Compact extra dimensions in cosmologies with f(7') structure
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The presence of compact extra dimensions in cosmological scenarios in the context of f(T')-
like gravities is discussed. For the case of toroidal compactifications, the analysis is performed in
an arbitrary number of extra dimensions. Spherical topologies for the extra dimensions are then
carefully studied in six and seven spacetime dimensions, where the proper vielbein fields responsible

for the parallelization process are found.

I. INTRODUCTION

In 1928 Einstein proposed an equivalent formulation of
General Relativity (GR) nowadays known as the Telepar-
allel Equivalent of General Relativity (TEGR) [1, 2]. In
this theory, the Weitzenbock connection is used instead of
the Levi-Civita connection to define the covariant deriva-
tive. Weitzenbock connection has non-null torsion; how-
ever, it is curvatureless, which implies that this formu-
lation of gravity exhibits only torsion. In D spacetime
dimensions, the dynamical fields are the D linearly inde-
pendent vielbeins and the torsion tensor is formed solely
by them and the first derivatives of these objects. The
Lagrangian density, which will be noted hereafter as T,
is constructed from this torsion tensor, assuming invari-
ance under general coordinate transformations and lo-
cal Lorentz transformations, along with demanding that
the Lagrangian density be quadratic in the torsion tensor
[2]. In recent years an extension of the above Lagrangian
density was constructed in [3-6], making the Lagrangian
density a function of the scalar torsion T, the so-called
f(T) gravity. Much attention has been focused on this
extended f(T') gravity theory recently, because it exhibits
interesting cosmological implications, as witnessed in the
study of missing matter problems, as well as providing
a new mechanism to explain the late acceleration of the
universe based on a modification of the gravitational the-
ory, instead of introducing an exotic content of matter
(dark energy problem) [7-18]. It is also believed that
f(T) gravity could be a reliable approach to address the
shortcomings of general relativity at high-energy scales
[19]. For instance, in [4] a Born-Infeld f(T) gravity La-
grangian was used to cure the physically inadmissible di-
vergencies occurring in the Big Bang of standard cos-
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mology, rendering spacetime geodesically complete and
powering an inflationary stage without the introduction
of an inflaton field.

We are now interested in studying this alternative the-
ory of gravity in a higher dimensional context, and the
basic features of cosmological behavior due to this ex-
tension. The conception of extra dimensions in physical
theories has a long history that begins with the original
ideas of Kaluza and Klein [20] and finds a new realization
nowadays in modern string theory [21, 22]. One of the
main motivations for studying these higher dimensional
models is the chance of unifying the fundamental inter-
actions of nature. In most extra-dimensional scenarios,
the additional dimensions are assumed to be compacti-
fied on a very small (unobservable) internal submanifold,
whereas the other spacetime dimensions constitute the
4-dimensional observable universe. Another mechanism
of dimensional reduction studied in cosmological GR sce-
narios is dynamical compactification [23-25]. In this case,
the internal dimensions evolve in time to very small scales
as the external dimensions expand, and so the observ-
able universe becomes effectively 4-dimensional. This
type of reduction was first studied by Chodos and De-
tweiler in [23], who considered vacuum Einstein equations
in five spacetime dimensions. These results were latter
extended, and a full classification of homogeneous eleven-
dimensional cosmologies can be found in [26]. Dynami-
cal reduction in multidimensional Bianchi type I models
was studied in [27] and a study of multidimensional cos-
mological models as dynamical systems with topology
FRW* x TP~4 (here TP~* refers to the (D — 4)-torus)
was performed in [28, 29]. More recently, and in a totally
different context, GR in the presence of a large number
of extra dimensions was carefully studied in [30, 31].

The specific topic of extra dimensions have scarcely
been worked out in f(7) theories, and it remits, in one
hand, to some black hole solutions of f(T") gravity in ar-
bitrary spacetime dimensions [32], and on the other hand,
to an analysis of four-dimensional f(T") gravities as effec-
tive theories coming from five-dimensional Kaluza-Klein



and Randall-Sundrum models [33]. In this work we in-
vestigate for the first time cosmological solutions in the
context of f(T) gravity in higher dimensions, consider-
ing that the extra dimensions are compactified in differ-
ent ways. This investigation is motivated primarily by
the increasing interest in multidimensional cosmological
scenarios, particularly brane-world models [34]. In the
present work we shall consider both toroidal and spher-
ical topologies for the internal dimensions. With this
purpose in mind we proceed first to obtain the proper
parallel vector fields for the different topologies under
consideration. This topic is a difficult one, and consti-
tutes the starting point of any model describing extra
dimensions in gravitational theories with absolute par-
allelism, f(7T') gravity being one of them. In particular
we consider five, six, and seven-dimensional models and
study all the possible compactifications of the extra di-
mensions using the right vielbein field that parallelizes
the spacetime in each of these cases, and we then pro-
ceed to obtain the corresponding field equations. Then
we show in general terms, that in some limited cases,
simple analytical solutions describe physically relevant
spacetimes representing different stages of cosmic evolu-
tion. The results presented here are mandatory aspects
required to deal with more fundamental topics of physical
cosmology such as structure formation and cosmological
perturbations.

