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1. Introduction

The development of efficient numerical methods to approximate the solution to the Stokes problem [1-9] to the Darcy
problem [3,10-12] and, in particular, to the coupling of the fluid flow (modeled by the Stokes equation) with porous
media flow (modeled by the Darcy equation), with the appropriate Beavers-Joseph-Saffman interface conditions, has been
increasing in the last years (see [13-17] and the references therein) due to its importance in hydrology, biofluid dynamics
and indeed in many different problems involving filtration (see, for example, [18]).

It is well known that the discretization of the velocity and the pressure, for both Stokes and Darcy problems and the
coupled of them, has to be made in a compatible way in order to avoid instabilities. Since, usually, stable elements for
the free fluid flow cannot been successfully applied to the porous medium flow, most of the finite element formulations
developed for the Stokes-Darcy coupled problem are based on appropriate combinations of stable elements for the Stokes
equations with stable elements for the Darcy equations. There are a lot of papers considering different finite element spaces
in each flow region (see, for example, [13,14] and the references therein). In contrast to this, other articles use the same
finite element spaces in both regions by, in general, introducing some penalizing terms. For example, in [17], a unified
finite element has been formulated by using the Crouzeix-Raviart nonconforming element for the approximation of the
velocity and piecewise constant functions for the approximation of the pressure in both region and adding penalizing
terms corresponding to the jumps over the edges of the piecewise velocities, while in [16] the authors propose the same
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Fig. 1. Example of two-dimensional domain £2.

nonconforming Crouzeix-Raviart element discretization on the entire domain which, is nonconforming in both the Stokes
domain and Darcy domain and also a penalizing term is added. On the other hand, in [ 19] the authors propose an alternative
formulation of the coupled problem which allows them use the classical Mini elements or Taylor-Hood elements. We are
also focused on the development of a unified discretization (different to those consider in [ 19]) where the Stokes and the
Darcy are approximated by using the same continuous finite element. Indeed, with this purpose in mind, we modified the
mixed formulation (following the ideas given in [20]) in such a way that, the new problem has the same solution as the
original and, independent of the mesh size, the stability condition for the new Stokes-Darcy problem reduces to the same
as the Stokes problem.

The goal of this work is to apply the classical Mini-element to the modified coupled 2D Stokes-Darcy problem, which
has simple and straightforward implementations. We prove that the formulation satisfies the discrete inf-sup conditions,
obtaining as a result optimal accuracy with respect to solution regularity. Numerical experiments are also presented, which
confirm the excellent stability and optimal performance of our method.

The rest of the paper is organized as follows. In Section 2 we state the classical Stokes-Darcy coupled problem. In Section 3
we present the modified coupled Stokes-Darcy problem. Section 4 is devoted to the finite element discretization and the
error estimation. Finally, in Section 5, we present two numerical examples, in one the porous medium is entirely enclosed
within the fluid region while in the other the two regions, fluid and porous, are only connected by the interface.

2. Problem statement

We consider an open, bounded and polygonal domain £2 C R? divided into two open subdomains with Lipschitz
continuous boundaries £2s and £2p, where the indices S and D stand for fluid and porous, respectively. We assume that
N =02sUR2p 25N 2p =@ and 25 N 2p = I so, I' represents the interface between the fluid and the porous medium.
The remaining parts of the boundaries are denoted by I's = 25 \ I" and I'p = 382p \ I, as illustrated in Fig. 1.

We denote by ns the unit outward normal direction on 925 and by np the normal direction on d2p, oriented outward.
On the interface I, we have ng = —np.

The Stokes-Darcy coupled problem describes the motion of an incompressible viscous fluid occupying a region £2s which
flows across the common interface into a porous medium living in another region §2p saturated with the same fluid. The
mathematical model of this problem can be defined by two separate groups of equations and a set of coupling terms.

For any function v defined in £2, taking into account that its restriction to £2s or to §2p could play a different mathematical
role (especially their traces on I"), we define vs = v|o, and vp = Vv|g;.

In £2s, the fluid motion is governed by the Stokes equations for the velocity us and the pressure ps:

—uAus + Vps = fs, in £,
diVllg = 0, in .Qs, (])
us =0, in Iy,

where fs e (L?(§25))? represents the force per unit mass and x > 0 the viscosity.
In £2p, the porous media flow motion is governed by Darcy’ law for the velocity up and the pressure pp:

%UD + Vpp =fp, in 2p,

divup = gp, in 2p, (2)
uD-nD:O, il‘lFD,
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where fp € (L?(£2p))? represents the force per unit mass, gp € L?(£2p) a source and K denoting the permeability tensor
reduced to a positive scalar in the isotropic case considered here.
In I", we consider the following boundary conditions (see, for example, [ 14]):

uD~nD+u5~n5=0,

2 (us-t)t =0, 3

VK

where the first equation represents mass conservation and the second is due to the balance of normal forces and the Beavers-

Joseph-Saffman condition, with Vu = % , @ a parameter determined by experimental evidence and t the tangent
1/ 1=ij=2

vector on I" (we recommend [21] for more details on the interface conditions).

