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In the absence of a higher-dimensional analog to the Kerr-Newman black hole, five-dimensional
Einstein-Maxwell theory with a Chern-Simons term has become a natural setting for studying charged,
stationary solutions. A prominent example is the Chong-Cvetič-Lü-Pope (CCLP) solution, which describes
a nonextremal black hole with electric charge and two independent angular momenta. This solution has
been widely studied, and generalizations have been proposed. In this paper, we revisit a large family of five-
dimensional black hole solutions to Einstein-Maxwell-Chern-Simons (EMCS) field equations, which
admits to be written in terms of a generalized Plebański-Demiański ansatz and includes the CCLP and the
Kerr-NUT-anti–de Sitter solutions as particular cases. We show that the complete family can be brought to
the CCLP form by means of a suitable coordinate transformation and a complex redefinition of parameters.
Then, we compute the conserved charges associated to the CCLP form of the metric by analyzing the near-
horizon asymptotic symmetries. We show that the zero mode of the near-horizon charges exactly match the
result of the Komar integrals.
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I. INTRODUCTION

Einstein-Maxwell-Chern-Simons (EMCS) theory in five
spacetime dimensions provides an excellent model for
investigating stationary, charged, and back-reacting solu-
tions, including rotating black holes. The absence of a
five-dimensional analog of the Kerr-Newman solution in
general relativity, together with the variety of geometries in
dimensions higher than four, hampers the analytical study
of charged, rotating solutions in more than four dimensions.
A special case where this is possible is precisely Einstein
gravity coupled to an Abelian gauge field with the addition
of a Chern-Simons term. The theory thus defined has
been considered in the literature to study various aspects
of nonextremal black holes in higher dimensions. For
example, the derivation of logarithmic corrections to the
Bekenstein-Hawking entropy formula from the Kerr/CFT

correspondence has been considered as a practical
example [1].
Although complicated enough, the field equations of the

EMCS theory in five dimensions have been explored, and a
number of explicit solutions have been found. The catalog
of solutions known so far is interesting, including multiple
angular momenta, electric charges, a NUT-like parameter,
and extra parameters that lead to different asymptotic
behaviors. The purpose of this work is to study the main
families of known solutions, the relations among them,
their global features, their conserved charges, and thermo-
dynamic variables.
A large family of metrics that solve the EMCS field

equations in five dimensions was obtained in [2]. This
family describes spacetimes with electric charge, mass, a
NUT-like parameter, independent rotations in two orthogo-
nal planes, and three additional parameters. It includes, as
particular cases, the well-known Chong-Cvetič-Lü-Pope
(CCLP) solution [3] as well as the Kerr-NUT-(A)dS space-
time [4]. In [5], it was shown that the solutions derived in
[2] are the most general electrovacuum spacetimes admit-
ting a double-extended Kerr-Schild form. Therefore, study-
ing the physical interpretation of the parameters of such
solutions is important.
A key challenge in analyzing the physical properties of

such a multiparameter solution is identifying the appropriate
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orthonormal frame that would permit to compute its
conserved charges. The presence of a NUT-like charge,
along with the presence of new parameters, hampers the
detection of global pathologies that could preclude the
correct calculation of the charges. One possible strategy to
circumvent this technical obstruction is to look for the a
coordinate transformation that renders the metric mani-
festly asymptotically locally flat, de Sitter (dS), or anti–de
Sitter (AdS). Another strategy would be to investi-
gate whether a coordinate redefinition suffices to elimi-
nate the NUT-like parameter—it has been demonstrated
for the case of the Kerr-NUT-(A)dS metric that in five
dimensions, such parameter can in principle be removed
[6]. Here, we will explore these strategies for the family of
metrics found in [2]. This will enable us to show that such
solutions turn out to be equivalent to the CCLP metrics via
a complex redefinition of the parameters and a suitable
local change of coordinate. This observation is of great
help in investigating the physical properties and geometric
interpretation of the results of [2]. For example, by
relating the solutions in [2] to those in [3], one can
identify the right asymptotics and, consequently, calculate
the conserved charges. Since the CCLP solution has been
extensively discussed in the literature [7–16]—especially
recently [17–36]—establishing its connection with other
families of solutions is interesting [2].
The computation of the conserved charges associated to

these families of solutions to EMCS field equations can also
be performed in another way, without dealing with its far
asymptotic behavior. This is achieved by resorting to the
near-horizon method developed in [37,38]. This method has
been applied to different black holes, mostly in four-dimen-
sional Einstein theory [39,40], Einstein-Maxwell theory
[41–43], and Einstein-Yang-Mills [44]. The method can
also be applied in dimension five [45], including the case of
horizons with nontrivial topology [46]. Here, wewill apply it
in the case a CS term is also present. We will perform the
near-horizon computation of the charges and compare the
result with the Komar integral, finding exact agreement.
The paper is organized as follows: In Sec. II, we review

the family of solutions found in [2] as well as some
particular cases. In Sec. III, we propose a coordinate
change that results to be useful to show the relation between
the solutions in [2] and the CCLP metrics [3]. We also
discuss the existence of conical singularities and the
possibility of closed timelike curves. The correct identi-
fication of the global properties of the asymptotic geometry
turns out to be important to compute the Komar integrals
and obtain the conserved charges. In Sec. IV, we perform an
alternative computation of the conserved charges resorting
to the near-horizon formalism applied to the EMCS theory.
We compute the charges associated to the CCLP metrics in
this way, obtaining results in agreement with the results
obtained by different methods. In Sec. V, we summarize the
results.