The paper is organized as follows: in section II we
present a brief review of the fundamentals of f(T") the-
ories. In section III we study toroidal compactification
for an arbitrary number of extra dimensions, and in sec-
tion IV we study spherical compactifications with the em-
phasis on six and seven spacetime dimensions. Finally,
in section V we present the conclusions.

II. FUNDAMENTALS OF f(T) THEORIES

The extended gravitational schemes with absolute par-
allelism (f(T) theories), take as a starting point the
Teleparallel Equivalent of General Relativity. We will
summarize here the basic elements needed to elaborate
the ideas of the present work, leaving the details for the
reader. For a thorough introduction to f(T') gravity as
well as to its mathematical basis the reader can consult
for instance [35-39].

The spirit of the equivalence between the Riemann and
Weitzenbock formulations of GR can be summarized in
the equation

T=-R+2e'0,(eT,7). (1)

On the left hand side of Eq. (1) we have the so-called
Weitzenbock invariant

T =57

pv

T, (2)

where T, are the components (on a coordinate ba-
sis) of the torsion two-form 7% = de® coming from the

Weitzenbock connection I‘{}u = e} dye, and Sy, is de-

1% l,L?
fined according to

1 1 1
Sp,u,l/ = Z (T‘,)u,l/ _Tuup+Tuup)+ 5 6Z Tm/a - 5 65 To’/,l,o‘
(3)
Actually, T is the result of a very specific quadratic com-
bination of irreducible representations of the torsion ten-
sor under the Lorentz group SO(1, 3) [40]. Equation (1)
simply says that the Weitzenbock invariant T differs from
the scalar curvature R in a total derivative; therefore,
both conceptual frameworks are totally equivalent at the
time of describing the dynamics of the gravitational field.
f(T) gravity can be viewed as a natural extension of
Einstein gravity, and is ruled by the action in D space-
time dimensions

_ 1
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/dDZL' e [f(T) + Lmatter] ) (4)

being e = y/det(g,.,). Of course GR is contained in (4)
as the particular case when f(T') = T. The dynami-
cal equations in f(T) theories, for matter coupled to the
metric in the usual way, are

(67 Bule ™) + 2 17,58, ™) F1(T) +
1
Su ™ Ou(T) f'(T) = zei f(T) = —4nG €} T, (5)

where the prime means derivative with respect to 7' and
T,V is the energy-momentum tensor. It is worth insist-
ing that equations (5) are second-order differential equa-
tions for the vielbein components. This implies a genuine
advantage compared with other deformed gravitational
schemes such as, for instance, the popular f(R) gravi-
ties. This goodness, however, has consequences: the lack
of local Lorentz invariance. If we perform on a given
solution (let us say e’), a local Lorentz transformation
e® — e¥ =AY () eb, we will find that ¢® is not a solu-
tion of the field equations (5). The reason for this lack of
local invariance is simple: under a local transformation
the scalar (2) changes according to T'— T’ = T+ sur-
face term. So this surface term, which is harmless when
f(T) =T, remains inside the function f, thus ruining the
local invariance of the theory. This is because the theory
picks up preferred referential frames that constitute the
autoparallel curves of the given manifold [41]. In other
words, the field equations (5) determine the full compo-
nents of the vielbein and not just those of the metric
tensor, related to the vielbein by means of

(@) = Nap €,(w) € (). (6)

The preferred reference frames that solve the dynamical
equations (5) constitute what we shall call the proper
frames. This frames define the spacetime structure by
means of a global set of basis covering the whole tangent
bundle 7(M), i.e., they parallelize the spacetime (see
section IV for details). From the infinite set of vielbeins



giving a certain metric, the motion equations (5) choose
those frames which act as well defined (smooth), non
null fields on the whole tangent bundle. Equation (6)
just says that these smooth basis fields are everywhere
orthonormal.

An important fact sometimes omitted in the literature
concerns the coupling with the matter fields. If we as-
sume that the matter action depends only on the metric
(and not on the whole vielbein), then the non-fermionic
matter fields are unable to sense the lack of local Lorentz
invariance by virtue of the invariant character of expres-
sion (6) under such transformations. Then, as far as cou-
pling to (non-spinning) matter is concerned, the lack of
local invariance should not be problematic. The effects
of the additional degrees of freedom that certainly exist
in f(T') theories as a consequence of the breaking of the
Lorentz invariance (see the analysis performed in [42]),
must be found beyond the unspinning matter. Actually,
it was found that on the flat FRW background with a
scalar field, linear perturbation up to second order does
not reveal any extra degree of freedom at all [37]. It is fair
to say, though, that the nature of the additional degrees
of freedom remains unknown.

