = 1,)(t = 1), (28)
where 7y = p3, t; = p? and 1, = p3.

1. Asymptotically anti—de Sitter spaces: CCLP

Let us find conditions for the metric to be equivalent to
CCLP with real parameters. This would be the case in
which the three roots of V(¢) are positive.

Rewriting Eq. (18) in terms of 7y = p3, #; = p7 and
t, = p3, we get

a? + b* + 1a*b* + 2n

tot] + toty + 111, =

A
1 —a+A(a® + b?)
t0+t1+t2: /1 )
b 2
ot ty = M (29)

A

In order to see exactly when the metrics are equivalent to
CCLP, we need to solve this equations for positive f, 1, 5.
Notice that this requires 4> 0, n > —Lﬂazbz and
a < 1 + A(a* + b?). These conditions are not sufficient to
guarantee the existence of three positive solutions.

Under the change of variables

" _MO_\/ECMI
0 — \/g ’
fo_ Mo Cu Cu
V3 Ve V2
Ugy Cul Cl/t2
bh=—4———=, 30
where C = %j””) the first two equations in (29) read
C2 2 b2 y) 2b2 2
u%——(u%+u2):a+ + 4a + n:Kz’
2 A
1 - Ma? + b?
Uy = a+\/§j ) _¢ (31)

Once the second equation is used, the first equation reads

KZ
il = 2<1 ‘E) R (32)
The conditions that f,, t;, and #, are all positive are
written in terms of ug, u; and u, as follows:

ug = C > 0, V6u, +3v2u, +2v3 > 0,
\/61/!1 + 2\/§ > 3\/5142, \/Eul <1, (33)

which defines an equilateral triangle. If we use the
equations and conditions, the third equation in (31) is

V2ui +3u2 = 3V2uud +3u3 -2 F?
- 42 o

Because the curves (34) are symmetric under a rotation
of % if there is an intersection with the circumference of
the radius R, then they intersect at least at three points such
that at least two of them have different values for the
coordinate u; (see Fig. 1).

Then, we have to require the discriminant of Eq. (34),
once u3 = R?> — u? is used, to be positive. The resulting

cubic equation is

(34)

084026-5
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u;

S

FIG. 1.

Y

0.5 1.0 -15

! o
N
P
Q

The intersection between u? + u3 = R> (green) and the cubic curve tyt;t, = F> (orange), in the tegion

{ty >0 At; >0 At > 0}(blue). It can be observed that the radius has to be less than /2 for there to be a nonempty intersection.

- 3R%u; 3R? N 1
—U — —
! 4 42 22

and its discriminant:

(35)

3\3 F2
2) ¥’

8F2(3R? -2) N 2
3V/3

This leads to the conditions

—8F*— (36)

3 K2
1T
3CK2-2C3 -2
3V3
_3CK?-2C + 2,/(CT - K%)?
3V3 ’

<1

(C2 _ K2)3

and < F?

(37)

or

K? P

> 4

0<F < 3CK? = 2C% +24/(C? - K?)?
3V3 '

Recalling the definitions of K and C, we find

0< and

K*  32(a*b*A+ a* + b* +2n)

T (Mt —at1)?

(39)

The conditions on F? = are rather cumbersome

(ab+0p.)
1

. .. 2

in terms of @, a, b, A, and n, but the conditions on % ensure

the consistency of the bounds for F? in each case.

2. Asymptotically de Sitter spaces

The asymptotically de Sitter case is obtained when one
of the roots is negative and the other two are positive. Let us
notice that in such a case, the function X(p) would also
remain positive only for p € (py, p,) if p? and p3 are the
two positive roots of V(¢), 0 < p; < p,.

In this case, we obtain from the third equation in (31) that
A < 0, and the constants K> and C can have in principle
any sign.

For C > 0, which is equivalent to a > 1 + A(a® + b?),
we obtain that

1©1<2<3
V2 O CP 4
+3R2—2<(ab+Qﬂx)

6\/3 A

For C < 0, which is equivalent to a < 1 + A(a® + b?),
we obtain

R >

3 2
—C3ﬂR <0.

(40)

a + b* 4 1ab?

2

V2R3 —3R? +2 < (ab+0p)
63 - 2

Figures 2 and 3 illustrate in a geometrical way the cases
in which the system (31), (32) has solutions for 4 < 0.

