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Dominant subspace and low-rank approximations from block

Krylov subspaces without a prescribed gap

Pedro Massey ∗

CMaLP, FCE-UNLP and IAM-CONICET, Buenos Aires, Argentina

Abstract

We develop a novel convergence analysis of the classical deterministic block Krylov methods
for the approximation of h-dimensional dominant subspaces and low-rank approximations of
matrices A ∈ Km×n (where K = R or C) in the case that there is no singular gap at the index h
i.e., if σh = σh+1 (where σ1 ≥ . . . ≥ σp ≥ 0 denote the singular values of A, and p = min{m,n}).
Indeed, starting with a (deterministic) matrix X ∈ Kn×r with r ≥ h satisfying a compatibility
assumption with some h-dimensional right dominant subspace of A, we show that block Krylov
methods produce arbitrarily good approximations for both problems mentioned above. Our
approach is based on recent work by Drineas, Ipsen, Kontopoulou and Magdon-Ismail on the
approximation of structural left dominant subspaces. The main difference between our work
and previous work on this topic is that instead of exploiting a singular gap at the prescribed
index h (which is zero in this case) we exploit the nearest existing singular gaps.

Keywords. Dominant subspaces, low-rank approximation, singular value decomposition, prin-
cipal angles.

AMS subject classifications. 15A18, 65F55.

1 Introduction

Low-rank matrix approximation is a central problem in numerical linear algebra (see [21]). It is well
known that truncated singular value decompositions (SVDs) of a matrix A ∈ K

m×n (for K = R

or K = C) produce optimal solutions to this problem ([2, 11, 15, 21]). Indeed, let A = UΣV ∗

be a SVD and let σ1 ≥ . . . ≥ σp ≥ 0 be the singular values of A, where p = min{m,n}. Given
1 ≤ h ≤ rank(A), recall that a truncated SVD of A is given by Ah = UhΣhV

∗
h , where the columns

of Uh and Vh are the top h columns of U and V , respectively, and Σh is the diagonal matrix
with main diagonal given by σ1, . . . , σh. In this case, we have that ‖A − Ah‖2,F ≤ ‖A − B‖2,F
for every B ∈ K

m×n with rank(B) ≤ h, where ‖ · ‖2,F stand for spectral and Frobenius norms
respectively. Nevertheless, it is well known that (in general) computation of a SVD of a matrix
is expensive. This motivates the efficient numerical computation of approximations of truncated
SVDs of matrices [6, 12, 13, 20, 21, 26, 27].

A closer look at the optimal approximations shows that they can be described as Ah = PhA,
where Ph ∈ K

m×m is the orthogonal projection onto the range R(Uh) = Uh, spanned by the top
h columns of U . Hence, one of the main strategies for computing low-rank approximations is the
computation of convenient h-dimensional subspaces T ⊂ K

m and considering the corresponding
low rank approximations. There are several methods for the efficient computation of low-rank ap-
proximations of the form PA for an orthogonal projection P ∈ K

m×m, based on the construction
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of convenient h-dimensional subspaces R(P ) = T (equivalently, orthonormal sets of h vectors).
Among others, implementations of the subspace iteration (or block power) and block Krylov meth-
ods have become very popular [6, 11, 12, 20, 21, 22, 26]. Yet, even if PA is a good low-rank
approximation of A (that is, if ‖PA−A‖2 ≈ σh+1), PA and A might not share some other features.
For example, the singular values σi(PA) and σi(A) might be quite different for some 1 ≤ i ≤ h. It
could also be the case that the range R(PA) ⊂ K

m is not close to any h-dimensional left dominant
subspace Uh ⊂ K

m of A; here, the distance between subspaces is measured in terms of the principal
angles between them (see [20]). Thus, to derive low-rank approximations that share some other
features with A, it seems natural to consider first the construction of subspaces T that are close to
the subspaces Uh. Once this is achieved, these subspaces can be used to construct approximated
truncated SVDs of the form P A that do share some other features with A. Moreover, the subspaces
T themselves are also relevant in the study of principal component analysis [16] (since they are
approximations of the principal components Uh) and for the estimation of the leverage scores for
the construction of CUR decompositions (see the recent survey [4] and the references therein).

As opposed to the low-rank approximation problem of the matrix A (see [5]), the singular gap
σh − σh+1 ≥ 0 plays a role in the approximation of the h-dimensional left dominant subspace Uh

of A. Indeed, if the singular gap is positive then the condition number of computing the (uniquely
determined) left dominant subspace Uh of A depends (up to small factors) on the inverse of the
singular gap (σh−σh+1)

−1, irrespectively of the method being used to approximate Uh (see [24, 25]).
This fact is reflected in the convergence analysis of deterministic iterative methods used to compute
approximations of Uh, as those considered in [6, 22, 26]; indeed, in the deterministic setting, the
upper bounds for the principal angles between Uh and its approximations obtained in the previous
works become arbitrarily large as the singular gap σh − σh+1 > 0 tends to 0. Furthermore, in case
the singular gap is zero then we get an infinite family of h-dimensional left dominant subspaces
of A; this introduces a new problem, that is choosing a convenient h-dimensional left dominant
subspace of A to approximate.

The previous facts could lead us to believe that the problem of approximating h-dimensional left
dominant subspaces of A when the singular gap σh − σh+1 = 0 is not well posed for its analysis in
the deterministic setting. In this manuscript, we challenge this belief for the block Krylov iterative
method. Indeed, in case σh = σh+1 we show that the existence of infinitely many h-dimensional
left dominant subspaces of A can be used to our advantage, by developing a method for choosing
a convenient such dominant subspace that is close to the subspace obtained by the block Krylov
method. To do this we adapt some of the main ideas of [6], to deal with the approximation of
left dominant subspaces. Indeed, we consider a starting guess matrix X ∈ K

n×r that satisfies
some compatibility assumptions with A, which can always be achieved even with r = h (i.e.,
for a minimal choice of r). Our approach is based on enclosing σj > σj+1 = σh = σk > σk+1

in such a way that j < h and k ≥ h are the nearest indices for which there are singular gaps.
These gaps appear explicitly in the upper bounds related to our convergence analysis of block
Krylov methods. In this context, we show that block Krylov subspaces produce arbitrarily good h-
dimensional approximations of conveniently chosen left and right h-dominant subspaces. Moreover,
we show that block Krylov spaces can also be used to compute arbitrarily good approximations of A
of rank at most h that share some other features with A, even when the singular gap σh−σh+1 = 0
(see Section 2.4 for a detailed description of the problems mentioned above). Thus, our results
complement the convergence analysis in [6]. Besides the fact that the no singular gap case is of
interest (due to the common occurrence of repeated singular values in applications with some degree
of symmetry), we believe that our approach to the convergence analysis of block Krylov iterative
methods can be extended in different directions, not only to cover the convergence analysis of other
methods but also to allow for a more general understanding of subspace approximation problems
(e.g. for clustered singular values).

The paper is organized as follows. In Section 2 we recall the notions of principal angles between
subspaces, dominant subspaces and their relation to SVDs and we describe the context and main
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problems considered in this work. In Section 3 we state our main results on h-dimensional dominant
subspace approximations (Section 3.1) and low-rank approximations by matrices of rank h (Section
3.2 ) when there is no singular gap at the index h. At the end of Section, we include some discussion
on how is that our approach can be adapted to deal with more general situations (such as the
clustered singular value case). In Section 4 we present the proofs of the results described in Section
3; some of these proofs require some technical facts that we consider in Section 5 (Appendix).

2 Preliminaries and description of the main context

We begin by recalling some geometric notions that play a central role in the convergence analysis
of iterative algorithms. Then, we describe the context and problems that are the main motivation
of our work.

2.1 Principal angles between subspaces

Let S, T ⊂ K
n be two subspaces of dimensions s and t respectively. Let S ∈ K

n×s and T ∈ K
n×t be

isometries (i.e., matrices with orthonormal columns) such that R(S) = S and R(T ) = T . Following
[11], we define the principal angles between S and T , denoted

0 ≤ θ1(S,T ) ≤ . . . ≤ θk(S,T ) ≤ π

2
where k = min{s, t} ,

determined by the identities cos(θi(S,T )) = σi(S
∗T ) = σi(T

∗S), for 1 ≤ i ≤ k; in this case the
roles of S and T are symmetric. If we assume that s ≤ t (so k = s) the principal angles can be also
determined in terms of the identities

sin(θs−i+1(S,T )) = σi((I − TT ∗)S) = σi((I − TT ∗)SS∗) = σi((I − PT )PS) (1)

for 1 ≤ i ≤ s, where PH ∈ K
n×n denotes the orthogonal projection onto a subspace H ⊂ K

n; it is
worth noticing that in this last case the roles of S and T (equivalently the roles of PS and PT ) are not
symmetric (unless s = t). Principal angles can be considered as a vector valued measure of the dis-
tance between the subspaces S and T . Following [23] we let Θ(S,T ) = diag(θ1(S,T ), . . . , θs(S,T ))
denote the diagonal matrix with the principal angles in its main diagonal. As a consequence of the
previous facts we get that

‖ sinΘ(S,T )‖2,F = ‖(I − PT )PS‖2,F
are (scalar measures of) the angular distances between S and T (see [11, 23]).

2.2 Dominant subspaces

We begin with a formal description of the class of dominant subspaces of a matrix, without assuming
a singular gap. Let A ∈ K

m×n and let σ1 ≥ . . . ≥ σp ≥ 0, where p = min{m, n}, denote its singular
values. Let S ′ ⊂ K

m be a subspace of dimension 1 ≤ h ≤ rank(A) ≤ p. We say that S ′ is a left
dominant subspace for A if S ′ admits an orthonormal basis {w1, . . . , wh} such that AA∗wi = σ2i wi,
for 1 ≤ i ≤ h. Equivalently, S ′ is a left dominant subspace for A if the h largest singular values of
PS′A are σ1 ≥ . . . ≥ σh. In this case we have that

‖PS′A−A‖ ≤ ‖QA−A‖
for every orthogonal projection Q ∈ K

m×m with rank(Q) = h and every unitarily invariant norm;
that is, PS′A is an optimal low-rank approximation of A (see [2, Section IV.3]).

On the other hand, we say that S ⊂ K
n is a right dominant subspace for A if S admits an

orthonormal basis {z1, . . . , zh} such that A∗Azi = σ2i zi, for 1 ≤ i ≤ h. Similar remarks apply also
to right dominant subspaces. It is interesting to notice that the class of h-dimensional left dominant
subspaces of A coincides with the class of h-dimensional right dominant subspaces of A∗; in what
follows we will make use of this fact.
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2.3 Dominant subspaces and SVDs

Let A = UΣV ∗ be a full SVD for A ∈ K
m×n, where K = R or K = C, Σ ∈ R

m×n and U ∈ K
m×m

and V ∈ K
n×n are unitary (orthogonal when K = R) matrices. In this case Σ is a (rectangular)

diagonal matrix, with diagonal entries given by the singular values of A. In what follows we let uj
(respectively vj) denote the columns of U (respectively of V ).