II. FIVE-DIMENSIONAL ELECTROVACUUM
GEOMETRIES

In this section, we will introduce the family of
geometries we will be concerned with. Consider the
five-dimensional EMCS action given by

S ¼
Z

½kEðRþ 12λÞ⋆1þ kMF ∧ ⋆F þ kCSF ∧ F ∧ A�;

ð1Þ

where kE, kM, and kCS are the Einstein, Maxwell, and
Chern-Simons coupling constants, respectively. λ is related
to the cosmological constant1 by Λ ¼ −6λ. The equations
of motion can be obtained by varying (1) with respect to the
fields; namely

Rμν −
1

2
gμνðRþ 12λÞ þ kM

kE
Tμν ¼ 0;

d⋆F þ 3

2

kCS
kM

F ∧ F ¼ 0; ð2Þ

with the stress-energy tensor

Tμν ¼ Fμ
λFνλ −

1

4
gμνFαβFαβ:

We will study the family of solutions of (2) found in
Ref. [2] that can be casted in an extended Plebański-
Demiański Ansatz with coordinates ðt;ϕ;ψ ; r; pÞ; namely

g ¼ −
YðrÞ

p2 þ r2
ω0 ⊗ ω0 þ XðpÞ

p2 þ r2
ω1 ⊗ ω1 þ 1

p2r2
Ω2

⊗ Ω2 þ ðp2 þ r2Þ
�
dr ⊗ dr
YðrÞ þ dp ⊗ dp

XðpÞ
�
; ð3Þ

with spacelike coordinates r, p, a timelike coordinate t and
two angular coordinates ϕ;ψ , and with the differential forms

ω0 ≡ ð1 − p2λÞdt
ΞaΞb

−
aða2 − p2Þdϕ
ða2 − b2ÞΞa

−
bðb2 − p2Þdψ
ðb2 − a2ÞΞb

;

ω1 ≡ ð1þ r2λÞdt
ΞaΞb

−
aða2 þ r2Þdϕ
ða2 − b2ÞΞa

−
bðb2 þ r2Þdψ
ðb2 − a2ÞΞb

;

Ω2 ≡ −
abð1þ r2λÞð1 − p2λÞdt

ΞaΞb
þ bða2 þ r2Þða2 − p2Þdϕ

ða2 − b2ÞΞa

þ aðb2 þ r2Þðb2 − p2Þdψ
ðb2 − a2ÞΞb

−
p2r2

ðp2 þ r2Þ ðYðrÞω
0 þ XðpÞω1Þ; ð4Þ

1Because of the minus sign in the cosmological constant
relation AdS corresponds to λ > 0.
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and2

XðpÞ ¼ μx
Q
p2

; YðrÞ ¼ μy
Q
r2
; Ξa ¼ 1 − a2λ; Ξb ¼ 1 − b2λ;

XðpÞ ¼ −
ða2 − p2Þðb2 − p2Þð1 − λp2Þ

p2
þ αp2 þ 2n − μxQ

μxQþ 2ab
p2

¼ λp4 − ð1 − αþ λða2 þ b2ÞÞp2 þ ða2 þ b2 þ λa2b2 þ 2nÞ − ðabþQμxÞ2
p2

YðrÞ ¼ ða2 þ r2Þðb2 þ r2Þð1þ λr2Þ
r2

− αr2 − 2mþ μyQ
μyQþ 2ab

r2

¼ λr4 þ ð1 − αþ λða2 þ b2ÞÞr2 þ ða2 þ b2 þ λa2b2 − 2mÞ þ ðabþQμyÞ2
r2

: ð5Þ

The electromagnetic potential reads

A ¼ χQ
p2 þ r2

ω0: ð6Þ

The metric has three constants,3 α, μx and μy, and five
parameters, the rotation parameters a, b (without loss of
generality, we will take a < b), the parameter λ (which is
related to the cosmological constant by Λ ¼ −6λ), the mass
parameterm, the NUT-like charge n, and the electric charge
parameterQ. For the field equations to hold, the parameter χ
must satisfy the equation

χ ¼ � 2kM
3kCS

ðμy − μxÞ: ð7Þ

Here wewill take χ ¼ � 2kM
3kCS

, so the condition μy − μx ¼ �1

must hold.
The solution presented above includes the CCLP metric

[3] as the particular case μx ¼ 0, μy ¼ 1, n ¼ 0, α ¼ 0,
λ ¼ g2, χ ¼ ffiffiffi

3
p

, with the coordinate definition p2 ¼
a2cos2θ þ b2sin2 θ. We will generically consider the so-
called underrotating case Ξa;Ξb > 0, and asymptotically
AdS spacetimes, which correspond to λ > 0.
The metric has Lorentzian signature provided XðpÞ > 0,

so the rank of the variable p will be determined by that
condition. For α ¼ 0, n ¼ 0, μx ¼ 0,XðpÞ takes a factorized
form and consequently p∈ ða; bÞ for any sign of λ as long as
we are in the underrotating case. We will analyze the rank of
p for n ≠ 0, α ≠ 0, and μx ≠ 0 in the following sections.
The ranges of ϕ and ψ are also easily determined for the

cases where α ¼ n ¼ μx ¼ 0. This is because in the
coordinate system we are using, it is clearly seen that
the metric is asymptotically (A)dS or Minkowski (if λ ¼ 0)

in oblate spheroidal coordinates. If the parameters n, α, or
μx do not vanish, the case is more complicated and will be
the subject of discussion in this article. The determination
of the correct domain of the ϕ − ψ pair of variables requires
one to factor the function XðpÞ and analyze the asymptotic
behavior of the metric and conical singularities.
One of the questions we want to answer is that of the

physical meaning of all the parameters of the solution
reviewed above, as well as its connection with other
solutions of the Einstein-Maxwell-Chern-Simos theory
reported in the literature. This will require, on the one
hand, to study the global properties of the solution. On the
other hand, the calculation of the conserved charges
associated to the geometries is important. As for the relation
of the solution reviewed above and other known solutions of
the theory, we have already discussed the connection to the
CCLP solution, which appears as a particular case. The
question remains as to whether the more general case, with
more parameters turned on, can also be written in the CCLP
form and, if so, what the precise relation is. We discuss this
in detail in the next section.

III. EQUIVALENCE WITH THE CCLP METRIC

If in the solution above, we perform the coordinate
change

t → tþ ða2 þ b2Þψ þ abðabþQμxÞϕ;
ϕ → ðabþQμxÞbϕþ aλtþ ðb2λþ 1Þaψ ;
ψ → ða2λþ 1Þbψ þ bλtþ ðabþQμxÞaϕ; ð8Þ

the differential forms ω0, ω1, and Ω2 take the form

ω0 ¼ dt−p2dψ ; ω1 ¼ dtþ r2dψ ;

Ω2 ¼ −
�
ðabþQμxÞ þ

Qp2

p2 þ r2

�
dtþp2r2ðabþQμxÞdϕ

−
�

Qp4

p2 þ r2
þ ðp2 − r2ÞðabþQμxÞ

�
dψ : ð9Þ3The reason why we make a distinction between these

constants and parameters will be discussed along the paper.

2Notice a sign change in λ with respect to the definitions of
XðpÞ and YðrÞ in (9) and (10) of [2].