We will denote with boldface the spaces consisting of vector value functions. The norms and seminorms in H™(D), with
m an integer, are denoted by || - |lm,p and ||, p respectively and (-, -)p denotes the inner product in [%(D) or L%(D) for any
subdomain D C £2. The domain subscript is dropped for the case D = 2. Let H(div, 2) = {v € L*(2) : divv € [2(2)},
Ho(div, 2) = {v € L*(2) : divv e [*(2),v-np = 0on Ip}and Lj(2) = {q € [*(£2) : [, q=0}.

We define the spaces

V = {v e H(div, £2) : v e H'(25),v=00nI%, andv-np = 0 on I'p}

pshs — uVusng — pphs — 4

and

Q = Lj(R),

. 1
with the norms ||v|ly = (|v|{. o T ||v||(2) o + I div v||(2) @) = (Iv3 st ”V”H div.o, 7 and llglle = liqllo respectively.

Multiplying the first equation of (1) by a test function v € V and the second one E)y q € Q, integrating by parts over £2s
the terms involving Aus and Vps, yield the variational form of Stokes equations:

,u/ Vus : Vv — /(Vu5n5)~v5—/ divvps+fv5-nsp5=/ fs-v VveV,
Qs r 2 r 2s

/ divusgq=0 VqgeQ.

2

We apply a similar treatment to the Darcy equations by testing the first equation of (2) with a smooth functionv € V
and the second one by q € Q, integrating by parts over £2p the terms involving Vpp, yield the variational form of Darcy
equations:

ﬁ/ uD~v—/ deivv+/vD~nDpD=f fp-v VveV,
K 2p 2p r $2p

/ diquq=/ g&q YqeQ.
2p 2p

Now, incorporating the boundary conditions (3) and taking into account that the vector valued functions in V have
(weakly) continuous normal components on I" (see Theorem 2.5 of [22]), the mixed variational formulation of the coupled
problem (1)-(3) can be stated as follows [15,16]: Find (u, p) € V x Q that satisfies

{ a(u,v) + b(v,p) =F(v) VveV,
b(u,q) =G(q) VgeQ,
where the bilinear forms a(-, -) and b(-, -) are defined on V x Vand V x Q, respectively, as:

a(u,v):u/ Vu:Vv+,ui/(u5-t)(v5~t)+ﬁ/ u-v,
2 NI K Jap

(4)

(3)

and
b(v,q) = —/ divvg.
2

By last, the linear forms F and G are defined as:

F(v):/ va+/ fsv and G(q):—/ gnq.
2p 2 2p

It is easy to prove that a and b are continuous, b satisfies the continuous inf-sup condition and a is coercive on the null
space of b (see, e.g., Lemma 3.3 of [15]). It is also clear that F and G are continuous and bounded. Then, using the classical
theory of mixed methods (see, e.g., Theorem and Corollary 4.1 in Chapter I of [22]) it follows the well-posedness of the
continuous formulation (5) and so the following theorem holds.
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Theorem 2.1. There exists a unique (u, p) € Vx Q solution to (5). In addition, there exists C, depending on the continuous inf-sup
condition constant for b, the coercivity constant (on the null space of b) for a and the boundedness constants for a and b, such that

lullv + lIplle < C{lifsllo, 25 + Ifollo,2p + l&nll0, 2 }-

Remark 2.1. We observe that the mixed variational formulation of the coupled problem (5) is equivalent to the weak
formulation (2.4) (and also (2.5)) of [15], with the particularity that, in our case, for any v € H we have that fr(vg —Vp) -
nspp = 0.

It is well known that the discretization of the velocity and the pressure, for both Stokes and Darcy problems, and the
coupled problem, has to be in a particular way to avoid instabilities (see, for example, [23]).
In fact, if we consider a Darcy problem in some domain D and finite element spaces V;, C Hy(div, D) and Q; C L(ZJ(D), in
order to approximate velocity and pressure, the following two conditions have to fulfilled:
(1) 3a>0: [Vall§ p = «llVillfy p» Vi such that: (divvy, gn)p =0, Vqu € Q.
(2) The LBB conditions, i.e., there exists ﬁ > 0 such that
(div Vg, gn) P
—— 2 > Blalon  Van € Qu
0£vpevy  IVhllap

Therefore, the main difference to deal with the coupled problem is that, while in the Stokes problem the family of elements
has only to satisfy the inf-sup conditions, the Darcy problem has to fulfill these two compatibility conditions. Indeed, for
any function v € H!(D) we have that ||v|; p > ||V||lu.p, it is clear that, if the family of finite elements satisfies the inf-sup
condition related to the Stokes problem:

(div Vs, gn)p

> Bllanllo,p Y qn € Qn,
ozvevy,  IVall1p

also satisfy the LBB condition (2) but not necessary the condition (1), unless div(Vy) = Q. Thus, stable finite element
approximations to the Stokes problem could not be appropriate for Darcy problem and, therefore, to the coupled problem
under consideration.

3. A modified coupled Stokes-Darcy problem

In this section we introduce a modification to the Darcy equation, with the purpose in mind of the development of a
unified discretization for the coupled problem, that is, the Stokes and Darcy parts be discretized using the same continuous
finite element spaces.

