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A B S T R A C T 

We revisit the evolution of low-mass close binary systems under different magnetic braking (MB) prescriptions. We study 

binaries with a neutron star accretor. During mass transfer episodes, these systems emit X-rays and are known as Low-mass 
X-ray Binaries (LMXBs). When mass transfer stops, they can be observed as binary pulsars. Additionally, some of these systems 
can experience mass transfer while having orbital periods of less than 1 h, thus evolving into ultracompact X-ray binaries 
(UCXBs). The evolution of LMXBs depends on their capability to lose angular momentum and maintain stable mass transfer. 
Among the angular momentum loss mechanisms, MB is one important and still uncertain phenomenon. The standard MB 

prescription faces some problems when calculating LMXB evolution, leading to e.g., a fine-tuning problem in the formation of 
UCXBs. Recent studies proposed new MB prescriptions, yielding diverse outcomes. Here, we investigate the effects of three 
no v el MB prescriptions on the evolution of LMXBs using our stellar code. We found that all MB prescriptions considered allow 

the formation of binaries with orbital periods spanning from less than 1 h to more than 10 of days. Remarkably, our results enable 
the occurrence of wide systems even for the MB law that causes the strongest angular momentum losses and very high mass 
transfer rates. We found that models computed with the strongest MB prescription reach the UCXB state starting from a wider 
initial orbital period interval. Finally, we discuss and compare our results with observations and previous studies performed on 

this topic. 

Key words: binaries (including multiple): close – stars: evolution – pulsars: general – X-rays: binaries. 
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 I N T RO D U C T I O N  

ow-mass X-ray binaries (LMXBs) are systems composed of a low- 
ass donor star that transfers mass to a compact star, either a neutron

tar (NS) or a black hole, via Roche-lobe o v erflow (RLOF; see
erbunt 1993 ; Tauris & Van Den Heuvel 2023 for a re vie w). A fe w
undred LMXBs were detected in our galaxy (Liu, van Paradijs & 

an den Heuvel 2007 ) and in external galaxies (Jeltema et al. 2003 ;
umphrey & Buote 2008 ; Wang et al. 2016 ). Here we study the case
f LMXBs with NS acretors. 
If the orbit is not too wide, the donor star fills its Roche Lobe and

ransfers mass and angular momentum to the NS, making it spin up
n a process known as ‘recycling’. When mass transfer ceases, the 
ystem can be observed as a binary pulsar (BP; Bhattacharya & van
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en Heuvel 1991 ; Tauris & Van Den Heuvel 2010 ). The companion
tar is then typically a Helium White Dwarf (He WD), a Carbon-
xygen White Dwarf (CO WD), or a low-mass dwarf, depending 
n the initial orbital period and mass of the donor (Tauris 2011 ;
hen et al. 2013 ; Roberts 2013 ). Evolutionary paths from LMXBs to
Ps with He WD companions have been broadly studied (Tauris &
a v onije 1999 ; Podsiadlowski, Rappaport & Pfahl 2002 ; Istrate,
auris & Langer 2014 ). Additionally, binary millisecond pulsars 
BMPs) with extremely low-mass (ELM) WDs ( M WD � 0.20 M �)
nd short orbital periods ( P orb � 2–9 h) can start mass transfer
nce again, evolving into ultra-compact X-ray binaries (UCXBs). 
tudying the efficiency of the MB laws on the production of UCXBs
nd BMPs with ELM WDs is interesting, as these objects are
andidates to be gra vitational-wa v e sources. The y could be detected
n the mHz frequency band by different missions, e.g. LISA (Amaro-
eoane et al. 2017 ; Amaro-Seoane et al. 2023 ), TianQin (Luo et al.
016 ), and Taiji (Ruan et al. 2018 ). 
There are many angular momentum loss mechanisms acting on the 

volution of these binaries. Usually, the most considered are magnetic 
raking (MB), gravitational radiation, and mass loss. Among all 
hese, MB is particularly uncertain. The most used MB law among
he simulations of low-mass binaries is that derived by Verbunt &
waan ( 1981 ) and Rappaport, Verbunt & Joss ( 1983 ), which is based
n the empirical Skumanich law (Skumanich 1972 ). In this law, the
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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1 This is the radius of a sphere that has the same volume as the Roche Lobe. 
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ngular momentum loss J̇ MB scales with the donor mass M 2 , the
onor radius R 2 , and angular velocity ω 2 . It was built to describe
ain-sequence stars comparable to our Sun. Nevertheless, as Van,

v anov a & Heinke ( 2019 ) pointed out, another kind of donor may
ave an increased mass loss rate with the stellar wind and a magnetic
eld strength that does not scale directly with the angular velocity of

he star. In any case, these may play a role in the MB prescriptions
Mestel 1968 ; Mestel & Spruit 1987 ; Kawaler 1988 ). 

The prescription based on the Skumanich law faces some problems
hen calculating LMXBs evolution. Notably, the orbital period
istribution of BMPs descending from LMXBs disagrees with
bservations, especially for periods between 0.1 and 10 d (Pfahl,
appaport & Podsiadlowski 2003 ; Istrate et al. 2014 ; Shao & Li
015 ): the number of objects observed in this orbital period range is
ar higher than theoretical expectations. Besides, the mass accretion
ate inferred by observations is about one order-of-magnitude higher
han those calculated using this law (Podsiadlowski et al. 2002 ; Pfahl
t al. 2003 ; Shao & Li 2015 ; P avlo vskii & Ivano va 2016 ; Van et al.
019 ). Furthermore, it was also found that UCXBs are very difficult
o reproduce under this MB law: only systems within a very narrow
ange of initial orbital period and donor mass can evolve into UCXBs
fine-tuning problem; van der Sluys, Verbunt & Pols 2005a ; van der
luys, Verbunt & Pols 2005b ; Istrate et al. 2014 ; Echeveste et al.
019 ). In addition, there is a fine-tuning problem in the formation
f BMSPs with ELM WDs descending form LMXBs (van der Sluys
t al. 2005a ; van der Sluys et al. 2005b ; Istrate et al. 2014 ). 