R>V2eK<0en<

2
c? <0. (41)

C. Komar charges, coordinate transformation, and time

In order to prove the equivalence between the metric
with nonvanishing parameters n, y,, and @, and the CCLP
metric, we have worked in the coordinate system
(1, R p), in which the components of both metrics
are exactly the same. This coordinate system, however, is
not asymptotically well behaved globally. To see this, we
can reason as follows: The metric that we have is
ultimately, CCLP with certain election of parameters,
and we know that the asymptotically nonrotating coordi-
nate system is the one in [3]. In that coordinate system,
n=0=a=yu,, and consequently, we do not have any
periodicity in the time associated to a NUT parameter. This
implies that the correct frame that would give us the correct
Komar charges is not that of coordinates (7, R p), but
some other coordinate system in which the metric takes the

084026-6
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uz

FIG.2. Fora > 1+ A(a® + b?), the intersection between u? + u3 =

<
» 5

R? (green) and the cubic curve fyt,t, = F> < 0 (orange), in the

region {fy < O A t; > 0 A t, > 0}(blue). In the right figure, it can be observed that the radius has to be larger than = 7 for there to be a

nonempty intersection.

original CCLP form with parameters a, b, 7, and Q In
order to find the explicit change of coordinate that brings us
there, we notice that had we performed the transformation
(9) and (10) on the original metric with a =0 =n = p,
and parameters a, b, Q we would have arrived to the same
metric (13). As a consequence, the transformation we must
perform on (13) to obtain the CCLP metric with new
parameters is the inverse of the one previously mentioned.

The full transformation that takes us from the original
metric in coordinates (7, ¢,w,r, p) to the CCLP metric

with parameters @, b, /m, A >0, and Q in coordinates
(T,®,¥, R, P) would explicitly be given by

pi(p3 —a® = b?) + ab(ab + Op) .
Vapa(p3 = p3)(p3 - p?)
p3(py — a> — b?) + ab(ab + Qu.,)
Apo(pT = p3) (P = pp)
_ pi(pt —a* = b*) + ab(ab + Qu,)
Ap1(pT = p3)(p3 = p)
(ad(p3 = b*)(Ap3 = 1) + bAQu,)
B2y (p3 = p3)(p3 — ph)
| (a(®? = p})(Api = 1) ~ bOu,)
Apy(pg = P (P = p3)
_ (a(b* = p§)(Ap5 = 1) — bOu,)
Apo(ps = P1)(P5 = P3)
_ (bA(p3 = @®)(ap3 = 1) + adQp,)
— PPpay(p3 - pd)(p3 - p})
L (=pi(a?bA +b) + a(ab + Op
Ap1(pt = pg)(pT =
(=pi(a*bi + b) + a(ab + Qu
Apo(pg — p1) (PG —
p = Vip,P. (42)

=

D

¢ = T

b g

o

+b/1p‘l‘)lP

X
2
P3

+ b/lpé)

)
p3)
; ®

X
2
pP3

r= \//—1sz,

For A =0, the transformation is different, since x =

v/1 — a. This is

T (p_(p* —a>=b*) +abp. V1 —a) ®
1-a (P -p2)(1-a)

(@b +abp VT a),,
(P -p2)(1 -0 b
bpV1—a—ap_  bp_1—a—ap,
L P e (R R Paeed R
_apN1—a=bp_ . ap. \/——bpﬂp
(P% - p2)(1-a) (Pi-p2)(1-a)
r=+V1-aR, =V1-aP, (43)

and, if we additionally ask for u, =0 and a =0, this
translates into

2np_ 2
t=T+ znp 5@ - znp+ v,
P+ — P- Px _P—
bp, —ap_ b
polbpezapo g bp-—ar.y,
Py — p- P+ P2
ap, —bp_ bP+
v 2 _ 2 o ¥,
Py — p=- P+ P—
r=R, p=P. (44)

For n =0, then p_ = a, p, = b, and this is the identity
transformation, as expected. When n # 0, this is the
transformation that allows us to remove the NUT parameter
in the Kerr-NUT solution.

It is interesting to observe that the original time ¢ was
periodic, as the Killing vector generating the null surfaces
p = pi, p = p, necessarily contained a d, component [6].
However, now that we are in the CCLP frame, it is known
that the Killing vectors generating the p = p; and p = p,

null hypersurfaces are precisely d, and 9,,, respectively.
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u2

R
/

[\

FIG.3. Fora < 1+ A(a® + b?), the intersection between u? + u3 = R? (green) and the cubic curve #yt,7, = F? < 0 (orange), in the
region {f, <0 A t; > 0 A t, > 0}(blue). In the right figure, it can be observed that the radius has to be larger than /2 for there to be a

nonempty intersection.