Given 1 ≤ h ≤ m, we define the subspace Uh = Span{u1, . . . , uh} ⊂ K
m; similarly, if 1 ≤ h ≤ n,

we let Vh = Span{v1, . . . , vh} ⊂ K
n. Then, Uh and Vh are left and right dominant subspaces

respectively. In case σh > σh+1 then it is well known that the left (respectively right) dominant
subspace for A of dimension h is uniquely determined; hence, in this case Uh and Vh do not depend
on our particular choice of SVD for A.

On the other hand, if σh = σh+1 then we have a continuum class of h-dimensional left dominant
subspaces: indeed, let 0 ≤ j = j(h) < h < k = k(h) be given by j(h) = max{0 ≤ ℓ < h : σℓ > σh},
where we set σ0 = +∞ and k = k(h) = max{1 ≤ ℓ ≤ rank(A) : σℓ = σh}. If we further let U0 = {0}
then, it is straightforward to check that an h-dimensional subspace S ′ is a left dominant subspace
for A if and only if there exists an (h− j)-dimensional subspace U ⊂ Uk⊖Uj := Uk ∩U⊥

j ⊂ K
m such

that S ′ = Uj ⊕ U . Therefore, we have a natural parametrization of h-dimensional left dominant
subspaces in terms of subspaces U that vary over the Grassmann manifold of (h − j)-dimensional
subspaces of Uk ⊖ Uj ⊂ K

m.
It is a basic fact in linear algebra that given S ′ a left dominant subspace of dimension h ≥ 1,

there exists a SVD, A = UΣV ∗ such that S ′ = Uh i.e., the subspace spanned by the top h columns
of U ; and a similar fact also holds for right dominant subspaces.

2.4 Main problems considered in this work

Throughout the rest of the paper we consider the following block Krylov algorithm for approxima-
tion of left dominant subspaces and computation of low-rank approximations (see [6]).

Algorithm 2.1 (Block Krylov algorithm for left dominant subspace and low-rank approximation)

Require: A ∈ K
m×n, starting guess X ∈ K

n×r; target rank h ≤ rank(A); power ℓ ≥ 0.
Set

Kℓ = Kℓ(A,X) := (AX (AA∗)AX · · · (AA∗)ℓAX) ∈ K
m×(ℓ+1)·r (2)

Kℓ = Kℓ(A,X) := R(Kℓ) ⊂ K
m .

Test that d := dimKℓ ≥ h. In this case:
Ensure: Ûh ∈ K

m×h with orthonormal columns
1: Compute an orthonormal basis UK ∈ K

m×d for Kℓ.
2: Set W = U∗

KA ∈ K
d×n (notice that rank(W ) ≥ h).

3: Compute UW,h ∈ K
d×h isometry, such that R(UW,h) is a left dominant subspace of W .

4: Return: UK ∈ K
m×d and Ûh = UK UW,h ∈ K

m×h.

Once Algorithm 2.1 is performed, we consider the output matrices UK and Ûh. We assume
further that σh = σh+1; in this setting, our first main problem is to show the existence of some
h-dimensional subspace T ⊆ Kℓ that is close to some h-dimensional left dominant subspace Uh of
A. In this context, proximity between subspaces is measured by ‖ sinΘ(Uh,T )‖2,F i.e., in terms
of (the spectral or Frobenius norm of) the sines of the principal angles between the subspaces Uh

and T (see Section 3.1). Once we establish the existence of T ⊆ Kℓ as above, we get the low-rank
approximation PT A of A, where PT denotes the orthogonal projection onto T . We point out that
the previous approach does not provide an effective way (algorithm) to compute T .

Therefore our second main problem is to obtain upper bounds for the approximation error
‖A− Âh‖2,F , for the low-rank matrix Âh = ÛhÛ

∗
hA computed in terms of the output of Algorithm
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2.1. Further, we require that the upper bound for the approximation error of A by Âh becomes
arbitrarily close to ‖A − Ah‖2,F (optimal approximation error as described at the beginning of
Section 1) as the power ℓ increases. Hence, by solving this second problem, we obtain (in an
effective way) the low-rank approximation Âh of A (see Section 3.2) that behaves much like the
optimal low-rank approximations Ah of A.

In the case that there is a singular gap i.e., σh > σh+1, these problems have been recently
solved in [6]. In this work we adapt the approach considered in [6] to construct approximations of
dominant spaces and low-rank approximation of A, based on the block Krylov subspaces Kℓ, in the
case that there is no singular gap at the index h.

3 Main results

In this section, we state our main results related to dominant subspace approximations and low-
rank matrix approximations in terms of block Krylov subspaces. The proofs of these results are
considered in Section 4. At the end of this section, we include some comments and further research
problems related to the present work.

Our results are motivated by the recent work of P. Drineas, I.C.F. Ipsen, E.M. Kontopoulou
and M. Magdon-Ismail [6]. In that work, the authors merged a series of techniques, tools and
arguments that lead to structural results related to the approximation of dominant subspaces from
block Krylov spaces in the presence of a singular gap. The convergence analysis obtained in [6] has
a deep influence in our present work; indeed, we shall follow some of the lines developed in that
work, that we refer to as the DIKM-I theory. Of course, at some points, we have to depart from
those arguments to deal with the no-singular-gap case.

3.1 Approximation of dominant subspaces by block Krylov spaces

In what follows we consider the convergence analysis of the block Krylov iterative method for
approximating left dominant subspaces of a matrix A (Algorithm 2.1). Once the Algorithm 2.1 is
performed, we describe the output matrix Ûh in terms of its columns Ûh = (û1, . . . , ûh). We also
consider the matrices Ûi = (û1, . . . , ûi) ∈ K

m×i, for 1 ≤ i ≤ h.
As before, let A ∈ K

m×n with singular values σ1 ≥ . . . ≥ σp, for p = min{m,n}. Given
1 ≤ h ≤ rank(A) ≤ p, we let 0 ≤ j(h) < h be given by

j = j(h) = max{0 ≤ ℓ < h : σℓ > σh} (3)

where we set σ0 = +∞ and

k = k(h) = max{1 ≤ ℓ ≤ rank(A) : σℓ = σh} . (4)

Since h ≤ rank(A), we get that σk = σh > 0. As mentioned in the preceding sections, we will focus
on the case when h < k (i.e., when σh = σh+1). Moreover, we will further assume that h ≤ r < k so
that σh = σr = σk) where X ∈ K

n×r is the starting guess in Algorithm 2.1; otherwise (if k ≤ r) we
could simply apply the DIKM-I theory, using the singular gap σk > σk+1 (since, in the generic case,
X is full rank and satisfies the compatibility hypothesis of the DIKM-I theory). Let A = UΣV ∗ be
a full SVD of A. In case 1 ≤ k < p then we consider the following partitioning of U , Σ and V

Σ =

(

Σk

Σk,⊥

)

, U =
(

Uk Uk,⊥
)

, V =
(

Vk Vk,⊥
)

.

Algorithm 2.1 will provide a reasonable output as long as the starting guess matrix satisfies
certain compatibility conditions with A. Hence, we consider the following
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Definition 3.1. Given X ∈ K
n×r we say that (A,X) is h-compatible if there is an h-dimensional

right dominant subspace S ⊂ K
n for A, with

Θ(S, R(X)) <
π

2
I .

△

Given X ∈ K
n×r notice that (A,X) is h-compatible if and only if dim(X∗S) = h, for some

h-dimensional right dominant subspace S of A.

Throughout the rest of the work, we fix 1 ≤ h ≤ rank(A) ≤ p = min{m,n} and we let
0 ≤ j = j(h) < h ≤ k = k(h) ≤ rank(A) be defined as in Eqs. (3) and (4). The next result will
allow us to show that block Krylov methods produce arbitrarily good approximations of right and
left dominant subspaces under the previous hypothesis (see Remark 3.3 below). In what follows,
given a matrix Z we let Z† denote its Moore-Penrose pseudo-inverse.

Theorem 3.2. Let t ≥ 0 and let φ(x) be a polynomial of degree at most 2t + 1 with odd powers
only, such that φ(σ1), . . . , φ(σk) > 0. Let (A,X) be h-compatible and let Kt = Kt(A,X). Then,
there exists an h-dimensional left dominant subspace S ′ for A such that

‖ sinΘ(Kt,S ′)‖2,F ≤ 2 ‖ sinΘ(R(V ∗
kX), V ∗

k Vj)‖2,F +

‖φ(Σk,⊥)‖2‖φ(Σk)
−1‖2‖V ∗

k,⊥X(V ∗
k X)†‖2,F .

In case j = 0 (respectively k = rank(A)) the first term (respectively the second term) should be
omitted in the previous upper bound. Moreover, we have the inequality

Θ(R(V ∗
k X), V ∗

k Vj) ≤ Θ(R(X),Vj) .

Proof. See Section 4.1.

We point out that Theorem 3.2 above is related to [6, Theorem 2.1] from the DIKM-I theory. In
case σh = σh+1 (and hence k > h), the hypothesis in Theorem 3.2 involves the (continuum) class of
h-dimensional left dominant subspaces of A; that is, we are allowed to consider any such dominant
subspace to test our assumptions. In particular, the hypothesis is satisfied in a generic case.

As mentioned in Section 2.3, since σj > σj+1 and σk > σk+1 the subspaces Vj = R(Vj) and
Vk = R(Vk) do not depend on the particular SVD of A = UΣV ∗ being considered. Hence, the
principal angles Θ(R(V ∗

k X), V ∗
k Vj) in Theorem 3.2 do not depend on the particular SVD of A,

since they coincide with Θ(R(PVk
X), PVk

Vj) (here PVk
∈ K

n×n denotes the orthogonal projection
onto Vk ⊂ K

n).
To apply Theorem 3.2 we need to bound the principal angles Θ(R(V ∗

k X), R(V ∗
k Vj)) (notice that

[6, Theorem 2.1] does not require such bound). We remark that the second inequality in Theorem
3.2 provides an alternative method to have control of the previous principal angles.

Using the results from [28] we can interpret the second term in the upper bound in Theorem 3.2
as a measure of how close the subspaces R(X) and (the k-dimensional right dominant subspace) Vk

are; indeed, the smaller this second term is, the closer the subspaces are. The distance between these
subspaces does not seem to have been considered before in the analysis of convergence of dominant
subspaces obtained by block Krylov methods, under our present assumption that h ≤ r < k (where
the dimension of the dominant subspace is strictly bigger than that of R(X)).

Remark 3.3 (Convergence analysis to dominant subspaces). Theorem 3.2 suggests a strategy to
obtain a convergence analysis of subspaces obtained from the block Krylov method to h-dimensional
left dominant subspaces. We now describe this strategy in detail for the benefit of the reader. With
the notation of Theorem 3.2 we consider the following steps:
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Step 1. Beginning with A, X and q ≥ 0, we first consider the (auxiliary) block Krylov matrix

K̃q := Kq(A
∗, AX) = (A∗(AX) (A∗A)A∗(AX) · · · (A∗A)qA∗(AX))

constructed in terms of A∗ ∈ K
n×m and (the auxiliary starting guess matrix) AX ∈ K

m×r.
Assume that 1 ≤ j < h so that σj(A

∗) = σj(A) > σj+1(A) = σj+1(A
∗).

