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A NOTE ON THE COMPUTATION OF SPARSE RESULTANTS

EDUARDO CATTANI! AND ALICIA DICKENSTEIN?

RESUME. Le but de cette note est de discuter la relation entre les résidus toriques et
les résultants creux et son application au calcul de ces derniers.

ABSTRACT. The purpose of this note is to discuss the relationship between toric
residues and sparse resultants and its application to the computation of the latter.

1. Introduction. Resultants provide efficient ways for studying and solving polyno-
mial systems. They have very classical origins [3, 11, 25, 37, 38, 41, 46] and are
important in applications [1, 4, 28, 31, 36] as well as from a theoretical perspective
[29, 32, 26].

This paper considers the sparse (or toric) resultant, which can exploit an a pri-
ori knowledge on the support of the equations [29]. There are several approaches to
the problem of computing sparse resultants: Canny-Emiris algorithms based on mixed
subdivision of the Minkowski sum of the Newton polytopes of the input polynomials
[6, 7, 18], computations based on resultant complexes [29, 45, 48, 19, 20, 22, 33, 34],
algorithms based on Bezoutians (also called Dixon-matrices) [5, 27, 13, 14], and of
course the direct method of computing a Grobner basis of the input polynomials with
respect to an elimination order.

In this mostly expository note, we consider the global toric residue associated to
a generic family of polynomials with given supports, of any polynomial with critical
degree, to devise a different method to compute sparse resultants. The toric residue is
a rational function of the coefficients of the given polynomials. Our work is inspired
by the work of Jouanolou for the homogeneous case [32] and our previous work with
Sturmfels [10], that describe the sparse resultant as the denominator of the global toric
residue associated to a generic family of polynomials with given supports, of any poly-
nomial with critical degree. But instead, we propose to use a particular polynomial
with residue 1 to read the sparse resultant from the numerator of its normal form with
respect to any Grobner basis.

In Section 2 we recall the definitions and basic facts about sparse resultants and
toric residues, and we relate them in Theorem 2.2. In Section 3 we prove the main
result about elements with constant residue and resultants (Theorem 3.1) and state the
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resulting Algorithm 3.2. This algorithm works, in principle, if two conditions are sat-
isfied. First of all, the codimension of a certain graded piece of a multi-homogeneous
ideal must be one and then we must be able to exhibit an explicit element of known con-
stant residue. In Section 4 we survey recent developments on these matters [17, 35].
The last section is devoted to examples.

The interest of our approach relating these two important invariants of polynomial
systems is at this point mostly theoretical, since its computational performance is not
very good. Although in principle being able to work with any monomial order should
have an advantage over costly elimination orders, in practice most computations lie be-
yond the capability of the standard computer algebra systems implemented in a personal
computer. None of the results, old or new, mentioned in this note has a general efficient
implementation yet. The main theoretical open problem is how to relate residues and
resultants in the mixed case when the codimension is greater than 1. The resultant is
still in the denominator of any non-zero residue, but it is not clear how to detect it with
normal forms.

2. Sparse Resultant and Toric Residues. We first recall the definition of the unmixed
sparse resultant associated to a family Ay, . .., A, of supports. Here, each A; C Z" is a
finite subset of lattice points. Without loss of generality, we will assume that the affine
lattice spanned by > 7 A; is the whole Z". Set m := card(A). Consider a system

of n + 1 generic Laurent polynomials in n variables ¢ = (¢1, ..., t,) with supports in
Ao, ey Ani
fit) = ) cit” (1)
a€A;
for7 = 0,...,n. The vector c of all coefficients ¢;, in (1) defines a point in the product

of complex projective spaces Y = P01 x ... x Pmn~l Let Z C Y denote the
subset of coefficients for which (1) has a solution ¢ in the torus (C*)" and let Z be its
closure in Y. Then, the projective variety Z is irreducible and defined over Q. When
codim(Z) = 1, the sparse resultant Res Ao..... A, = Res(fo,..., fn) is the unique (up
to sign) irreducible polynomial in Z[. .., ¢4, . . . | which vanishes on the hypersurface
Z.If codim(Z) > 2 then Res Ao,...,A, 1s defined to be the constant 1.

Sturmfels characterized those families of supports for which the sparse resultant
is non-trivial [44]. To state his result, we need the following notion: a subcollection
of supports {4;};cr is said to be essential if rank(I) = card(/) — 1 and rank(.J) >
card(J) for each proper subset J C I, where rank(.J) denotes the dimension of the
affine space generated by Zje 7 Aj. Then, Resy, . a, # 1if and only if there is
a single subcollection {A;};c; which is essential. In this case the sparse resultant
Res4,.,...,a, coincides with the sparse resultant associated to this subcollection.

We will thus assume in this note that { Ay, ..., A, } is essential. Let Q); denote the
convex hull of A;. Foralli € {0,...,n} the degree of Resy, ... 4, in the i-th group of
variables {c;, | @ € A;} is a positive integer, equal to the mixed volume

MV (Qo,...,Qi-1,Qiy1...,Qn) = Z (—1)c@rd) 07 ZQJ'

JC{0,...,i—1,i+1...,n} JjeJ
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One can associate, to the Minkowski sum @ := )" , @;, a complete toric variety
X = X with an ample divisor Dg. Note that it follows from the hypothesis of essen-
tiality of the family of supports Ao, . .., A, that (), and therefore X, are n-dimensional.
Furthermore, one can associate to each (J; a line bundle F; in X which is generated by
its sections. The variety X is described by the normal fan of (), which is a refinement
of the normal fan to each of Qg, ..., Q.