Moti v ated by the points mentioned abo v e, Van et al. ( 2019 )
nvestigated modifications to the Skumanich law and studied their
mplications in the mass accretion rate problem. They presented
hree new prescriptions for MB, named Convection-boosted (MB2),
ntermediate (MB3), and Wind-boosted (MB4). These prescriptions
nclude scaling of the magnetic field strength with the conv ectiv e
urno v er time and the wind mass-loss rate. In that work, they also
rgue that the MB4 prescription may need additional effects to
ampen the angular momentum loss since it results in mass transfer
ates that exceed 1 M �yr −1 . Later, Van & Iv anov a ( 2019 ) presented
 fifth MB prescription, named Convection And Rotation-Boosted
CARB MB). This is obtained through a self-consistent deduction
hat includes the effect of the stellar rotation on the Alfv ̀en radius
nd the magnetic-field dependence on the conv ectiv e turno v er time. 

According to Van & Iv anov a ( 2019 ), all LMXBs of interest can
e reproduced under the MB3 prescription when matching three
bserved parameters [e.g. orbital period, mass transfer rate (hereafter
TR), and mass ratio]. Nevertheless, if the effective temperature is

lso considered, they could no longer reproduce the system Sco X-
 with this MB la w. Alternativ ely, when CARB MB is used, the y
otice that all persistent LMXBs can be reproduced. Therefore, they
ecommend its use instead of the Skumanich MB to model galactic
nd extragalactic LMXBs with NSs. 

This paper aims to explore the effects of the Skumanich,
onvection-boosted, Intermediate, and Convection and Rotation-
oosted MB prescriptions on the evolution of LMXBs in a global
ay . Additionally , we focus on the capability of these prescriptions

n producing ELM WDs BMPs, and UCXBs. For such purpose, we
mploy our binary stellar evolution code, which is fully independent
f the public domain MESA code (Paxton et al. 2015 ) that has been
sed by other researchers in similar investigations. 
The remainder of this paper is organized as follows. In Section 2 ,

e describe the numerical methods and physical assumptions made
p in our code. In Section 3 , we present the results obtained from
ur simulations and compare them with observations. In Section 4 ,
e compare our results with those obtained in previous studies.
NRAS 530, 4277–4287 (2024) 
inally, in Section 5 , we summarize our main findings and make
ome concluding remarks. 

 E VO L U T I O NA RY  C O D E  A N D  BI NARY  

O D E L S  

e calculate a set of numerical models with an updated version of the
inary evolutionary code presented in Benvenuto & De Vito ( 2003 ).
hen the components of the binary system are detached, our code

mploys the standard Hen ye y technique. When the configuration
s semi-detached, it incorporates the determination of the MTR
rom Roche lobe o v erflow as an additional variable to be iterated
onsistently, as will be described in Section 2.1 The treatment of
he mass transfer is included as in, e.g. Podsiadlowski et al. ( 2002 ),
y introducing two free parameters: α and β. β is the fraction of
ass lost by the donor that may be accreted by the compact object

 Ṁ 1 = −βṀ 2 ; hereafter, we adopt label 1 to refer to the compact
bject and 2 to the donor star). As standard, we set an upper limit to
˙
 1 imposed by the Eddington rate ( Ṁ Edd = 2 × 10 −8 M �/ y), then

˙
 1 = min 

( − βṀ 2 , Ṁ Edd 

)
. If the compact star cannot retain all the

ass transferred by the donor, it is lost from the system carrying away
ngular momentum with a rate J̇ ML . The parameter α is introduced
o describe this loss in units of the specific angular momentum of
he compact component j 1 as J̇ ML = α( Ṁ 1 + Ṁ 2 ) j 1 . Gravitational
ave radiation is described as in Landau & Lifshitz ( 1975 ). MB is
odelled under different prescriptions (see Section 2.2 ). We consider

pin-orbit coupling in a way similar to that performed in Novarino
t al. ( 2021 ; see Section 2.3 ). Besides, we include the wind mass
oss of the donor following Reimers ( 1975 ). Also, we consider the
ffect of the binding energy of the NS on the total amount of accreted
atter, calculated as in Bagchi ( 2011 ). 

.1 Mass transfer from RLOF 

ur code is based on a modification of the Hen ye y technique
resented in Kippenhahn, Weigert & Hofmeister ( 1967 ) to solve
he set of difference equations of stellar evolution together with

TR from RLOF. MTR is included as an additional variable in the
en ye y method and calculated simultaneously with the solution of

he equations of stellar structure. Therefore, MTR is calculated in a
elf-consistent way: during mass transfer episodes, the code finds the

TR in a fully implicit way employing a single iterative procedure.
his type of algorithm exhibits robust numerical stability, as was
reviously discussed in B ̈uning & Ritter ( 2006 ). This procedure is
ifferent from that employed by MESA and other researchers (e.g.
odsiadlowski et al. 2002 ; Madhusudhan et al. 2008 ; Lin et al.
011 ). They apply a double iterative procedure in constructing a
tellar model: an MTR value is estimated and the stellar structure is
elaxed for this MTR. Then, with this new structure, a new MTR is
omputed and the stellar structure is relaxed again. This is repeated
ntil consistency is achieved. 
We calculate MTR ( Ṁ RLOF ) using either the Ritter (Ritter 1988 )

r the Kolb-Ritter (Kolb & Ritter 1990 ) schemes. Applying one or
he other scheme depends upon the relation between the radius of the
onor star, R 2 , and the equi v alent radius 1 of its Roche Lobe, R L . 
The Ritter scheme is used when R 2 < R L . Then, 