Notice that if ψ(x) ∈ K[x] is any polynomial of degree at most 2q with even powers only and
such that ψ(σ1) ≥ . . . ≥ ψ(σj) > 0 then Ψq = V (ψ(Σ)·Σ2)V ∗X is such that R(Ψq) ⊂ K̃q; here
we have used the convention Σ2ℓ = (Σℓ)∗ ·Σℓ ∈ K

n×n for the sake of simplicity. Moreover, it is
well known that there are convenient choices of ψ(x) which warrant that the angles between
R(Ψq) and (the j-dimensional left dominant subspace of A∗) Vj become arbitrarily small as
q increases.

Step 2. Assume that k < rank(A); an application of Theorem 3.2 to the matrix A, with starting
guess matrix Ψq and t = 0 (so that φ(x) = x), shows that there exists an h-dimensional left
dominant subspace S ′ of A such that

‖ sinΘ(Kq+1(A,X),S ′)‖2,F ≤ 2 ‖ sinΘ(R(Ψq)),Vj)‖2,F +
σk+1

σk
‖V ∗

k,⊥Ψq(V
∗
k Ψq)

†‖2,F . (5)

where we have used the inclusion K0(A
∗,Ψq) ⊂ Kq+1(A,X), the properties of principal angles

described in Remark 4.2, and that A∗ = V ΣU∗ is a SVD of A∗.

Step 3. As mentioned in Step 1., the first term in the upper bound in Eq. (5) is known to be-
come arbitrarily small for convenient choices of ψ(x); we will show that there are choices of
ψ(x) for which both the expressions ‖ sinΘ(R(Ψq)),Vj)‖2,F and ‖V ∗

k,⊥Ψq(V
∗
k Ψq)

†‖2,F become
arbitrarily small as q increases.

We point out that the cases in which j = 0 or k = rank(A) can be tackled in a similar way. The
reader will notice that Theorem 3.2 allows for other possible approaches to the convergence analysis
of subspaces obtained from the block Krylov algorithm to h-dimensional left dominant subspaces.

In what follows we consider the different steps of the strategy for the convergence analysis of
the block Krylov subspaces to the h-dimensional left dominant subspaces described in Remark 3.3.
We begin by obtaining an upper bound related to the claim in Step 1. Thus, given A with singular
values σ1 ≥ . . . ≥ σp ≥ 0 (with p = min{m,n}), we introduce

γi =
σi − σi+1

σi+1
≥ 0 for 1 ≤ i ≤ rank(A)− 1 .

The following result is a straightforward consequence of the results from [6].

Theorem 3.4. Let (A,X) be h-compatible and assume that 1 ≤ j < h, so then γj > 0. Let ψ(x) ∈
K[x] be a polynomial of degree at most 2q with even powers only and such that ψ(σ1), . . . , ψ(σj) > 0.
If we let Ψq = V (ψ(Σ) · Σ2)V ∗X then

‖ sinΘ(R(Ψq),Vj)‖2,F ≤ ‖ψ(Σj,⊥)‖2 ‖ψ(Σj)
−1‖2 ‖V ∗

j,⊥X(V ∗
j X)†‖2,F

1

(1 + γj)2

Proof. See Section 4.2.

In the next result we obtain an upper bound required in Step 3 of Remark 3.3.
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Theorem 3.5. Let (A,X) be h-compatible, let q ≥ 0 and assume that σk+1 > 0. Let T2q(x)
be the Chebyshev polynomial of the first kind of degree 2q and set ψ(x) = T2q(x/σk+1). Then,
ψ(σ1) ≥ . . . ≥ ψ(σk) > 1 and if we let Ψq = V (ψ(Σ) · Σ2)V ∗X then

‖ sinΘ(R(Ψq),Vj)‖2,F ≤ ψ(σk)

ψ(σj)
‖V ∗

j,⊥X(V ∗
j X)†‖2,F

1

(1 + γj)2
(6)

‖V ∗
k,⊥Ψq(V

∗
k Ψq)

†‖2,F ≤ 1

ψ(σk)
‖V ∗

k,⊥X(V ∗
k X)†‖2,F

1

(1 + γk)2
(7)

Moreover, in this case we have

ψ(σk)

ψ(σj)
≤ 1

(1 + γj)2q
and

1

ψ(σk)
≤ 4

2−2q min{√γk , 1}

(1 + γk)
. (8)

Proof. See Section 4.2.

Remark 3.6. Consider the notation in Theorem 3.5 above. We point out that the first inequality in
Eq. (8) corresponds to a worst case scenario; moreover, numerical examples show that the upper
bound can be (typically) tightened. Indeed, let T2q(x) be the Chebyshev polynomial of the first
kind of degree 2q and set ψ(x) = T2q(x/σk+1). For x ≥ 1 we get the representation

T2q(x) =
(x+

√
x2 − 1)2q + (x−

√
x2 − 1)2q

2
.

For 1 ≤ ℓ ≤ k + 1, set ηℓ =
σℓ

σℓ+1
≥ 1 so ηℓ = 1 + γℓ. Then

σj

σk+1
= ηj · ηk > 1 and

ψ(σk)

ψ(σj)
=

T2q(ηk)

T2q(ηj · ηk)
=

(ηk +
√

η2k − 1)2q + (ηk −
√

η2k − 1)2q

η2qj (ηk +
√

η2k − 1
η2j
)2q + (ηk −

√

η2k − 1
η2j
)2q

≤ 1

η2qj
=

1

(1 + γj)2q
.

The upper bound above is sharp since

lim
ηk→∞

T2q(ηk)

T2q(ηj · ηk)
=

1

(1 + γj)2q
.

Nevertheless, in the regime ηj , ηk ∈ (1, 1+ε) for small ε > 0 (which is quiet relevant for applications)
we can expect better upper bounds. Indeed, numerical examples show that if 1 < ηk ≤ ηj then we
have that for q ≥ 1,

ψ(σk)

ψ(σj)
=

T2q(ηk)

T2q(ηj · ηk)
≤ 4

2−2q min{√γj , 1}

(1 + γj)
, (9)

which is a tighter upper bound than that in Eq. (8) for ηj ∈ (1, 1 + ε) for small ε > 0 . We
conjecture that Eq. (9) is true (under the previous restrictions). In fact, notice that when ηk ≈ 1

then
T2q(ηk)

T2q(ηj ·ηk) ≈ 1
T2q(ηj)

, so Eq. (9) is true (see [6]). On the other hand, for γj ≥ 1 then Eq. (8)

shows that
ψ(σk)

ψ(σj)
=

T2q(ηk)

T2q(ηj · ηk)
≤ 1

(1 + γj)2q
≤ 2−2q .

In the following result we apply the strategy described in Remark 3.3 and obtain upper bounds
for the convergence of block Krylov subspaces to h-dimensional left dominant subspaces for the
spectral norm (the Frobenius norm case can be handled similarly); to simplify the statement below,
we consider the following constants: given a h-compatible pair (A,X) set C(A,X, j, k)2,F = C2,F

determined as follows. If h ≤ k < rank(A) and 1 ≤ j then

C2,F (V,X) = C2,F = max
{

2 ‖V ∗
j,⊥X(V ∗

j X)†‖2,F , ‖V ∗
k,⊥X(V ∗

k X)†‖2,F
}

. (10)

If j = 0 we let C2,F = ‖V ∗
k,⊥X(V ∗

k X)†‖2,F ; if k = rank(A) then we set C2,F = 2 ‖V ∗
j,⊥X(V ∗

j X)†‖2,F .
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Theorem 3.7. Let (A,X) be h-compatible, assume that 0 ≤ j < h ≤ k < rank(A), and let
Kq+1 = Kq+1(A,X) ⊂ K

m, for q ≥ 0. Let T2q(x) be the Chebyshev polynomial of the first kind
of degree 2q and set ψ(x) = T2q(x/σk+1). If we let Ψq = V (ψ(Σ) · Σ2)V ∗X then there exists an
h-dimensional left dominant subspace S ′ of A such that:

‖ sinΘ(R(AΨq),S ′)‖2,F ≤ C2,F

(

ψ(σk)

ψ(σj)

1

(1 + γj)2
+

1

ψ(σk)

1

(1 + γk)3

)

, (11)

where C2,F = C2,F (V,X). In particular, since R(AΨq) ⊂ Kq+1 and dimR(AΨq) ≥ h,

‖ sinΘ(Kq+1,S ′)‖2,F ≤ C2,F

(

1

(1 + γj)2(q+1)
+ 4

2−2q min{√γk , 1}

(1 + γk)4

)

. (12)

In case j = 0 then the first terms (in the expressions between parentheses) in Eqs. (11) and (12)
should be omitted.

Proof. See Section 4.2.

As already mentioned, the upper bound in Eq. (11) can be obtained by following the three-step
strategy in Remark 3.2. The reader can check that in case k = rank(A) (so that σk+1 = 0) then we
can set ψ(x) = T2q(x/σk) = T2q(x/σj+1) and get the bound in Eq. (11) omitting the second terms
in the expressions between parentheses; in this case Eq. (12) becomes

‖ sinΘ(Kq+1,S ′)‖2,F ≤ 4C2,F

(1 + γj)3
2−2q min{√γj , 1} .

We point out that Theorem 3.7 complements the convergence analysis described in [6, Corollary
2.5]. That is, this result can be applied in contexts in which [6, Corollary 2.5] can not be applied;
moreover, Theorem 3.7 shows the existence of h-dimensional subspaces T ⊆ Kq+1 = Kq+1(A,X)
that are arbitrarily good approximations of some h-dimensional left dominant subspace S ′ of A
(for sufficiently large q ≥ 0). As opposed to Theorem 3.2, Theorem 3.7 does not require a priori
knowledge of Θ(R(V ∗

kX), V ∗
k Vj) (see the comments after Theorem 3.2). On the other hand, the

speed at which the upper bound in Eq. (12) decreases depends on both gaps γj and γk; in particular,
this result warrants a better convergence speed when both singular gaps are significant.

3.2 Low-rank approximations from block Krylov methods

Notice that the upper bounds in Theorem 3.7 can be made arbitrarily small for large enough q ≥ 0.
Therefore the corresponding block Krylov subspace contains (arbitrarily good) approximate left
dominant subspaces. Still, the previous results do not provide a practical method to compute such
approximate dominant subspaces and the corresponding low-rank approximations. In this section
we revisit Algorithm 2.1 without assuming a singular gap, as a practical way to construct low-rank
approximations. Our approach to deal with this problem is based on the approximate left dominant
subspaces of a matrix A; indeed, we follow arguments from [26].