Remark 2.1. One can also consider the resultant corresponding to the family of sup-
ports Qo NZ"™,...,Q, NZ". Since we are assuming that the affine lattice spanned
by > jeg Aj is the whole Z", it follows from Theorem 1 in [39] that for polynomials
fo, .-, fn with supports in Ay, ..., A, asin (1),

ReSQoﬂZ",...,QnﬂZ"(an DRI fn) — ReSAo,...,An (fOu cee 7fn)’

where it is understood as usual that the resultant polynomials are evaluated in the vector
of coefficients c of fy, ..., f,. It can be seen as in [29, Prop. 1.5, Ch. 8] that the resul-
tant Resg,nz»,....Q.nz» coincides with the resultant on X associated to Ey, ..., [,.

Denote by 71, . .., ns the primitive inner normal vectors to (), or equivalently, the
primitive generators of the one-dimensional cones in the normal fan. The homogeneous
coordinate ring S of X is the polynomial ring S = C[x1, ..., x4 [15]. Each variable
x; is associated to the generator 7;, and hence to a torus-invariant irreducible divisor
D; of X. The polynomial ring S is graded by the Chow group A,,_1(X) of invariant
Weil divisors in X as follows. Given b € Z°, the degree of the (Laurent) monomial

b _ 118 bj
x” =1I]_ x; equals

deg(z?) := | > b;D; | € Ap_1(X).
j=1

We denote by S,, the graded piece of S of polynomials of degree o. The associated
divisor to each F; has degree o; given by:

S
ai = |y biD;j|
Jj=1

where

bij = —Wflfgél,(%m%

The critical degree p is defined as:

Given a polynomial f(¢) =) aeqe Cat® supported in Q°, its Q°-homogenization is

F(z) = Z Car Ha:jmﬂ"“)%j*l, (2)

aEQ j=1

where b; = Y " b;;. Note that F'(z) is a multi-homogeneous polynomial of critical
degree and that every element in .S, is of this form.
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Similarly, foreach¢ = 0, ..., n, we associate to f; its Q;-homogenization F; € S,
given by:
S
Fy(x) = Z Cia H a0+
a€A; 7=1

For each 4, F; defines a global section of F;, and so its zero set is well-defined; indeed,
{F; = 0} is the closure of the torus hypersurface defined by { f; = 0}. Moreover, if the
coefficients ¢ = (¢, |7 =0,...,n, a € A;) are such that

..... QrNZ™ (an ceey fn) = ReSAo,...,An(f07 ey fn) ?é 07 (3)

the intersection N} ,{F; = 0} = () . Throughout the rest of this note we will assume
that (3) holds.
Under these assumptions, the toric residue resr is a particular non-zero morphism

resp : S,/1, — C

from the degree-p piece of the quotient S/I, with I = (Fp,..., F,), and defined by
Cox [16] in cohomological terms.

Generically, the torus subset Vi, := Nz, {f; = 0} is finite and coincides with
ﬂ#k{Fi = 0}. By Theorem 0.4 in [8], the toric residue has then the following affine
interpretation. Given H € S, it is the ()°-homogenization, as in (2), of a Laurent
polynomial h = ZGEQO hqt® supported in the interior of (). Since the intersection
N o{fi = 0} is empty, the rational function h/fj is regular on V}, for every fixed
k €{0,...,n}. The toric residue equals

h/ fx dty dty
resp(H = —1)k res < — A AN—],
) - 5%; \fo fecrfrr1 - fn t tn

k
where the right-hand side is a sum of point Grothendieck residues [30, 47] relative
to the divisors {f;(t) = 0} C (C*)", with ¢ # k. This is a linear function of the
coefficients h, of H (or h) and a rational function of the coefficients ¢ of Fy, ..., F,
(or fo,..., [n)

We have the following generalization of Theorem 1.4 in [10], mimicking the proof
of Proposition 3.5 in [23].

Theorem 2.2. Let H € S, (or h with support in Q°) and Fy, ..., F, (or fo,..., fn)
be as above. Then there exists a polynomial Py in the coefficients c such that
Pr(c) Pp(c)

resp(H) = = .
r(H) Resa,... a,(c)  Resay,..a,(fo, s [n)

This result generalizes the corresponding theorem for the classical case of homo-
geneous polynomials and projective space proved by Jouanolou [32]. If X denotes the
unit simplex in R", and deg(F;) = d;, with i = 0,...,n, the classical case corre-
sponds to the family of supports (do.X) NZ", ..., (dy.X) NZ". In this case, a theorem
of Macaulay asserts that dim S,/I, = 1 and the Jacobian Jr of Fy,. .., F), defines a
canonical homogeneous polynomial of critical degree with non-zero residue equal to
the product of the degrees d = []"_, deg(F;). It follows that

Py, (c) = d-Resgy.m)nzn,....(dn.5)nZn (€)5
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from where )
Res(dy.2)nz0, ... (dn.£)nZn = 3PJF,

that is, the resultant can be computed, up to a constant, from the numerator of the
residue of the Jacobian. Clearly, it can also be recovered from the numerator of the
residue of any known polynomial A € Z|c, x] of constant residue. Jouanolou also
proved that the numerator of the residue is a subresultant, which can be computed from
an associated complex; see [21] for a generalization to the toric ample case. We will
discuss generalizations of Macaulay’s and Jouanolou’s results to the toric case, together
with applications to the computation of toric resultants in the following section.