REVISITING A FAMILY OF FIVE-DIMENSIONAL CHARGED, … PHYS. REV. D 112, 084026 (2025)

084026-3



Now, if we take the coordinate transformation

r ¼ κr̃; p ¼ κp̃; t ¼ t̃
κ
; ϕ ¼ ϕ̃

κ5
; ψ ¼ ψ̃

κ3
;

ð10Þ

and simultaneously rescale

X̃ðp̃Þ ¼ XðκpÞ
κ4

; Ỹðr̃Þ ¼ YðκrÞ
κ4

; Q̃ ¼ Q
κ3

; ð11Þ

and define parameters ã; b̃ as

ã b̃ ¼ abþQμx
κ3

; ð12Þ

the metric takes the following form:

g ¼ −
Ỹðr̃Þ

p̃2 þ r̃2
ω̃0 ⊗ ω̃0 þ X̃ðp̃Þ

p̃2 þ r̃2
ω̃1 ⊗ ω̃1 þ 1

p̃2r̃2
Ω̃2

⊗ Ω̃2 þ ðp̃2 þ r̃2Þ
�
dr̃ ⊗ dr̃

Ỹðr̃Þ þ dp̃ ⊗ dp̃

X̃ðp̃Þ
�
; ð13Þ

with

ω̃0 ¼ dt̃ − p̃2dψ̃ ; ω̃1 ¼ dt̃þ r̃2dψ̃ ; ð14Þ

Ω̃2 ¼ −
�
ã b̃þ Q̃p̃2

p̃2 þ r̃2

�
dt̃þ p̃2r̃2ã b̃ dϕ̃

−
�

Q̃p̃4

p̃2 þ r̃2
þ ðp̃2 − r̃2Þã b̃

�
dψ̃ ; ð15Þ

which is the exact form of the ansatz for μx ¼ 0, the
new rotation parameters ã and b̃, and rescaled electric
charge Q̃ ¼ Q

κ3
.

Now, let us explore the specific form of the functions X
and Y in terms of the new variables to understand the
meaning of the constants α, n, and μx. First, let us note that,
following Eq. (5), the functions X̃ðp̃Þ and Ỹðr̃Þ now read

X̃ðp̃Þ ¼ λp̃4 −
1 − αþ λða2 þ b2Þ

κ2
p̃2

þ a2 þ b2 þ λa2b2 þ 2n
κ4

−
ðabþQμxÞ2

κ6p̃2
; ð16Þ

Ỹðr̃Þ ¼ λr̃4 þ 1 − αþ λða2 þ b2Þ
κ2

r̃2

þ a2b2λþ a2 þ b2 − 2m
κ4

þ ðabþQμyÞ2
κ6r̃2

: ð17Þ

If we could solve the system of equations,

ðabþQμxÞ2
κ6

¼ ã2b̃2;

a2 þ b2 þ λa2b2 þ 2n
κ4

¼ ã2 þ b̃2 þ λã2b̃2;

1 − αþ λða2 þ b2Þ
κ2

¼ 1þ λðã2 þ b̃2Þ; ð18Þ

then we would conclude that the original metric is actually
equivalent, at least locally, to the one with vanishing NUT
parameter, μx and α, and rotation parameters ã and b̃. As we
will see, this is actually the case. Notice also that, using the
relation μy − μx ¼ 1, the function Ỹðr̃Þ is written

Ỹðr̃Þ ¼ λr̃4 þ 1 − αþ λða2 þ b2Þ
κ2

r̃2

þ a2b2λþ a2 þ b2 − 2m
κ4

þ ðabþQμyÞ2
κ6r̃2

¼ ð19Þ

¼ λr̃4 þ ð1þ λðã2 þ b̃2ÞÞr̃2

þ
�
ã2b̃2λþ ã2 þ b̃2 −

2ðmþ nÞ
κ4

�
þ ðã b̃þQ̃Þ2

r̃2
; ð20Þ

and, then, the mass of the new solution would be m̃ ¼ mþn
κ4

and the charge Q̃ ¼ Q
κ3
.

In conclusion, whenever Eq. (18) can be solved, all
metrics in (3) are related to the CCLP solution. Therefore,
we must analyze this system carefully. For clarification, we
will separate the analysis into the case of the vanishing and
nonvanishing cosmological constant.

A. The case λ= 0

If λ ¼ 0, α ≠ 1 the polynomial p2XðpÞ is degree 2 in p2,
and Eq. (18) are solved for

κ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
; ð21Þ

ã2 ¼ p2
−

κ2
¼ a2 þ b2 þ 2n −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þ b2 þ 2nÞ2 − 4ð1 − αÞðabþQμxÞ2

p
2ð1 − αÞ2 ; ð22Þ

b̃2 ¼ p2þ
κ2

¼ a2 þ b2 þ 2nþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þ b2 þ 2nÞ2 − 4ð1 − αÞðabþQμxÞ2

p
2ð1 − αÞ2 ; ð23Þ
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where p− and pþ are the roots of p2XðpÞ, and conse-
quently XðpÞ is written as

XðpÞ ¼ ðα − 1Þ ðp
2 − p2

−Þðp2 − p2þÞ
p2

: ð24Þ

The condition XðpÞ > 0 together with the existence of real
roots for XðpÞ leads to the condition on α

1 −
�
a2 þ b2 þ 2n
2ðabþQμxÞ

�
2

< α < 1: ð25Þ

Hence, the general metric with λ ¼ 0 is equivalent to the
CCLP metric with λ ¼ 0, mass parameter mþn

ð1−αÞ2, electric

charge Q
ð1−αÞ3=2, and rotation parameters ã and b̃.

B. The case λ ≠ 0

Provided we have ã, b̃, and κ exist, then XðκãÞ ¼
Xðκb̃Þ ¼ Xð κffiffi

λ
p Þ ¼ 0. Consequently ã, b̃, and κ can be

expressed in terms of the roots of the polynomial UðpÞ ¼
p2XðpÞ, which is a degree-6 polynomial in p but is cubic in
p2. This feature tells us that every root ofU has multiplicity
at least two. XðpÞ can be written as

XðpÞ ¼ λ
ðp2 − p2

0Þðp2 − p2
1Þðp2 − p2

2Þ
p2

; ð26Þ

where in general, p2
0, p

2
1, and p2

2 are complex numbers.
Furthermore, if we set ã, b̃, and κ such that

ã2 ¼ p2
0

λp2
2

; b̃2 ¼ p2
1

λp2
2

; κ2 ¼ λp2
2; ð27Þ

then the fulfillment of Eq. (18) is a mere consequence of
Vieta’s formulas.
Let us notice that, in general, any metric will be locally

equivalent to the CCLP metric, although perhaps involving
a complex rotation, charge, or mass parameters.
As mentioned above, the polynomial p2XðpÞ has only

even degree terms in p, and consequently, it is also a
polynomial on variable t ≔ p2, so we define VðtÞ such that
Vðp2Þ ¼ UðpÞ ¼ p2XðpÞ. This means that

VðtÞ ¼ λðt − t0Þðt − t1Þðt − t2Þ; ð28Þ

where t0 ¼ p2
0, t1 ¼ p2

1 and t2 ¼ p2
2.

