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Shedding Light on Naked Singularities
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Centro Atémico Bariloche, Av. Ezequiel Bustillo 9500,
CP8400, S. C. de Bariloche, Rio Negro, Argentina
“Instituto de Astronomia y Fisica del Espacio (IAFE,
CONICET-UBA), Ciudad Universitaria, Buenos Aires, Argentina.

Electromagnetic waves propagating in the background provided by a spacetime hosting a strong
curvature, naked singularity, are fully studied. The analysis is performed not only in the realm of
geometrical optics —which, not surprisingly, proves to be inadequate in the strong-field regime char-
acterizing the vicinity of the singularity— but also in the physical one in which the field amplitudes
must necessarily be incorporated into the description. In addition to the expected divergent out-
come with regard to the field amplitudes and power flux as the waves approach the singularity, we
found a number of regular (bounded) solutions which seem to coexist with the unbridled effects of
the spacetime curvature. In some of them, the singularity operates as a perfect mirror reflecting the
surrounding fields. Strikingly, other solutions exhibit a perfectly well behaved, bounded power flux
as they propagate towards the singularity, suggesting thus the possibility of having electromagnetic

energy transference through it.

I. INTRODUCTION

Nature seems to be in constant conflict with regard
to the potential existence of naked singularities. Cos-
mic Censorship Hypothesis [1], [2], a tentative scheme to
get rid of such eerie manifestations of the extreme faces
of the gravitational field, not only remains unproven in

its various and different versions [3], but it also seems
to be compelled to confront several, physically signifi-
cant counter-examples, see, e.g. [4] and [5]. Naked sin-

gularities are inconvenient because their devastating ef-
fects would not be concealed by the presence of event
horizons, thus, wreaking havoc with the very notion of
predictability. Actually, according to the common lore
on the subject, naked singularities might produce uncon-
trolled bursts of information which ultimately will affect
the Cauchy evolution, preventing any prediction on the
basis of data fixed at a given partial Cauchy surface.

However, how is then possible that information —in the
form of emerging electromagnetic (EM) fields— could be
produced at the singularity without being destroyed by
the very unrestrained spacetime curvature in the first
place? Or is it that, by acting as a perfectly expelling
object, the singularity behaves as a mirror reflecting all
the light present in its surroundings? Yet another pos-
sibility is perhaps the most intriguing: is it conceivable
that EM signals could be able to cross naked singular-
ities and remain intact? It is our intention here to ad-
dress these questions of fundamental character by exactly
solving Maxwell equations on a curved background repre-
senting what can be considered the simplest example of a
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strong curvature, naked singularity. The goodness of our
approach lies in the fact that our results apply beyond the
realm of geometrical optics (GO), or equivalently, beyond
the light-ray description corresponding to null geodesics.
This is important because GO is manifestly non applica-
ble in the strong curvature regime provided by this kind
of singularity. Surprisingly, aside from a number of to-
tally expected divergent EM field configurations, several
solutions exist which remain bounded as they approach
the singularity; actually, they are representative of waves
either being reflected by the singularity or crossing from
one side to the other, carrying EM power between regions
which previously were considered causally disconnected.

II. ELECTRODYNAMICS AND NAKED
SINGULARITIES

Recently [6], we have considered the metric
ds® = —x2dt* + da® + dy* + dz?, (1)

where T = (z,y, z) are Cartesian, non-dimensional coor-
dinates. It is straightforward to verify that x = 0 consti-
tutes a curvature singularity not shielded by any event
horizon, as the non-vanishing covariant components of
the Ricci tensor are Ry = 22~ % and Ry, = —2272,
whereas the invariants R = g""R,,,, R? = RMYR,,, and
K = RuupeR*P7 read R = —42~2 and R?* = K = 2R%.
Let us take note that the space has negative scalar cur-
vature, which has a direct impact in the behavior of
geodesics as briefly described below.