3. Resultants from residues. We recover the notations and hypotheses of the previous
section. We will exploit now the relation between residues and resultants in the p
piece S,/1, of the graded algebra S/I to propose an algorithm for the computation
of resultants, under suitable assumptions.

Assume dim S, /I, = 1. Given a term order < in S, there will be a unique standard
monomial of degree p, the smallest monomial £, relative to <, not in the ideal I.
Consequently, for any H € S, its normal form relative to the reduced Grobner basis
for <, will be a multiple of x*°.

Assume moreover that there exists a polynomial A € Z[c, z1,. .., x4 of degree p
in (x1,...,2,) such that resp(A) = 1. We can write the normalform of A with respect
to a Grobner basis of I with respect to <:

normalform(A) = R(c) - ®°
where R € Q(c) is a rational function of the coefficients of Fy, ..., F,.

Theorem 3.1. With notation and assumptions as above, write R = P/Q, with P,(Q €
Zic| coprime and of content 1. Then, Resy,,... a,(c) = P(c).

Proof. We have

= res =res P(C)-xo‘“ :P(C)res 20
1= re(®) = resr ()4 ) = GiEjresr(a™),

By Theorem 2.2 we then have
P(c)  Pyeo(c) )
Q(c) Resa,,... 4, (c)

Therefore Res ... 4, (¢)Q(c) = P(c)Pyao(c), but since the resultant Res 4, 4, (c)
is irreducible and coprime with P,ao (c), this implies the statement. O

1=

So, if we are able to assert that dim S,/I, = 1 and to find an explicit element
A = A(F) € S, with toric residue with respect to Fy, . .., F}, equal to 1, we could use
the following algorithm for the computation of the sparse resultant.

Algorithm 3.2 (The resultant via the normalform).

(1) Pick any term order < in the variables x1,...,xs and compute a Grobner
basis of I with respect to <.

(2) Compute the normalform normalform(A) = R(c) - 2%, where R € Q(c)
and z° is the least monomial of degree p notin /.
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(3) Then, Resa,,....a,(fo,- -, fn) is equal to the numerator of R written in least
terms.

Remark 3.3. In fact, a Grobner basis computation is not needed, but only a normalform
computation, that is we could start the algorithm in the second step and write A =
R(c) - *° modulo I, with any procedure.

Remark 3.4. This algorithm may also be used to compute resultants associated to para-
metric families of polynomials with support equal to Ay, . .., A,.

4. Satisfying the assumptions. Our Algorithm 3.2 is predicated on two assumptions:
that dim S,/I, = 1 and that we can compute an explicit element A € .S, of known
constant residue. The results of Macaulay and Jouanolou guarantee that these results
hold in the dense homogeneous case, while those in [16, 8] generalize them to the case
when all the «; are ample and (@ is simplicial. We summarize in this section some
recent works, which greatly extend these results in the toric case.

We point out that although many of the results discussed below are stated for the
case of normal toric varieties, that is those associated with all the integer points in
a polytope, Remark 2.1 implies that we can adapt ourselves to the normal case by
considering the polynomial f; as having support Q); N Z", with coefficient O for those
monomials not in A;.

Assume then that A; = Q;NZ". Let [*(B) = card(B°NZ") denote the number of
lattice points in the relative interior of a polytope B. The following result generalizes
Macaulay’s Theorem as well as codimension results from [16, 8].

Theorem 4.1. [17, Theorem 2.2] Assume as before that Ay, ..., A, is essential and
Resa,,..., A, (F0, - - -, Fy) # 0. Then,

(1) The codimension of 1, in S, satisfies the inequalities

n—1
1+ Y M@0 <dim((S/D)<1+> > @),

dim(Q)=1 k=1 dim(Q ;)=|J|=k

where in the right-most sum we assume that J C {0, ...,n} and Q j denotes
the Minkowski sum ), ; Q.
(2) The codimension of 1,in S, is given by

n—1
dm((S/0,) =1+Y. Y r@))
k=1 dim(Q )=|J|=k
if one of the following is satisfied for every J, with 1 < |J| < n — 2:
(@) dim(Qy) # |J| + 1;
(b) dim(Q ) = |J| + 1 but Q ; has no interior lattice points;
(© dim(Qy) = |J| + 1 but dim(Qur) > |J| + |I| for non-empty subsets
Ic{0,...,n}suchthat INJ = 0and|J|+ |I| <n.

In particular, the codimension is always bigger than 1 if there exists at least one
polytope @y of dimension 1 and relative volume at least 2 (that is, with at least one
interior lattice point). Conversely, it is always equal to 1 when all (), are n-dimensional.
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We concentrate now on the search for elements with known constant residue. Such
elements generalize the classical Jacobian and the toric Jacobian studied in [16, 8, 9]
in case the degrees «; are equal (the unmixed case) or they are all positive integer
multiples of a fixed ample a.

Consider the classical case of polynomials Fy, ..., F,, homogeneous of positive
degrees dg, . . ., dp, as follows. Foreach¢ = 0, ..., n, write
n
Fi(z) =) Aij(z)a;, )
j=0

where each A;; is a homogeneous polynomial of degree d; — 1. Note that these poly-
nomials can be chosen in Z[c, x]. Define

A(z) = det((Aij)ij=0,....n)- (5)
Then, A has critical degree and since it is easily seen that res,, ., (1) = 1, the
transformation law [8] yields resp(A) = 1.