The modification that we apply to the Darcy equation follows the idea given in [20] for linear elliptic equations. Indeed,
we observe that taking the second equation of Darcy’ problem (2) we can write, for any v € V,

/ (divup — gp) divv = 0. (6)
2p

Then, by adding this equation to the first equation of the variational form given in (4), we get

Ef uD-v+/ diqudivv—f deivv+/vD-nDpD
K Jap, 2p 2p r
=/ fD-v—i—/ gpdivv VveV (7)
2p 2p

/ diquq=/ g&q VqeQ.
2p £2p

From now on, we work with this modified variational form of Darcy equations.

In the same way that before, incorporating the boundary conditions (3) and remembering that, since v € V, it has (weakly)
continuous normal components on I, the variational form of the modified Stokes-Darcy problem can be written as follows:
Find (u, p) € V x Q satisfying

{ a(u,v)+ b(v,p) =L(v) Vvev,
b(u,q)=G(q) VgeQ,

where the bilinear forms a(-, -) and b(-, -) are defined on V x V, V x Q, respectively, as:

- " . . a
a(u,v):p,f Vu:Vv—f——/ u-v+/ d1vud1vv+u—/(us-t)(v5-t),
2 K 2p 2p ﬁ r

(8)
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and
b(v,q) = —/ divvg.
Q

By last, the linear forms L and G are defined as:

L(v):/ va+/ f5v+f gpdivv and G(q):—/ 2nq.
2p Qs 2p 2p

This problem has a unique solution. Indeed, when we considered problem (5), we saw that b was continuous and
satisfied the continuous inf-sup condition and G was continuous and bounded. It is clear that, with the modification that we
introduced, the new bilinear form a is coercive and continuous and L is continuous and bounded. Then, applying the classical
theory of mixed methods it follows the well-posedness of the continuous formulation (8).

Theorem 3.1. There exists a unique (u, p) € V x Q solution to (8). In addition, there exists a positive constant C, depending on
the continuous inf-sup condition constant for b, the coercivity constant for a and the boundedness constants for a and b, such that

lullv + Iplle < Cllifsllo.as + Ifollo.2, + lgnllo.ep}-

4. Finite element approximation of the modified Stokes-Darcy problem

In this section, we use the well known MINI-element, which has been introduced in [24], in order to approach the velocity
and the pressure in the whole domain. Taking into account the modification that we introduced in the section above, this
element (which is probably the cheapest continuous one for the approximation of the Stokes equation) can be successfully
applied to the Stokes-Darcy modified coupled problem.

Let {7h}1r>0 be a family of triangulations of £2 such that any two triangles in 7, share at most a vertex or an edge and each
element T € 7y is in either 25 or £2p. Let 7715 and 771’3 be the corresponding induced triangulations of £25 and £2p. For any
T € Ty, we denote by hy the diameter of T and pr the diameter of the largest ball inscribed into T and nr = h—; We assume
that the family of triangulations is regular, i.e., there exists n > O such that ny < nforallT € 7, and h > 0. We also assume
that the triangulation 73 satisfies that: for T € T, we have that T and I” share at most a vertex or an edge (in particular, T
cannot have two edges in I").

Let V;, C Vand Q; C Q be finite element spaces. The weak formulation (8) leads to the following discrete problem: Find
(Vh, pr) € Vi x Qp that satisfies

{ aup, vp) + b(vp, pn) = L(vi) YV, € Vy,
b(up, gn) = G(qn) VY qn € Qn.
The discretization is said to be uniformly stable if there exist constants §, y > 0, independent of h, such that

(9)

a(Vy, Vi) = 8|lVhlly Y Vi € Vi,
b(vh, qn) (10)
— = > ylignlla  Yqn € Q.

ovpev,  IVallv

From now on, we will denote by C a generic positive constant, not necessarily the same at each occurrence, which may
depend on the mesh only through the parameter 7.
For T € Ty, let br be the standard cubic bubble given by:

by — 81"[52’]'53’7- inT
= 0 in2\T,

where 87 1, 8,7 and 83 r denote the barycentric coordinates of T € 7. It is easy to check that the bubble function satisfies:

/bT = Ch} and ||br|l;r < C. (11)
T

For any subdomain D C 2, k € N, we denote by P(D) = {v € C%(D) : v|re P(T)V T € 7, N D}.
We introduce the following notation

& = {all edges in T}, N = {all vertices in 73},

and we denote by N the number of vertices on .
Let A be a set, we define

&a={te&: L CA}
We decompose

£=Ep Uy UEr UEr, UEr.
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For n € A we denote
a)n=U{T|Te77,andneT}.
For any T € 7, we define

wr = LJ{«),l |nisavertex of T }.