IIT. TOROIDAL COMPACTIFICATIONS IN

D — 4 INTERNAL DIMENSIONS

In this section we will study a D-dimensional cosmolog-
ical model inside f(7T)-gravity theory. We will consider
the simplest case where the additional internal dimen-
sions are compactified in a torus, and in the next section
we will discuss other topologies for the extra dimensions.
The external spacetime is assumed to be spatially flat
in accordance with the current experimental evidence.
Thus, the topology of our cosmological model is described
by Rx R3x S' x...x S', where S' x ... x St is the D — 4
dimensional torus. Under these considerations the metric
is written as

D—4
ds® = dt* — a3 (t)(da® + dy® + d2%) — D an(t) dX2, (7)
n=1

where ag(t) denotes the scale factor of the external space
and a,(t) (n =1,...,D — 4) the scale factors for the in-
ternal dimensions X,,. Based on these observations we
know that the internal compact dimensions must be very
small in order to be undetectable, so we are mainly in-
terested in solutions where all the radii of the internal
dimensions a,(t) (n = 1,...,D — 4) become smaller as
cosmic time evolves. To proceed, we first need to find
the correct parallelization of the spacetime under consid-
eration. For the metric (7), and due to the fact that the
circle S! is trivially parallelizable (just take any smooth,
non null tangent vector field in 7(S')), a vielbein that
parallelizes spacetime is a simple diagonal one

e, = diag (1,ao(t), ao(t), ao(t), a1 (t),...,ap-a(t)) . (8)

Actually, we can think about the vielbein (8) as follows:
unwrap the periodic coordinates X, and take the sub-
manifold ¢ = constant. After rescaling the coordinates
according to

=2 =apzx

!
Yy—y =ay
2= 2 =apz
Xn—>X;l=anXm

we just get D — 1 Euclidian space. For this space, it is
clear that the autoparallel lines are just the straight lines
which can be generated by the basis 9; (i : 1,...D—1), the
dual cobasis of which is dx;. So, up to a time-dependent
conformal factor, the frames describing the autoparallel
lines are dx;, and then the whole spacetime is parallelized
as it is indicated in (8).

In order to obtain the motion equations, we shall work
in the co-moving system, where the energy-momentum
tensor for a perfect fluid reads

(9)

In this way, the energy conservation equation takes the
form

T# = dzag(p, —Po, —P0, —P0, —P1s -+ _pD—4)~

D—4 D—4
n=1 n=1

where a dot means derivative with respect to time and
Hy = ag/ag and H,, = a,,/a, are the Hubble parameters
of the submanifolds with the scale factors ag(t) and a,,(t),
respectively. We can now compute the Weitzenbock in-
variant (2), which is

D—4 1 D—4
T=—-6|H?+ H H,+ = H, H, . (11
( o T 4o nz=:1 + 3 nz=:1 +1> (11)

The initial value equation, i.e., the equation coming from
the variation of the action respect the e component of

the vielbein results
f=2Tf =167Gp. (12)

On the other hand, the action variation respect the spa-
tial sector of the vielbein, leads to the following equations

D—4
. . T
2f’ <3H§ +2Hy+ > (Hy, +2HoH, + H;) — 2) T
n=1
) D—4
2f"T <2H0 + Z Hn> + f(T) = —167Gpo, (13)
n=1
' D—4 ' T
2f (6HG +3Ho+ Y (Hy+HoHy+Hy) — 5 | +
n=1,n#b
) D—4
2f'T | 3Ho+ > Hy |+ f(T)=—16aGpy.  (14)
n=1,n#b



Note that this last expression actually contains D — 4
equations. The full system of equations to be solved is
given by Eqgs. (12)-(14) with T given by (11). They
contain the conservation equation (10) self-consistently.

Now we will investigate some simple limit cases, in or-
der to analyze the behavior of the scale factors. In all of
this section, we will consider that the Hubble parameters
of the extra dimensions are equal (H; = ... = Hp_4 =
H,) and the content of matter in the spacetime is as-
sumed to be dust matter, i.e. pg = p, = 0. In this way,
Egs. (11), (13), and (14) are simplified to

T =—6H2—6(D —4)HyH,—(D —4) (D — 5) H?, (15)

2f' (3H§ +2Ho + (D — 4)(Hy + 2HoHy + HY) — 2) +

2f"T (2Ho + (D — 4)Hy) + f(T) = 0,

. . T
2 (6H§ +3Hy + (D — 5)(Hy + HoHy + H?) — 2) +

2f"T (3Hy + (D — 5)Hy) + f(T) = 0. (17)

First, we will analyze the limit case when both Hubble
parameters, Hy and Hy, are constants; therefore, from
Eq. (15) we know that 7" must be a constant too, and
the above equations reduce to a more manageable form

2" (313 + (0~ 2Hatt + 17) - ) + 5(1) =0
(15)

T
2f <6H§ + (D = 5)(HoH, + H?) — 2) + f(T) = 0.
(19)
Therefore, the equations (18) and (19) yield the following
condition
6Ho

Hy=— .
(D—32+12—(D—3)

(20)

Having imposed the constancy of Hy and Hi, we will
see under what conditions the initial value and energy
conservation equations are satisfied. In this case, the
energy conservation equation can be written as

p+ (3Ho + (D —4)H,)p = 0. (21)
Using the fact that Hy = ao(t)/ao(t) and H; =
a1(t)/a1(t), the energy density is integrated straightfor-
wardly from the above expression, leading to