We judge it important to emphasize that the space-
time described by the metric (1) does not represent a so-
lution of Einstein field equations powered by any known,
physical model of matter-energy, even though the energy-
momentum tensor related to this metric has the structure
T, = 22~ 2diag(0,0,1,1), which satisfies both the weak
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and strong energy conditions. It is nonetheless a nice
example, mainly due to its amenable nature, to fully un-
derstand how light really behaves in the vicinity of a
naked singularity. We refer the reader to [6] for a de-
tailed exposition on the causal structure of this space.
For the nonce, suffice to say that the naked singularity
is reflective, repelling both null and timelike geodesics.
This is similar to what occurs in already documented ex-
amples in the context of General Relativity, see [7], [3],
as well as in other theories of gravity [9], [10], where null
geodesics are effectively reflected in the high curvature
regime so that they cannot access the singularity. As a
matter of fact, the causal structure of the metric (1) is
closely related to the one describing the super-extreme
(Q > M) Reissner-Nordstrom spacetime, so we are con-
vinced that our toy model will be useful for studying
more physical examples where repulsive naked singulari-
ties actually appear. Finally, we should mention that the
spacetime is geodesically complete, as all causal geodesics
(null and timelike) can be extended to arbitrary values of
their affine parameters. In this way, free-falling observers
and light rays are not harmed by the curvature singular-
ity. However, not all causal curves are complete, only
geodesics are; this can be easily exemplified by consid-
ering the non-geodesic curves x#(7) defined by constant
values of y and z having

2
t(r) = %\/1 + a2/a(2) 72 + to, z(T) = agT, (2)

with constants a, ag and t3. These curves are null if
a = 0 and timelike if a # 0, and they reach z = 0 when
the generalized affine parameter 7 € [0,7p) takes a null
value. It is easy to show that all these curves have finite
generalized affine parameter length ¢ as defined by

3 2
o dxt
(= ,——FE”
/o [Z (g“ ar >

a=0

1/2
dr, (3)

where E¥ are the local components of a frame F, (i.e.
EYE} n® = g"#), which is parallelly propagated along
the curves z#(7). In the language of Ref. [11] (see also
[12]), these curves are b-incomplete, meaning that the
spacetime is null and timelike b-incomplete. This sort
of incompleteness has dramatic consequences on massive
particles in non-geodesic motion (e.g., an observer in an
accelerated rocket), as well as in light being subjected to
optical manipulation, such as in an optical fiber.

We are interested in solving the source-free Maxwell
equations in the background provided by the metric (1),
namely

o =,

qn (e"P7 Fpg) =0, (4)

where F,, = A,, — A,,, and A, = (¢, A) is the 4-
potential. Making use of the formalism developed first
by Tamm [13] and subsequently worked out by Plebanski
[14], Egs. (4) can be converted into the standard, flat-

space Maxwell system
V-D =0,
V-B=0,

V x H—9D/dt =0, (5)
V x E+0B/ot =0, (6)

provided the following constitutive relations hold:
D—KE+TxH, B=KA-TxE. (7

Here, the components of the matrix K and vector T, are
obtained by means of the spacetime metric according to

Kij=—vV—g 97 /9ty Tm = Gim/9ut (8)

where Latin indexes i,j,m refer to z,y,z. The id-
iosyncrasy behind writing the equations (4) as in (5)
and (6), is cemented in the context of so called optical
analogue-gravity models, see for instance, [15] and [16].
This practice not only provides a more Euclidean, three-
dimensional visualization of inherently four dimensional
spacetime phenomena [17]-[19], but also the possibility
of experiencing in the lab some of the frequently elusive
effects characterizing the strong field regime of the grav-
itational field [20]. In this way, the study of EM waves
in a given curved spacetime ends up being equivalent to
the characterization of waves in a 3D material medium
described by the constitutive equations (7).
Let us consider the EM waves

E@,t) = E@)exp[iko (k(7) -7~ 1)]

H(z,t) = H(z)exp [iko (k(z) T )], 9)

where k(z) is the spatially-dependent, nondimensional
wave vector, kq is the wave number of the monochromatic
wave in the flat vacuum (i.e., when K = I, T' = 0, where I
is the 3 x 3 identity matrix), and E(Z), H(Z) are the field
amplitudes, which also depend on the spatial coordinates.
After plugging the ansatz (9) into the curl equations (5)
and (6), and using (7), we obtain

ikg'Vx E=[V(k-2)+T)x E-KH, (10)
ikg'VxH=[V(k-z)+T] x H+KE. (11)
If we were interested in the ray-tracing techniques asso-
ciated to GO, the left-hand side of (10) and (11) would
be negligible, because the fields would vary slowly with

respect to kg, and also V(k-Z) ~ k. In this case, the ray
trajectories can be obtained from the canonical equations