For the next results, we consider Algorithm 2.1 with input: A ∈ K
m×n, starting guess X ∈ K

n×r

and power ℓ = q+1 for some q ≥ 0; we set our target rank to 1 ≤ h ≤ rank (A). Once the algorithm
stops, we consider the output matrices UK and Ûh; we further describe Ûh in terms of its columns,
Ûh = (û1, . . . , ûh) ∈ K

m×h. In this case we set

Ûi = (û1, . . . , ûi) ∈ K
m×i , for 1 ≤ i ≤ h . (13)

As before, we let j = j(h) < h ≤ k = k(h) be defined as in Eqs. (3) and (4), and we consider the
notation used so far. Further, given 1 ≤ i ≤ h we let Ai = Ui Σi V

∗
i ∈ K

m×n denote a best rank-i
approximation of A (so that ‖A−Ai‖2 = σi+1).
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Let (A,X) be h-compatible and let q ≥ 0. In what follows we make use of the constants
δ(A,X, q, j, k)2,F = δ2,F given by: for k < rank(A) then let T2q(x) be the Chebyshev polynomial of
the first kind of degree 2q, ψ(x) = T2q(x/σk+1) and set

δ2,F :=
√
2C2,F

(

ψ(σk)

ψ(σj)

1

(1 + γj)
+

1

ψ(σk)

1

(1 + γk)2

)

, (14)

where C2,F is defined as in Eq. (10). In case j = 0 the first term should be omitted. In case
k = rank(A) then let ψ(x) = T2q(x/σk) = T2q(x/σj+1) and set

δ2,F :=

√
2

ψ(σj)

C2,F

(1 + γj)
. (15)

Theorem 3.8. Let (A,X) be h-compatible and let q ≥ 0 be such that δ2 ≤ 1. Let UK be the output
of Algorithm 2.1 with the power parameter set to q + 1 ≥ 1. Then there exists an h-dimensional
right dominant subspace S̃ of A such that

‖APS̃ − UKU
∗
KAPS̃‖2,F ≤ σh+1 · δ2,F . (16)

Proof. See Section 4.3.

Although rather technical, the previous result allows us to get the following estimates for the
first h singular values of A.

Theorem 3.9. Let (A,X) be h-compatible and let q ≥ 0 be such that δ2 ≤ 1. Let Âh = ÛhÛ
∗
hA,

where Ûh is the output of Algorithm 2.1 with the power parameter set to q + 1 ≥ 1. Then,

σi − σh+1 · δ2 ≤ σi(Âh) ≤ σi for 1 ≤ i ≤ h . (17)

Proof. See Section 4.3.

Theorem 3.10. Let (A,X) be h-compatible and let q ≥ 0 be such that δ2 ≤ 1. Let Ûh be the output
of Algorithm 2.1 with the power parameter set to q+1 ≥ 1. Then, for every 1 ≤ i ≤ h we have that

‖A− ÛiÛ
∗
i A‖2,F ≤ ‖A−Ai‖2,F + σi+1 · δF , (18)

where δ2,F are defined in Eq. (14) or (15).

Proof. See Section 4.3.

Using the previous results together with estimates for δ2,F as defined in Eqs. (14) and (15) we
can obtain the following upper bounds for the approximation of singular values and approximation
errors using the block Krylov Algorithm 2.1.

Theorem 3.11. Let (A,X) be h-compatible, let 0 ≤ j < h ≤ k < rank(A), and let C2,F be defined
as in Eq. (10). Assume that

√
2C2

(

1

(1 + γj)2q+1
+ 4

2−2q min{√γk , 1}

(1 + γk)3

)

≤ 1 , (19)

where we follow the convention: γ0 = +∞ in case j = 0. Let Ûh be the output of Algorithm (2.1)
with the power parameter set to q + 1 ≥ 1; Let

Âi = ÛiÛ
∗
i A for 1 ≤ i ≤ h ,

10



be the rank-i approximation of A obtained from Algorithm 2.1. Then, for 1 ≤ i ≤ h:

σi − σh+1 ·
√
2C2

(

1

(1 + γj)2q+1
+ 4

2−2q min{√γk , 1}

(1 + γk)3

)

≤ σi(Âh) ≤ σi

and

‖A− ÛiÛ
∗
i A‖2,F ≤ ‖A−Ai‖2,F + σi+1 ·

√
2CF

(

1

(1 + γj)2q+1
+ 4

2−2q min{√γk , 1}

(1 + γk)3

)

.

Proof. See Section 4.3.

Theorem 3.11 complements the analysis in the deterministic setting obtained in [6, Corollary
2.6]. That is, this result can be applied in contexts in which [6, Corollary 2.6] can not be applied
(i.e., when there is no singular gap). Theorem 3.11 shows that the distance ‖A−Âh(q)‖2,F , between
the low-rank approximations Âh(q) of A obtained from the block Krylov method and A, converges
to the minimial distance ‖A−Ah‖2,F as the power parameter (number of iterations) q ≥ 0 increases.

Moreover, it also shows the convergence of the first h singular values of Âh to the corresponding
singular values of A. Thus, our approach follows the paradigm introduced in [20] for the assessment
of the quality of low-rank approximations. On the other hand, the speed at which the upper
bounds in Theorem 3.11 decrease depends on both gaps γj and γk; that is, this result warrants
better convergence speeds when both singular gaps are significant.

Remark 3.12. There is a vast literature related to low-rank approximation, both from a deterministic
and randomized point of view, taking into account singular gaps, or disregarding these gaps (see
the survey [17]).

Randomized methods [7, 8, 12, 13, 20] typically draw a random n × r matrix X (a starting
guess matrix) and consider the random subspace R(X) ⊂ K

n given by the range of X. One of the
advantages of this approach is that it is possible to prove that, with high probability, X satisfies
some compatibility properties with the structure of A, regardless of the particular choice of A (see
[5]); on the other hand, the conclusions of the randomized approach then typically hold with high
probability. Thus, these conclusions do not apply to particular choices of matricesX. In this setting,
the work [20] contains a deep analysis of the block Krylov method for low-rank approximations,
when the starting guess matrix is drawn from a standard Gaussian random matrix. The gap-
independent bounds obtained in [20, Theorems 10 and 12] (see also [20, Theorems 11 and 12])
imply that a number O(1/

√
ε) of iterations in Algorithm 2.1 are required to warrant (with high

probability) that ‖A− Âh(q)‖2 ≤ (1+ε)‖A−Ah‖2 and |σi(A)2−σi(Âh)
2| ≤ ε σh(A)

2, for 1 ≤ i ≤ h.
Notice that we follow a deterministic approach where we consider a fixed (deterministic) n× r

matrix X satisfying a set of specific (explicit) compatibility hypotheses with the structure of A
(that hold in generic cases) and obtain conclusions that hold for the particular matrices X and
A. In our deterministic setting, Theorem 3.11 implies (for a fixed h-compatible pair (A,X) and
1 ≤ j < h ≤ k < rank(A)) that

‖A− ÛiÛ
∗
i A‖2,F ≤ ‖A−Ai‖2,F + σi+1 · 2

√
2CF max

{

1

(1 + γj)2q+1
, 4

2−2q min{√γk , 1}

(1 + γk)3

}

,

where CF = max{2 ‖V ∗
j,⊥X(V ∗

j X)†‖F , ‖V ∗
k,⊥X(V ∗

k X)†‖F }. Hence, if q is the smallest integer satis-
fying

log(
2
√
2CF

ε
) ≤ min {(2q + 1) log(1 + γj) , 2 log(2) q min{√γk, 1}}

then Algorithm 2.1 provides a low-rank approximation of A such that ‖A− Âh(q)‖2 ≤ (1+ ε) ‖A−
Ah‖2, |σi(A)2 − σi(Âh)

2| ≤ ε σh(A)
2, for 1 ≤ i ≤ h. Thus Theorem 3.11 implies that, (for fixed
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A and X), a number O( (min{ 2 log(1 + γj) , 2
√
2 min{√γk, 1} })−1 log(2

√
2CF

ε
) ) of iterations in

Algorithm 2.1 are required to achieve the previously mentioned approximation errors. On the other
hand, we remark that it is well known that an analysis of convergence such as that derived in
Theorem 3.7 (for dominant subspaces) or Theorem 3.11 can be used to obtain upper bounds for
the approximation errors in the randomized setting (for example, see Saibaba’s work in the context
of the Subspace Iteration Method [22]). We will consider these issues elsewhere.

Remark 3.13. As a final comment, we point out that the present results together with the results
from [6] do not cover the complete picture of the convergence analysis of deterministic block Krylov
methods. For example, assume that we are interested in computing an approximation of an h-
dimensional dominant subspace of the matrix A in the case that there is a small singular gap
σh > σh+1, for which γh ≈ 0 (so σh

σh+1
≈ 1). This situation corresponds, for example, to the case

where σh lies in a cluster of singular values σj+1 > . . . > σh > . . . > σk, for 1 ≤ j < h < k < rank(A)
and σj+1 − σk ≈ 0. In this case [6, Theorem 2.1] exhibits a rather slow speed of convergence with
respect to the power parameter (number of iterations) q ≥ 0. Although our approach does not
apply directly to the case where σh lies in a cluster of singular values, it seems that our results and
techniques could shed some light on the convergence analysis in this case. Indeed, let us consider
the following heuristic argument: let A = UΣV ∗ and assume that σj+1 ≥ . . . ≥ σh ≥ . . . ≥ σk > 0,
for 1 ≤ j < h < k and set ε = σj+1 − σk ≈ 0. Let us construct an auxiliary matrix

Aaux = UΣauxV
∗ , Σaux = diag(σ1, . . . , σj , c, . . . , c, σk+1, . . . , σp)

where p = min{m, n} and c = 1/2(σj+1+σk). We will use the key fact that the dominant subspaces
Uj and Uk of A and Aaux of dimensions j and k, respectively, coincide (although h-dimensional
dominant subspaces of A and Aaux do not necessarily coincide). Similarly, the gaps γj , γ̃j > 0 and
γk, γ̃k > 0 of A and Aaux are comparable.

Let T2q(x) be the Chebyshev polynomial of the first kind of degree 2q and set ψ(x) = T2q(x/σk+1)
and let Ψq = V (ψ(Σ) · Σ2)V ∗X. Then, by Theorem 3.5 we get that ‖ sinΘ(R(Ψq)),Vj)‖2,F and
‖V ∗

k,⊥Ψq(V
∗
k Ψq)

†‖2,F decay (as a function of the number of iterations) in terms of the enveloping
gaps γj and γk. Hence, if we now apply Theorem 3.2 to the auxiliary matrix Aaux with starting
guess Ψq and with t = 0, we see that there exists an h-dimensional left dominant subspace S ′

aux of
Aaux such that

‖ sinΘ(R(AauxΨq),S ′
aux)‖2,F ≤ 2‖ sinΘ(R(Ψq)),Vj)‖2,F +

1

1 + γ̃k
‖V ∗

k,⊥Ψq (V
∗
k Ψq)

†‖2,F .

It seems reasonable to expect that the difference between Θ(R(AΨq),S ′
aux) and Θ(R(AauxΨq),S ′

aux)
can be bounded in terms of some measure of the spread of the cluster σj ≥ . . . ≥ σk. Assuming this
last fact and putting together the previous estimates, we now conclude that

‖ sinΘ(Kq+1,S ′
aux)‖2,F ≤ ‖ sinΘ(R(AΨq),S ′

aux)‖2,F

where the upper bound would decay in terms of the gaps γj and γk and the power parameter; here
we have used that R(AΨq) ⊂ Kq+1 = R(Kq+1(A,X)).