Consequently, this new time is not periodic. Moreover, the
surface gravity of the Killing vectors d, and d,, in these
surfaces are Euclidean, and they are equal to 1, meaning
that those variables are periodic with period 2z [6].

This new frame is the one that behaves correctly
asymptotically, i.e., free of conical singularities and tending
to a nonrotating reference frame; consequently, it is the
appropriate frame to compute the Komar charges. Indeed,
the metric is CCLP in its original frame [3], expressed in
terms of the variable p instead of 0; therefore, we could
compute the Komar charges of this spacetime by simply
taking the formulas in [3] and replacing a, b, Q, and m by
where py, p;, and p, are as specified by Egs. (26) and (27).
This can easily be done. However, in order to confirm this
result, we can perform an independent calculation of the
charges by resorting to an alternative method. In the next
section, we will compute the conserved charges of the
solution using the near-horizon formalism developed in
[38]; see also references therein and thereof.

IV. NEAR-HORIZON ANALYSIS

In the previous sections, we have been studying the
family of metrics found in [2] and found that there is a
symmetry—which resembles the degeneracy in (m — n) of
the Kerr-NUT-AdS metrics [6]—that allowed one to prove
that such a family is locally equivalent to the CCLP
solution [3]. Following the near-horizon formalism devel-
oped in [38], adapted to five dimensions [45,46], in this
section, we will the conserved charges associated to the
solutions (3) and analyze their thermodynamics.
|

A. Boundary conditions

First, let us review the near-horizon formalism in the case
of charged stationary black holes [41-43]. We consider the
following asymptotic conditions in the near horizon region:

vy = _2Kp + O(pz)’
9va = paA(xB) + O(pz)’
9ap = Qup(xE) + pAap(x) + O(p?), (45)

together with the gauge fixing

Gpp = 0, Gup = L Gap = 0, (46)

where p € R, measures the distance from the horizon, the
latter being at p = 0. v is the null coordinate at the horizon,
while the three coordinates on the constant-» slides of the
horizon are schematically denoted x4, with A = 1, 2, 3. As
shown in [38], the Killing vectors that preserve these
boundary conditions form an infinite-dimensional algebra.
Since here we are dealing with a charged solution, we also
need to consider the expansion for the electromagnetic field

Ay =AY 4 pAY (0, x%) + O(p?),
Ap =AY () + pAY (0.24) + O(p?),  (47)

and the condition A, = 0; see [41]. These conditions are
not expected to change due to the addition of the Chern-
Simons term in the five-dimensional action. The sym-
metries associated with the asymptotic Killing vector have
associated the Noether charges

1
QT YA U) = —— | dx\/detQup(Tgi! + Y (g}}) + 44 A1) + 4UAL) + Qcs. (48)
H

which follows from the formalism developed in [47] applied to the near-horizon region. These charges are the Noether
charges associated to the symmetries generated by the asymptotic Killing vectors 7(x%)d,, YA (x%)d,, with U(x*) being
the function that accompanies the generator of the local gauge transformation; 7'(x*) and Y*(x?) correspond to the
supertranslations and superrotations at the horizon (H); see [41] for details and conventions. In (48), Qcg stands for the
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Chern-Simons (CS) contribution to the near horizon charge, which we will explicitly discuss below. Qcg will only
contribute to the electric charge evaluated on H, but not to the angular momentum [48]. Also, it will not contribute to the
electric charge O, when computed as a flux integral at infinity; see (65) below.

B. Near-horizon limit

As discussed in the previous sections, we can get rid of the extra parameters and work with the CCLP metric given by (3)
and the functions (5), where we set n = @ = y, = 0 and y, = 1. This metric can be written as

2=A(r _ YO 4 dr’ | dp’ (dxt 4+ o' (r X+ wl(r
ds* = A( ,p)( Z(r,p)dt +Y(r)+X(p)>+g”(d + o' (r, p)dt)(dx’ + &' (r, p)dt), (49)

where the indices i, j = 1,2, and the variables corresponds to xl = ¢ and X2 = v, and we defined the functions