Vil = —dk/dt, ViHg, = dz/dt, (12)

where Vj = (9/0ky,d/0k,,0/0k,), and the identically
zero GO Hamiltonian Hy,, reads [21],][22],
Huym =det(K) —pTKp=0, p=k+T. (13)

In this context, the canonical equations (12) can be ex-
plicitly written as [23]

dz/dt = —2Kp, (14)
dk/dt = pT[[Ki—tr(KflKi)K]ij2K@}éi.(15)



Here, é;, % : x,y, 2 are the Cartesian unit vectors in R?,
tr(K~'K,) is the trace of the matrix K~ 'K;, and K; are
three matrices whose components are obtained from the
components of K by differentiating with respect to the
coordinate x, y and z, respectively. The same applies to
Di = 8]5/8331 = 81_“/6371

Let us conclude this section by examining the propaga-
tion of light rays in the analogue medium corresponding
to metric (1), i.e., under the assumption of the GO ap-
proximation just presented. Using the definitions (8), we
get

K =|z|I, [=0. (16)
The GO Hamiltonian, Eq. (13), is given by
Hom = |.’I}| (.272 - |E|2) : (17)

Hence, the dispersion relation H,,, = 0 implies 22 = |k|2,
and Hamilton’s equations (14) and (15) can be written
in components as

fey = k. =0, (19)

ky = —2sgn(x) 2?2,
where sgn(z) is the sign function, and we used the fact
that p = k because I' = 0. Notice that k, and k. are con-
stants of motion (conjugate momenta) associated with
the cyclic coordinates y and z. Equations (18) and (19)
are solved by

z(t) = +|k|csc (2lk|t +to), k#0, (20)
x(t) = £(2t+t)"", k=0, (21)

where tg is an integration constant and k= k; + k2,

thus, k=0 represents rectilinear propagation orthogonal
to the singular plane. Once z(t) is obtained, we can use
the second and third equations in (18) to get y(¢) and
z(t), respectively. In the case where k # 0, they read

{ ‘58 } _ { Zz }i{ ZZ }1og(tan(|15|t+to/2) , (22)

and, of course, y,z = const. when k= 0. Additionally,
from the dispersion relation H,,,, = 0, we have

ko(x) = £(2? — k)12, (23)

It is quite clear that light rays never reach the singular
plane, not even when they propagate right into it, see Eq.
(21); they will take an infinite time to hit the singularity.
This is the manifestation in the lab (material medium)
of the fact that null geodesics are complete, i.e., they are
defined for all values of the affine parameter.

A family of light-rays are depicted in Fig. 1 for k, = 0,
therefore in the x—y plane. The curves correspond to
values of yo and k, varying according to the arrows
shown in the picture. In particular, k, takes the values
0.1,1,2,3,4,5. Tt can be seen how, as |k| = |k,| — 0, the
trajectories asymptotically approach the singular plane
without ever reaching it. The shading in the curves rep-
resents increasing values of |k(z)|, from blue to red.

FIG. 1: A family of GO trajectories (equivalent to null
geodesics) as come from Eqgs. (20)—(22).

III. BEYOND GO: AN EXTENSION THEREOF

As mentioned, GO approximation is by no means re-
liable in the strong-field regime, because the fields are
not slowly varying there in comparison with the scale kq.
This is why we will proceed further by considering waves
beyond the GO limit. If we particularize the full equa-
tions (10) and (11) for the material medium described by
(16), we obtain

ik VX E=V(k-7)
ik 'V x H=V(k-7)

As an example, let us consider that the electric field
has only z-component, which depends solely on z and
y, namely E(z) = E*(x,y)2. This greatly simplifies the
analysis, because, after plugging H as comes from Eq.
(24) into Eq. (25), the z and y components of the latter
are identically zero. We are left with the z-component
alone, which the reader can find written in Eq. (A1) of
the Appendix in terms of the function F(x) = x 0.k, +ky.