1. Asymptotically anti–de Sitter spaces: CCLP

Let us find conditions for the metric to be equivalent to
CCLP with real parameters. This would be the case in
which the three roots of VðtÞ are positive.
Rewriting Eq. (18) in terms of t0 ¼ p2

0, t1 ¼ p2
1 and

t2 ¼ p2
2, we get

t0t1 þ t0t2 þ t1t2 ¼
a2 þ b2 þ λa2b2 þ 2n

λ

t0 þ t1 þ t2 ¼
1 − αþ λða2 þ b2Þ

λ
;

t0t1t2 ¼
ðabþQμxÞ2

λ
: ð29Þ

In order to see exactly when the metrics are equivalent to
CCLP, we need to solve this equations for positive t0, t1, t2.
Notice that this requires λ > 0, n > − a2þb2þλa2b2

2
and

α < 1þ λða2 þ b2Þ. These conditions are not sufficient to
guarantee the existence of three positive solutions.
Under the change of variables

t0 ¼
u0 −

ffiffiffi
2

p
Cu1ffiffiffi

3
p ;

t1 ¼
u0ffiffiffi
3

p þ Cu1ffiffiffi
6

p þ Cu2ffiffiffi
2

p ;

t2 ¼
u0ffiffiffi
3

p þ Cu1ffiffiffi
6

p −
Cu2ffiffiffi
2

p ; ð30Þ

where C ¼ 1−αþλða2þb2Þffiffi
3

p
λ

, the first two equations in (29) read

u20 −
C2

2
ðu21 þ u22Þ ¼

a2 þ b2 þ λa2b2 þ 2n
λ

¼ K2;

u0 ¼
1 − αþ λða2 þ b2Þffiffiffi

3
p

λ
¼ C: ð31Þ

Once the second equation is used, the first equation reads

u21 þ u22 ¼ 2

�
1 −

K2

C2

�
≕R2: ð32Þ

The conditions that t0, t1, and t2 are all positive are
written in terms of u0, u1 and u2 as follows:

u0 ¼ C > 0;
ffiffiffi
6

p
u1 þ 3

ffiffiffi
2

p
u2 þ 2

ffiffiffi
3

p
> 0;ffiffiffi

6
p

u1 þ 2
ffiffiffi
3

p
> 3

ffiffiffi
2

p
u2;

ffiffiffi
2

p
u1 < 1; ð33Þ

which defines an equilateral triangle. If we use the
equations and conditions, the third equation in (31) is

−
ffiffiffi
2

p
u31 þ 3u21 − 3

ffiffiffi
2

p
u1u22 þ 3u22 − 2

4
ffiffiffi
2

p ¼ F2

C3
: ð34Þ

Because the curves (34) are symmetric under a rotation
of 2π

3
, if there is an intersection with the circumference of

the radius R, then they intersect at least at three points such
that at least two of them have different values for the
coordinate u1 (see Fig. 1).
Then, we have to require the discriminant of Eq. (34),

once u22 ¼ R2 − u21 is used, to be positive. The resulting
cubic equation is
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−u31 þ
3R2u1
4

−
3R2

4
ffiffiffi
2

p þ 1

2
ffiffiffi
2

p ¼
�
3

2

�3
2 F2

C3
; ð35Þ

and its discriminant:

−8F4 −
8F2ð3R2 − 2Þ

3
ffiffiffi
3

p þ 2

27
ðR2 − 2Þ2ð2R2 − 1Þ> 0: ð36Þ

This leads to the conditions

3

4
<

K2

C2
< 1

and
3CK2 − 2C3 − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC2 − K2Þ3

p
3

ffiffiffi
3

p < F2

<
3CK2 − 2C3 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC2 − K2Þ3

p
3

ffiffiffi
3

p ; ð37Þ
or

0 <
K2

C2
<

3

4
and

0 < F2 <
3CK2 − 2C3 þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðC2 − K2Þ3

p
3

ffiffiffi
3

p : ð38Þ

Recalling the definitions of K and C, we find

K2

C2
¼ 3λða2b2λþ a2 þ b2 þ 2nÞ

ðλða2 þ b2Þ − αþ 1Þ2 ; ð39Þ

The conditions on F2 ¼ ðabþQμxÞ2
λ are rather cumbersome

in terms of α, a, b, λ, and n, but the conditions on K2

C2 ensure
the consistency of the bounds for F2 in each case.

2. Asymptotically de Sitter spaces

The asymptotically de Sitter case is obtained when one
of the roots is negative and the other two are positive. Let us
notice that in such a case, the function XðpÞ would also
remain positive only for p∈ ðp1; p2Þ if p2

1 and p2
2 are the

two positive roots of VðtÞ, 0 < p1 < p2.

In this case, we obtain from the third equation in (31) that
λ < 0, and the constants K2 and C can have in principle
any sign.
For C > 0, which is equivalent to α > 1þ λða2 þ b2Þ,

we obtain that

R>
1ffiffiffi
2

p ⇔
K2

C2
<
3

4

−C3

ffiffiffi
2

p
R3þ 3R2 − 2

6
ffiffiffi
3

p ≤
ðabþQμxÞ2

λ
< 0: ð40Þ

For C < 0, which is equivalent to α < 1þ λða2 þ b2Þ,
we obtain

R >
ffiffiffi
2

p
⇔ K2 < 0 ⇔ n <

a2 þ b2 þ λa2b2

2

C3

ffiffiffi
2

p
R3 − 3R2 þ 2

6
ffiffiffi
3

p ≤
ðabþQμxÞ2

λ
< 0: ð41Þ

Figures 2 and 3 illustrate in a geometrical way the cases
in which the system (31), (32) has solutions for λ < 0.