In generalizing this construction to the toric case, the first difficulty that arises is
that the number s of variables is in general bigger than the number n+1 of polynomials.
This can be dealt with in case all «; are ample as follows; see [8] for the simplicial case
and [21] for the general case.

Suppose @ is simplicial, choose the n-variables corresponding to the normals of
the facets concurring at a vertex v of Q (labeled 1, ..., x,), and set zo := [[j_,, ,; ;.
Then, it is possible to find again multi-homogeneous polynomials A;; such that the
identity (4) holds and the corresponding polynomial A defined as in (5) has again crit-
ical degree and its toric residue resp(A) = 1. In the non-simplicial case, it is possible
to choose a complete flag of facets

Yo=0CXiC¥C---CX,

-----

through v in such a way that the intersection of the facets in X; is a face of codimension
7 (so X, consists of all the facets through this vertex). Denote by I'; the set of those

inner normal vectors 7 to a facet in 3; \ ¥;_1, for7 = 1,...,n, and by Iy the set of
t‘hose 1¢ whose correjsponding f.acet does not pass through v. Let z; = Hmem Ty, vs{ith
1 =0,...,n. Then, it is shown in [21] that there exist multi-homogeneous polynomials

A;; such that (4) holds with x; replaced by z; and that the element A defined as in (5)
has toric residue equal to 1.

In the general codimension-one case, the problem of constructing explicit elements
of residue 1 remains open, even when all the ();’s are n-dimensional. All known results
are subsumed in the following recent construction by Khetan and Soprounov [35].

Definition 4.2. [35, Definition 5.1] Let Qq, . . . , @, be lattice polytopes in R"™. A par-
tition matrix for Qq, . .., Q;, is a collection M;;, with 0 < 7, j < n, such that:
(D) Mij CQ;NZ"and Q; NZ™ = Mg U -+ U M;y;
(2) For any lattice point a € M;j, at least one vertex of the minimal face of );
containing a lies in M;;;
(3) For any permutation o of {0, ...,n}, we have > 7' | M, ;); C Q°.

Given Laurent polynomials fy, ..., fn asin (1), set, for 0 < i,j < mn,

fij = Z Cata.

G:GMZ']'
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The determinant 6 = det(f;;) is a Laurent polynomial supported on ()°. Denote by
A € S, its (Q°-homogenization. It is then shown in [35, Theorem 6.9] that the toric
residue resp(A) is an integer that depends only on the combinatorics of the polytopes
Q; and the partitions of their lattice points. This integer is the combinatorial degree of
an associated map.

When the polytopes ; share a complete flag of faces (in which case the system
is called locally unmixed), Khetan and Soprounov give a combinatorial construction
of § (or A), which is a broad generalization of all previously known constructions.
Moreover, they are able to construct elements of residue &1 for all essential configu-
rations in the plane with one single exception. This construction is carried out in an
algorithmic manner in [35, Theorem 8.2]. The exceptional case is when )y and (), are
one-dimensional (with linearly independent directions) and ()5 is a parallelogram with
sides parallel to Qg and ;. We show how to compute the resultant associated with
these configurations in Example 5.4.

5. Examples.

Example 5.1. Consider the following simple example of classical dense polynomials
from [24, Chapter 1]:

fo = ao+aity + asty;
fi = bo+ bity + bato;
fo = c1+cat? + cstd + ety + cxta + cotata.

The corresponding Newton polytopes are Qg = ()1 = Yo, Q2 = 235 and @ = 43s.
The normal vectors to the facets of () are 79 = (—1,—1),n; = (1,0), and 12 = (0, 1).
Thus the ();-homogenizations are:

Fy = aoxg+ a1x1 + asxo;
Fi = bozo+ biz1 + baxy;
Fy = 123+ co2? + 373 + c4x071 + C5T0T2 + CoT1T2.

In this case X is P? and A,,_1(P?) = Z with deg(x®) = |b|. Thus, the critical degree
is p = 1 and we can choose

ag al as
A = det bo by bo
C1%0 + €421 + C5T2  C2T1 + CeT2  C3X2

We can now read off the resultant Resynyz2 sinz2 (25)nz2 (Fo, F1, F2) (which agrees
with the homogeneous resultant Res; 1 2(Fp, F1, F2)) from the normal form of A rel-
ative to any Grobner basis of I = (Fp, F1, F3). For example, computing relative to
grevlex with x¢g > x1 > x2, we have:

normalform(A) = ((agb%c;), — adbibacg + adbsco + agarbobace — agazbics+
apaibibacs — aoalb%(z; + apasbobicg — agasbibacy — 2agaibobics + a%bgcg —
a%b0b265 + a%b%cl — alagbgcﬁ + aja2bgbics + aiasbgbacy + 2apasbgboco —
2a1a2b1bacy + a%b%cz — a%boblc4 + a%b?cl)/(aobl — albo))mg

and the numerator of the coefficient of x5 in this expression is the resultant. Its denom-
inator is the subresultant polynomial in the sense of [12], whose vanishing is equivalent
to the condition x9 € I.
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Example 5.2. Let Ap = A; = {(0,0),(2,0),(0,1)} and A2 = {(1,0),(1,2),(0,2)}
be configurations in Z2. The Minkowski sum Q = Q1 + Q2 + Q3 is the polytope in
the plane with vertices

Vert(Q) = {(1,0), (5,0), (5,2), (1,4),(0,4),(0,2)}.