Now, we would like to find planar solutions to (Al),
with a wave vector of the form (23), which is the form
that k£ has in the ky—k, plane when the GO limit is
considered. We can then plug F(z) = x 0.k, + k, =
2% [ky + ky, and 0, F = x (3 — 22/k,?)/k, in (A1) to
obtain

) 2 2
— i — 2 B 2
! (kow + ke * kx) O (26)

—2iky0yE* — ko' (02E* + 9,E%) = 0.

This equation is separable by writing FE*(z,y) =



X (x)Y (y), giving rise to the two differential equations

Y" =ko?Y —2ikok, Y, (27)
X" k 2z a3 koz?
=i - ) 4+ 2k 2 -2 X
k’o |:Z<x kw +k13>+ o + kIQ ¢
_i<k‘;m+ ]j +2kx)X’, (28)

where ¢? is the separation constant, and it is worth re-
membering that k, is given in Eq. (23). We will now
divide the analysis into two scenarios, based on the pos-
sible values of the separation constant.

(a) Case c® + k2 # 0. The solutions are

Y =¢ e_ik+y+02 e kY (29)

ikg

X =o' 3 2 ey (4,0,B) +e L) (B)] . (30)

where k% = ko[ ky, £ (k,>—c?)V?], A=iko (k,” — ) /4,
B = B(x) = —ikox? and ¢; i = 1,2, 3,4 are integration
constants in the reals (the separation constant was re-
defined according to ¢?/ky — ¢?). The new functions
arising in Eq. (30) are the confluent hypergeometric
function of the second kind, U(a,b,z), and the gener-
alized Laguerre polynomials, LEZ?(&U), see the Appendix
for the corresponding definitions and asymptotic prop-
erties of these two functions. Note that the hypergeo-
metric function U takes a nonzero, finite value at x = 0,

while the generalized Laguerre polynomial LE:Q) van-

ishes there, see Egs. (A5) and (AG). Therefore, the func-
tion X (x) given by (30) is regular at © = 0. Moreover,
lim, 0 % = ¢3Y (y)/AT (A), see (A7). Hence, the elec-
tric field is also regular at x = 0, regardless of the value
of y.

On the other hand, using in Eq. (24) that E(z) =
E*(x,y)Z2, the nonvanishing magnetic field components
are

H* = |z|™* (kyE* —iko '0,E7) , (31)
HY = |o| ' (-FE{ +iky '0,E7) , (32)

which, in terms of the functions X (x) and Y (y), result

H® = X ||~ [kyY —iY"/ko] , (33)
HY = =Y || 7" [(ke + ko '2%) X —i X' [ko| . (34)

In view that k, is given in Eq. (23) and due to the asymp-
totic behavior of the function X as x — 0, see Eq. (A7),
we see that near x = 0 the magnetic field has the struc-
ture

H — m + HS +O(x)| [kyY —iY'/ko], (35)
HY = —[HY + O(x)) , (36)

where the two constants H} and H{ read

c3 ko|ky| sgn ()

HY =+
icskok,?sgn(x)  2sgn(x) ,
Hg = Alg(A) o csUoy + icako
i ko c3 ) 2
— (1 — .
ey (- ik, )} (38)

Then, the important fact is that for ¢3 = 0 the mag-
netic field is also regular at x = 0. Actually, H* is zero
there and lim,_,gx HY(z,y) = —2c¢4sgn(z)Y (y), so HY
is bounded but discontinuous. From now on we will focus
on this choice of c¢3.