˙
 RLOF = −Ṁ 0 exp 

(
R 2 − R L 

H p /γ ( Q ) 

)
. (1) 
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ere H p is the pressure scale height at the photosphere of the donor
nd 

˙
 0 = 

2 π

exp (1 / 2) 
F 1 ( Q ) 

R 

3 
L 

GM 2 

(
k B T eff 

m p μph 

)3 / 2 

ρph (2) 

s the MTR of a binary in which the donor star fills exactly its Roche
obe. M 2 and T eff are the mass and the ef fecti ve temperature of the
onor, respectively, and μph and ρph are the mean molecular weight 
nd density at its photosphere. m p is the proton mass, and k B is the
oltzmann constant. The two fitting functions are 

 1 ( Q ) = 1 . 23 + 0 . 5 log Q, 0 . 5 � Q � 10 (3) 

nd 

( Q ) = 

{
0 . 954 + 0 . 025 log Q − 0 . 038( log Q ) 2 0 . 04 � Q � 1 
0 . 954 + 0 . 039 log Q − 0 . 114( log Q ) 2 1 � Q � 20 , 

(4) 

here Q = M 2 / M 1 . 
The Kolb-Ritter scheme is used when R 2 > R L . Then, 

˙
 RLOF = −Ṁ 0 − 2 πF 1 ( Q ) 

R 

3 
L 

GM 2 

×
∫ P RL 

P ph 

	 

1 / 2 
1 

(
2 

	 1 + 1 

)( 	 1 + 1) / (2 	 1 −2) (
k B T 

m p μ

)1 / 2 

d P . (5) 

ere, 	 1 is the first adiabatic exponent, and P ph and P RL are the
ressure values at the photosphere and at the R L value of the radius,
espectively. 

.2 Magnetic braking 

he orbital angular momentum loss due to MB is modelled after 
he prescriptions given by Van et al. ( 2019 ; hereafter Van19 ) and
an & Iv anov a ( 2019 ). The prescriptions in Van19 are defined by the
xpression: 

d J MB 

d t 
= 

d J MB , Sk 

d t 

(
ω 2 

ω �

)β(
τconv 

τ�, conv 

)ξ(
Ṁ 2 , wind 

Ṁ �, wind 

)α

, (6) 

here d J MB, Sk /d t is the MB la w deriv ed by Rappaport et al. ( 1983 ): 

d J MB , Sk 

d t 
= −3 . 8 × 10 −30 M 2 R 

4 
�

(
R 2 

R �

)γmb 

ω 

3 
2 dyn cm , (7) 

MB = 4 corresponds to the standard Skumanich law (Verbunt & 

waan 1981 ) and ω 2 is the angular velocity of the donor star. In
his work, we use ω � = 3 × 10 −6 s −1 , τ�, conv = 1 . 537 × 10 6 s 2 and
˙
 �, wind = 2 . 54 × 10 −14 M � yr −1 (Carroll & Ostlie 2006 ). 
According to Van19 , β, ξ , and α in equation ( 6 ) can take different

alues, resulting in four MB laws with different strengths: 

 β, ξ, α) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

(0 , 0 , 0) MB0–standard MB 

(0 , 2 , 0) MB2–convection-boosted MB 

(0 , 2 , 1) MB3–intermediate MB 

(2 , 4 , 1) MB4–wind-boosted MB 

(8) 

Short after presenting these MB prescriptions, Van & Iv anov a 
 2019 ) proposed another expression called Convection And Rotation 
 We have found this value by detailed modelling of the Sun employing our 
tellar code. In this way, we handle the different MB laws consistently, which 
s of key rele v ance for our simulations. In the literature (e.g. Van19 ), it has 
een given a value of τ�, conv = 2 . 8 × 10 6 s. 

F  

t  

1
 

M

oosted (CARB MB) that, according to them, better agrees with all
ell-observed systems: 

d J CARB MB 

d t 
= −2 

3 
Ṁ 

−1 / 3 
2 , wind R 

14 / 3 
2 ( v 2 esc + 2 ω 

2 
2 R 

2 
2 /K 

2 
2 ) 

−2 / 3 

×ω �B 

8 / 3 
�

(
ω 2 

ω �

)11 / 3 (
τconv 

τ�, conv 

)8 / 3 

, (9) 

here v 2 esc = 2 GM 2 /R 2 is the surface escape velocity, and B � =
 G . K 2 = 0.07 is a constant obtained from a grid of simulations by
 ́eville et al. ( 2015 ) that sets the limit where the rotation rate begins

o play a significant role. 
Let us remark that, for the MB to operate on the donor star, it is

ecessary the presence of an outer conv ectiv e zone (OCZ). In our
ode, we assume that MB fully acts if M OCZ / M 2 > 10 −2 , where M OCZ 

s the mass of the OCZ (Podsiadlowski et al. 2002 ). 
For the eddy turnover timescale, we use the expression given in

urley, Tout & Pols ( 2002 ): 

conv = 0 . 2989 

[(
M env 

M �

)(
R env ( R 2 − R env / 2) 

R 

2 �

)(
L �
L 2 

)]1 / 3 

yr , 

(10) 

here R env and M env are the depth and mass of the conv ectiv e
nvelope of the donor star, respectively, and L 2 is its luminosity. 