The corresponding generic polynomials are

fo = a0+ a1t + asty;
fi = bo+ bt} + boto;
fo = cot1+ citits + caot3.

Following the notation of Section 2 we list the data necessary for homogenizing the
polynomials f;:

i \ ni \ bio | bia \ bio | bi |
1 (1,0) 0 0 0 0
) 2,1) 0 0 2 2
3 (0,1) 0 0 0 0
4 (—1,0) —2 —2 —1 i
5 (—1,-2) ) —2 =5 -9
6 0, -1) -1 -1 = 1
Thus,
2
Fo(z1,...m6) = xizdzefo (i;ﬁg, ié;g)
= aoxixgxg + alx%xéx(; + angxgxi.
Similarly,
Fi(x1,...,26) = boxiriee + bialrias + bazoxsrd;
Fy(zy,...,x6) = coxlxéx% + clxlx%x?,) + 02x§x4x5.

Since all three polytopes are two-dimensional, the codimension-one hypothesis is satis-
fied by Theorem 4.1. We then appeal to the algorithm described in [35, Theorem 8.2] to
construct a partition matrix giving rise to an element of known constant residue. Since
Qo = @1 but @2 has no common edges with them, the family of supports is, in the
notation of [35], partially unmixed and of subtype (2a). Following their construction
we then get that the polynomial

ag alt% a2t2
0 = det bo blt% bots
cot1 0 Cltlt% + Cth

= (agb1 — arbo)c1tits + (agby — aibo)cat?ts + (a1by — agby)cotits
is supported in Q°. Hence, its ()°-homogenization
A = ((agby — arbo)crz1z3ws + (apby — a1by)cawsraxs
+(a1by — a2b1)cowlxgxgxﬁ)mmg,xgxlx%

is of critical degree and has toric residue +1. Using Maple we find that the reduced
Grobner basis for the ideal I = (Fy, Fy, F») with respect to the graded reverse lex-
icographic ordering with z; > --- > =z consists of 14 polynomials. The smallest
monomial of critical degree not in [ is z*° = 1:537233?3:1:%. Computing the normal form
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of A relative to the Grobner basis we find a multiple of £“° whose numerator is the
desired sparse resultant:

( —4a0blcla1b as + cga%agbobg + aéb‘l1 2b0a2 coaoalb5 + Coa2b01)4
—agbictby + ajbicsasby — afbicibs — cdapasbibs + adbicias — adbicibaas
—aibicagby + 4adbiciaibobs + 2a3b3a3bicoer — dagbiaicociar b
+2a2biadcociby — 6agb2abicibe + 4adbiatbicociby + dagbiarazbicoc
—dagbicibdaias — dcdaiadbobiby — 6c3apala3b?bs — 6a3b?cabibaat
—2a0b1a20001b2 + 4coa0a bgbgal + 2a b3b20001a2 6a0b1a b2coclbga2
+6c3atazbob?b3 + dagbic3b3baa — 2abibicociag + 6agbialadbacoci by
—4a$bdabibacoer + dcdagaibiasby — dadbiciboaras + 4adbiatbiciby

+atbicdas + dadbicibobaa? + 6adbicibiaZas — dckarasbobibe

+6a b1a1b001a2 4a0b1a1b061a2 - a0b1a1b20001.

Example 5.3. Algorithm 3.2 may also be used to compute A-discriminants. Recall that
given a configuration A C Z'™ and its associated toric variety X 4, the A-discriminant
D 4 is the equation of the dual variety X if this is a hypersurface. Otherwise, we define
D4 = 1. Hence, D 4 is only defined up to constant though with a little more care it can
be defined, up to sign, as a polynomial over Z. We refer to [29] for more details.

The principal A-determinant F 4(t) is defined as (see [29]):

0%, oo
atla-'-,natn )

where fo = >, 4 cat® is a generic polynomial supported on A. The unique irreducible

factor of E4(t) involving all the variables {c, | a € A} is the discriminant D 4.
Discriminants appear in a variety of contexts in algebra, geometry, and analysis. As

an illustration we will apply Algorithm 3.2 to compute an example from [2, Section 6].
Consider the following configuration of six points in Z3:

A ={(0,0,0),(1,0,0),(0,1,0),(0,0,1), (—1,-1,0),(1,1,-1)}.

As the principal A-determinant and the A-discriminant are affine invariants of A we
may translate A by the vector (2, 2, 2) so as to make all the coordinates strictly positive.
This implies that for all 7, the Newton polytope of f; = t;(0fy/0t;) agrees with that of
fo, which we denote by P. Thus our translated configuration is

A=1(2,22),(3,2,2),(2,3,2),(2,2,3),(1,1,2),(3,3,1)}.
Although this translation is not necessary, doing it simplifies the exposisition. The
polytope P has 5 facets with inner-normals: 7, = (—1,—1,—1); o = (=1,2,—-1);
n3 = (27 —1, _1); N4 = (_17 2, 2); and N5 = (27 —1, 2)
It is then easy to check that the P-homogenizations of fy, f1, f2 and f3 are:

E4(t) :=Resa,.. A <f0,751

Fy = aorizow3zrsxs + alxgxg + agxg‘a;i + agaﬁimg + a4a::1)’ + am%x%;
Fi = 2apx1100374T5 + 3a1x§:rg + 2a2x§xi + 2a3xi$§ + a4$:1” + 3a5x§x§;
Fy = 2apx1z00374T5 + 2a11:§:n§ + 3a233§’1‘i + 2a3xi$§ + a4$:{’ + 3a5x§x§;

F3 = 2apx12903%47T5 + 2a1x§:cg + 2a2x§’$i + 3a3xi$§ + 2a4x:f + %x%x%.
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Since P is simplicial, we can write F;(x) as in (4) with respect to the variables
{x3w5,21, 2, x4} and obtain an element of toric residue +1:

Alz) = alxgmgagz:im% (:ngg,xiaoxzag + 1'3133%134(10%’2&5 + 3z2a4z3as

+ 2z3z5a477as5) .

Using Maple we find that the reduced Grobner basis for the ideal I = (Fy, Iy, Fy, F3)
with respect to the graded reverse lexicographic ordering with 1 > --- > x5 consists
of 80 polynomials. The smallest monomial of critical degree not in I is % = z{.
Computing the normal form of A relative to the Grobner basis we find a multiple of

2% whose numerator is a monomial times the desired A-discriminant:
Dy = 729&?1&%&% + 54a5a3a4a3 — 1458a5a3a2a1ai + 729&%&%&3 + ag + 54a2a1a4a3.

Example 5.4. We consider the exceptional case of [35] in dimension 2, that is, ()¢ and
(21 are one-dimensional (with linearly independent directions) and ()2 is a parallelo-
gram with sides parallel to Qg and Q1. Set A; = Q; N Z2. Without loss of generality,
we can assume that () is a horizontal segment of length d; (that is, fo = Ef;o a;tt is
a polynomial of degree dj in the variable ¢1), Q1 is a vertical segment of length ds (that
is, f1 = 2?2:0 b;jt}, is a polynomial of degree ds in the variable ¢5), and Qg is a rec-

tangle with sides parallel to the axes of size [; X lo <that is, fo = Zf;lzo ] ~ 0 Cijt] tit! >
After bihomogenization, we have

d ds . RS ]
d . s l ]
ko= E aiy ' P = E bjzyyy” . and Fy = E E ciTiyy whyy .
i=0 J=0

=0 j=0

The only case in which the codimension at the critical degree is 1 corresponds by
Theorem 4.1 to the case dy = dy = 1. In this case, the resultant is simply obtained by
substituting t; = —ap/a; and to = —by/b; in fo and clearing denominators.

The normal form algorithm could be adapted to the case of general dy,ds € N,
even if the codimension is greater than 1, as follows.

Lemma 5.5. With the above notations, let Gy := yoFy and G := y1Fi. Then,
Go,G1 and Fy have ample degrees in P' x P! and lie in the ideal generated by
{y1y2,x1,22}. Moreover, let A be defined as explained in Section 4 and compute
Res 40x{0,1},{0,1} x A1,42 (Go, G1, F2) (for instance using Algorithm 3.2). Then, the re-
sultant of fo, f1, fo can be recovered as

Res 44 o, 1} {01} x 41,4, (Go, G, Fa)

ReSAO,Al,AQ(fO7f17f2) = (6)

L1
adl bd2 Cdids

Proof. The equality (6) could be proven to be a consequence of Theorem 1.1 in [39],
by considering the restrictions from the supports Ag x {0,1} and {0,1} x A; to Ay X
{0} and {0} x A, which are affinely equivalent to Ay and A;. It could be directly
deduced from the Poisson formula for sparse resultants in [40]. Note that the degrees
of Res g, 4,,4,(fo, f1, f2) and Res 4 {0,1},10,1} x 41,4, (Go, G1, F2) on the coefficients
of fo, f1 and fo are lydy + dylo + dido and l1ds + lo 4+ dilo + 11 + dy +do + 1
respectively. 0
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Résumé substantiel en francais. Les résultants fournissent des méthodes efficaces
pour I’étude des systemes d’équations. Ils ont des origines tres classiques [3, 11, 25,
37, 38, 41, 46] et ils sont importants au niveau des applications [1, 4, 28, 31, 36], aussi
bien que d’un point de vue théorique [29, 32, 26].

Dans cet article, nous considérons les résultants creux (ou toriques), qui perme-
ttent d’utiliser la connaissance a priori du support des équations [29]. Des méthodes
différentes sont utilisées pour le calcul des résultants creux: des algorithmes a la Canny-
Emiris basés sur des subdivisions mixtes des polytopes de Newton des polyndmes don-
nés [6, 7, 18], des calculs basés sur des complexes résultants [29, 45, 48, 19, 20, 22,
33, 34], des algorithmes reposant sur la notion de Bézoutien (aussi appelés matrices de
Dixon) [5, 27, 13, 14], et bien siir, la méthode directe de calcul d’une base de Grobner
des polyndmes donnés par rapport a un ordre monomial d’élimination.

Dans cette note, plutdt expositoire, nous considérons le résidu torique global as-
socié a une famille générique de polyndmes avec des supports donnés d’un polyndome
de degré critique pour proposer une méthode différente de calcul des résultants creux.
Ce résidu torique est une fonction rationnelle des coefficients des polyndmes donnés.
Notre travail est inspiré des résultats de Jouanolou dans le cas homogene [32] et par
notre article en collaboration avec Sturmfels [10], ol nous décrivons le résultant creux
comme le dénominateur d’un résidu torique explicite. Ici, nous proposons d’utiliser un
polyndme de degré critique avec résidu égal a 1 pour lire le résultant creux du numéra-
teur de sa forme normale par rapport a une base de Grobner arbitraire.