As a consequence of the regularity of the EM field
at x = 0, and of the zero value of the electric compo-
nent there, the time-averaged power density given by the
Poynting vector vanishes at x = 0. Precisely, in a period
T we have

(S)y =171 /T S(t)dt =Re [E x H*] /2
= Re [—(f)EZ (HY)" &+ E* (H")" §] /2, (39)
which turns, as £ — 0, into
(S) = g cs® ko?|z[® [ky|Y|2 + k! Re(iY(Y')*)}/z, (40)

where we considered Im(k,) = 0 and the asymptotic ex-
pressions for E#, H* and HY were used, see Egs. (A7),
(35) and (36), respectively. Employing (29), this results

(S) = 5 ca® kolo|® Re(r)(c3 — 1) /2, (41)

where & = ko(k,® — ¢?)!/2, since & is either real or pure
imaginary. Notice that, provided k € R and ¢; # co,
there is a net power flux always directed along § (up-
wards or downwards depending on the sign of ¢3 — ¢?).
This is consistent with the fact that the wave vector is
the one corresponding to the GO limit, where a ray ap-
proaches the singularity obliquely and then moves away
after being repelled (see Fig. 1 for the light trajectories
in GO). In Fig. 2 we have depicted the time-averaged
Poynting vector for a case in which ¢3 > ¢; and k € R.
In this regard, it would be fair to say that the singularity
is acting as a perfect conducting plane, consistent with a
zero tangential electric field E# and a zero normal mag-
netic field H® at the singularity, see Eq. (35). This is
valid for any wave number kg, thus constituting a result
which applies beyond the realm of GO. This simple ex-
ample shows how this naked singularity sorts things out
so as to eject the incoming EM radiation.

(b) Case c = ky = 0. In this particular instance the
wave motion is one-dimensional because k = +|z|#, and
the wave is propagating right into, or out of the singu-
larity. Eqgs. (27) and (28) acquire the form

Y =0, (42)

X" =3k’ 2?X —i(iz " £dkolz|) X'.  (43)
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FIG. 2: Time averaged Poynting vector in the vicinity
of the singular plane z = 0, as given by Eq. (41) for real
Kk and ¢y > ¢q.

The presence of the + sign in front of |x|, which defines

two branches, leads to different scenarios according to the

sign of the vector k on either side of the singular plane.
The intervening solutions are

Y(y) =c1y +c2, (44)
Xy (z) = 3tko @ <Cg eikow® +C4) , (45)
Xp(w) =edthor” (remth0e pe), (46)

where ¢;, i 2,3,4, are real integration constants, not
related to the previous ones. The solution X;(x) corre-
sponds to the plus sign for k& when > 0, or the minus
sign for k when z < 0. Conversely, Xo(x) arises from the
plus sign for k£ when 2 < 0, or the minus sign for k& when
x > 0. Egs. (45) and (46) should be properly combined
to account for the two branches. Precisely, we have the
following four schemes:

1. Xi(z), Vo (k = 22, V),

(x

2. Xo(z), Vo (k = —x 3, Va),

3. Xi(z), >0, and Xa(z), x <0 (k = |2|2, Va),
4. Xa(2), 2 0, and Xy(x), » <0 (k= —[a|, Vz).

In any event, the electric field E* = X (x)Y (y) is regular
and nonzero at = 0. Moreover, the non-vanishing com-
ponents of H, obtained from (33) and (34) with k, = +|x|
and ky, = 0, are given by

H* = —iCl kJ071
HY=Y [¥2X +iko "'

|z~ X, (47)
2|71 X'] . (48)
In view of the nonzero character of the function X at
x = 0, we see that H* diverges there if ¢; # 0. In

contrast, HY remains regular at x = 0. Thus, if ¢; = 0,
we have a TEM wave with finite field amplitude at the

singularity, carrying a time-averaged power density (see
Eq. (39))

(S) = —&Re [E* (HY)"] /2, (49)
which, after using (48), becomes

(S) =3 [£[X]* + ko z| ' Re[iX(X')*] /2] 2. (50)
This can be easily computed taking into account the
scheme outlined in the points (1)-(4) above, and using

(45) and (46). At once we get
|X1’2|2 = 32+ ¢4? + 2¢5¢4 cOS (kon),
and, on the other hand,

Re[iX (X')*] = +kox [032 + 3¢4? + 4egeq cos (kzoxz)] ,
where the — sign corresponds to X, and the + sign
to X5. Without loss of generality, because co # 0, we
set 022/ 2 = 1, which is equivalent to redefine c3 and c¢y4.
We compute (50) for the different situations involved; for
instance, scheme 1 gives (the same for scheme 2 with a
global minus sign)