For ¢ € &, we denote by Ts and Tp the two triangles sharing ¢, with T € Ths and Tp € 771'3, and by w, = Ts U Tp. We
enumerate the vertices of Ts and Tp so that the vertices of £ are numbered first, i.e., let e; and e, be the vertices of £ we denote
by e§ and e? the vertices in £25 and §2p respectively. Now, we consider the classical edge-bubble function b, defined by:

b, — 8¢, 1:0¢,, . InT;, i=SorD,
c= 0 in 2\ wy,

and we define the space associated to b, by

B3¢ = {vn € C°%2) : Vhlw,= beWu,, YL € Er, With ¥, € CO(wy), Vu,Ir,€ P1(T})
and v,,(e5) =0, i = S or D}.
On the other hand, the space associated to by is given by
B3 := {vy € C%(2) : vplr=crbr, cr € R, VT € T;).
The finite element spaces for velocities and pressures are
Vi = (Vi € (C%(25))%, Vi € (C°(20))” : Vulre (PUT) @ B3)* VT € Tp:&rNér =1,
and vylre (P(T)®Bs)* ®Bsylrn, VYT € Th: & NEr =4,
Vi =00nI%,vy-np=0o0nIpandvy -np+Vv,-ns=0onI}
and
Qi = {an € C°(£2s), qn € C°(2p) : qulre PAT) V T € To} N L5(£2).

We observe that, bases for the space B; ; can be easily obtained, for example, as follows: Let T be the classical reference
triangle, i.e. the triangle of vertices (0, 0), (1, 0) and (0, 1). For each triangle T C w;, we denote by e;, e, and e3 the vertices
of T, such that e; and e, are the vertices of £ and e is the vertex of T that is not on I". If we denote by (x;,y;), 1 <j < 3,
the coordinates of the vertices e; of T, then the affine transformation from T onto the triangle of vertices e;, e, and e3 can be
defined as:

F(X,9) = (X3 + (x1 — X3)X + (x2 — x3)7, ¥y3 + (y1 —y3)X + (2 — ¥3)9) ,

we observe that F maps the edge (1, 0)(0, 1) into £. In T we consider the Lagrange bases ﬁl and Bz such that: Bl(%, %) =1,
Bi(2.1) = 0and B1(0,0) = 0,and B(3, 2) = 0, B2(2, 1) = 1and B,(0,0) = 0. Therefore, the corresponding bases
functionsin T are r; = BioF', i=1,2.

Then, we define the cubic bubbles v ; and vy ; such that, v i|r= 8¢, 18e,,7B1,i, i = 1, 2 (see Fig. 2).

We remark that the velocity space V}, consists of all functions of the form

0
V=V + E cr by + E (ag, 1V, 1M + 0t 200 21),
TeTy le€r

where V? is a piecewise linear vector field which are continuous on §2;, and §2s, b is a bubble function on the triangle T, ¢r
is a constant vector, vy ; and vy ; are the bubble functions defined above with support on w, and o ;, i = 1, 2 are constants.

The corresponding pressure space Qy consists of continuous piecewise linear functions on §2p and £2s.

We notice that although the added bubble functions are continuous on £2, since the piecewise linear functions are not
supposed continuous on £2, all functions in V;, and Qj, are allowed to be discontinuous across I".

We use the well known mixed finite element theory (see, e.g., Lemma 1.1 of [22]) to get the existence and uniqueness of
a finite element solution of the discrete problem (9) for these spaces. Indeed, in order to prove the discrete inf-sup (10), we
seek for an operator I, : H}(£2) —> V), such that

{b(v—l‘[hv,qh)zo YveH)(2) YaneQ

ITpvily < Clivly

1
where [[v]|; = (Jlvrll? + llv2l13)2.
To define the operator IT, we use the Clément’s interpolator.
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7
Ts I
Tp Tp
¢ ¢
Fig. 2. The bubble functions vy, 1|r and v, |r (top) and v, 1 and v, ; on w, (bottom).

Foranyn € NV and v € [*(w,), we can define P,,, : [?(w,) — Po(wy) the orthogonal projection of v on Po(w, ) with respect
to the internal product in L?(w,) that fulfills

/ v Po :/ Pun(V)Po ¥ Po € Po(wy),

ol
= v
|n| wn

Let {¢i}ic(1,..., vy be the Lagrange basis of 7y, i.e., given a node n;, ¢;(n;) = 1 and it is zero at the rest of the nodes of the
mesh 7.

Forany v = (v, v2) € L?(£2) and n € N we can define P,, (v) = (Pwn(V1), Pay(v2)). Then, let us consider a Clément’s
interpolator as:

and therefore

Pon(V)

N
V(x) = Y $ilx)Py, (V).
i=1
In order to construct the global operator ITj,, we first impose a condition on each vertex n € A according to its location
in the domain.
Zv(n) =Py, (v) ifne 2s,ne 2pornerl”
0 other case,

IIpv(n) = {

where I"° denotes, as usual, the interior of I".
We observe that ITyv = ((II,V);, (IT4V),) so, in order to simplify notation, we call IT, jv = (IIzv);j for 1 < j < 2.
Now, for each ¢ € &, we have two degrees of freedom more on ¢ and so we can impose that

/Hhv~ngy=/vn-ne% Yy € Py(L),
¢ ¢

where n, stands for the unit normal vector on ¢ oriented outward £2p.
The other condition, related to the bubble on each triangle T € 7, that we consider to define the operator is:

\/\Hh,jV:/Avj ]: 1,2, (12)
T T
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Now, we write a formula for the global operator on each T € 7;,. Note that there are two cases to consider:
(a)Te?L:ETDEp = (.
(b)TG'ThISTﬂgp = /.