A la Section 2 nous rappelons les définitions et les faits de base sur les résultants
et les résidus toriques, et nous rendons explicite leur relation dans le Théoréme 2.2. A
la Section 3 nous montrons dans le Théoréme 3.1 comment le résultant creux peut étre
obtenu a partir d’un calcul de forme normale d’un élément de degré critique et résidu
constant égal a 1. Comme corollaire, nous obtenons 1’ Algorithme 3.2 pour le calcul du
résultant. Cet algorithme suppose, en principe, la validité de deux conditions. D’abord,
la codimension de la partie de degré critique du quotient par 1’idéal engendré par les
polyndmes donnés doit €tre égale a 1, ensuite, il faut connaitre un polyndéme de degré
critique avec résidu torique constant. A la Section 4 nous rappelons des développements
récents sur ces sujets [17, 35]. La derniere section est consacrée a développer des
exemples.

L’intérét de notre approche qui relie ces deux invariants importants des systemes
polynomiaux est jusqu’a maintenant plutdt théorique. Bien qu’en principe la possibilité
de travailler avec un ordre monomial arbitraire devrait offrir des avantages sur les ordres
d’élimination, trés couteux au niveau calculatoire, dans la pratique la plupart des calculs
effectifs surpassent la capacité des systémes d’algébre computationnelle standard sur un
ordinateur personnel. Aucun des résultats, anciens ou nouveaux, mentionnés dans cette
note ont en général une implantation efficace pour le moment. Le probléme principal,
ouvert du point de vue théorique, est celui de trouver la relation entre les résidus et les
résultants toriques lorsque la codimension de la partie de degré critique du quotient par
I’idéal engendré par les polyndmes donnés est supérieure a 1. Le résultant est encore
dans le dénominateur des résidus non nuls, mais on ne sait pas comment le détecter en
utilisant un calcul de forme normale.



E. Cattani and A. Dickenstein 217

1.

[98]

10.

11.

12.
13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

REFERENCES

J. L. Awange and E. W. Grafarend, Solving algebraic computational problems in geodesy
and geoinformatics: The Answer to Modern Challenges, Springer-Verlag, Berlin, 2005.
xviii+333 pp.

. V. V. Batyrev and E. N. Materov, Toric residues and mirror symmetry, Mosc. Math. J. 2

(2002), 435-475.

. E. Bézout, Théorie générale des équations algébriques, Paris, 1779.
. L. Busé, Residual resultant over the projective plane and the implicitization problem,

Proceedings of the 2001 International Symposium on Symbolic and Algebraic Compu-
tation, ACM, New York, (2001), 48-55.

. L. Busé, Computing resultant matrices with Macaulay? and Maple, Rapport de

recherche 0280, INRIA, Sophia Antipolis, 2003.

. J. F. Canny and 1. Z. Emiris, An efficient algorithm for the sparse mixed resultant, Ap-

plied algebra, algebraic algorithms and error-correcting codes (San Juan, PR, 1993),
89-104, Lecture Notes in Comput. Sci. 673 Springer, Berlin, 1993.

. J. F. Canny and I. Z. Emiris, A subdivision-based algorithm for the sparse resultant,

J. ACM 47 (2000), 417-451.

. E. Cattani, D. A. Cox and A. Dickenstein, Residues in toric varieties, Compositio Math.

108 (1997), 35-76.

. E. Cattani and A. Dickenstein, A global view of residues in the torus, J. Pure Appl. Al-

gebra 117/118 (1997), 119-144.

E. Cattani, A. Dickenstein and B. Sturmfels, Residues and resultants, J. Math. Sci. Univ.
Tokyo 5 (1998), 119-148.

A. Cayley, On the theory of elimination, Cambridge and Dublin Math. J. 3 (1848), 116—
120.

M. Chardin, Multivariate subresultants, J. Pure Appl. Algebra 101 (1995), 129-138.

A. D. Chtcherba and D. Kapur, Constructing Sylvester-type resultant matrices using the
Dixon formulation, J. Symbolic Comput. 38 (2004), 777-814.

A. D. Chtcherba and D. Kapur, Resultants for unmixed bivariate polynomial systems
produced using the Dixon formulation, J. Symbolic Comput. 38 (2004), 915-958.

D. A. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geom. 4
(1995), 17-50.

D. A. Cox, Toric residues, Ark. Mat. 34 (1996), 73-96.

D. A. Cox and A. Dickenstein, Codimension theorems for complete toric varieties, Proc.
Amer. Math. Soc. 133 (2005), 3153-3162.

C. D’ Andrea, Macaulay-style formulas for the sparse resultant, Trans. Amer. Math. Soc.
354 (2002), 2595-2629.

C. D’Andrea and A. Dickenstein, Explicit formulas for the multivariate resultant, Ef-
fective methods in algebraic geometry (Bath, 2000). J. Pure Appl. Algebra 164 (2001),
59-86.

C. D’Andrea and 1. Z. Emiris, Hybrid resultant matrices of bivariate polynomials, In
Proc. Annual ACM Intern. Symp. on Symbolic and Algebraic Computation, London,
Ontario, (2001), 24-31.