C
p=—

AOE T ””

where C' is an integration constant. The initial value
equation (12) is satisfied if p is constant (due to the con-
stancy of T), which implies that the term a3 (t) a?~* (t)

(16)

must be constant. This condition actually means that
the total volume of the higher dimensional space remains
constant in time, which will ensure that a dynamical con-
traction of the internal dimensions yields an expanding
external space. From Eq. (21) we obtain

(D —4)
3

Hy=— H,. (23)
This equation together with Eq. (20) are only satis-
fied for D = 5. However, in five dimensions we have
Hy = —H;/3 and T = 12HZ. Thus, by replacing in Eq.
(19), we obtain f(T) = 0. In this way, Eq. (12) yields
p = 0 and therefore the constant C' in (22) is null. Also,
it is easy to see that for dimensions higher than five and
for po = pp, = p = 0 and a constant Hy, the only pos-
sible solution is given by Hy = Hy = 0 with f(T) = 0.
Therefore, we conclude that this compactification is not
able to describe a de Sitter expansion in vacuum.

Another limit case worth mentioning is when the Hub-
ble parameters of the extra dimensions vanish (H; =
... = Hp_4 = 0), which means that the internal space
has a constant volume that should be very small. This
represents a very simple model describing the asymptotic
evolution of the additional dimensions to a final constant
volume. It is easy to see that no solution of such type
exists in this context. In contrast, we will see in section
IV that this kind of behavior is possible for the extra
dimensions in some spherical compactifications.

Finally, let’s briefly comment on some additional exact
solutions occurring in D = 5. Taking p = 0 and non-
constant Hubble parameters in Eqs. (11), (13), and (14)
we get

T = —6(Hj + HoH:), (24)
, 9 . . , T
2f (3H0 +2Hy+ Hy +2HoH, + Hi — 2) +
2f"T (2Ho + Hy) + f(T) = 0, (25)

2f <6H§ +3H, — Z) +6f"THy+ f(T) =0. (26)

From Eq. (12), we obtain

f
— =T 27
2fr (27)
Therefore, T is a constant that depends on f(T) [? ],
and by replacing it in Eq. (26), we get

. T T
Ho+2Hi +—=0, Hy=-—

SR &
6 6H, o

(28)

where we have used (24). By this manner we can distin-
guish three cases that depend on the sign of T.



e Case T < 0. Eq. (28) tells us in this case that the
Hubble parameter H yields

_ 1T |7

where B is an integration constant. It is worth
noting that both scale factors, which are given by

ag (t) = acosh!/? ( @ (t+ B)) , (30)

ap (t) = 6sinh< |§|(t—|—3)> X

cosh™1/2 ( % (t+ B)) : (31)

where o and § are constant, increase in time. This
case, thus, seems to be unprovided of physical sig-
nificance.

e Case T' > 0. Now Hj is given by

HO:—;\/ztan <\/§(L‘-|-B)> ) (32)

and the scale factors by

ap (t) = acos'/? (\/?(t + B)) ; (33)

ar (t) = PBsin (\/?(tJrB)) X
1 T
cos™1/? (\/;(t + B)) . (34)

In order to be physically admissible, at least as a
model of the early stages of cosmic evolution, we

must bind the proper time to the interval —3 % <

t < 0, having taken B = 0. In this way ag is an
increasing function of time, while a; decreases from

infinite at ¢t = fg\/g to a null value at t = 0.

e Case T' = 0. Finally, when the scalar torsion van-
ishes the scale factors are given by

ai (t) =2t + B, (35)
) 1
aj (t) = %1 B (36)

This behavior for the scale factors shows a suppres-
sion of the extra dimensions as the bulk expands
linearly in time, and then, constitutes a physical
admissible simple model of the early universe.

Note that in the three cases, the solutions are indepen-
dent of the specific form of the function f(T'), in the sense
that the sole role of f(T) is to fix the constant value of
T. We actually included them here as simple examples of
exact states of the theory, and we hope that they might
serve as a seed for more realistic solutions.

IV. SPHERICAL COMPACTIFICATIONS IN
D — 4 INTERNAL DIMENSIONS

A. Statement of the problem

In theories relying on absolute parallelism, i.e., in the-
ories where the whole vielbein components (not just the
metric tensor) are determined by the field equations, the
structure of the parallel vector fields describing the addi-
tional compact dimensions is highly non-trivial. In this
section we investigate this issue further and discuss a
number of topics essential to understanding the nature of
the additional compact dimensions when they are other
than the simple toroidal compactifications previously dis-
cussed. In particular, we shall now focus on extra com-
pact dimensions with topology S™, n > 1.