(a) For any triangle T € 7, has no sides on I', for both coordinates of the operators we are using the space P; @& Bs;. We
denote by n;, 1 < i < 3, its vertices and by §; the Lagrange basis of T, i.e., 8;(n;) = 1 and it is zero at the rest of the nodes of
T.For eachj = 1, 2, we observe that the operator restricted to T has the form:

3
Oy vir= Y o) Bilr+y/ br,
i=1
where

i Pwn,.(vj) ifn; € 25,n € 2porn; € I'°,
o ifn; € Tsorn; € Ip,

and the constant y/ is obtaining by using (12), i.e.,

3
Z“{fﬁﬁr)/j/br:/v;» j=12,
P T T T

and so,

yj:fTvJ Zm“’frﬁ’ j=
fTbT 7

|
—_
N

Then,
3 ) aj z
nh,jv|r=Zafﬂf|r+<f Z'bl fTﬂ)
i=1 fT T

We modify the projector (see, e.g., Chapter Il section 6 of [25]) in order to consider the different conditions imposed over
the vertices when we define the operator

Pu (1) Pwni(vj) ifn; € 2¢,n; € porn; € I'°,
Vi) = J—
on o 0 ifn; e Tsorn; € Iy,

and therefore P,,, (v) = (P, (V1), Paoy, (v2)).
Next, we use the following modified mterpolator

qul P, (V).

Using the previously defined we can rewrite the operator as

o be )>bT(X)' v
T

(b) Now, let T € 7, be a triangle with a side on I, i.e., & N & = £. For each j = 1, 2, we observe that the operator
restricted to T has the form:

I V(%) 7= Zjv(x |T+<

3
I jv|r= ZOIZ Bilr+y' br + be, e ),

i=1
where

Ui:

Pwni(vj) ifnj € 25,n; € 2porn; € I'°,
0 ifnj e F'sorn; € Ip.

We define, as above, the corresponding operator

B (v1) Pon (vj) ifn; € 25,n; € 2porn; e I'°,
(v) = i . -
oni 0 ifn; e Tsorn; € I'p,
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and the interpolator
N ~
V(X) = ) $ix0)Py, (V).
i=1

with Py,, (V) = (P, (v1), Pa, (v2)).
Now, in order to determinate )’ and v, = by, we first observe that in this case, we have two degrees of freedom more
on £ and we can impose that

/Hhv My = /VD~ngy, Yy e Py(£), (14)
4 4

where n, stands for the unit normal vector on £ oriented outward £2p. Then, 3/ is obtained such that (12) holds.
Therefore, for each j = 1, 2, we observe that the operator restricted to T has the form:

0, V()= if,-v(x)|r+<fT(”f - Z?’ )b; Jy veney )bT(X) + 0l (15)
T

where, in view of condition (14), v, is such that

/vm/ =/(VD—iV)~nz Y, Yy €Pi{), (16)
¢ 14

with, for T C wy, velr= 8e;,1 8e,, 7 Vo, Ir- It is easy to prove that vy, i.e, ¥, there exists and is unique. First, we note
that the number of conditions defining v, (two because y € P;(¢)) equals to the degrees of freedom of ¥,. In order
to show the existence of v, it is enough to prove uniqueness. So, take ¢, = ,,|¢, we have that ¢, € P;(¢) and
Ji8er.18e,T0ey = 0 Vy € Py(£), in particular we can take y = ¢, and then, [, 8,.r 8, r ¢ = 0. Therefore, g, = 0
and so, ¥, is zero in £. Then, since 1, is also zero in the vertices of w, does not lie on £, we conclude that v, = 0 as we
wanted to see.

Now, we have to verify that the operator IT, satisfies
b(v— v, q,) =0, YveH)(2), Vae Q.
Considering that

b(V,qh)=—/ divvqh—/ divvgs,
2 2

we have that

b(v — TV, ga) = —f

div (v — IIxv) g — / div (v — IIpv) qp.
2p

Qs

Now, adding on all triangles in both domains, integrating by parts on each triangle we get

b(v — IIyv, qy) = — Z / div (v — IIyv) gy — Z / div (v — IIpv) gy
T T

Tc$p TC2s
-y (f(v—nhv)th - qh(v—nhv)-no) n
Tc2p T aT
> (/(V — V) Van — / qn(v — IIpV) - ns) :
Tcms T aT

Forany £ € £p, U &g, we choose a unit normal vector n, and denote the two triangles sharing this edge T;, and Ty, with
n, pointing outwards T,,.. We define

[[V . né]]l = (V|Tout) S — (V|Tin) M,

which corresponds to the jump of the normal component of v across the edge £. Notice that this value is independent of the
chosen direction of the normal vector n,.
Rewriting the integrals on the borders of the triangles, we obtain

bv-mvea) = Y [-muva s Y [w-m)ve
T T

Tc$p TCS2g

_%Z Z /E[[(V—Hhv)'nz]]zqh—Z/é(v—l‘lhv)meh

TC2p teETN2p éeSrD
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- Z [/(VD —TIIL4v) - npqpp + [(Vs —TIIpV) - N5 Gs )
¢ ¢

le€Er
1
—3 > /e[[(V—HhV)'néﬂz e /K(V—Hhv)'ns%
TCf2s LeETN2s eES[‘S

I+04+1+1V+V 4+ VI+ VI

We analyze the value of each of the previous terms:

(I-1) As gp|r€ Py, their gradients are constant and by (12) we have that

[(V— mywv)Vgsn =0 VT C 8,
T

f(V —IIv)Vgpp = 0 VTCS$2p.
T

(IV-VIl) If £ € &g, v = 0 = IIv and we have fz(v — Izv) - s g, = 0. On the other hand, if £ € £, v = 0 = ITyv and so
SV = T5v) - mp g, = 0.
(III-VI) For the continuity of the normal component of v and IT,v we have that
S, 1(v —11,v) - ]|, gy = O, forany £ € £o, U £g,.
(V)If¢ € &, asv € H(£2) we have that [,(v° — IIyv) - nsqsy, = [,(IT,v — vP) - mpgs . Thus, to prove that
0 ¢ ¢ ,
[, WP —TIv) - mpqp + [,(V — Ipv) - msgs, = 0, it is enough to see:

/Hhv- np =/VD' npd V4 € Py(f),
¢ ¢

which holds from the property (14). Thus, we can ensure that the term V vanish.

As a consequence we can conclude that b(v — ITyv,qy) =0 Vv e Hé(Q) Yqn € Q.
Now, we need to prove that there exists a constant C > 0, independent of h, such that

2 2 1
1Tl = (T g + ITVIZ gy o )7 < CIVIL

First we analyze [TIpv|; o
2 _ 2 2
|HhV|1,QS = |Hh.1"|1,gS + |Hh,2v|‘1~95'
Now, we can calculate the seminorm of the operators
v, = m v|? Iy v|? j=1,2
| th'l,SZS = | h,jv|1’T + | h,]v|1qu J=12
TCR2s:ETNEF=Y TCR2s:ETNEF#D

First, we analyze the term | = Zrcﬂszemsr:w |I‘Ih,jv|f - From (13) we have that

o2
~ 2 ‘fT(UJ_IjV)‘
r=¢ > b+ D0 U Ibrl 1
TCRs:ErNEP=H TCQs:ENEP=0 T-T
Applying (11) we obtain
- 2 1 - 2
I<c S B+ Y h7‘ (v —Ijv(x))‘ , (17)
TCcRs:EpNEr=H TcQs:ernep=p T YT

Now, for the second term we have that
| [ =zw00| = [ 1= Zton < 1y~ .

Using |T|% ~ hr and considering the approximation property given in the page 84 of [25] we obtain
| [ = 2w = il .

For the first term in (17) we observe that, fixed i, 1 < i < 3, since the gradient of 75%_ (vj) is zero, for j = 1, 2, applying an

inverse estimate (see, e.g., Lemma 3.1 of [26]) and the previous approximation property we get

~ ~ ~ 1 - -
IZv(X)ly r = |ZV(X) = Pop, (vl | =< CE”IJV(X) — Pon, (V))ll0,7

1,7
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IA

1 - ~
Co (1500 = vyl + g = Pay, ()l )

IA

1 -
Clivller + €19 = Pon, (1)llo.7-
T

Considering the approximation property given in the page 85 of [25] we get that

1) = Pan (0llor = Cha I,

then

- he,,
|Ijv(x)|1,'[ = C”vj”LwT + CTTWU]"L,U”I,-

Since hwni < Chr (see, e.g., Lemma 1 of [27])
IZvCOl 1 < Cllvjllor-
Thus, we conclude that, as the number of triangles in a neighborhood w;, is bounded by a uniform constant,
1<c >yl =Clivyli < Clvii.
TCRs:ETNEF=Y

Now, we analyze the term Il = } ;o e ez |T14,v|? ;. i.e., the case in which T has only one side on the interface that
we denoted by . '

From (15) we have that
=3+ | v
vi —Liv)| + Vely j
. 2 U — I ‘ ‘ T Ve m‘
Il < c( > Gvhe+ Y o Ibr[3 7
TCQs:E7NEF D TCQs:E7NER D T o

+ Z |U€n€,j|ir>' (18)

TCR2s:ETNEPF#D
We observe that v¢|r= 8, 18e,,7 ¥, It and ¥, can be obtained by solving the non singular system (16).
More precisely, since for each T C wy, the function v/, |t can be written as vV, [r= o 18r,1 + 0 2 Br 2 (With Brj,j = 1, 2,
the Lagrange basis defined above), if we denote by f,, ; the continuous functions defined in w, such that g, jlr= Br;,
j =1, 2, an easy calculation shows that

/ (v — 2V(0) - 1y B
l

C
lagjl < — max
|€] j=1,2

and thus,

2
/(Uzné,j)z = /((Sel,r Sey T Wy M) = / ((cte,18e,.7 8ey.7 Br.1(X) + e, 28e, 7 Sey. 1 Br.2(X))e )
T T T

2 2
C {P?)z( lotg, il ||8e1,T (Sez,T ”0,1'

IA

1 -
C IV = TV l18e, 7 8y, 7113 7

R4
IT| = 2 21912
< CmHV = Iv(X)lig,, < Chzlvllg,,
where we use that [, (SZ]‘,T(SZ;de = %lﬂ and ||V — Zv(x)]lo.c < C|E|% [IVll1,.; (see, for example, [25,28]).