.3 Tides 

e included the effects of tides to relax the standard instantaneous
ynchronization assumption. To do so, we proceed as follows. In the
rst model of a simulation, we assume the donor is synchronized
ith the orbit. From then on, we introduce MB acting on the rotation
f the donor, which is coupled to the orbit of the system by tides.
his spin-orbit coupling is considered only during detached states; 
n the contrary, if the system is undergoing a RLOF episode, we
ssume instantaneous synchronization. 

We consider the spin-orbit coupling following Repetto & Nele- 
ans ( 2014 ). In this work, we assume circular orbits and coplanarity;

ccordingly, the set of differential equations we solve reduces to 

da 

dt 
= −6 

(
K 

T 

)
q(1 + q) 

(
R 2 

a 

)8 

a 

[
1 − ω 2 

�

]
+ 

(
da 

dt 

)
gw 

, (11) 

dω 2 

dt 
= 3 

(
K 

T 

)
q 2 

k 2 

(
R 2 

a 

)6 

�

[
1 − ω 2 

�

]
+ 

(
dω 2 

dt 

)
mb 

, (12) 

here a and � are the semimajor axes and the mean angular velocity
f the orbit respectively, q = 1/ Q , and k is the radius of gyration of the
onor star, which describes its moment of inertia I as I = k 2 M 2 R 

2 
2 .

 da / dt ) gw is due to gra vitational-wa ve radiation. ( K / T ) is the tidal
ime-scale, which strongly depends on the structure of the star. We use
ifferent prescriptions during the evolution of the donor, following 
he expressions given in Hurley et al. ( 2002 ): 

K 

T 

)
= 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

2 
21 

F conv 
τconv 

M env 
M 2 

yr −1 conv ectiv e env elope 

1 . 9782 × 10 4 
M 2 R 

2 
2 

a 5 
(1 + q) 5 / 6 E 2 yr −1 radiativ e env elope 

2 . 564 × 10 −8 k 2 
(

L 2 
M 2 

)5 / 7 
yr −1 white dwarf 

(13) 

 conv is the fraction of the conv ectiv e cells which contribute to
he damping: F conv = min 

[
1 , 

(
P tid 

2 τconv 

)]
, 1 

P tid 
= 

∣∣ 1 
P orb 

− 1 
P spin 

∣∣ and E 2 =
 . 592 × 10 −9 M 

2 . 84 
2 (Zahn 1975 ). 

The last term in equation ( 12 ) changes according to the considered
B prescription (MB0, MB2, MB3, or CARB MB). 
MNRAS 530, 4277–4287 (2024) 
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.4 Stellar wind 

or modelling the stellar wind, we use the expression from Reimers
 1975 ): 

˙
 2 , wind = 4 × 10 −13 η

(
R 2 

R �

)(
L 2 

L �

)(
M �
M 2 

)
M � yr −1 , (14) 

here η = 1 is the efficiency of wind loss. 

.5 Binary models 

or all the models presented in this paper, we consider donor and
Ss of 1.25 and 1.3 M �, respectively. We use a metallicity value
 = 0.0139 (Asplund, Amarsi & Grevesse 2021 ) and have carefully

uned the hydrogen abundance and the mixing length parameter to
eproduce the present Sun. This results in αmlt = l/H p = 1 . 55, where
 is the mixing length, and a hydrogen abundance of X = 0.7238. We
tart our simulations assuming the donor star is on the zero age
ain of sequence. We neglect overshooting. The orbital evolution

s calculated assuming α = 1 and β = 1. Therefore, if the donor
tar transfers mass at a rate lower than Ṁ Edd , the system evolves in
onservative conditions. 

The sequences are computed up to an age of 14 000 Myr, or until
he donor star reaches a very low luminosity ( L 2 < 10 −7 L �), or a
ery low mass ( M 2 < 0.015 M �). We also stop the calculations if
he MTR reaches the value of 10 −2 M � yr −1 . Higher rates cannot
e considered under the physics included in our code. Very high
TR corresponds to the regime described by equation ( 5 ). Kolb &
itter ( 1990 ) considered this treatment as plausible for a donor star

hat o v erfills its Roche lobe up to ( R 2 − R L )/ H p ≈ 10, which in our
odels provide MTR values of the order of the limiting rate quoted

bo v e. It is e xpected that ev en stronger MTRs lead to the formation
f a common envelope. This process is beyond the scope of this
aper. 

We constructed sequences under the Skumanich (MB0),
onvection-boosted (MB2), Intermediate (MB3), and Convection
nd Rotation-Boosted (CARB MB) prescriptions. The initial orbital
eriod P orb, i extends from 0.5 to 328.42 d for MB3; from 0.5 to
38.94 d for MB0; and from 0.5 to 1108.41 d for MB2 and CARB
B. In the main set of models, the initial orbital period step is 0.176

n log 10 ( P orb, i ). To study the formation of UCXBs, we refine the grid
f initial orbital periods in the range that leads to this kind of system
see Section 3.1 ). 