Our task is to find cosmological solutions of the f(7T')
field equations (5) with D — 4 spherically compactified
extra dimensions, i.e. a set of D one forms e®(x) that
solve the equations and lead to the metric tensor

ds* = dt* — a;f(t)dQ(Qj) - a%(t)dﬂ%k) —..— (37
—ad(t)(dx? + dy* + d2?),

where dQ%j refers to the line element corresponding to
the j sphere, so j+k+... = D —4. In order to do so, we
need first to propose a proper frame field for the topology
Rx 87 x S¥x...x R% ie., D one forms e®(x) which turn
equations (5) in a set of consistent equations for the un-
known (time dependent) scale factors ag, a1, ag, .... Once
this is done, it will remain to solve the equations and to
obtain the functional form of the scale factors. In section
IIT we have explained how to do this for extra dimensions
with toroidal topology, where the proper frame field was
given in (8). Now we want to discuss this issue when the
extra dimensions are spherically compactified.

We start noting that a remarkable result due to Stiefel
states that every orientable three-dimensional manifold
is also parallelizable [43], thus, so it is S3. This means
that in every orientable three-manifold M3 there exist
three independent smooth, non null vector fields cov-
ering the entire tangent bundle 7(Ms3). Additionally,
Kervaire and Milnor [44] have shown that, apart from S*
and S3, the only other parallelizable sphere is S7. For
our purposes this means that extra dimension spherical
compactifications other than these will possess a rather
complicated parallel vector field structure.

In general, a D-dimensional manifold M p will be par-
allelizable if a global basis exist in T(Mp). This global



basis of the tangent bundle constitutes a preferred ref-
erence frame which can be used for defining the space
structure. This is so because in this last case we can
define a given spacetime as the pair (T (Mp),e%(x)) in-
stead of (Mp,guu(x)). This preferred reference frame
e®(x) and the solution of the equations (5), as we shall
see, are closely related.

Remaining ever conscious of the subtleties involved,
and in order to illustrate the problem, let us consider
first two spherically compactified extra dimensions. In
this case we need to find a parallelization e®(z) for the
spacetime having the metric

ds® = dt* —a3(t)(d0?+sin? 0 dg?)—ad (t)(dz® +dy*+d2?),
(38)
where (6, ¢) are standard spherical coordinates on the 2-
sphere. It is intuitively obvious that the 6—dimensional
manifold described by (38) is parallelizable. As a mat-
ter of fact, the spacetime topology is Mz x R3, where
Ms =~ R x 52, so the full spacetime manifold can be
written as a product of two 3—dimensional, orientable
(i.e., parallelizable) manifolds. However, it is important
to realize that the parallel vector fields of M3 will be
highly non-trivial because S? itself is not parallelizable
due to the hairy ball theorem, which states that S? (like
all the even spheres) does not admit a global basis of the
tangent bundle T(S?) (see, for instance [45]). In order
to better understand this point, Figure 1 below show two
attempts of covering 7(S?) with a global, smooth, non
null vector field. No matter what the arrangement of the
field be, it will fail to be non null or smooth in at least
one point of T(S?).
Taking into account these facts, we can arrange the
components of the vielbein corresponding to the metric

(38) in a 6 x 6 matrix ej;, so schematically we have

M (@)
€, = a 0 0 (39)
(0) 0 ag 0
0 0 (o))

where O is the 3 x 3 null matrix and Mg is the 3 x 3
matrix representing the parallel triad field of M3. The
main point we wish to emphasize is that M3 cannot be
diagonal. If this were so, it would mean that the global
vector fields which perform the paralellization of M3 are
just e! = dt, €2 = a1(t)df and e? = ay(t)sin6dg, but
this is impossible because in this case the fields e? and
e3 should be a parallelization of S?, which does not exist
at all.

Even more, it is clear that M3 cannot have the block
form

1 0 O
Mz = 0 ) (40)
0] My
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FIG. 1: Two infructuous attempts of parallelizing S2. In the
upper panel the field is smooth but null at the poles. In the
lower panel it is non null at the poles but instead it fails to
be smooth there.

either, where My is some 2 X 2 matrix. In this
case, we would have that M, is related to the matrix
a1(t)diag(dl, sin 0 d¢) by means of a local rotation. How-
ever, again, it is impossible to find a global basis for
T(S?). This means that the matrix M3 should be related
to diag(dt, a1 (t)dl, aq(t) sin @ d¢) by a Lorentz boost, and
therefore the structure (40) can not be correct. Actually,
we should mention that the proper (autoparallel) vec-
tor fields of the form (39) corresponding to the metric
(38) are unknown at present, and the task of finding the
parallelization of M3 remains as an open problem. For-
tunately, a parallelization of the manifold (38) can be
found in a somewhat different manner, and this will be
matter for the paragraphs below. There we will find that
the correct vector fields have the structure

11 0 O
e =10 ) (41)
0| Ms

where Mj is the matrix representing the parallelization



of the five-dimensional manifold S? x R2.

As in the six-dimensional case, if one considers D = 7,
the problem can be fully understood and this will also be
explained in detail below. For extra dimensions higher
than three more patience is required. If we take four
extra dimensions, in addition to the trivial toroidal com-
pactifications of the last section, we are led to the topolo-
gies S x 83, §2 x S? or S*. With the exception of the
first case, where the parallelization is provided by a sim-
ple extension of the procedure to be explained below for
the S® compactification, the parallelization will be highly
non-trivial because S2 and S* do not admit a global ba-
sis. This problem turns out to be even more difficult as
the dimension increases, because the number of possible
compactifications increases as D — 4, the number of extra
dimensions.