2 2 b2 2 b 2 21—b22 b2_ 2 2b2
5(r, p) = LN jr)+a 0) Y(r)(a( 1_)}; p+ar2>7

azr
) (" + i+ )(“ (1+722) + bzfr)_%iz)

¢ fry
w (r7 )4 . th 2§2+ X(p; 2) )
(a +5 abQ 2, 1y ) b2+;) (=%
(2% + b2+ ) (a“f, +b(1+72)) - 2
e (2 oy _) . A(rp) =14 p? (50)
b g+ X(p)
(0 )
and explicitly
oy — a(p* = a*)*(a2m(p* +r*) = Q%) +2bQ(p*> + 1)) . (p*=a*)(@ + 1)
dd (bz—az)z(l—a2/1)2(p2+r2)2 ( b2 — 2)(1_02@’
g = DB = PP 2aQ(p + 1) + b@m(p* + ) = Q1) | (B = pA)(* + )
wy (b2_a2)2(1_b21)2(p2+r2)2 (b2 )(l—bzﬂ)’
G = (p* = a®)(b* = p*)(Q(a® + b*)(p* + 1*) + ab(2m(p* + 1*) = Q%)) (51)
v (6% = a®)?(1 = a®A)(1 = b22) (p* + 17)? '

The metric horizon is located at r = r, the largest root of Y (r). It is easy to check that the functions X(r, p) and @' (r, p)
take constant values on this surface. Now, we define the following coordinate change:

roaVE v o T VI i
v=1+ 5 dr/Y(r’+)’ ¥ =x4+ : dr Y(J;,)+—w+1;, (52)
where we defined £, = X(r, p) and @, = @'(r,, p). In terms of differential forms, they read
N> . NN 4 .
dv=di + Y= dr, dv = dx' + Y iy — ol d. (53)
Y(r) Y(r)
In the new coordinates the metric reads
Y(r) X(r.p) - X VZ dp?
ds®> = A(r,p (— dv?t + “drr+2 * dvdr +
N N P R 75 oy S~ P R (7
y . . V= .
+ gij (dx‘ + (@' (r, p) — @')) Y(rJ)r (@' (r,p) — a)ﬂr)dr)
(080 4+ @0 p) = o 4 Y5 (@) - ). (54)
r
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and the induced metric on the horizon (H) is

_ AL (p)

S2|H =
X(p)

where AL (p) = A(ry, p). At this point, we follow a simi-
lar procedure as in [49]: It is easy to check that £ = 0, is a
null vector on the horizon, and now we look for another

VI
Ay (p)

_ Egij|Ha)f,_wﬂ_6v - . — . 0;, (56)

and now we are able to compute the first-order components
of the metric by considering the variation of the induced
horizon metric along the family of geodesics parametrized
by n. The order zero components of the metric can be read

null vector n = n*d, such that n-# = —1, then from (55), and the first order components are
|
1/2
g Yl s 9pA U =/
v ’ vp — B pp — + s
vy Ay(P)ln A (p)
1/2 1/2 1/2
0 =-Z agde A= E el ) =—Z agel
i~ TR, (p) IR " T AL () i = T AL (p)
1 r D 1 r
gitﬁ) =n (_g(/n/)arwd - g(/)y/arww”H’ ggxi/) =n (_gl//y/arw g(/)y/a ol )|H7
b _ Elaga(@ o) + g0 0D E(ggp(ef - of) + gy (07 - b)) “
95 = 2 ’ 9pir 2 (57)
e A(r.p)*Y(r) H A(r. p)*Y(r) H
|
Now, let us turn to the electromagnetic field: in the new  and the first order are
coordinates, we have
Z]/z A (p)
A= (A + Ayl + A0 dv - <dr W 2aQ(p? - a®)=’r,
Y(r) Ay =—73 2 ’
Aydp + A, di (58) PRy,
+ @ + A, ady,
v 400 _ _ 2b0(b? — p?)x 1/2r+
N )(p +r3)E,’
where the components of A = A,(r, p)dx* can be read W 0 Oa
from (6). In order to satisfy the boundary conditions, we Ay = Wa,,n”(p) + A" 0,n' (p). (61)
need the radial component of the electromagnetic potential +

to vanish, so we perform the gauge transformation
A—A=A+dp,

B(r.p) Z/rdr 2(1/

In the near horizon limit, the zero order components are
given by

with
2

)(A +A¢a)++A ’).

(59)

AV =,
AY %,
D
A = Ay(r..p)
Ay =A,(re.p) (60)

C. Noether charges

Let us evaluate the near-horizon charge (48) for the
CCLP solution.