C. Komar charges, coordinate transformation, and time

In order to prove the equivalence between the metric
with nonvanishing parameters n, μx, and α, and the CCLP
metric, we have worked in the coordinate system
ðt̃; ϕ̃; ψ̃ ; r̃; p̃Þ, in which the components of both metrics
are exactly the same. This coordinate system, however, is
not asymptotically well behaved globally. To see this, we
can reason as follows: The metric that we have is
ultimately, CCLP with certain election of parameters,
and we know that the asymptotically nonrotating coordi-
nate system is the one in [3]. In that coordinate system,
n ¼ 0 ¼ α ¼ μx, and consequently, we do not have any
periodicity in the time associated to a NUT parameter. This
implies that the correct frame that would give us the correct
Komar charges is not that of coordinates ðt̃; ϕ̃; ψ̃ ; r̃; p̃Þ, but
some other coordinate system in which the metric takes the

FIG. 1. The intersection between u21 þ u22 ¼ R2 (green) and the cubic curve t0t1t2 ¼ F2 (orange), in the region
ft0 > 0 ∧ t1 > 0 ∧ t2 > 0gðblueÞ. It can be observed that the radius has to be less than

ffiffiffi
2

p
for there to be a nonempty intersection.
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original CCLP form with parameters ã, b̃, m̃, and Q̃. In
order to find the explicit change of coordinate that brings us
there, we notice that had we performed the transformation
(9) and (10) on the original metric with α ¼ 0 ¼ n ¼ μx
and parameters ã, b̃, Q̃, we would have arrived to the same
metric (13). As a consequence, the transformation we must
perform on (13) to obtain the CCLP metric with new
parameters is the inverse of the one previously mentioned.
The full transformation that takes us from the original

metric in coordinates ðt;ϕ;ψ ; r; pÞ to the CCLP metric
with parameters ã, b̃, m̃, λ > 0, and Q̃ in coordinates
ðT;Φ;Ψ; R; PÞ would explicitly be given by

t ¼ p2
2ðp2

2 − a2 − b2Þ þ abðabþQμxÞffiffiffi
λ

p
p2ðp2

2 − p2
0Þðp2

2 − p2
1Þ

T

þ p2
0ðp2

0 − a2 − b2Þ þ abðabþQμxÞ
λp0ðp2

1 − p2
0Þðp2

2 − p2
0Þ

Φ

−
p2
1ðp2

1 − a2 − b2Þ þ abðabþQμxÞ
λp1ðp2

1 − p2
0Þðp2

2 − p2
1Þ

Ψ

ϕ ¼ ðaλðp2
2 − b2Þðλp2

2 − 1Þ þ bλQμxÞ
λ3=2p2ðp2

2 − p2
0Þðp2

2 − p2
1Þ

T

þ ðaðb2 − p2
1Þðλp2

1 − 1Þ − bQμxÞ
λp1ðp2

0 − p2
1Þðp2

1 − p2
2Þ

Ψ

−
ðaðb2 − p2

0Þðλp2
0 − 1Þ − bQμxÞ

λp0ðp2
0 − p2

1Þðp2
0 − p2

2Þ
Φ

ψ ¼ ðbλðp2
2 − a2Þðλp2

2 − 1Þ þ aλQμxÞ
λ3=2p2ðp2

2 − p2
0Þðp2

2 − p2
1Þ

T

þ ð−p2
1ða2bλþ bÞ þ aðabþQμxÞ þ bλp4

1Þ
λp1ðp2

1 − p2
0Þðp2

1 − p2
2Þ

Ψ

þ ð−p2
0ða2bλþ bÞ þ aðabþQμxÞ þ bλp4

0Þ
λp0ðp2

0 − p2
1Þðp2

0 − p2
2Þ

Φ

r ¼
ffiffiffi
λ

p
p2R; p ¼

ffiffiffi
λ

p
p2P: ð42Þ

For λ ¼ 0, the transformation is different, since κ ¼ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
. This is

t ¼ Tffiffiffiffiffiffiffiffiffiffiffi
1 − α

p þ ðp−ðp2
− − a2 − b2Þ þ abpþ

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p Þ
ðp2þ − p2

−Þð1 − αÞ Φ

−
ðpþðp2þ − a2 − b2Þ þ abp−

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p Þ
ðp2þ − p2

−Þð1 − αÞ Ψ;

ϕ ¼ bpþ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
− ap−

ðp2þ − p2
−Þð1 − αÞ Φ −

bp−
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
− apþ

ðp2þ − p2
−Þð1 − αÞ Ψ;

ψ ¼ apþ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
− bp−

ðp2þ − p2
−Þð1 − αÞ Φ −

ap−
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
− bpþ

ðp2þ − p2
−Þð1 − αÞ Ψ;

r ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
R; p ¼

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
P; ð43Þ

and, if we additionally ask for μx ¼ 0 and α ¼ 0, this
translates into

t ¼ T þ 2np−

p2þ − p2
−
Φ −

2npþ
p2þ − p2

−
Ψ;

ϕ ¼ bpþ − ap−

p2þ − p2
−

Φ −
bp− − apþ
p2þ − p2

−
Ψ;

ψ ¼ apþ − bp−

p2þ − p2
−

Φ −
ap− − bpþ
p2þ − p2

−
Ψ;

r ¼ R; p ¼ P: ð44Þ

For n ¼ 0, then p− ¼ a, pþ ¼ b, and this is the identity
transformation, as expected. When n ≠ 0, this is the
transformation that allows us to remove the NUT parameter
in the Kerr-NUT solution.
It is interesting to observe that the original time t was

periodic, as the Killing vector generating the null surfaces
p ¼ p1, p ¼ p2 necessarily contained a ∂t component [6].
However, now that we are in the CCLP frame, it is known
that the Killing vectors generating the p ¼ p1 and p ¼ p2

null hypersurfaces are precisely ∂ϕ and ∂ψ , respectively.