B. Complete characterization of D =7

As a working example, let us now consider the various
possibilities arising from the case D = 7. The first of
these was worked with in the last section, where toroidal

J

compactifications were extensively discussed. Now we
will consider the 7—dimensional metric

ds? = dt* — a2(t)[dy* + sin® 1 (d6* + sin? 0 dp*)] —
aj(t)(da? + dy* + dz?), (42)

where we have supposed three additional dimensions
spherically compactified. The manifold topology is R x
S3 x R3, which is a product of parallelizable manifolds.
Following the scheme (39) we will now have

110 0 0, 0 0 O
0
0 Ms 0
=0 : (43)
0 a 0 0
0 (©) 0 a9 O
0 0 0 ap

where now Mj is the matrix representing the paralelliza-
tion of S3. A global basis for 7(S®) has been obtained in
[35], so we will just summarize the result here. For Mj
we have

c(6) —s(¥)c(¥)s(0) —s%(1)s*(0)
Mz = ay(t) | s(0)c(d) s()[s(¥)s(¢) + c(¢)e(0)c()] s(v)s(0)[s()e(0)c(d) — c(¥)s(@)] | (44)
5(0)s(¢) s(¥)[c()ec(0)s(d) — s()e(@)] s(4)s(0)[c(v)c(¢) + s(¥)c(0)s(¢)]

where we have used s = sin and ¢ = cos. We can just
add here that M3 can be obtained from the naive triad
a1 (t)diag(di, sinv df, sint sin 6 d¢) by means of a local
Euler rotation (see [35] for details). It is a simple exercise
to check that the frame (43) with M3 given by (44) gives
rise to the metric (42).

Having found the proper frame, we can now proceed to
compute the motion equations. The vielbein (43) leads
to the invariant

T =—6(HZ + H +3HoH, — a;?). (45)
The initial value equation then results in
fH12f(H3 + H? +3HoH,) = 167Gp.  (46)

On the other hand, by varying respect the spatial sector
of the vielbein, we get two equations:

. . T
2f <7H3 +4H? +9HoH, + 3Hy + 2H, — 3) +

2f"T(3Hy + 2H,) + f = —167Gpy, (47)

2 (6H3 +9H? + 15HoH, + 2H, + 3H1) +
2f"T(2Ho + 3H,) + f = —167Gpo. (48)

All the remaining equations are trivial or equal to these
last two. This is proof that the frame (43) is actually
a parallelization of (42), because it leads to a consistent
set of motion equations.

It is interesting to compare this compactification with
the toroidal ones (in D = 7) worked with in the previous
section. A remarkable property of the system (46)-(48) is
that it admits a de Sitter expansion for the bulk while the
extra dimensions remains compactified with a constant
scale factor, and that this happens for a pure vacuum.
Actually, if we set Hy as a constant and H; = p =p; =
p2 = 0, the system becomes (note that T = —6(HZ —a; %)
is constant in this case)

f+12H3f =0 (49)

2 (THZ — §> +f=0, (50)



equation (48) being equal to (49). Inserting the expres-
sion T = —6(HZ — a;?) and the value of f’ from (49) in
(50) we immediately get

H = 2a7?, (51)
3

which implies T = 3HZ. Note that f(T) = T is not
a solution of equations (49) and (50), showing that this
kind of solution is absent in Einstein’s theory. The result
(51) is actually valid only for smooth deformations of
GR, i.e., for f(T) models of the form f(T) =T+ B g(T).
Replacing this form of f(T') in Eq. (49), we obtain a
relationship between Hy, S and the potential constants
appearing in g(T).

Also, note that at this point the constant value of Hy
(or a1) remains undetermined. Nevertheless, given that
the observational evidence suggests that the size of the
extra dimensions, if non-null, should be very small at
the present time, Eq. (51) focuses attention on the ul-
traviolet regime. This enables us to interpret inflation
as a vacuum-driven expansion given by the small com-
pact extra dimensions. For this purpose let us invoke,
as an example, the high energy deformation of GR with
the Born-Infeld structure worked in [3] and [4]. We thus
have

F(T) = -A[V1—221T — 1], (52)

where )\ is the Born-Infeld constant (so, 8 = —A71,
g(T) = T?/2 + X\2O(T/N\)?). In this manner we have
that Einstein’s gravity (in its absolute paralellism form)
is recovered when T/A << 1. The role of Eq. (49) will
be to link the undetermined parameter Hy (or a;) with
A. Actually, replacing the functional form (52) in (49)
we get the quadratic expression

Bu+1)?=1+u, u=-6\""HZ (53)
which leads to the solutions Hy = 0 and HZ = 5)\/54.
Of course, Hy = 0 just says that Minkowski spacetime is
a vacuum solution of the theory. In turn, HZ = 5)\/54,
which is very close to HZ = \/12, the value obtained in
[4] for the inflationary era, represents a de Sitter acceler-
ated expansion, the cause of which is the presence of the
extra dimensions.