Hence, |fT veng | < |T|% lvengjllor < Ch%llvllwr. Moreover, by using a classical inverse inequality, we get
ettty = ot o < IVl
Therefore, by using these estimations in the expression (18) of the operator together with the fact that |ijv| 11 < Cllviler
and ‘ fT(vj - ijv)‘ < Ch% lvjll1,; as we proved above, we can conclude that
TI4V]y o < CIIV]1.

Finally, we want to estimate ||Hh"||H(div )
. . . . 2
Since ||Hh"||H(div,QD) < ||ITIxV|l1,¢2,, with the same analysis to the previous one for |l‘[h,jv|1795, we can conclude that

ITIvll1,2, < ClIVIl.
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Then, we have the following results.

Lemma 4.1. The operator I1,v is bounded: There exists a positive constant C such that

ITpvilv < Cllvll;.

Lemma 4.2. Discrete Inf-Sup Condition: There exists a positive constant 8 such that

b(v, qn)

> Bllgnlle  Van € Q.
ovevy  IVallv

Proof. Let g, € Qy, it is a well known result (see, e.g., Corollary 2.4 in Chapter I of [22]) that there exists a vector valued
functionv € H})(.Q) and a constant C; > 0, independent of g such that V - v = —g; and ||v||1 < C1l|qnllo-
By the definition of IT,v, we have b(v — II,v, ;) = 0. Then, Lemma 4.1 implies

1 1
b(ITpV, gn) = b(V, Gn) = lIgnllg = = VIl lidnllo = —— ITLVIlvlignllo,
C CC

which completes the proof with 8 = (CC;)™'. O

Considering that the bilinear form a is coercive and continuous, b is continuous and satisfies the discrete inf-sup condition,
together with the abstract theory of mixed problems [6], immediately implies the following theorem.

Theorem 4.1. There exists a unique solution (uy, pp) € Vi, x Qy to the problem (9).

Theorem 4.2. Let (u, p) € V x Q be the solution of the weak formulation (8) of the coupled problem. Let (uy, pp) € Vi x Qp, be
the solution of the discrete problem (9). Let the finite element spaces be chosen as in Section 4. Then, there exists a constant C such
that:

lu—wpllv + Ip — pullq < C{ inf lu—vpllv+ inf [[p—gnlle}.
vhEV) qn€Qn
Corollary 4.1. Let (u, p) be the solution of the coupled problems (1)-(2) together with the interface conditions (3) such that

u € Vand p € Q are smooth enough, that the norms on the right hand side of (19) are finite for some r1, r, € (0, 1]. Then, the
discrete solution (uy,, py) of problem (9) satisfies the error estimation

lu—wlly + Ip — prllq < C{RM[all1yry 25 + 2110l 14,2, + B(IPl1 o + 1Pl1,0,)}- (19)
5. Numerical experiments

In this section we present some test cases to show the good performance of our method. We defined the individual errors
by,

eo(ps) = Ips — Ps,nllo, 25 eo(pp) = lPp — Po,ullo,2p

eo(Vs) = [IVs — Vs nllo, s eo(Vp) = [IVp — Vp,nllo, 2,

eo(div vs) = [|div(vs — Vs n)llo, 25 eo(div vp) = ||div(vp — vp r)llo,2p
e1(Vs) = [Vs — Vs,nly o e1(Vp) = [Vp — Vpnly o,

and the rates of convergence given by,
log (/)
= 7’h 0 € {vs, vp, divvs, divvp, ps, pp} andi =0, 1
Iog(y)

where h and h’ denote two consecutive mesh-sizes with errors e; and e]. Using the previous definition of r;, we present for
the first example, in Tables 1 and 2, the convergence history for a set of shape regular triangulations of the domain and,
in Tables 3 and 4, the corresponding for the second one. For simplicity, all the parameters such as K, « and u are set to
1. We mention that, since is difficult to construct examples satisfying the entire coupled Stokes-Darcy problem (1)-(3) (in
particular, the homogeneous interface conditions (3)), the numerical experiments could include nonhomogeneous terms for
the interface conditions and therefore conduce to modify (only) the right-hand side in (8).

We also comment that, in practice, mass conservation and Neumann condition have to be imposed in a weak way. Indeed,
when we are assembling the system matrix we must add equations that ensures the normal continuity of the velocity and
the boundary condition, i.e., [,.(v, - mp + v, - ng)y = 0 and frD vl -npy =0, Yy € {COI"): ylee P1(L)}.
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Table 1
Mesh-sizes, errors, and rates of convergence (Example 1).
h eo(Vs) ro(Vs) eo(Vp) To(Vp) eo(ps) ro(ps) eo(Pp) ro(pp)

0.0625 0.00007 2.1274 0.0112 2.3051 0.0069 1.8767 0.0093 1.9248
0.0313 0.00002 2.0078 0.0028 2.0194 0.0020 1.7874 0.0024 1.9266
0.0156 0.000004 2.0020 0.0008 1.7002 0.0006 1.6937 0.0007 1.8263