At this point, we remark that the subspaces S ′
aux = S ′

aux(q) are not necessarily dominant
subspaces of A. Yet, the subspaces S ′

aux satisfy that there exist (h − j)-dimensional subspaces
U ⊂ Uk ⊖ Uj such that S ′

aux = Uj ⊕ U . Using this last fact we could show that ‖A − PS′
aux
A‖2,F

can be bounded by ‖A − Aj‖2,F + ‖(σℓ+j − c)k−j
ℓ=1‖2,F , where ‖A − Aj‖2,F ≈ ‖A − Ah‖2,F and

‖(σℓ+j − c)k−j
ℓ=1‖2,F ≈ 0, because we are assuming that σj+1 ≥ . . . ≥ σk forms a cluster of singular

values. That is, even when S ′
aux is not an h-dimensional left dominant subspace of A, it would

behave much like one. Thus, in case γh > 0 and γh ≈ 0 but with significant gaps γj and γk, we
would conclude the existence of the subspaces S ′

aux(q) that become close to Kq+1 rather fast, as
q ≥ 0 increases. In this case S ′

aux could be used to study the low-rank approximations obtained
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from Algorithm 2.1 (similarly to the way that we have used the existence of a dominant subspace
of A lying close to Kq+1 to study low-rank approximations obtained from Algorithm 2.1). We will
consider this type of analysis elsewhere.

4 Proofs of the main results

In this section we present detailed proofs of our main results. Some of our arguments make use
of some basic facts from matrix analysis, that we develop in Section 5 (Appendix). We begin by
recalling the notation introduced so far; then we consider some general facts about block Krylov
spaces, principal angles and principal vectors between subspaces that are needed for developing the
proofs below.

Notation 4.1. We keep the notation and assumptions introduced so far; hence, we consider:

1. A ∈ K
m×n with singular values σ1 ≥ . . . σp ≥ 0, with p = min{m,n}.

2. 1 ≤ h ≤ rank(A) ≤ p; moreover, we let 0 ≤ j(h) < h be given by

j = j(h) = max{0 ≤ ℓ < h : σℓ > σh} < h

where we set σ0 = +∞ and

k = k(h) = max{1 ≤ ℓ ≤ rank(A) : σℓ = σh} ≥ h .

3. A starting guess X ∈ K
n×r such that (A,X) is h-compatible; that is, we assume that there

exists an h-dimensional right dominant subspace S of A such that Θ(R(X),S) < π
2 I. In this

case, dimX∗S = h; in particular r ≥ rank(X) ≥ h.

4. For any ℓ ≥ 0 we consider Kℓ = Kℓ(A,X) constructed in terms of A and X as in Eq. (2),
that is

Kℓ = Kℓ(A,X) = (AX (AA∗)AX . . . (AA∗)ℓAX ) ∈ K
m×(ℓ+1)r

and consider the block Krylov space Kℓ = Kℓ(A,X) = R(Kℓ).

5. A = UΣV ∗ a SVD of A. Given 1 ≤ ℓ ≤ rank(A) we consider the partitions

Σ =

(

Σℓ

Σℓ,⊥

)

, U =
(

Uℓ Uℓ,⊥
)

, V =
(

Vℓ Vℓ,⊥
)

. (20)

Since the pair (A,X) is h-compatible then we further assume that R(V ∗
hX) = R(Vh); this can

always be done by choosing a convenient SVD of A.

Notice that for every polynomial ϕ(x) ∈ K[x] of degree at most ℓ we get that the range of
ϕ(AA∗)AX ∈ K

m×r is contained in Kℓ. In terms of a SVD of A, we get that

ϕ(AA∗)AX = Uϕ(Σ2)ΣV ∗X = Uφ(Σ)V ∗X

where φ(x) = xϕ(x2) ∈ K[x] is a polynomial of degree at most 2ℓ + 1 with odd powers only, and
represents a generalized matrix function (see [1, 14]). Here Σ = diag(σ1, . . . , σp) ∈ R

m×n, where
p = min{m,n}; hence,

φ(Σ) = diag(φ(σ1), . . . , φ(σp)) ∈ K
m×n .

In this case we write
Φ := Uφ(Σ)V ∗X ∈ K

m×r , (21)
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so by the previous facts, R(Φ) ⊂ Kℓ. Let S be an h-dimensional right dominant subspace S of A
such that Θ(R(X),S) < π

2 I as above. As already mentioned, we can consider a SVD of A = UΣV ∗

in such a way that S = Vh. In this case, R(V ∗
hX) = R(V ∗

h ): if we assume further that φ(σi) 6= 0
for 1 ≤ i ≤ h (so φ(Σh) ∈ K

h×h is an invertible matrix) then dimR(Φ) ≥ h, where Φ is defined as
in Eq. (21). We will further consider similar facts related to convenient block decompositions of a
SVD of A.

Remark 4.2. We mention some further properties of the principal angles between subspaces (see
Section 2.1 for definitions) that we will need in what follows. Let S, T ⊂ K

n be two subspaces
such that s = dimS ≤ dimT = t. If S ′ ⊂ S and T ⊂ T ′ are subspaces with dimensions s′ and t′

respectively, then

‖Θ(S,T ′)‖2,F ≤ ‖Θ(S,T )‖2,F , ‖ sinΘ(S,T ′)‖2,F ≤ ‖ sinΘ(S,T )‖2,F

and similarly

‖Θ(S ′,T )‖2,F ≤ ‖Θ(S,T )‖2,F , ‖ sinΘ(S ′,T )‖2,F ≤ ‖ sinΘ(S,T )‖2,F ,

which follow from the definition of principal angles (see Eq. (1)). On the other hand, dimS⊥ =
n− s ≥ n− t = dim T ⊥ and therefore, for 1 ≤ j ≤ min{s, n− t},

sin(θ(n−t)−j+1(S⊥,T ⊥)) = σj((I − PS⊥)PT ⊥) = σj(PS(I − PT )) = sin(θs−j+1(S,T )) .

By the previous identity, we see that the positive angles between S and T coincide with the positive
angles between S⊥ and T ⊥ Notice that as a consequence of this last fact we get that

‖Θ(S,T )‖2,F = ‖Θ(S⊥,T ⊥)‖2,F . (22)

Remark 4.3 (Principal vectors between subspaces). In what follows we shall also make use of the
principal vectors associated with the subspaces S, T ⊂ K

n such that s = dimS ≤ dimT = t:
indeed, by the construction of the principal angles, we get that there exist orthonormal systems
{u1, . . . , us} ⊂ S and {v1, . . . , vs} ⊂ T such that

〈ui, vj〉 = δij cos(θj(S,T )) for 1 ≤ i, j ≤ s ,

where δij is Kronecker’s delta function. We say that {u1, . . . , us} and {v1, . . . , vs} are the principal
vectors (directions) associated with the subspaces S and T . Notice that the previous facts imply,
in particular, that the subspaces Sj = Span{u1, . . . , uj} ⊂ S and Tj = Span{v1, . . . , vj} ⊂ T are
such that

Θ(Sj,Tj) = diag(θ1(S,T ), . . . , θj(S,T )) ∈ R
j×j for 1 ≤ j ≤ s .

In this case we say that {u1, . . . , uj} ⊂ S are principal vectors corresponding to (S,T , j) (here it
is implicit that 1 ≤ j ≤ s = min{dimS, dim T }). If S̃ ⊂ S and T̃ ⊂ T are two j-dimensional
subspaces then, it follows that Θ(Sj ,Tj) ≤ Θ(S̃, T̃ ); that is, Sj and Tj are j-dimensional subspaces
of S and T respectively, that are at minimal angular (vector-valued) distance.

4.1 Proof of Theorem 3.2

We now present a proof of Theorem 3.2. We divide our arguments into steps.

Proof. Step 1: adapting the DIKM-I theory to the present context. Consider Notation 4.1. By
construction σj > σj+1 = σh = σk. We first assume that 1 ≤ j and k < rank(A) ≤ p = min{m,n}.
Since k < rank(A) then σh = σk > σk+1 > 0.

We consider X ∈ K
n×r such dim(X ) = s ≥ h and such that there exists a right dominant

subspace S ⊂ K
n of dimension h with Θ(S,X ) < π/2 I, where X = R(X) ⊂ K

n denotes the
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range of X. Consider A = UΣV ∗ a full SVD. We now consider the partitioning as in Eq. (20)
corresponding to the index 1 ≤ k ≤ rank(A). It is worth noticing that Σk, R(Uk) = Uk and
R(Vk) = Vk do not depend on the particular choice of a SVD of A; also notice that the partition is
well defined since k < rank(A). Let φ(x) be a polynomial of degree 2t + 1 with odd powers only,
such that φ(σ1), . . . , φ(σk) > 0; hence φ(Σk) is invertible.

Step 2: applying the DIKM-I theory to the adapted model. We let Kt = Kt(A,X) denote the block
Krylov subspace and let Pt ∈ K

m×m denote the orthogonal projection onto Kt. Notice that if we
let Φ ∈ K

m×r be as in Eq. (21) then R(Φ) ⊂ Kt. Consider for now an arbitrary h-dimensional
subspace S ′ ⊂ K

m. Then

‖ sinΘ(Kt,S ′)‖2,F = ‖(I − Pt)PS′‖2,F ≤ ‖(I − ΦΦ†)PS′‖2,F , (23)

where we have used that dimKt ≥ dimR(Φ) ≥ dimS ′ = h. We now consider the decomposition
Φ = Φk +Φk,⊥, where

Φk ≡ Ukφ(Σk)V
∗
k X and Φk,⊥ ≡ Uk,⊥φ(Σk,⊥)V

∗
k,⊥X .

By [6, Lemma 4.2] (see also [18]) we get that

‖(I − ΦΦ†)PS′‖2,F ≤ ‖PS′ − ΦB‖2,F for B ∈ K
r×m .

By the previous inequality we get that

‖(I − ΦΦ†)PS′‖2,F ≤ ‖(I − ΦΦ†
k)PS′‖2,F . (24)

We can further estimate

‖(I − ΦΦ†
k)PS′‖2,F ≤ ‖(I − ΦkΦ

†
k)PS′‖2,F + ‖Φk,⊥Φ

†
kPS′‖2,F . (25)

Step 3: dealing with the fact that R(V ∗
kX) 6= R(V ∗

k ). We now consider the two terms to the right
of Eq. (25). In our present case, we have to deal with the fact that R(V ∗

k X) 6= R(V ∗
k ) when h < k.

Indeed, since Θ(S,X ) < π/2 I and S ⊂ R(Vk) we see that if we let

W ≡ R(V ∗
kX) = V ∗

k X ⊂ K
k

then k ≥ dim(W) := d ≥ h. Let
T = φ(Σk)W ⊂ K

k .

Since, by hypothesis, φ(Σk) ∈ R
k×k is an invertible matrix then dimT = d and

ΦkΦ
†
k = UkPT U

∗
k . (26)

We now consider H′ = Span{e1, . . . , ej} ⊂ K
k, where j = j(h) ≥ 1 and {e1, . . . , ek} denotes the

canonical basis of Kk; notice that H′ = R(V ∗
k Vj). We also consider the principal angles

Θ(W,H′) = diag(θ1(W,H′), . . . , θj(W,H′)) ∈ R
j×j .

By Proposition 5.1 we get that

Θ(W,H′) ≤ Θ(X ,Vj) <
π

2
I ,

since Vj ⊂ R(Vk) and V ∗
k Vj = H′, and the second inequality above follows from the fact that

θi(X ,Vj) ≤ θi(X ,S) < π
2 , for 1 ≤ i ≤ j, since Vj ⊂ S (see Section 2.1).