1. Wald entropy

The entropy can be read from the zero-mode associated to
the asymptotic Killing vector with T =1, Y4 =0, U = 0,
i.e., the rigid translation along the null direction ». This is

1
167

) (1) _

Qo0 = d3x 9i; 9w = TuSpu, (62)

where Ty stands for the Hawking temperature given by

ri(A(@®+b*+2r7) +1) = (ab + Q)

2Ty =k =
T (@ + ) (0 + ) + abQ)

(63)

This yields the Bekenstein-Hawking entropy
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~ m2((@®+r3)(b* + %) + abQ)
S = i —ena-ry

in agreement with the result reported in [3].

2. Electric charge

The electric charge is given by the Gauss flux integral

1
Q.= / *F, (65)
471' S?x;

where we are interested in the component (xF)
we want to compute it in a three-dimensional hypersurface
where ¢ and r are taken to be constant values. In this
calculation, being computed at infinity, Qcs ~ — [ s FAA
does not contribute as the integrand decays faster than the
volume of 3 at infinity. To compute the charge at infinity,
we are considering the gauge (6). When evaluated at the
horizon, in contrast, Qg does contribute giving a piece that
leads to match (65), cf. [48]. More precisely, one finds*

since

11

On the horizon, we have

2Qpr121/2
(b* = a®)NL(P)EE,’

(*F)p¢y/|H - (67)

which is nothing but minus the product between
|

1 2(p*—a?)(bO(r7

~a)(p? + ) +al(p? + ) @mrk — 0%) -

1/2

0) priXy (1 _ 20ry
detgi» = p—— d A (68)
T -ES A2 (p)
Therefore, we find
1
Q.= 0[0,0.1] =~ *F—i— Ocs

= —/ d3x\/detguh V4 0cs,  (69)

in agreement with the charge computed at infinity.

3. Angular momentum

In the same way, we can relate the Komar integral
associated to the angular momentum, namely

where we have defined
Jio = \[JdetgD gl Ty = \/detg4a0A", (71)

being the contributions of the geometry and the electro-
magnetic field to the angular momentum, respectively. Let
us compute the J¢ explicitly; a similar computation applies
to J¥. For the computation of J ¢ , we need the volume form
induced on the horizon given in (68) and the first order
component

a ri(a® = b*)E,

It is possible to check that the first contribution J? ¥ 18
equal to the Komar density associated to K* = ¢ 4; namely

0 1
(%dK) g0 = 1/det gl glh). (73)

so we see that this term leads to reproduce the result of the
angular momentum J¢ obtained in [3]. As for the electro-
magnetic field contribution

8ap(p* - a®) 0?22
(b* —a?)? (p + r3)*82E,’

J gM =~ (74)

it can be removed by the gauge transformation Ag)) -

(0 0 [/
AD =AY + @f with

*The factor - is obtained for kcg = 3 ﬁ and ky, = — % in order
to match our action with the bosonic sector of the action of 5D

minimal gauged supergravity in [3].

2 2y1/2 o
(p>+r2) Qi)+ %y wn(pt+ r)) . (72)
+

|
aQ

DY = -
O 2B,(B*+12)

(75)

That is,

L dx\/det gl 445 AL = 0, (76)

In summary, we obtain that the near-horizon analysis
reproduces the correct results for the conserved charges.

V. CONCLUSIONS

In this paper, we have studied the family of solutions of
five-dimensional EMCS theory presented in reference [2].
We have analyzed their local and global properties, along
with their conserved charges. This throws light on the
physical relevance of the multiple parameters of the
solutions. We have shown that, by means of a local change
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of coordinates and a complex redefinition of parameters,
the geometries constructed in [2] turn out to be equivalent
to the asymptotically (A)dS solutions found in [3]. In some
cases, the required coordinate change encounters global
obstructions, as it can be thought of as a boost along
angular directions that may introduce closed timelike
curves. These observations allow us to compute the
conserved charges of the general solutions by importing
the results of Komar integrals associated to the conserved
charges of CCLP metrics [3]. In order to confirm these
results, we also performed an independent computation of
the conserved charges by resorting to the near-horizon
method developed in [38,45]. The near-horizon computa-
tion yields results in agreement. This is the first time that

such a calculation of the near-horizon Noether charges is
done in EMCS theory in five dimensions.
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