 RESU LTS  

o explore the differences and similarities in the evolution of the
ystems under different MB prescriptions, in Fig. 1 , we show the
volutionary tracks of the donor stars in the Hertzsprung −Russell
iagram (HRD) corresponding to the main set of calculations (see
ection 2.5 ). Each panel shows the evolution under one of the
onsidered MB prescriptions. The colour bar indicates the initial
rbital period value, P orb, i , in the simulations. At first glance, we
ote that the sequences obtained with MB3 are different from
hose computed with the other three prescriptions. One of the
ain reasons for the occurrence of this disparity is that MB3

nduces stronger angular momentum losses, resulting in higher MTR
alues (see below) which, for P orb, i > 328 d exceed the maximum
llo wed MTR v alue (see Section 2.5 ). On the contrary, for the other
hree MB prescriptions, it is possible to evolve systems with P orb, i 

onsiderably larger. 
NRAS 530, 4277–4287 (2024) 
As a consequence of the high MTR suffered by donors evolved
nder MB3, for a gi ven v alue of P orb, i , the evolution leads to
he formation of WDs lighter than those obtained under the other
rescriptions. Another remarkable characteristic of the models com-
uted with the MB3 is the evolution at an almost constant radius at
he onset of the mass transfer episode [see the right upper corner in
anel (c), Fig. 1 ]. This is due to the high value of the mass transfer
ate on a very short time-scale ( M/ Ṁ ≈ 100 y, see Fig. 5 , panel
). This scale is too short for the star to change its radius, while its
f fecti ve temperature and luminosity change appreciably. 

For systems with the largest P orb, i evolved under MB0, MB2,
nd CARB MB, it has been possible for the donor star to grow its
elium core mass abo v e approximately 0.45 M �, thereby enabling
he occurrence of a helium flash, leading to the formation of a CO

D (depicted by the black tracks in Fig. 1 ). Note that the cooling
rack corresponding to these donors separates from the others. This
ehaviour arises from the significant discrepancy in the chemical
omposition, as donors with shorter initial orbital periods end their
volution as HE WDs. On the contrary, in the case of MB3, none of
he donors experienced a helium flash, resulting in the formation of
E WDs in all cases. 
Let us explore the effects of changing the MB prescriptions on

he global evolution of these binaries. For this purpose, we select
equences corresponding to initial orbital period values of 1.68,
9.22, 97.30, and 328.42 d. Fig. 2 shows the HRD of the selected
onors. Each panel corresponds to a given P orb, i value and has four
racks, plotted with a different line style and colour that indicates a
pecific MB prescription. The black stars indicate the start of mass
ransfer and the red circles its end. As can be noticed from this figure,
or the shortest selected initial orbital period, there is a remarkable
isparity in the results obtained with different MB prescriptions.
pecifically, for models with MB0, the donor evolves undergoing
everal thermonuclear flashes, ending as a HE WD on a P orb ∼ 10
 orbit. Donors under MB2 and CARB do not suffer flashes and
nd with a P orb ∼ 1 d orbit. Remarkably, the same model under
B3 ends as a UCXB. On the contrary, as P orb, i increases, systems

volved under MB0, MB2, and CARB MB become more similar to
ach other, while those evolved under MB3 remain different. 

Let us discuss the physical reason for this behaviour by analysing
quations ( 6 ), ( 8 ), and ( 9 ). MB2 differs from MB0 in that the
ormer considers the factor ( τ conv / τ�, conv ) 2 . MB3, on the other hand,
ncorporates the same factor as MB2 but also includes a dependence
n the stellar wind mass loss ( Ṁ 2 , wind / Ṁ �, wind ). Finally, CARB MB
as a more complicated dependence on these factors, and because of
his reason, it will be analyzed separately. 

Given the dependence of the strength of MBs with τ conv , we studied
he evolution of this quantity using equation ( 10 ). In Fig. 3 , we present
he τ conv corresponding to the same models employed in Fig. 2 . The
ime interval considered in these plots corresponds to the stages
n which most of the mass is transferred and simultaneously, the
CZ of the donor star is wide enough to allow MB to act. As can be

een, for the case of the shortest selected orbital period, τ conv exhibits
ifferent behaviour for each MB prescription, directly influencing the
trength of the angular momentum losses. As the initial orbital period
ncreases, the τ conv values corresponding to the models with MB0,

B2 and CARB MB become more similar to each other, becoming
ndistinguishable for the models with the longest selected P orb, i . For
he case of MB3, τ conv differentiates from the other prescriptions at
ntermediate values of P orb, i , but exhibits a more similar behaviour
t larger P orb, i . In all cases, the corresponding MB3 models undergo
tronger braking due to the effect of the stellar wind as the radius and
uminosity of the donor star increase. This effect is more prominent
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Figure 1. Evolutionary tracks of binary systems containing a 1.25 M � donor star together with a 1.3 M � NS. Colours from yellow to black indicate the initial 
orbital period, going from the lowest to the largest value. Each panel represents the evolution of a set of models under a particular MB prescription. 
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n the cases of long P orb, i , where the donor is climbing the red
iant branch. The wind, and then MB3, is more intense, implying 
reater angular momentum losses than the other MB prescriptions, 
eading to an earlier RLOF [see equations ( 6 ), and ( 8 ) and Fig. 2 ].
herefore, systems under MB3 deeply differentiate from the rest 
f the prescriptions at all the considered initial orbital periods, 
ven though τ conv becomes similar under all prescriptions at large 
 orb, i . 
The CARB MB prescription has a more complicated expression 

see equation ( 9 )]. To compare it with the standard treatment provided
y MB0, we present the ratio of the strengths of CARB MB to MB0
Fig. 4 ) corresponding to the same models employed in Fig. 2 . We
how only the portion of the evolution in which the OCZ is thick
nough to allow for the full action of MB on the donor star rotation
when M OCZ / M 2 > 0.02). From the inspection of Fig. 4 , it is clear
hat at short initial orbital periods, the difference between CARB MB
nd MB0 is pronounced, and it becomes noticeably smaller for long 
 orb, i values. 
Let us now discuss the reason for the similarity of the tracks

omputed with MB0, MB2, and CARB MB in the case of long initial
rbital periods. The orbital angular momentum of these systems is 
roportional to a 1/2 or, equi v alently, to P 

1 / 3 
orb . MB acts on the donor star
nd has no direct dependence on the orbital period, but couples to the
rbital motion by tidal interactions [see equation ( 12 )]. Therefore, the
onger the orbital period, the less significant the angular momentum 

oss due to MB. Thus, the differences in the strength of MB0, MB2,
nd CARB MB are proportionally less important. This naturally leads 
o the occurrence of very similar tracks for these three prescriptions.
n the case of MB3, the dependence on the stellar wind is significant
nough to cause the models under this prescription to differentiate 
rom the other MBs, even at large orbital periods. 