Step 4: computing the left dominant subspace S ′. Let {w1, . . . , wj} ⊂ W and {f1, . . . , fj} ⊂ H′

be the principal vectors associated with W and H′ (as described in Section 2.1). Let W ′ =
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Span{w1, . . . , wj} ⊂ W; in this case, Θ(W,H′) = Θ(W ′,H′), by construction. Consider the sub-
space T ′ = φ(Σk)W ′ ⊂ T so dim(T ′) = dim(W ′) = j = dim(H′); since H′ is an invariant subspace
of φ(Σk) then Proposition 5.2 implies that

‖ sinΘ(T ′,H′)‖2,F ≤ ‖ sinΘ(W ′,H′)‖2,F = ‖ sinΘ(W,H′)‖2,F

since ‖φ(Σk)(I − PH′)‖2 ‖φ(Σk)
−1‖2 = 1, where we used that φ(σi) ≥ φ(σk) > 0, for 1 ≤ i ≤ k and

that φ(σj+1) = φ(σk).

Let T ′′ = T ⊖ T ′ so dim T ′′ = d− j and T ′′ ⊂ (T ′)⊥. Since dim((T ′)⊥) = dim((H′)⊥), by Eq.
(22) we see that

‖Θ(T ′′, (H′)⊥)‖2,F ≤ ‖Θ((T ′)⊥, (H′)⊥)‖2,F = ‖Θ(T ′,H′)‖2,F ≤ ‖Θ(W,H′)‖2,F .

Let {y1, . . . , yd−j} ⊂ T ′′ and {z1, . . . , zd−j} ⊂ (H′)⊥ be the principal vectors associated with T ′′

and (H′)⊥. Then, if we let H′′ = Span{z1, . . . , zh−j} we have that dimH′′ = h− j,

‖ sinΘ(T ′′,H′′)‖2,F ≤ ‖ sinΘ(T ′′, (H′)⊥)‖2,F ≤ ‖ sinΘ(W,H′)‖2,F .

On the one hand, we have that T = T ′ ⊕ T ′′; on the other hand, we have that

S ′ := Uk(H′ ⊕H′′) = Uj ⊕ UkH′′ ⊆ Uk ⊆ K
m

is an h-dimensional left dominant subspace of A (see Section 2.3).

Step 5: obtaining some more upper bounds. Since

‖ sinΘ(T ′,H′)‖2,F , ‖ sinΘ(T ′′,H′′)‖2,F ≤ ‖ sinΘ(W,H′)‖2,F

then Proposition 5.3 implies that ‖ sinΘ(T , H′ ⊕H′′)‖2,F ≤ 2 ‖ sinΘ(W,H′)‖2,F . Hence

‖(I − ΦkΦ
†
k)PS′‖2,F = ‖ sinΘ(UkT , S ′)‖2,F ≤ 2 ‖ sinΘ(W,H′)‖2,F , (27)

since Uk is an isometry and R(Φk) = Uk T (see Eq. (26)).

By Proposition 5.4, since W = R(V ∗
k X),

Φ†
k = (V ∗

k X)†(Ukφ(Σk)PW)† .

Since Uk ∈ K
m×k has a trivial kernel, we get that

(Ukφ(Σk)PW)† = (φ(Σk)PW )†(UkPT )
† = (φ(Σk)PW)†PT U

∗
k = (φ(Σk)PW)†U∗

k

where we have used Proposition 5.4, that (UkPT )† = (UkPT )∗ = PT U∗
k since UkPT is a partial

isometry and that ker((φ(Σk)PW)†)⊥ = T . The previous facts show that

Φk,⊥Φ
†
kPS′ = Uk,⊥φ(Σk,⊥)V

∗
k,⊥X(V ∗

k X)†(φ(Σk)PW)†U∗
kPS′

so then,
‖Φk,⊥Φ

†
kPS′‖2,F ≤ ‖φ(Σk,⊥)‖2 ‖φ(Σk)

−1‖2 ‖V ∗
k,⊥X(V ∗

k X)†‖2,F . (28)

The result now follows from the estimates in Eqs. (23), (24) and (25) together with the bounds in
Eqs. (27) and (28).

The cases in which j = 0 or k = rank(A) can be dealt with similar arguments. Indeed, notice
that if j = 0 then we can take T̃ ⊂ T such that dim T̃ = h, and set S ′ = UkT̃ . By construction,
S ′ ⊂ R(Φk) is a left dominant subspace of A (in this case any subspace of Uk is a dominant
subspace of A). Finally, in case k = rank(A) then Σk,⊥ = 0 and then φ(Σk,⊥) = 0, so that we also
get Φk,⊥ = 0.
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Some comments related to the previous proof are in order. We have followed the general lines
of the proof of [6, Theorem 2.1]. Nevertheless, the assumption in [6] (i.e., that R(V ∗

kX) = R(V ∗
k ))

automatically implies that ‖(I − ΦkΦ
†
k)PS′‖2,F = 0 in Eq. (24). Since we are only assuming that

the pair (A,X) is h-compatible, our arguments need to include Steps 3, 4 and the first part of Step
5.

With the notation of the proof, a careful inspection of the arguments above shows that the
subspace S ′ can be computed explicitly (in terms of several objects that we describe below). We
include the following pseudo-code of the construction of S ′, for the convenience of the reader. In the
code, we invoke the construction (in terms of convenient singular value decompositions) of principal
vectors corresponding to triplets (S,T , j) as considered in Remark 4.3. We keep using Notation
4.1.

Algorithm 4.1 (Construction of S ′ as in Theorem 3.2)

Require: A = UΣV ∗ ∈ K
m×n a SVD of A, (a compatible) starting guess X ∈ K

n×r; rank
parameters 0 ≤ j < h < k ≤ rank(A); power parameter t ≥ 0; a polynomial φ(x) ∈ K[x] of
degree at most 2t+ 1 with odd powers only, such that φ(σ1), . . . , φ(σk) > 0. Set

W = R(V ∗
k X) , T = φ(Σk)W , H′ = R(V ∗

k Vj) .

Ensure: An h-dimensional left dominant subspace S ′ of A.
1: Compute principal vectors {w1, . . . , wj} ⊂ W corresponding to (W, H′, j).
2: Set W ′ = Span{w1, . . . , wj} ⊂ W and compute T ′′ = T ⊖ φ(Σk)W ′.
3: Compute principal vectors {z1, . . . , zh−j} ⊂ (H′)⊥ corresponding to (T ′′, (H′)⊥, h− j).
4: Set H′′ = Span{z1, . . . , zh−j} and S ′ := Uk(H′ ⊕H′′) = Uj ⊕ Uk(H′′).
5: Return: the left dominant subspace S ′ ⊂ K

m.

4.2 Proofs of Theorems 3.4, 3.5 and 3.7

Proof of Theorem 3.4. Under our present assumptions we have that Θ(R(X),Vj) < π/2 Ij i.e.
R(V ∗

j X) = Vj. In this case we can argue as in the proof of [6, Proof of Theorem 2.1] and conclude
that

‖ sinΘ(R(Ψq),Vj)‖2,F ≤ ‖ψ(Σj,⊥) · Σ2
j,⊥‖2 ‖(ψ(Σj) · Σ2

j)
−1‖2 ‖V ∗

j,⊥X(V ∗
j X)†‖2,F .

where we used that ψ(σ1), . . . , ψ(σj) > 0 so that in this case ψ(Σj) · Σ2
j is an invertible matrix.

Moreover,

‖ψ(Σj,⊥) · Σ2
j,⊥‖2 ‖(ψ(Σj) · Σ2

j)
−1‖2 ≤ ‖ψ(Σj,⊥)‖2 ‖ψ(Σj)

−1‖2
(

σj+1

σj

)2

.

The result now follows from the previous inequalities and the identity σj+1/σj = (1 + γj)
−1.

In what follows we make use of the next result from [6].

Lemma 4.4 ([6]). Assume that k < rank(A), so that σk > σk+1 > 0, and let

γk =
σk − σk+1

σk+1
> 0 .

Let T2q(x) ∈ R[x] be the Chebyshev polynomial of the first kind of degree 2q. Then T2q(x) has
even powers only. Furthermore, if we set ψ(x) = T2q(x/σk+1) then

ψ(σ1) > . . . > ψ(σk+1) = 1 , ψ(σi) ≥
1

4
(1 + γk) 2

2q min{√γk , 1} , for 1 ≤ i ≤ k ,
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and |ψ(σi)| ≤ 1, for i ≥ k + 1. Hence,

‖ψ(Σk)
−1‖2 ‖ψ(Σk,⊥)‖2 ≤ 4

2−2q min{√γk , 1}

1 + γk
.

We point out that the inequalities ψ(σ1) ≥ . . . ≥ ψ(σk+1) in the lemma above are a consequence
of the super-linear growth for large input values (i.e., in this case for x ≥ σk+1) of the gap amplifying
Chebyshev polynomials (see [6]).

Proof of Theorem 3.5. Let T2q(x) ∈ R[x] be the Chebyshev polynomial of the first kind of degree
2q. Since σk+1 > 0 we can set ψ(x) = T2q(x/σk+1). By Lemma 4.4 we get that ψ(σ1) > . . . >
ψ(σk+1) = 1 and hence

‖ψ(Σj)
−1‖2 =

1

ψ(σj)
and ‖ψ(Σj+1)‖2 = ψ(σj+1) = ψ(σk) .

Thus, Eq. (6) follows from Theorem 3.4 and the identities above.

Consider Ψq = V (ψ(Σ) · Σ2)V ∗X; then

V ∗
k,⊥Ψq(V

∗
k Ψq)

† = (ψ(Σk,⊥) · Σ2
k,⊥)V

∗
k,⊥X((ψ(Σk) · Σ2

k)V
∗
k X)† .

Since ψ(Σk) · Σ2
k ∈ K

k×k is invertible, then Proposition 5.4 implies that

((ψ(Σk) · Σ2
k)V

∗
k X)† = (V ∗

k X)†((ψ(Σk) · Σ2
k)PR(V ∗

k
X))

† .

Hence, the previous identities imply that

‖V ∗
k,⊥Ψq(V

∗
k Ψq)

†‖2,F ≤ ‖ψ(Σk,⊥) · Σ2
k,⊥‖2 ‖V ∗

k,⊥X(V ∗
k X)†‖2,F ‖(ψ(Σk) · Σ2

k)
−1‖2 .

Again, by Lemma 4.4, we get that ‖ψ(Σk,⊥)·Σ2
k,⊥‖2 ≤ σ2k+1 while ‖(ψ(Σk)·Σ2

k)
−1‖2 ≤ (ψ(σk)σ

2
k)

−1.
Putting everything together, we get that

‖V ∗
k,⊥Ψq(V

∗
k Ψq)

†‖2,F ≤ 1

ψ(σk)
‖V ∗

k,⊥X(V ∗
k X)†‖2,F

(

σk+1

σk

)2

.

Thus, Eq. (7) now follows from the previous inequalities and the identity σk+1/σk = (1 + γk)
−1.

Finally, notice that the first inequality in Eq. (8) was shown in Remark 3.6, while the second
inequality is a consequence of Lemma 4.4.

Recall that given an h-compatible pair (A,X) we defined C(A,X, j, k)2,F = C2,F as follows: if
h ≤ k < rank(A) and 1 ≤ j then

C2,F (V,X) = C2,F = max
{

2 ‖V ∗
j,⊥X(V ∗

j X)†‖2,F , ‖V ∗
k,⊥X(V ∗

k X)†‖2,F
}

. (29)

If j = 0 we let C2,F = ‖V ∗
k,⊥X(V ∗

k X)†‖2,F ; if k = rank(A) then we set C2,F = 2 ‖V ∗
j,⊥X(V ∗

j X)†‖2,F .