Let us go back now to the full characterization of
D = 7. The remaining topology for the three additional
dimensions is just S x S2, so the full metric looks in this
case like

ds® = dt* — a3(t)dO? — a3 (t)(df? +sin® § d¢?*) —
ag (t)(de? + dy* + dz?). (54)

We proceed now to find the parallel fields for the geom-
etry (54). For this task we focus on the embedding of

the submanifold M3 = S! x S2 in the four-dimensional
space S1 x R3. Installing coordinates (0, X,Y, Z) in this
manifold, we have that a parallelization of 7*(Ms3) reads

E' = ay(t)ZdO — a1 (t)(YdX — XdY)
E? = ay(t)YdO + a,(t)(ZdX — XdZ)
E? = ay(t)XdO — a,(t)(ZdY —YdZ).  (55)

This base turns out to be a global parallelization for S! x
S? only if a1 (t) and as(t) are non-null, so a singularity in
the Riemannian sense (i.e., when at least either a4 (t) or
as(t) vanishes), actually represents a singularity in the
parallelization process. In terms of the basis (0,0, ),
where X = sinfcos¢, ¥ = sinfsin¢ and Z = cosf we
therefore have

E' = ay(t)cos0dO + ayi(t)sin? 0 do
E? = ay(t)sinfsin ¢ dO +
a1 (t)(cos ¢ df — sin @ sin ¢ cos 0 do)
E3 = ay(t)sinfcos ¢ dO —
a1 (t)(sin ¢ df + cos@sinf cos pdp).  (56)

Being S! x S? a three dimensional manifold, we can only
provide a glimpse of the structure underlying the fields
(55); in every point of the submanifold © = constant, we
have

E' = —YdX + XdY
E? = ZdX — XdZ
E® = —ZdY +YdZ, (57)

where E = E'/a1(t). These fields, as viewed immersed
in 3D-euclidian space, look similar to the ones of Figure
1 of Ref. [35], where the parallelization (44) is showed for
Y = /2 (i.e. for the S3 sphere hyper-equator). However,
this resemblance is partial, and it is important to bear in
mind that the fields (44) and (56) represent paralleliza-
tions of two genuinely different topological structures, S3
and St x S? respectively.

In analogy with the analysis performed before, we can
now obtain the motion equations. First, it is necessary
to compute the scalar invariant, which reads

T = —2(3HZ 4+ H? + 6HoH, + 2H, Hy + 3HoHy — a; ?).

(58)
Note that just the scale factor corresponding to S? is
present in 7', as must be the case. Moreover, the scalars
(45) and (58) are different even when ag = a;, because
they represent different geometries. The full set of mo-
tion equations are



f+4f" (H} +3HyHy + 3H§ + 2H, Hy + 6H, Hy) = 167Gp, (59)
f+2f (4Hf +2H,Hy + 9HZ + 12H, Hy + 3HyHo + 2H, + 3H0) +2f" (2H, 4+ 3Ho) T = —167G pa,  (60)

f + 2f’(—a1_2 + 2H12 + H22 + 9H02 + 3H1H2 + 9H1H0 + 6H2H0 =+ Hl =+ HQ + 3HQ) +

2f"(Hy + Hy + 3Ho)T = —167G py,

(61)

f+2f(4H? + 6HZ + H? + 4H,Hy + 10H, Hy + 5HoHy + 2H, + Hy + 2Hy) +

2f"(2H, + Hy + 2H)T = —167G po.

A simple exercise shows that vacuum solutions with
H, = Hy = 0 and a non-null constant Hy does not exist
at all for this specific compactification. Imposing these
conditions on (59) and (60) we are led to the inconsistent
(when Hy # 0) equations

f+12f HE =0,
f+18f'HZ =0. (63)

So, as far as vacuum-driven inflation given by the small
compact extra dimensions is concerned, we see that the
S3 compactification is clearly favored.

C. Complete characterization of D =6

In this subsection we consider the remaining topology
(S?) for the internal dimensions of the six-dimensional
manifold. We are now ready to go back to the metric
(38). The topology of this manifold is now described by
Rx S%x R3, so we proceed to parallelize this submanifold
using a similar method to that employed at the end of
the previous subsection. The key point is that we can un-
wrap the periodic coordinate © in (56) and think about
it as one of the bulk coordinates, let us say x. In this way,
we obtain the submanifold M3 = S? x R. Again, embed-
ding this in order to obtain three-dimensional manifold
in the four-dimensional space R? x R and installing coor-
dinates (X,Y, Z, z) on it, we obtain that a parallelization

of T*(M3) reads

E' = ag(t) cosOdx + ay(t) sin? 0 de
E? = ag(t)sinfsinpdr +
a1 (t)(cos ¢ df — sin @ sin ¢ cos 0 d¢)
E3 = ao(t)sinfcos ¢ dx —
a1 (t)(sin ¢ df + cos@sinfcospdp). (64)

where again, X = sinfcos¢, ¥ = sinflsing and Z =
cos § was used. An observation is in order: nothing pre-
vents thinking of the unwrapped © periodic coordinate
now as the y or z coordinate of the bulk given the isotropy
and homogeneity of the latter. This actually means that

(62)

we obtain three different but equivalent sets of parallel
vector fields for (38).