In Fig. 5 , we present the results of the simulations depicted in
ig. 1 , now in the donor star mass versus orbital period plane, together
ith the masses of pulsar companions taken from the ATNF Pulsar
atalogue 3 (Manchester et al. 2005 ). The colour bar denotes the

ogarithm of the MTR in the simulations. As we can appreciate from
his figure, as P orb, i increases, so does the MTR. This effect is a direct
onsequence of the structure of the donor at the onset of the RLOF
pisode. The larger the value of P orb, i , the more evolved the donor
tar and the shorter the evolutionary time-scale, leading to a larger
MNRAS 530, 4277–4287 (2024) 

http://www.atnf.csiro.au/research/pulsar/psrcat


4282 M. Ec he veste et al. 

M

Figure 2. HRD corresponding to the donor stars of binaries with P orb, i = 1.68, 19.22, 97.30, and 328.42 d. Black stars indicate the start of mass transfer, and 
red circles its end. Each line style represents a different MB prescription. Notice that, for the cases of P orb, i = 97.30 and 328.42 d, the tracks corresponding to 
MB0, MB2, and CARB MB are almost indistinguishable from each other. 

Figure 3. Thermal time-scale evolution of the systems in Fig. 2 . We restrict the horizontal axis to the age in which MB operates with a significant strength. 
Thick lines correspond to stages in which M OCZ / M 2 > 0.01. The thin continuation of these lines stands for models with thinner OCZs for which MB is not 
rele v ant. The solid horizontal line corresponds to the thermal time-scale of the Sun. 
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It is evident from Fig. 5 that MB3 yields MTR values at least
ne order-of-magnitude higher than the other MB prescriptions.
onsequently, we obtain lighter donors. On the other hand, these
TR values greatly exceed the value that the NS can accrete (the

ddington critical rate, see Section 2 ), resulting in less-massive
NRAS 530, 4277–4287 (2024) 
Ss compared to the other MB prescriptions, as detailed in 
able 1 . 
Examining Fig. 5 , it can be seen that there is a region around P orb 

 1 d, occupied by many observed systems which in the case of MB0
odels is reachable only by fine-tuning in P orb, i . Then, MB0 models
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Figure 4. Ratio of the strength of J CARB MB to J MB0 as a function of 
time for the models included in Fig. 2 . The thick portion of the lines 
corresponds to stages in which M OCZ / M 2 > 0.01. The horizontal line 
signalizes J CARB MB / J MB0 = 1. 
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redict a much scarcer population in contradiction with observations. 
his problem is partially mitigated with MB2, even more reduced 
ith CARB MB, and disappears with MB3. Ho we ver, models with
B3 do not reach final periods larger than 55 d, while many observed

ystems are located well abo v e this value. Models evolved with the
ther three prescriptions do not present this difficulty. Although this 
ay be interpreted as a serious drawback for MB3, we remind the

eader that in this work we study models with only one initial donor
ass value. For more massive donors, the OCZ should be thinner 

nd MB less ef fecti ve. Therefore, these donors should be able to fill
his orbital period region unreached by the models presented in this
aper. 

As depicted in Fig. 5 , there are several MSPs located within
 region where the simulations undergo mass transfer. A promis- 
ng phenomenon for modelling these systems could be irradiation 
eedback (Hameury et al. 1993 , B ̈uning & Ritter 2004 ). Irradiation
eedback occurs when the donor star transfers mass onto the NS. The
ransferred matter emits X-ray radiation that illuminates the donor. 
f this star has an OCZ, its structure is unable to sustain the RLOF
nd the system becomes detached. Then, nuclear evolution may lead 
he donor to experience an RLOF again, leading to multiple mass
ransfer pulses in the system (see e.g. Benvenuto, De Vito & Horvath
014 ). Irradiated systems can be detected as X-ray sources during 
LOF states, or as MSPs once the mass transfer ceases. Including 

rradiation feedback in the models studied in the present paper should 
e rele v ant. 

.1 Formation of UCXBs 

s mentioned in Section 1 , the formation of UCXBs under the MB0
rescription requires fine-tuning of the initial orbital period. Here, 
e aim to assess the capacity of MB2, MB3, and CARB MB models

n mitigating this difficulty . Specifically , we seek systems that reach
rbital period values within the range of P orb = 2–9 h as detached
ystems, for which donor stars become fully conv ectiv e (MB is
o longer acting), and subsequent orbital shrinkage occurs due to 
ravitational radiation. As a consequence of the orbital contraction, 
he donors may o v erflow their Roche lobes, initiating mass transfer
nce again. This leads to a significant reduction in the orbital period,
.e. P orb ≤ 1 h, thus reaching the UCXB state. We will refer to
his UCXB formation mechanism as channel 1 . Additionally, the 
CXB state can also be reached by systems that suffer a continuous,

ong-standing mass transfer episode, while its orbital period falls 
onotonically. Since the donor stars do not detach from their Roche 

obe, the systems cannot be observed as BPs. This UCXB formation 
echanism constitutes the channel 2 . 
In Fig. 6 , we show the evolution of selected systems that reach the
CXB state throughout the channels mentioned abo v e. The black

tars in the figure indicate the start of mass transfer, and the red
ircles its end. We found that the range of orbital periods leading to
he formation of BPs with P orb = 2–9 h and UCXBs depends on the