Proof of Theorem 3.7. Assume first that 1 ≤ j < h ≤ k < rank(A); notice that σh = σk > σk+1 >
0, since k < rank(A). To obtain the claimed convergence analysis we follow the strategy described
in Remark 3.3. Let T2q(x) be the Chebyshev polynomial of the first kind of degree 2q and set
ψ(x) = T2q(x/σk+1). By Theorem 3.5, if we let Ψq = V (ψ(Σ) · Σ2)V ∗X then

‖ sinΘ(R(Ψq),Vj)‖2,F ≤ ψ(σk)

ψ(σj)
‖V ∗

j,⊥X(V ∗
j X)†‖2,F

1

(1 + γj)2
(30)
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‖V ∗
k,⊥Ψq(V

∗
k Ψq)

†‖2,F ≤ 1

ψ(σk)
‖V ∗

k,⊥X(V ∗
k X)†‖2,F

1

(1 + γk)2
. (31)

Since V ∗
hΨq = ψ(Σh)Σ

2
h V

∗
hX then R(V ∗

hΨq) = R(V ∗
h ) so that the pair (A,Ψq) is h-compatible and

dimΨq ≥ h. If we apply Theorem 3.2 to this last pair with t = 0 and φ(x) = x and consider
Eqs. (30) and (31) above, we conclude that there exists an h-dimensional left dominant subspace
S ′ ⊂ K

m for A such that

‖ sinΘ(K0(A,Ψq),S ′)‖2,F ≤ 2
ψ(σk)

ψ(σj)
‖V ∗

j,⊥X(V ∗
j X)†‖2,F

1

(1 + γj)2
+

1

1 + γk

1

ψ(σk)
‖V ∗

k,⊥X(V ∗
k X)†‖2,F

1

(1 + γk)2
.

where we have used the identity σk+1/σk = (1 + γk)
−1. Since x2 ψ(x) ∈ R[x] is a degree 2(q + 1)

polynomial with even powers only, then we get that R(Ψq) ⊂ R(K̃q) where

K̃q := Kq(A
∗, AX) = (A∗(AX) (A∗A)A∗(AX) · · · (A∗A)qA∗(AX)) ∈ K

n×(q+1)r .

Thus, K0(A,Ψq) ⊂ K0(A, K̃q) ⊂ Kq+1(A,X); using the properties of principal angles and the
estimates above, we now see that

‖ sinΘ(Kq+1(A,X),S ′)‖2,F ≤ ‖ sinΘ(K0(A,Ψq),S ′)‖2,F

≤ C2,F

(

ψ(σk)

ψ(σj)

1

(1 + γj)2
+

1

ψ(σk)

1

(1 + γk)3

)

,

where C2,F = C2,F (A,X) is defined as in Eq. (29).
The case j = 0 can be treated with similar arguments (the details are left to the reader).

Remark 4.5 (Construction of S ′ as in Theorem 3.7). A simple inspection of the proof above shows
that the h-dimensional left dominant subspace S ′ ⊂ K

m as in Theorem 3.7 can be constructed using
Algorithm 4.1 with starting guess Ψq = V (ψ(Σ) ·Σ2)V ∗X ∈ K

n×r and setting t = 0 (the rest of the
parameters remain the same). Notice that this is in accordance with the general strategy described
in Remark 3.3.

4.3 Proof of Theorems 3.8, 3.9, 3.10 and 3.11.

Throughout this section we consider Notation 4.1 and the notation from Theorem 3.10. In par-
ticular, we consider Algorithm 2.1 with input: A ∈ K

m×n, starting guess X ∈ K
n×r; moreover,

we set our target rank to: 1 ≤ h ≤ rank (A). We let UK ∈ Km×d denote the matrix whose
columns form an orthonormal basis of the Krylov space Kq+1 constructed in terms of A and X,
for some fixed q ≥ 0; further, we let Ûi ∈ K

m×i denote the matrix whose columns are the top i
columns of the output Ûh of Algorithm 2.1, for 1 ≤ i ≤ h. We mostly focus on the case in which
1 ≤ j < h ≤ k < rank(A); notice that in this case we have that σh = σk > 0, since h ≤ rank(A).
The cases j = 0 or k = rank(A) can be treated with similar arguments (the details are left to the
reader).

In what follows we make use of the constants δ2,F given by: for k < rank(A) then let T2q(x) be
the Chebyshev polynomial of the first kind of degree 2q, ψ(x) = T2q(x/σk+1) and set

δ2,F :=
√
2C2,F

(

ψ(σk)

ψ(σj)

1

(1 + γj)
+

1

ψ(σk)

1

(1 + γk)2

)

, (32)

where C2,F is defined as in Eq. (29). In case j = 0 the first term should be omitted. In case
k = rank(A) and 1 ≤ j, then let ψ(x) = T2q(x/σk) and set

δ2,F :=

√
2

ψ(σj)

C2,F

(1 + γj)
. (33)
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Proof of Theorem 3.8. We first assume that 1 ≤ j < h ≤ k < rank(A) so γk > 0. Let T2q(x) be
the Chebyshev polynomial of the first kind of degree 2q and set ψ(x) = T2q(x/σk+1). Consider
Ψ̃q := U (ψ(Σ) · Σ)V ∗X ∈ K

m×r and notice that A∗Ψ̃q = V ( (ψ(Σ) · Σ2)V ∗X = Ψq. Arguing as in
the proof of Theorem 3.5 we get that

‖ sinΘ(R(Ψ̃q),Uj)‖2,F ≤ ψ(σk)

ψ(σj)
‖V ∗

j,⊥X(V ∗
j X)†‖2,F

1

(1 + γj)
,

‖U∗
k,⊥Ψ̃q(U

∗
k Ψ̃q)

†‖2,F ≤ 1

ψ(σk)
‖V ∗

k,⊥X(V ∗
k X)†‖2,F

1

(1 + γk)
.

Notice that U∗
hΨ̃q = ψ(Σh)Σ

2
h V

∗
hX so that R(U∗

hΨ̃q) = R(U∗
h) and the pair (A∗, Ψ̃q) is h-compatible.

Using the previous estimates together with Theorem 3.2 applied to the matrix A∗, the starting guess
matrix Ψ̃q and t = 0 (with φ(x) = x) we get that there exists an h-dimensional right dominant
subspace S̃ ⊂ K

n of A such that

‖ sinΘ(R(Ψq), S̃)‖2,F ≤ C2,F

(

ψ(σk)

ψ(σj)

1

(1 + γj)
+

1

ψ(σk)

1

(1 + γk)2

)

=
δ2,F√

2
, (34)

where we have used that R(A∗Ψ̃q) = R(Ψq) and C2,F is defined as in Eq. (29). Hence, by Eq. (34)
and our hypotheses we now see that

Θ(R(Ψq), S̃) ≤
π

4
I . (35)

On the other hand, arguing as in the proof of Theorem 3.7 we see that R(AΨq) ⊂ Kq+1(A,X). We
now set AS̃ = APS̃ , where PS̃ denotes the orthogonal projection onto S̃ ⊂ K

n. In this case we
get that A = AS̃ + (A − AS̃) so that AS̃(A − AS̃)

∗ = APS̃(I − PS̃)A
∗ = 0. If we let VS̃ ∈ K

n×h

denote the top right singular vectors of AS̃ then R(VS̃) = S̃. Notice that Eq. (35) implies that
R(V ∗

S̃Ψq) = R(V ∗
S̃ ) so we can apply Lemma 5.6 in this context. Hence, we consider the principal

vectors {w1, . . . , wh} ⊂ Ψq, corresponding to the pair of subspaces (R(Ψq), S̃); we also let Q ∈ K
n×h

be an isometry with columns w1, . . . , wh so that R(AQ) ⊂ R(AΨq) ⊂ Kq+1. Recall that UK (being
the output of Algorithm 2.1 with power parameter set to q+1) denotes the matrix whose columns
form an orthonormal basis of the Krylov space Kq+1. Then, the previous facts together with Lemma
5.6 show that

‖AS̃ − UKU
∗
KAS̃‖2,F ≤ ‖(I −AQ(AQ)†)AS̃‖2,F = ‖AS̃ −AQ(AQ)†AS̃‖2,F

≤ ‖A−AS̃‖2 ‖ tanΘ(R(Ψq), S̃)‖2,F .

On the one hand, ‖A − AS̃‖2 = σh+1, since S̃ is an h-dimensional right dominant subspace of A.
On the other hand, Eq. (35) also implies that

‖A−AS̃‖2 ‖ tanΘ(R(Ψq), S̃)‖2,F ≤ σh+1

√
2 ‖ sinΘ(R(Ψq), S̃)‖2,F ≤ σh+1 δ2,F ,

where we have also used Eq. (34).

Proof of Theorem 3.9. We keep using the notation from the proof of Theorem 3.8 above. As a
consequence of Theorem 3.8 and Lidskii’s inequality for singular values, we get that

|σi(APS̃)− σi(UKU
∗
KAPS̃)| ≤ ‖APS̃ − UKU

∗
KAPS̃‖2 ≤ σh+1 δ2 , 1 ≤ i ≤ h .

Therefore, for 1 ≤ i ≤ h, we have that

σi(A) ≥ σi(UKU
∗
KA) = σi(Âh) ≥ σi(UKU

∗
KAPS̃) ≥ σi(APS̃)− σh+1 δ2 .

The result now follows from the previous facts and the identities σi(APS̃) = σi(A), for 1 ≤ i ≤ h.

20



Proof of Theorem 3.10. We keep using the notation from the proof of Theorem 3.8 above. In
particular, we consider the existence of an h-dimensional right dominant subspace S̃ for A that
satisfies Eq. (34). We now argue as in the proof of [6, Theorem 2.3.] and consider the estimate for
the Frobenius norm first. Indeed, by [3, Lemma 8] we have that

A− ÛiÛ
∗
i A = A− UK(U∗

KA)i for 1 ≤ i ≤ h ,

where (U∗
KA)i denotes a best rank-i approximation of U∗

KA. By the same result, we also get that
UK(U∗

KA)i is a best rank-i approximation of A from R(UK) in the Frobenius norm i.e.,

‖A− UK(U∗
KA)i‖F = min

rank(Y )≤i
‖A− UKY ‖F . (36)

We now consider a SVD, A = UΣV ∗ such that the top h columns of V span the h-dimensional
right dominant subspace R(Vh) = Vh = S̃ (recall that this can always be done). For 1 ≤ i ≤ h we
set

A = Ai +Ai,⊥ where Ai = UiΣiV
∗
i and Ai,⊥ = A−Ai .