FIG. 2. For α > 1þ λða2 þ b2Þ, the intersection between u21 þ u22 ¼ R2 (green) and the cubic curve t0t1t2 ¼ F2 < 0 (orange), in the
region ft0 < 0 ∧ t1 > 0 ∧ t2 > 0gðblueÞ. In the right figure, it can be observed that the radius has to be larger than 1ffiffi

2
p for there to be a

nonempty intersection.
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Consequently, this new time is not periodic. Moreover, the
surface gravity of the Killing vectors ∂ϕ and ∂ψ in these
surfaces are Euclidean, and they are equal to 1, meaning
that those variables are periodic with period 2π [6].
This new frame is the one that behaves correctly

asymptotically, i.e., free of conical singularities and tending
to a nonrotating reference frame; consequently, it is the
appropriate frame to compute the Komar charges. Indeed,
the metric is CCLP in its original frame [3], expressed in
terms of the variable p instead of θ; therefore, we could
compute the Komar charges of this spacetime by simply
taking the formulas in [3] and replacing a, b, Q, and m by
ã ¼ p0ffiffi

λ
p

p2

, b̃ ¼ p1ffiffi
λ

p
p2

, m̃ ¼ mþn
κ4

¼ mþn
λ2p4

2

and Q̃ ¼ Q
κ3
¼ Q

λ3=2p6
2

,

where p0, p1, and p2 are as specified by Eqs. (26) and (27).
This can easily be done. However, in order to confirm this
result, we can perform an independent calculation of the
charges by resorting to an alternative method. In the next
section, we will compute the conserved charges of the
solution using the near-horizon formalism developed in
[38]; see also references therein and thereof.

IV. NEAR-HORIZON ANALYSIS

In the previous sections, we have been studying the
family of metrics found in [2] and found that there is a
symmetry—which resembles the degeneracy in (m − n) of
the Kerr-NUT-AdS metrics [6]—that allowed one to prove
that such a family is locally equivalent to the CCLP
solution [3]. Following the near-horizon formalism devel-
oped in [38], adapted to five dimensions [45,46], in this
section, we will the conserved charges associated to the
solutions (3) and analyze their thermodynamics.

A. Boundary conditions

First, let us review the near-horizon formalism in the case
of charged stationary black holes [41–43]. We consider the
following asymptotic conditions in the near horizon region:

gvv ¼ −2κρþOðρ2Þ;
gvA ¼ ρθAðxBÞ þOðρ2Þ;
gAB ¼ ΩABðxCÞ þ ρλABðxCÞ þOðρ2Þ; ð45Þ

together with the gauge fixing

gρρ ¼ 0; gvρ ¼ 1; gAρ ¼ 0; ð46Þ

where ρ∈R≥0 measures the distance from the horizon, the
latter being at ρ ¼ 0. v is the null coordinate at the horizon,
while the three coordinates on the constant-v slides of the
horizon are schematically denoted xA, with A ¼ 1, 2, 3. As
shown in [38], the Killing vectors that preserve these
boundary conditions form an infinite-dimensional algebra.
Since here we are dealing with a charged solution, we also
need to consider the expansion for the electromagnetic field

Av ¼ Að0Þ
v þ ρAð1Þ

v ðv; xAÞ þOðρ2Þ;
AB ¼ Að0Þ

B ðxAÞ þ ρAð1Þ
B ðv; xAÞ þOðρ2Þ; ð47Þ

and the condition Aρ ¼ 0; see [41]. These conditions are
not expected to change due to the addition of the Chern-
Simons term in the five-dimensional action. The sym-
metries associated with the asymptotic Killing vector have
associated the Noether charges

Q½T; YA; U� ¼ −
1

16π

Z
H
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detΩAB

p
ðTgð1Þvv þ YAðgð1ÞvA þ 4Að0Þ

A Að1Þ
v Þ þ 4UAð1Þ

v Þ þQCS; ð48Þ

which follows from the formalism developed in [47] applied to the near-horizon region. These charges are the Noether
charges associated to the symmetries generated by the asymptotic Killing vectors TðxAÞ∂v, YAðxBÞ∂A, with UðxAÞ being
the function that accompanies the generator of the local gauge transformation; TðxAÞ and YAðxBÞ correspond to the
supertranslations and superrotations at the horizon (H); see [41] for details and conventions. In (48), QCS stands for the

FIG. 3. For α < 1þ λða2 þ b2Þ, the intersection between u21 þ u22 ¼ R2 (green) and the cubic curve t0t1t2 ¼ F2 < 0 (orange), in the
region ft0 < 0 ∧ t1 > 0 ∧ t2 > 0gðblueÞ. In the right figure, it can be observed that the radius has to be larger than ffiffiffi

2
p

for there to be a
nonempty intersection.
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Chern-Simons (CS) contribution to the near horizon charge, which we will explicitly discuss below. QCS will only
contribute to the electric charge evaluated on H, but not to the angular momentum [48]. Also, it will not contribute to the
electric charge Qe when computed as a flux integral at infinity; see (65) below.

B. Near-horizon limit

As discussed in the previous sections, we can get rid of the extra parameters and work with the CCLP metric given by (3)
and the functions (5), where we set n ¼ α ¼ μx ¼ 0 and μy ¼ 1. This metric can be written as

ds2 ¼ Λðr; pÞ
�
−

YðrÞ
Σðr; pÞ dt

2 þ dr2

YðrÞ þ
dp2

XðpÞ
�
þ gijðdxi þ ωiðr; pÞdtÞðdxj þ ωjðr; pÞdtÞ; ð49Þ

where the indices i; j ¼ 1; 2, and the variables corresponds to x1 ¼ ϕ and x2 ¼ ψ , and we defined the functions

Σðr; pÞ ¼ ðða2 þ r2Þðb2 þ r2Þ þ abQÞ2
r4

− YðrÞ
�
a2ð1 − b2λÞ þ b2 − p2

1 − p2λ
þ a2b2

r2

�
;

ωϕðr; pÞ ¼
�
a2 þ abQ

b2þr2 þ r2
��

að1þ r2λÞ þ bQ
b2þr2

�
− ar2YðrÞ

b2þr2

�
a2 þ abQ

b2þr2 þ r2
�
2
−

r4YðrÞ
�

a2b2

p2
þa2b2

r2
þ XðpÞ

ð1−λp2Þ2

�
ðb2þr2Þ2

;

ωψ ðr; pÞ ¼
�

abQ
a2þr2 þ b2 þ r2

��
aQ

a2þr2 þ bð1þ r2λÞ
�
− br2YðrÞ

a2þr2

�
abQ
a2þr2 þ b2 þ r2

�
2
−

r4YðrÞ
�

a2b2

p2
þa2b2

r2
þ XðpÞ

ð1−λp2Þ2

�
ða2þr2Þ2

; Λðr; pÞ ¼ r2 þ p2 ð50Þ

and explicitly

gϕϕ ¼ aðp2 − a2Þ2ðað2mðp2 þ r2Þ −Q2Þ þ 2bQðp2 þ r2ÞÞ
ðb2 − a2Þ2ð1 − a2λÞ2ðp2 þ r2Þ2 þ ðp2 − a2Þða2 þ r2Þ