B prescription considered: 

(i) Formation of ELM WDs BMPs with P orb = 2–9 h: 

(a) MB0: none 
(b) MB2: 0 . 45 ≤ P orb , i ≤ 0 . 55 d, and P orb , i = 0 . 90 d 
(c) MB3: 0 . 45 ≤ P orb , i ≤ 0 . 6 d and 1 . 07 ≤ P orb , i ≤ 2 . 52 d 
(d) CARB MB: 0 . 45 ≤ P orb , i ≤ 0 . 6 d and 0 . 9 ≤ P orb , i ≤

1 . 0 d 

(ii) Formation of UCXBs: 

(a) MB0: 0 . 6 d ≤ P orb , i ≤ 0 . 8 d ( channel 2 ) 
(b) MB2: 0 . 55 d ≤ P orb , i ≤ 0 . 85 d ( channels 1 and 2 ) 
(c) MB3: 0 . 6 d ≤ P orb , i ≤ 2 . 29 d ( channels 1 and 2 ) 
(d) CARB MB: 0 . 7 d ≤ P orb , i ≤ 0 . 9 d ( channels 1 and 2 ) 

Overall, when studying the formation of UCXBs, the choice of 
 MB prescription is of key rele v ance. If MB0 and CARB MB are
onsidered, the range of P orb, i that give rise to UCXBs is only 0.2
, while for MB2 it is 0.3 d. Ho we v er, MB3 prescription pro vides
 window of initial orbital periods one order-of-magnitude wider 
han the other MBs (1.69 d). These results can be interpreted as
vidence that at short P orb, i , a strong MB is necessary to account for
he existence of UCXBs. 

 C O M PA R I S O N  WI TH  T H E  RESULTS  

VAI LABLE  IN  T H E  L I T E R ATU R E  

arious studies have been published to investigate the evolution of 
MXBs and the formation of BPs, employing some of the no v el
B prescriptions introduced in Van19 and Van & Iv anov a ( 2019 ).
omero & Istrate ( 2019 ; hereafter Romero19 ) and Chen et al. ( 2021 ;
ereafter Chen21 ) studied the effects of MB0, MB2 and MB3; Deng
t al. ( 2021 ; hereafter Deng21 ) analysed the MB0, MB2, and CARB
B; and Soethe & Kepler ( 2021 ; hereafter Soethe21 ) studied the
ARB MB. They use the stellar evolution code MESA . Their results

hed light on the topic, showing that the evolutionary paths of LMXBs
re very dependent on the MB law. Ho we ver, these models present
ifferences between them. 
As explicitly stated by Chen 21, the Intermediate MB prescription 

MB3) has led to a variety of results. On one hand, Van19 were
ble to calculate sequences with P orb, i up to � 400 d, and found
xtremely high MTR values ( � 10 −2 M � yr −1 ). Besides, they found
ll systems with low-mass donors end with P orb smaller than the
nitial value. On the other hand, Chen21 calculated the evolution 
f systems with P orb, i up to ∼ 25 d. They stopped the calculations
ince MTR reaches values up to ∼10 −4 M � yr −1 . They argue this
arge MTR value would lead the system to a common envelope 
hase. Furthermore, they found similar results for different values 
f the initial donor star mass. As a consequence, they judged it is
ot possible to account for wide-orbit binaries, so they concluded 
B3 is not viable as a universal MB law. On the contrary, Romero19

alculated the evolution of low-mass binaries with P orb, i up to � 120
. Unlike Van19 , they found all systems with P orb, i � 25 d end their
volution with P orb > P orb, i , so they can also reproduce wide-orbit
inaries. Chen21 and Romero19 found that the fine-tuning problem 

n producing UCXBs mitigates with this MB prescription. 
MNRAS 530, 4277–4287 (2024) 
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Figure 5. Orbital period as a function of the donor star mass. The colour bar represents the MTR. Each panel corresponds to a given MB prescription. Green 
dots correspond to the median mass of pulsar companions taken from the ATNF Pulsar Catalogue. 

Table 1. NS final mass ( M �) considering different MB prescriptions and 
initial orbital periods. 

P orb, i MB0 MB2 MB3 CARB MB 

1.68 2.086 1.984 1.682 1.905 
19.22 1.614 1.686 1.329 1.724 
97.30 1.364 1.371 1.305 1.367 
328.42 1.319 1.320 1.301 1.319 
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The discrepancies among the results presented in Van19 ,
omero19 , and Chen21 have been one of the moti v ations for
erforming the present study. Considering that our code is entirely
ndependent of the one employed in the referred papers, we judge
t is a good tool to disentangle this paradoxical situation by making
areful comparisons between our and their results. 
NRAS 530, 4277–4287 (2024) 
As already discussed in Section 3 , systems under MB3 suffer
TR as high as 10 −4 M � yr −1 when P orb, i � 19 d, and MTR

s even higher for larger values of P orb, i , reaching values �
0 −2 M � yr −1 . When comparing with Van19 and Romero21, who
ave both calculated systems with larger P orb, i than Chen21 , we
nd that our results are in agreement (disagreement) with Van19
Romero21), since all our simulated systems under MB3 shrink.
esides, we found MTR values compatible with Van19 (see fig. 4

n their publication). Concerning UCXB formation, the mitigation
f the fine-tuning problem we found agrees with Romero21 and
hen21 . 
Regarding the MB0 and MB2 prescriptions, our results generally

gree with those given in Van19 . Specifically, from the inspection of
ig. 2 (for MB0) and Fig. 3 (for MB2) in their publication, we notice