Then, by [6, Lemma 7.2] we get that

‖A− ÛiÛ
∗
i A‖2F ≤ ‖A−Ai‖2F + ‖Ai − UKU

∗
KAi‖2F . (37)

Now we bound the second term in Eq. (37). Under the present notation, we get that Θ(R(Vh), R(Ψq)) ≤
π
4 Ih, by Eq. (35). Hence, Θ(R(Vi), R(Ψq)) ≤ π

4 Ii (see Section 2.1) and we see that R(V ∗
i Ψq) =

R(V ∗
i ), for 1 ≤ i ≤ h. Thus, we can apply Lemma 5.6 in this context. Hence, we consider the

principal vectors {w1, . . . , wi} ⊂ R(Ψq) corresponding to the pair (R(Ψq), R(Vi)). Moreover, we let
Q ∈ K

n×i be an isometry with R(Q) = Span{w1, . . . , wi} so that R(AQ) ⊂ R(AΨq) ⊂ Kq+1. The
previous facts together with Lemma 5.6 show that

‖Ai − UKU
∗
KAi‖F ≤ ‖(I −AQ(AQ)†)Ai‖F = ‖Ai −AQ(AQ)†Ai‖F

≤ ‖A−Ai‖2 ‖ tanΘ(R(Ψq), R(Vi))‖F
≤ ‖A−Ai‖2 ‖ tanΘ(R(Ψq), R(Vh))‖F .

By Eq. (35) we get that Θ(R(Vh), R(Ψq)) = Θ(S̃, R(Ψq)) ≤ π
4 I; then,

‖ tanΘ(R(Ψq), R(Vh))‖F ≤
√
2 ‖ sinΘ(R(Ψq), R(Vh))‖F ≤ δF

where we have used Eq. (34). Therefore, the previous inequalities imply that

‖A− ÛiÛ
∗
i A‖2F ≤ ‖A−Ai‖2F + (σi+1 · δF )2 . (38)

This proves the upper bound in Eq. (18) for the Frobenius norm. To prove the bound for the
spectral norm, recall that by [12, Theorem 3.4.] we get that Eq. (38) implies that

‖A− ÛiÛ
∗
i A‖22 ≤ ‖A−Ai‖22 + (σi+1 · δF )2 ,

since rank(ÛiÛ
∗
i A) ≤ i. The upper bound in (18) for the spectral norm follows from this last

fact.

Proof of Theorem 3.11. Let us fix an h-compatible pair (A,X) and assume that 0 ≤ j < h ≤
k < rank(A). We follow the conventions: γ0 = +∞ in case j = 0. Let T2q(x) be the Chebyshev
polynomial of the first kind of degree 2q and set ψ(x) = T2q(x/σk+1); in this case, by Theorem 3.5
we get that

ψ(σk)

ψ(σj)
≤ 1

(1 + γj)2q
and

1

ψ(σk)
≤ 4

2−2q min{√γk , 1}

(1 + γk)
.
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Hence, if we let δ2,F be defined as in Eq. (32) then we get that

δ2,F ≤
√
2C2,F

(

1

(1 + γj)2q+1
+ 4

2−2q min{√γk , 1}

(1 + γk)3

)

. (39)

Thus, if Eq. (19) is satisfied then δ2 ≤ 1. In this case, we can apply Theorems 3.9 and 3.10 and
get, for 1 ≤ i ≤ h:

σi − σh+1 · δ2 ≤ σi(Âh) ≤ σi and ‖A− ÛiÛ
∗
i A‖2,F ≤ ‖A−Ai‖2,F + σi+1 · δF .

Therefore, the result is a consequence of the previous two bounds together with the estimate in Eq.
(39).

5 Appendix

In this section we include several technical results that were used in the proofs of the main results.
Most of these technical results are elementary and can be found in the literature; we include the
versions that are best suited for our exposition together with their proofs, for the convenience of
the reader.

Proposition 5.1. Let V ∈ K
n×k be an isometry and let V ′, X ⊂ K

n be subspaces such that
dimX ≥ dimV ′ = j, V ′ ⊂ (ker V ∗)⊥ = R(V ) and Θ(X ,V ′) < π/2 Ij . Then W = V ∗X ⊂ K

k is
such that dimW ≥ j and if we let H′ = V ∗V ′ then

Θ(W,H′) ≤ Θ(X ,V ′) ∈ R
j×j .

Proof. First notice that
PXPV ′PX ≤ PXV V

∗PX .

By hypothesis rank(PXPV ′PX ) = j which shows that dimW = rank(V ∗PX ) ≥ j. On the other hand,
since V is an isometry then Θ(W,H′) = Θ(VW, VH′) = Θ(V V ∗X ,V ′). ConsiderD = V V ∗PXV V ∗;
then R(D) = V V ∗X , so dimR(D) = dimW ≥ j. Moreover,

0 ≤ D ≤ PR(D) =⇒ PV ′PXPV ′ = PV ′DPV ′ ≤ PV ′PR(D)PV ′ ,

where we used that PV ′V V ∗ = PV ′ . Then, cos2Θ(X ,V ′) ≤ cos2Θ(V V ∗X ,V ′) ∈ R
j×j and the result

follows from the fact that f(x) = cos2(x) is a decreasing function on [0, π/2].

Proposition 5.2. Let B ∈ K
k×k be such that B = B∗ and let H′, W ′ ⊂ K

k be subspaces such that
PH′B = BPH′, dimH′ = dimW ′ and H′, W ′ ⊂ ker(B)⊥. If we let BW ′ = T ′,

‖ sinΘ(H′,T ′)‖2,F ≤ ‖B(I − PH′)‖2 ‖B†‖2‖ sinΘ(H′,W ′)‖2,F .

Proof. Notice that (BPH′)† = PH′B† = B†PH′ . Then,

(I − PH′)PT ′ = (I − PH′)(BPW ′) (BPW ′)† = (B(I − PH′)) (I − PH′)PW ′ (BPW ′)† .

Also, notice that (BPW ′)† = PW ′B†PT ′ ; in particular, ‖(BPW ′)†‖2 ≤ ‖B†‖2. Finally, since dimT ′ =
dimW ′ = dimH′ the previous facts imply that

‖ sinΘ(H′,T ′)‖2,F ≤ ‖B(I − PH′)‖2 ‖B†‖2‖ sinΘ(H′,W ′)‖2,F .
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Proposition 5.3. Let T ′, T ′′ and H′, H′′ be pairs of mutually orthogonal subspaces in K
k, such

that dim(H′) ≤ dim(T ′) and dim(H′′) ≤ dim(T ′′). Consider the subspaces in K
k given by the

(orthogonal) sums T = T ′ ⊕T ′′ and H = H′⊕H′′, so dim(H) ≤ dim(T ). In this case we have that

‖ sinΘ(T ,H)‖2,F ≤ ‖ sinΘ(T ′,H′)‖2,F + ‖ sinΘ(T ′′,H′′)‖2,F .

Proof. We will make use of the following fact: given two subspaces R, S ⊂ K
k of the same di-

mension d then the non-zero singular values of PR − PS coincide with the non-zero entries of
(sin(θd), sin(θd), . . . , sin(θ1), sin(θ1)), where Θ(R,S) = diag(θ1, . . . , θd). In particular, ‖ sinΘ(R,S)‖2 =
‖PR − PS‖2 and

√
2 ‖ sinΘ(R,S)‖F = ‖PR − PS‖F .

Let T ′
0 ⊂ T ′ and T ′′

0 ⊂ T ′′ be such that dim T ′
0 = dimH′, dimT ′′

0 = dimH′′ and Θ(T ′,H′) =
Θ(T ′

0 ,H′), Θ(T ′′,H′′) = Θ(T ′′
0 ,H′′). Let T0 = T ′

0 ⊕ T ′′
0 ⊂ T ; since dimH = dimT0 we get that

Θ(H,T ) ≤ Θ(H,T0). The previous remarks show that we can assume further that dimT ′ = dimH′

and dimT ′′ = dimH′′, so that dimT = dimH. In this case we have that

‖ sinΘ(T ,H)‖2 = ‖PT − PH‖2 ≤ ‖PT ′ − PH′‖2 + ‖PT ′′ − PH′′‖2
= ‖ sinΘ(T ′,H′)‖2 + ‖ sinΘ(T ′′,H′′)‖2 ,

where we used that PT = PT ′ + PT ′′ and PH = PH′ + PH′′ . The Frobenius norm can be handled
similarly.

Proposition 5.4. Let B ∈ K
p×q and let C ∈ K

q×r with R(C) = V ⊂ K
q such that V ⊂ kerB⊥.

Then
(BC)† = C†(BPV)

† .

Proof. In this case R(BC) = BV and kerBC = kerC. Moreover,

BCC†(BPV)
† = BPV(BPV)

† = PBV and

C†(BPV)
†BC = C†(BPV)

†BPVC = C†Pker(BPV )⊥C = PkerC⊥ ,

where we used that ker(BPV) = V⊥, since V ⊂ kerB⊥.

Let C ∈ K
m×c have rank p. For 1 ≤ i ≤ p we define

Pξ
C, i(A) = C · argminrank(Y )≤i‖A− CY ‖ξ for ξ = 2, F .

Due to the optimality properties of the projection CC† (see [12]) we get that

‖A− CC†A‖ξ ≤ ‖A− Pξ
C, i(A)‖ξ for ξ = 2, F . (40)

The following result is [26, Lemma C.5] (see also [3]).

Lemma 5.5 ([26]). Let A ∈ K
m×n and consider a decomposition A = A1 +A2, with rank(A1) = i.

Let V1 ∈ K
n×i denote the top right singular vectors of A1. Let Z ∈ K

n×p be such that rank(V ∗
1 Z) = i

and let C = AZ. Then rank(C) ≥ i and

‖A1 − Pξ
C, i(A1)‖ξ ≤ ‖A2Z(V

∗
1 Z)

†‖ξ for ξ = 2, F .

The following is a small variation of [26, Lemma C.1]

Lemma 5.6. Let A ∈ K
m×n and consider the decomposition A = A1 + A2, with A1A

∗
2 = 0 and

rank(A1) = i. Let V1 ∈ K
n×i and V2 ∈ K

n×(n−i) denote the top right singular vectors of A1 and
A2 respectively. Let K̃ ⊂ K

n be a subspace such that V ∗
1 (K̃) = R(V ∗

1 ). Let {x1, . . . , xi} ⊂ K̃ denote
the principal vectors corresponding to the pair (K̃, R(V1)) and let Q ∈ K

n×i be an isometry with
R(Q) = Span({x1, . . . , xi}) ⊂ K̃. Then,

‖A1 − (AQ)(AQ)†A1‖2,F ≤ ‖A−A1‖2 ‖ tanΘ(K̃, R(V1))‖2,F .
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Proof. Notice that by construction

Θ(R(Q), R(V1)) = Θ(K̃, R(V1)) <
π

2
I .

Then, we get that rank(AQ) = i. Hence, we have that

‖A1 − (AQ)(AQ)†A1‖2,F ≤ ‖A1 − P2,F
AQ, i(A1)‖2,F ≤ ‖A2Q(V ∗

1 Q)†‖2,F
≤ ‖A2‖2 ‖V ∗

2 Q(V ∗
1 Q)†‖2,F

= ‖A2‖2 ‖ tanΘ(R(Q), R(V1))‖2,F
= ‖A−A1‖2 ‖ tanΘ(K̃, R(V1))‖2,F ,

where we have used Eq. (40), Lemma 5.5, that the isometry V2 satisfies that A2 = A2V2V
∗
2 and the

identity ‖V ∗
2 Q(V ∗

1 Q)†‖2,F = ‖ tanΘ(R(Q), R(V1))‖2,FV1))‖2,F , that holds by [6, Lemma 4.3], since
rank(V ∗

1 Q) = i.
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