With this vielbein in mind we can obtain the following
torsion invariant and fields equations,

T = —2(—a;®+ Hj + 6HoHy + 3H}) (65)
f+4f' (Hf +6HoH; + 3H3) = 167Gp  (66)

f+2f (6H3 £ 10HH, + 4H? + 2H, + 2Hl) +
2f""T (2Hy + 2H,) = —167Gpo (67)

f+2f (fa;Q L OH2 + 9HoH, + 2H? + 3H, + Hl) +
2f"T (3Hy + H,) = —167Gp, (68)

Again, we are interested in solutions with p = py =
p1 = Hy = 0 and constant Hy. From (66) we immediately
get

f+12f'H =0, (69)

which is consistent with (67). This expression replaced
in (68) leads to
1
Hg = gal_Q.

This last equation is the analog of (51). Note that this
value of Hy yields T' = 0 by using (65), which turns out to
be problematic. Actually, every ultraviolet deformation
looks like f(T) = T+O(T?), so we have f(0) = 0, f/(0) =
1, and then (69) is satisfied only when Hy = 0. We
can therefore conclude that physically admissible models
with this topology do not contain H; = 0 and a non-null
constant Hy as solution.

V. CONCLUDING COMMENTS

This work was devoted to the study of spacetimes
with FRW* x MP~% topology in the context of the new



gravitational schemes with absolute parallelism known
as f(T) theories. We have assumed that FRW? rep-
resents the spatially flat Friedmann-Robertson-Walker
manifold corresponding to the four-dimensional space-
time of standard cosmology, while MP~% refers to the
(D —4)-dimensional compact extra dimensions constitut-
ing internal space. On one hand we focussed the analysis
on (D — 4)-dimensional manifolds consisting of (D — 4)
copies of the torus, and on the other hand, several spher-
ical compactifications were considered.

While obtaining the proper parallel vector fields for the
toroidal compactifications realized in section III is trivial,
(because the (D —4) torus TP~% = S x ... x S! is a prod-
uct of trivial parallelizable manifolds), the corresponding
characterization of the spherical topologies is highly non-
trivial. Several aspects of this last issue were discussed
in section IV, where the problem was posed in detail.
Then, we characterized the six and seven-dimensional
cases by finding the proper vielbeins for M? = S$2 and
M3 = S1 x 82, M3 = S3 respectively. These vielbeins
constitute the starting point for any f(T) cosmological
model of compact extra dimensions, because they repre-
sent the basis responsible for the parallelization of the
manifold under consideration, i.e., they define the space-
time structure.

In both sections, we discussed a number of simple ex-
act solutions of the field equations. One of the simple
solutions explored throughout the different compactifi-
cations considered in this work concerns the existence of
a constant scale factor for the compact dimensions while
the external scale factor expands exponentially in time.
This situation corresponds to a vacuum-driven inflation
powered by the presence of extra dimensions. We showed
that for five and six spacetime dimensions, this kind of
behavior does not exist at all. In turn, this problem finds
a solution in D = 7 but not for any kind of compacti-
fication, just for S$3. In this last case we found that for
smooth deformations of GR, the relation between Hy and
ay is given by equation HZ = %afz. Therefore, Hubble
rates characterizing the inflationary era find their huge-
ness in the exceedingly tiny value of a;. We do not expect
this exact solution to describe all the details in the com-
pactification process, but merely the asymptotic stage of
it. We think that a solution for the internal dimensions of
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the form a;,, = a; +a Exp(—Hot), with a constant « cer-
tainly do exist in theory, though it will probably require
the presence of matter fields and the use of numerical
techniques.

However, the existence of the exact solution in D =7
with S? topology for the extra dimensions leads us to
think that a similar exact solution will exist only in
D = 11, where the seven additional dimensions will be
compactified with topology S7. Note that S” is the only
remaining parallelizable sphere, so vielbein fields with
product structure FRW* x S7 will constitute a paralleliza-
tion of the entire manifold. In this respect, we proved in
section IIT that toroidal compactifications certainly do
not lead to this kind of solution in any spacetime dimen-
sion D. It will be a matter for future investigations to find
the parallel vector fields of FRW* x S7 and those of the
other admissible eleven-dimensional spherical topologies,
and confirm (or dismiss) this conjecture. The veracity of
this statement may make it possible to detect interesting
links between these f(7T') deformed gravitational schemes
and the low energy limit of M-theory.

Much more work is certainly necessary to fully under-
stand the peculiarities present in the parallelization pro-
cess behind f(T') theories. In particular, the character-
ization of all the spherical topologies in a cosmological
context for a given spacetime dimension (with D > 7)
remains entirely open. We would like to think that our
work constitutes a first and significant step towards that
goal.
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