hat the MTR in our simulations reaches values consistent with theirs.
pon closer inspection of the upper-right corner in these figures, it
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Figure 6. Temporal evolution of the orbital period of selected systems. Black stars indicate the start of mass transfer, and red circles its end. The horizontal 
light-blue band limits the region of orbital periods between 2 and 9 h. The horizontal black dashed line corresponds to 1 h. The vertical grey dashed line 
represents the age of the Universe. 
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ecomes apparent that the region around the bifurcation period P bif 
4 , 

hich is � 1 d, is more densely populated by tracks in the MB2 case
han in the MB0. This result is in agreement with our simulations,
s can be seen in Fig. 5 . Romero19 models evolved under MB2
lso populate the region around P bif ( ∼10 d for these authors) more
fficiently than with MB0. Concerning UCXB formation with MB2, 
ur results agree with Chen21 and Romero19 . 
To compare our results using the CARB MB prescription against 

he results of Deng21 and Soethe21 , we performed another set of
alculations using initial values of M 2 = 1.0 M � and M NS = 1.4 M �
Fig. 7 ). In our simulations, P bif ∼ 10 d, in agreement with Deng21
nd in disagreement with Soethe21 , who finds P bif ∼ 22 d. Besides,
eng21 found that CARB MB is more ef fecti ve in producing BPs
ith orbital periods 0.1 d < P orb < 1 d. This is in agreement with our
ndings and with Soethe21 (see their fig. 3). 
We should state that the differences in the results available in the

iterature sho w quantitati ve and e ven qualitati ve disparities despite
 The bifurcation period P bif is defined as the value of P orb for which the 
nitial and final orbital periods take the same value. 

t  

g
p  

r

ll these works were done with the same numerical tool. It may be
ossible that these differences were due to different choices of the
nput parameters necessary to carry out the simulations. On the other
and, we present a set of results obtained with an independent tool. 
It is remarkable that Van19 found that MB3 prescription seems 

o mitigate two discrepancies between observation and theory: the 
opulation of tracks around P orb ∼ 1 d and the fine-tuning in the
ormation of UCXBs. This is in nice agreement with the results we
resented in Section 3 . 

 SUMMARY  A N D  C O N C L U S I O N S  

e have revisited the evolution of binary systems composed of a
ormal donor star and an NS. When these systems undergo mass
ransfer, they can be observed as LMXBs or UCXBs; when detached, 
hey can be detected as BP systems. 

It is well known that these systems suffer some processes that lead
o angular momentum losses (AML). Among AML are those due to
ravitational radiation, non-conserv ati ve mass transfer, and MB. At 
resent, the latter is considered rather uncertain, and because of this
eason, some different prescriptions have been recently proposed in 
MNRAS 530, 4277–4287 (2024) 
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Figure 7. Orbital period as a function of time for systems under CARB MB, 
M 2, i = 1.0 M � and M NS, i = 1.4 M �. Black stars indicate the start of mass 
transfer, and red circles its end. The horizontal light-blue band limits the 
region of orbital periods between 2 and 9 h. The horizontal black dashed line 
corresponds to 1 h. The vertical grey dashed line represents the age of the 
Universe. 
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he literature. This is the case of the MB prescriptions MB2, MB3,
nd CARB MB from V an et al. ( 2019 ; V an19 ) and V an & Iv anov a
 2019 ). 

To study the effects of these three prescriptions together with the
tandard Skumanich law (MB0) on the evolution of LMXBs and
CXBs, we have considered systems with initial masses of 1.25 M �

or the donor star and 1.30 M � for the accreting NS. We computed a
ide range of initial orbital periods. In this way, we present a general
iew of the effects of the four MB prescriptions in a consistent way.
he calculations were carried out using our stellar code (Benvenuto &
e Vito 2003 ) which is completely independent of MESA (Paxton

t al. 2015 ), a code commonly employed in analogous computations.
We found that all these MB laws allow for the occurrence of

ystems with tight ( P orb < 1 h) and wide ( P orb > 50 d) orbits.
or the cases of MB0, MB2, and CARB MB, we found orbital
eriods between 8 min � P orb � 8 yr , while for MB3 the range is
 min � P orb � 55 d. It is interesting to notice that when MB3 is
sed, it is possible to reach these P orb values while having high
 < 10 −2.27 M � yr −1 ) MTR. The MB3 prescription deeply differenti-
tes from MB0, MB2, and CARB MB. That is, MB3 gives distinct
esults in all the features that we have examined in this work, i.e.
he evolution of the orbital period, the MTR, and the final donor star
nd NS masses. Furthermore, MB0, MB2, and CARB MB become
lmost indistinguishable from each other when the orbital period is
arge enough ( P orb , i � 50 d). 

The well-known fine-tuning problem in the formation of UCXBs
s mitigated with the MB2 and CARB MB prescriptions, while MB3
ro v es to be the most ef fecti v e la w for resolving it. Similarly, the
B2 and CARB MB prescriptions help to populate the region in

he M 2 − P orb plane occupied by observed systems with P orb ∼ 1 d,
hile MB3 is the most successful law for achieving this. 
While the MB3 prescription is promising in connection with the

ne-tuning problem of UCXB formation, we found that our set of
odels reaches orbital periods up to 55 d, which is not large enough

o account for the systems observed with wider orbits [see Fig. 5 ,
anel (c)]. We should remark that these results were found assuming
 fixed pair of initial masses. A more e xtensiv e parameter e xploration
NRAS 530, 4277–4287 (2024) 
hould be conducted to e v aluate whether models with MB3 can reach
uch periods. This will be the subject of future work. 
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