C. D’Andrea C. and A. Khetan, Macaulay style formulas for the toric residue, Compo-
sitio Math. 141 (2005), 713-728.

A. Dickenstein and 1. Z. Emiris, Multihomogeneous resultant formulae by means of com-
plexes, J. Symbolic Computation 36 (2003), 317-342.

A. Dickenstein, Hypergeometric functions with integer homogeneities, In: Géometrie
Complexe II, Eds. F. Norguet - S. Ofman, ”Actualités scientifiques et industrielles, Ed.
Hermann, 2004.



218

24

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.
38.

39.

40.

41.

42.

43.

44.

45.

A note on the computation of sparse resultants

. A. Dickenstein and 1. Z. Emiris (Eds.), Solving polynomial equations, Foundations, al-
gorithms, and applications, Algorithms and Computation in Mathematics 14, Springer-
Verlag, 2005.

A. L. Dixon, The eliminant of three quantics in two independent variables, Proc. Lon-
don Math. Soc. 6 (1908), 49-69.

D. Eisenbud, F.-O. Schreyer and J. Weyman, Resultants and Chow forms via exterior
syzygies, J. Amer. Math. Soc. 16 (2003), 537-579.

M. Elkadi and B. Mourrain, Some applications of Bezoutians in effective algebraic ge-
ometry, Rapport de recherche 3572, INRIA, Sophia Antipolis, 1998.

K. Gatermann, Counting stable solutions of sparse polynomial systems in chemistry,
Symbolic computation: solving equations in algebra, geometry, and engineering (South
Hadley, MA, 2000). Contemp. Math., Amer. Math. Soc., Providence, RI, 286 (2001)
53-69.

I. M. Gelfand, M. M. Kapranov and A. V. Zelevinsky, Discriminants, resultants and mul-
tidimensional determinants, Mathematics: Theory & Applications. Birkhduser Boston,
Inc., Boston, MA, 1994. x+523 pp.

P. Griffiths and J. Harris, Principles of algebraic geometry, Pure and Applied Mathemat-
ics, Wiley-Interscience, New York, 1978.

1. Hallgrimsdéttir and B. Sturmfels, Resultants in genetic linkage analysis, J. Symbolic
Comput. 41 (2006), 125-137.

J. P. Jouanolou, Formes d’inertie et résultant: un formulaire, Adv. Math. 126 (1997),
119-250.

A. Khetan, The resultant of an unmixed bivariate system, J. Symbolic Computation 36
(2003), 425-442.

A. Khetan, Exact matrix formula for the unmixed resultant in three variables, J. Pure
Appl. Algebra 198 (2005), 237-256.

A. Khetan and 1. Soprounov, Combinatorial construction of toric residues, Ann. Inst.
Fourier (Grenoble), 55 (2005), 511-548.

J. B. Little, Solving the Selesnick-Burrus filter design equations using computational
algebra and algebraic geometry, Adv. in Appl. Math. 31 (2003), 463-500.

F. S. Macaulay, Some formulae in elimination, Proc. London Math. Soc. 33 (1902), 3-27.
F. S. Macaulay, The algebraic theory of modular systems, Cambridge tracts in Math. &
Math. Physics, Cambridge University Press 19 1994.

M. Minimair, Sparse resultant under vanishing coefficients, J. Algebraic Combin. 18
(2003), 53-73.

P. Pedersen and B. Sturmfels, Product formulas for resultants and Chow forms, Math. Z.
214 (1993), 377-396.

G. Salmon, Lessons introductory to the modern higher algebra, Elibron Classics, 2002.
Replica of 1859 edition by Hodges, Smith, and Co., Dublin.

1. Soprounov, Toric residue and combinatorial degree, Trans. Amer. Math. Soc. 357
(2005), 1963-1975.

B. Sturmfels, Sparse elimination theory, Computational algebraic geometry and com-
mutative algebra (Cortona, 1991), 264-298, Sympos. Math. XXXIV Cambridge Univ.
Press, Cambridge, 1993.

B. Sturmfels, On the Newton polytope of the resultant, J. Algebraic Combin. 3 (1994),
207-236.

B. Sturmfels and A. Zelevinsky, Multigraded resultants of Sylvester type, J. Algebra 163
(1994), 115-127.



E. Cattani and A. Dickenstein 219

46. J. J. Sylvester, On a theory of syzygetic relations of two rational integral functions, com-
prising an application to the theory of Sturm’s functions, and that of the greatest alge-
braic common measure Philosophical Trans. 143 (1853), 407-548.

47. A. K. Tsikh, Multidimensional residues and their applications, Translated from the 1988
Russian original by E. J. F. Primrose. Translations of Mathematical Monographs 103
American Mathematical Society, Providence, RI, 1992. x+188 pp.

48. J. Weyman and A. Zelevinsky, Determinantal formulas for multigraded resultants, J. Al-
gebraic Geom. 3 (1994), 569-597.

E. CATTANI

DEPARTMENT OF MATHEMATICS AND STATISTICS
UNIVERSITY OF MASSACHUSETTS,

AMHERST, MA 01003, USA
cattani@math.umass.edu

A. DICKENSTEIN

DEPARTAMENTO DE MATEMATICA,

FACULTAD DE CIENCIAS EXACTAS Y NATURALES,
UNIVERSIDAD DE BUENOS AIRES,

BUENOS AIRES, ARGENTINA

alidick@dm.uba.ar