ðb2 − a2Þð1 − a2λÞ ;

gψψ ¼ bðb2 − p2Þ2ð2aQðp2 þ r2Þ þ bð2mðp2 þ r2Þ −Q2ÞÞ
ðb2 − a2Þ2ð1 − b2λÞ2ðp2 þ r2Þ2 þ ðb2 − p2Þðb2 þ r2Þ

ðb2 − a2Þð1 − b2λÞ ;

gϕψ ¼ ðp2 − a2Þðb2 − p2ÞðQða2 þ b2Þðp2 þ r2Þ þ abð2mðp2 þ r2Þ −Q2ÞÞ
ðb2 − a2Þ2ð1 − a2λÞð1 − b2λÞðp2 þ r2Þ2 : ð51Þ

The metric horizon is located at r ¼ rþ, the largest root of YðrÞ. It is easy to check that the functions Σðr; pÞ and ωiðr; pÞ
take constant values on this surface. Now, we define the following coordinate change:

v ¼ tþ
Z

r

rþ
dr0

ffiffiffiffiffiffi
Σþ

p
Yðr0Þ ; x̃i ¼ xi þ

Z
r

rþ
dr0

ffiffiffiffiffiffi
Σþ

p
ωiþ

Yðr0Þ − ωiþv; ð52Þ

where we defined Σþ ≡ Σðrþ; pÞ and ωiþ ¼ ωiðrþ; pÞ. In terms of differential forms, they read

dv ¼ dtþ
ffiffiffiffiffiffi
Σþ

p
YðrÞ dr; dx̃i ¼ dxi þ

ffiffiffiffiffiffi
Σþ

p
ωiþ

YðrÞ dr − ωiþdv: ð53Þ

In the new coordinates the metric reads

ds2 ¼ Λðr; pÞ
�
−

YðrÞ
Σðr; pÞ dv

2 þ Σðr; pÞ − Σþ
YðrÞΣðr; pÞ dr2 þ 2

ffiffiffiffiffiffi
Σþ

p
Σðr; pÞ dvdrþ

dp2

XðpÞ
�

þ gij

�
dx̃i þ ðωiðr; pÞ − ωiþÞdvþ

ffiffiffiffiffiffi
Σþ

p
YðrÞ ðω

iðr; pÞ − ωiþÞdr
�

×

�
dx̃j þ ðωjðr; pÞ − ωj

þÞdvþ
ffiffiffiffiffiffi
Σþ

p
YðrÞ ðω

jðr; pÞ − ωj
þÞdr

�
; ð54Þ
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and the induced metric on the horizon (H) is

ds2jH ¼ ΛþðpÞ
XðpÞ dp2 þ gijjHdx̃idx̃j; ð55Þ

where ΛþðpÞ ¼ Λðrþ; pÞ. At this point, we follow a simi-
lar procedure as in [49]: It is easy to check that l ¼ ∂v is a
null vector on the horizon, and now we look for another
null vector n ¼ nμ∂μ such that n · l ¼ −1, then

n ¼ −
1

2
gijjHωiþω

j
þ∂v −

ffiffiffiffiffiffi
Σþ

p
ΛþðpÞ

∂r − ωiþ∂i; ð56Þ

and now we are able to compute the first-order components
of the metric by considering the variation of the induced
horizon metric along the family of geodesics parametrized
by n. The order zero components of the metric can be read
from (55), and the first order components are

gð1Þvv ¼ Y0ðrþÞffiffiffiffiffiffi
Σþ

p ; gð1Þvp ¼ ∂pΛ
ΛþðpÞ

				
H
; gð1Þpp ¼ −2rþ

Σ1=2
þ

ΛþðpÞ
;

gð1Þ
ϕ̃ ϕ̃

¼ −
Σ1=2
þ

ΛþðpÞ
∂rgϕ̃ ϕ̃jH; gð1Þψ̃ ψ̃ ¼ −

Σ1=2
þ

ΛþðpÞ
∂rgψ̃ ψ̃ jH; gð1Þ

ϕ̃ ψ̃
¼ −

Σ1=2
þ

ΛþðpÞ
∂rgϕ̃ ψ̃ jH;

gð1Þ
vϕ̃

¼ nrð−gϕϕ∂rωϕ − gϕψ∂rωψ ÞjH; gð1Þvψ̃ ¼ nrð−gψψ∂rωψ − gϕψ∂rωψ ÞjH;

gð1Þ
pϕ̃

¼ Σþðgϕ̃ ϕ̃ðωϕ̃ − ωϕ̃
þÞ þ gϕ̃ ψ̃ ðωψ̃ − ωψ̃

þÞÞ
Λðr; pÞ2YðrÞ

				
H
; gð1Þpψ̃ ¼ Σþðgϕ̃ ψ̃ðωϕ̃ − ωϕ̃

þÞ þ gψ̃ ψ̃ ðωψ̃ − ωψ̃
þÞÞ

Λðr; pÞ2YðrÞ
				
H
: ð57Þ

Now, let us turn to the electromagnetic field: in the new
coordinates, we have

A ¼ ðAt þ Aϕω
ϕ
þ þ Aψω

ψ
þÞ
�
dv −

Σ1=2
þ

YðrÞ dr
�

þ Aϕdϕ̃þ Aψdψ̃ ; ð58Þ

where the components of A ¼ Aμðr; pÞdxμ can be read
from (6). In order to satisfy the boundary conditions, we
need the radial component of the electromagnetic potential
to vanish, so we perform the gauge transformation

A → Ã ¼ Aþ dβ; with

βðr; pÞ ¼
Z

r

rþ
dr0

Σ1=2
þ

Yðr0Þ ðAt þ Aϕω
ϕ
þ þ Aψω

ψ
þÞ: ð59Þ

In the near horizon limit, the zero order components are
given by

Að0Þ
p ¼ 0;

Að0Þ
v ¼ Q

Σ1=2
þ

;

Að0Þ
ϕ̃

¼ Aϕðrþ; pÞ;
Að0Þ
ψ̃ ¼ Aψðrþ; pÞ; ð60Þ

and the first order are

Að1Þ
v ¼ 2Qrþ

Λ2þðpÞ
;

Að1Þ
ϕ̃

¼ −
2aQðp2 − a2ÞΣ1=2

þ rþ
ðb2 − a2Þðp2 þ r2þÞ3Ξa

;

Að1Þ
ψ̃ ¼ −

2bQðb2 − p2ÞΣ1=2
þ rþ

ðb2 − a2Þðp2 þ r2þÞ3Ξb
;

Að1Þ
p ¼ Q

Σ1=2
þ

∂pnvðpÞ þ Að0Þ
i ∂pniðpÞ: ð61Þ

C. Noether charges

Let us evaluate the near-horizon charge (48) for the
CCLP solution.