Table 2

Mesh-sizes, errors, and rates of convergence (Example 1).
h eo(divvs)  ro(divvs) eo(divvp)  ro(divvp)  eq(vs)  ri(vs) ei(vp)  ri(vp)
0.0625 0.0123 1.0084 0.0224 1.4040 0.0188 1.0109 04832  1.2828
0.0313  0.0061 1.0023 0.0109 1.0416 0.0094 1.0026 02078 1.2177
0.0156  0.0031 1.0009 0.0055 0.9781 0.0047 1.0008 0.1009  1.0415

1 1
0.9 0.9
0.8 0.8
0.7 0.7
06 . 0.6
0.5 0.5
0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0 0
0 06 0 01 02 03 04 05 06
Fig. 3. vs and vs  (Example 1).
N A R A
6 6
4 4
2 2
0 0

Fig. 4. ps and ps ; (Example 1).

In the first example we consider the regions 25 = (0, %) x (0, 1) and £2p = (%, 1) x (0, 1). The interface, I", is the
line x = % We select the right-hand terms fs, gg =: div ug, fp, gp and the boundary conditions according to the analytical
solution given by

xy(1—-y) 2xy(1 = y)(1 = x)
sl y) = <x2(1 - y)sin(y)) wley) = ( X1~ ) )

ps(x,y) = 12x%¢ pp(x,y) = 16xy> —e — 2.

In this first example it is satisfied thatup -np = 0in Ipandup - np +us - ng = 0in I".
In Figs. 3 and 5 we show the approximate and exact values of the velocities and in Figs. 4 and 6 of the pressures. It is clear
from these figures that the finite element spaces used provide very accurate approximations to the unknowns.
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05 055 06 065 07 075 08 08 09 095 1

Fig. 5. vp and vp , (Example 1).

»A »A
15 ~ 15 ~ »
10 10
5 5
0+ 0
5

Fig. 6. pp and pp ; (Example 1).

Table 3
Mesh-sizes, errors, and rates of convergence (Example 2).
h eo(Vs) ro(Vs) eo(Vp) ro(Vp) eo(ps) To(ps) eo(pp) To(Pp)

0.0884 0.0046 2.0636 0.0491 0.8073 0.1937 1.4637 0.0049 1.2839
0.0442 0.0011 2.0480 0.0267 0.8809 0.0683 1.5030 0.0020 1.3002
0.0221 0.0003 2.0216 0.0140 0.9324 0.0241 1.5046 0.0008 1.3226

The purpose of this second example, which matches with Example 1 in [14], is to confirm the good performance of
our mixed finite element scheme in comparison with other stable elements. Let 2p = (—1,3) x (=1, 1) and 25 =
(=1,1) x (=1, 1) \ §£2p be a porous medium completely surrounded by a fluid. The particularity of this example is that
there is no I'p because the boundary of §2p represents the interface, I". We set the appropriate forcing term fs and the source
gp, such that the following solution to the Stokes—Darcy coupled problem, with f, = 0, is exact

_ (A3 =12y — 1)y
us(x,y) = ( 4(x2 . 1)(y2 _ 1)2x )

ps(x,y) = —sin(x)e’ po(x, y) = —sin(x)e’.

Figs. 7 and 8 show, respectively, the approximate and exact velocities and the approximate and exact values of the
pressure for the Stokes region, while Figs. 9 and 10 display the corresponding for the Darcy region. Tables 3 and 4, which can
be compared with Table 2 in [ 14], show that optimal rate of convergence can be also reached with our method.

We also observe that, in the two examples under consideration, the rate of convergence provided by Corollary 4.1 is
attained by all the unknowns.

We emphasize that the numerical results confirm the good performance of the mixed finite element scheme with Mini
element for the Stokes-Darcy coupled problem. We end this paper by mentioning that, the ideas used here for numerical
approximation of the coupled problem, could be successfully applied (with perhaps eventual technical difficulties) to another
family of elements that are known to be stable for the Stokes problem and it will be subject of future work.
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Table 4

Mesh-sizes, errors, and rates of convergence (Example 2).
h eo(divvs)  ro(divvs)  eo(divvp)  ro(divvp) ei(vs)  ri(vs)  ei(vp)  ri(Vp)
0.0884  0.2905 0.9892 0.0437 1.2140 09110 0.9935 02160 0.6935
0.0442  0.1449 1.0034 0.0189 1.2056 0.4558 0.9990 0.1478  0.5473
0.0221  0.0723 1.0037 0.0086 1.1382 0.2278  1.0001 0.1051  0.4925

-0.6 04 -02 0 02 04 06 08 1

-0.8 -06 -04

Fig. 7. vs and vs ; (Example 2).

Fig. 8. ps and ps , (Example 2).

0.6

0.4

0.2

02

-0.4 -0.2 ] 0.2 04 0.6

-0.2 0

02 04 06 08 1

0.6

0.4

0.2

02

-04

N N

-0.4 -0.2

Fig. 9. vp and vp ; (Example 2).
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19 14
05 \ 05 \
h h
0+ i 0+
05+ 05 4
B -1 .
05 05
0.5 05
0 0
0 0
05 05 05 .05

Fig. 10. pp and pp » (Example 2).
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