2 2

<S>out/in :i'{ 2227222: ;28 (51)
In this case we have a discontinuous power flux at the sin-
gular plane. This is because the energy is either flowing
into the singularity from both sides, or out of it, accord-
ing to the sign of c3? — c¢42. The choice ¢3 = c3 results
in no energy flux whatsoever. This is because the EM
field becomes a standing wave on either side, carrying no
net energy. However, if c2 # 2, and unlike in the previ-
ously considered example, the electric field is not zero at
x = 0, then, the singular plane is not reflecting the waves.
Rather, we can interpret the situation as if the singular-
ity were creating (emitting) or absorbing (receiving) the
waves without causing any harm on them.

Finally, we also have the following possibility

2 2
z | e3®* —ca®, Vz (scheme 3)
(S)eross = & { c4? — c3?, Va (scheme 4), (52)

which, surprisingly enough, represents a constant power
flux moving from either side of the space to the other,
through the singularity.

IV. FINAL COMMENTS

Our austere example just pretends to be a contribu-
tion in order to show that physics in close proximity
to a strong curvature singularity is not necessarily that
remediless, destructive thing we thought it was, although
most of the time it certainly is, as in the solutions we have
discarded precisely for that reason by setting c3 = 0 in
Egs. (35) and (36), or ¢; = 0 in Eq. (47). By means of



Egs. (41), (51) and (52) we were able to pronounce sharp,
concrete answers to the questions raised in the introduc-
tion. Our work reinforces recent investigations aiming to
explain trans-singularity, pre-Big Bang physics, see, e.g.
[25]-[27]. This area of research is not only growing from a
theoretical point of view in relation to the development,
for instance, of Conformal Cyclic Cosmology [28], [29],
but also from an observational perspective with regard
to the uncanny discovery of galaxies at surprisingly high
redshifts, consult [30] and [31].
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(iz ' F — i 0, F + koky” + ko F? — kox®) E* + (ko "2~ !

which is the starting point of the subsequent analysis.

On the other hand, let us proceed now to briefly com-
ment on the functions taking part in Eq. (30). For details
we refer the reader to, e.g., [24]. The confluent hyperge-
ometric function of the second kind

1
Tla+1)

- k,(,(:)_l), (2¢(k) —¢(a+ k) + k1) zk} , (A2)
k=1

U(a,0,2) = {1+azLog(z)1F1(a+172,z)

is defined in terms of the Gamma function

r(z)—/ooot“efdt, Re(z) > 0, (A3)

the di-gamma function ¢ (z) = I'(2)/T'(2), and the gen-
eralized hypergeometric function

:[f‘_‘]_(b7 C, Z) = Z (b)s ij,

9 (¢)s 8!
which is constructed in terms of the rising factorial

(b)():]-a
(B)s = b(b+1)(b+2) ... (h+5—1)

w

(s>1).

In (30) also appear the generalized Laguerre polynomials,
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ICET.

Appendix A

Under the ansatz E(zZ) = E*(z,y)Z, the combination
of H as comes from Eq. (24) with Eq. (25), leads us to
the sole equation

— 2iF) 0, E* — 20 k,0,FE* — ko~ (02E* + 0;E%) =0,

(A1)
[
which admit the integral representation
—zt/(1—t)
(a) A 1 e
L) = 5 fc Tl (A9

Here the line integral is performed on any loop enclosing
the origin, but not the point ¢ = 1. The structure of the
two functions near the the origin is given by

o 2\ 1 2 4
U(A,0, —ikox?®) = AT(A) +Upx” +O(2%), (A5)
LY (—iko?) = ik a® + O(a), (A6)

where Uy = Up(A) = ko[l — 2y — (1 + A)] /T(A) and
v is the Euler constant. Consequently, at second order,
the function X (z) near x = 0, after using (30) and (A5)-
(A6), results

A F?A)

k0|ky|63lﬂ

X AT(A)

+

+ |:63U0 + iC4]€0

+ m (1—iko kyﬂ 22+ 0, (A7)

where + comes from the fact that k, = +(2? — k,*)/2.
This expression, and its derivative, is used in Egs. (33)
and (34) to obtain (35) and (36).
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