1. Wald entropy

The entropy can be read from the zero-mode associated to
the asymptotic Killing vector with T ¼ 1, YA ¼ 0, U ¼ 0,
i.e., the rigid translation along the null direction v. This is

Q½1;0;0� ¼ −
1

16π

Z
H
d3x

ffiffiffiffiffiffiffi
gð0Þij

q
gð1Þvv ¼ THSBH; ð62Þ

where TH stands for the Hawking temperature given by

2πTH ¼ κ¼ r4þðλða2þb2þ 2r2þÞþ 1Þ− ðabþQÞ2
rþðða2þ r2þÞðb2þ r2þÞþabQÞ : ð63Þ

This yields the Bekenstein-Hawking entropy
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SBH ¼ π2ðða2 þ r2þÞðb2 þ r2þÞ þ abQÞ
2rþð1 − a2λÞð1 − b2λÞ ; ð64Þ

in agreement with the result reported in [3].

2. Electric charge

The electric charge is given by the Gauss flux integral

Qe ¼
1

4π

Z
S3∞

⋆F; ð65Þ

where we are interested in the component ð⋆FÞpϕψ since
we want to compute it in a three-dimensional hypersurface
where t and r are taken to be constant values. In this
calculation, being computed at infinity,QCS ∼ −

R
S3∞

F ∧ A
does not contribute as the integrand decays faster than the
volume of S3 at infinity. To compute the charge at infinity,
we are considering the gauge (6). When evaluated at the
horizon, in contrast,QCS does contribute giving a piece that
leads to match (65), cf. [48]. More precisely, one finds4

QCS ¼ −
1ffiffiffi
3

p 1

4π

Z
H
F ∧ A: ð66Þ

On the horizon, we have

ð⋆FÞpϕψ jH ¼ −
2Qpr2þΣ

1=2
þ

ðb2 − a2ÞΛ2þðpÞΞaΞb
; ð67Þ

which is nothing but minus the product between

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gð0Þij

q
¼ prþΣ

1=2
þ

ðb2 − a2ÞΞaΞb
and Að1Þ

v ¼ 2Qrþ
Λ2þðpÞ

: ð68Þ

Therefore, we find

Qe ¼ Q½0; 0; 1� ¼ 1

4π

Z
H
⋆F þQCS

¼ −
1

4π

Z
H
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gð0Þab

q
Að1Þ
v þQCS; ð69Þ

in agreement with the charge computed at infinity.

3. Angular momentum

In the same way, we can relate the Komar integral
associated to the angular momentum, namely

JiA ¼ −
1

16π

Z
H
d3 xðJiK þ JiEMÞ; ð70Þ

where we have defined

JiK ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gð0Þij

q
gð1Þvi ; JiEM ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gð0Þij

q
4Að0Þ

i Að1Þ
v ; ð71Þ

being the contributions of the geometry and the electro-
magnetic field to the angular momentum, respectively. Let
us compute the Jϕ explicitly; a similar computation applies
to Jψ . For the computation of JϕK , we need the volume form
induced on the horizon given in (68) and the first order
component

gð1Þvϕ ¼ 2ðp2 − a2ÞðbQðr2þ − a2Þðp2 þ r2þÞ þ aððp2 þ r2þÞð2mr2þ −Q2Þ −Q2r2þÞ þ r2þΣ
1=2
þ ωϕ

þðp2 þ r2þÞ2Þ
rþða2 − b2ÞΞaðp2 þ r2þÞ3

: ð72Þ

It is possible to check that the first contribution JϕK is
equal to the Komar density associated to Kμ ¼ δμϕ; namely

ð⋆dKÞϕψpjH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gð0Þij

q
gð1Þvϕ ; ð73Þ

so we see that this term leads to reproduce the result of the
angular momentum Jϕ obtained in [3]. As for the electro-
magnetic field contribution

JϕEM ¼ −
8apðp2 − a2ÞQ2Σ1=2

þ r2þ
ðb2 − a2Þ2ðp2 þ r2þÞ3Ξ2

aΞb
; ð74Þ

it can be removed by the gauge transformation Að0Þ
ϕ →

Ãð0Þ
ϕ ¼ Að0Þ

ϕ þΦϕ
0 with

Φϕ
0 ¼ −

aQ
2Ξaðb2 þ r2þÞ

: ð75Þ

That is,

Z
H
d3x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det gð0Þij

q
4Ãð0Þ

ϕ Að1Þ
v ¼ 0: ð76Þ

In summary, we obtain that the near-horizon analysis
reproduces the correct results for the conserved charges.

V. CONCLUSIONS

In this paper, we have studied the family of solutions of
five-dimensional EMCS theory presented in reference [2].
We have analyzed their local and global properties, along
with their conserved charges. This throws light on the
physical relevance of the multiple parameters of the
solutions. We have shown that, by means of a local change

4The factor 1ffiffi
3

p is obtained for kCS ¼ 1

3
ffiffi
3

p and kM ¼ − 1
2
in order

to match our action with the bosonic sector of the action of 5D
minimal gauged supergravity in [3].

REVISITING A FAMILY OF FIVE-DIMENSIONAL CHARGED, … PHYS. REV. D 112, 084026 (2025)

084026-11



of coordinates and a complex redefinition of parameters,
the geometries constructed in [2] turn out to be equivalent
to the asymptotically (A)dS solutions found in [3]. In some
cases, the required coordinate change encounters global
obstructions, as it can be thought of as a boost along
angular directions that may introduce closed timelike
curves. These observations allow us to compute the
conserved charges of the general solutions by importing
the results of Komar integrals associated to the conserved
charges of CCLP metrics [3]. In order to confirm these
results, we also performed an independent computation of
the conserved charges by resorting to the near-horizon
method developed in [38,45]. The near-horizon computa-
tion yields results in agreement. This is the first time that

such a calculation of the near-horizon Noether charges is
done in EMCS theory in five dimensions.
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