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We compute the celestial correlators corresponding to tree-level 5-gluon amplitudes in the type I
superstring theory. Since celestial correlation functions are obtained by integrating over the full range of
energies, there is no obvious analog of the α0 → 0 limit in this basis. This is manifestly shown by a
factorization of the α0 dependence in the celestial string amplitudes. Consequently, the question arises as to
how the field theory limit is recovered from string theory in the celestial basis. This problem has been
addressed in the literature for the case of 4-gluon amplitudes at tree level, where the forward scattering limit
of the stringy factor was identified as a limit in which celestial Yang-Mills 4-point function is recovered.
Here, we extend the analysis to the case with five gluons, for which the string moduli space allows for more
types of limits, thus allowing us to investigate this aspect in more detail. Based on celestial data only, we
study the regime in which one arrives at the correct celestial field theory limit. We also study other
properties of the celestial string amplitudes, namely, the conformally soft theorem, effective field theory
expansion in the conformal basis, and a map that arises in the regime of high-energy/large-scaling
dimension that connects the punctured string world sheet to the insertion of primary operators in the
celestial CFT for the massless n-point string amplitude.

DOI: 10.1103/PhysRevD.110.126001

I. INTRODUCTION

The celestial holography program [1–7] is predomi-
nantly a bottom-up approach1 to reformulate scattering
amplitudes in asymptotically flat spacetimes in terms of
correlators on a 2D CFT living on the celestial sphere, thus
aiming to provide a holographic description of gravitational
and gauge theories. The program gives a precise prescrip-
tion to transform scattering amplitudes in asymptotically
Minkowski space into correlation functions of a putative
two-dimensional conformal field theory (CFT) on the
celestial sphere, referred to as the celestial CFT (or
CCFT for short). For massless particles, the precise relation
between the observables of both theories is mediated by a
Mellin transform. Concretely, the bulk scattering ampli-
tudes of massless states in flat space can be expressed in the

form of CCFT correlators by mapping the set of wave
packets in the bulk into the Mellin transformed plane
waves. This produces amplitudes of states that are eigen-
functions of the boost operators, with the eigenvalues
translating into the conformal dimensions of dual primary
operators. The action of the Lorentz group on constant-time
sections of Minkowski null infinity represent Möbius
transformations on the celestial sphere, and the operator
product expansion (OPE) in the CCFT can be studied by
analyzing the collinear limit of the amplitudes [11]. A
salient feature of the symmetry analysis in celestial holog-
raphy is that the soft theorems of the bulk theory can be
interpreted as Ward identities of the dual CFT correspond-
ing to asymptotic symmetries that emerge near the con-
formal boundary of flat space [12,13].
Despite many recent efforts to understand the nature of

CCFTs from a large variety of points of view, there are still
basic questions that remain open. For example, while there
are strong reasons to think that CCFTs might be nonunitary,
it is still unclear to which extent they resemble or differ
from standard or nonunitary CFTs. For instance, there has
been an ongoing discussion about whether the theory has a
vanishing central charge. The current status of flat
space holography certainly contrasts with the one of the
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1However, see [8–10] for very interesting recent proposals for
top-down constructions in the context of twisted holography.
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AdS/CFT correspondence, where the pair of theories
involved in the duality can be explicitly identified and
the holographic dictionary accurately formulated. This is
basically because in AdS/CFT one has access to a string
theory formulation and, consequently, to a top-down
derivation. One is thus immediately tempted to ask whether
in the case of celestial holography a stringy realization is
also possible. This is of course one important motivation to
study celestial holography in the context of string theory.
In relation to this point, it is natural to wonder whether
there exists a celestial counterpart of the 1=N expansion of
AdS/CFT. This question is related to the one alluded above
regarding the fundamental structure of the CCFT since, for
example, nonanalytic dependencies in correlation func-
tions, similar to those present in logarithmic CFTs [14,15],
may appear in OPEs as an artifact of a perturbative
truncation. All these are questions that, to be adequately
addressed, would require a better knowledge of the theory.
Celestial holography was first studied in the context of

string theory by Stieberger and Taylor in [16], where tree-
level scattering amplitudes in type I superstring theory and
heterotic superstring were analyzed in the Mellin basis.
Celestial tree-level amplitudes and OPEs were also studied
in the context of string theories in [17–24]. In [16], the
authors studied the string scattering amplitudes in the
celestial basis, focusing on the tree-level processes involv-
ing 4 gluons. One of the features observed when trans-
forming the string amplitudes into the Mellin basis is that
the dependence on α0 factorizes out. This factorization does
not happen in other holographic proposals such as the
Carrollian theory, cf. [25]. In the case of celestial holog-
raphy, the factorization of the dependence on α0 turns out to
be a direct consequence of the mix of energy regimes, and
raises the question of how the field theory limit should be
understood in this context. The authors of [16] made a
proposal, showing that the string amplitudes do reproduce
the correct limit at certain points of the moduli space: In
contrast to what happens in string theory in momentum
basis, where quantum field theory is recovered in the
α0 → 0 limit, in the celestial basis the field theory is
recovered for the kinematic configurations that correspond
to the forward scattering limit. This is arguably expected as
in such a limit the processes turn out to be dominated by the
exchanges of massless states. At the same time, this raises
the question of what are exactly all the corners of the
moduli space in which celestial string amplitudes reproduce
the proper field theory limits. Motivated by this question,
in [24] the authors continued the study of string celestial
holography by exploring the structure of string amplitudes
at 1-loop in the Mellin basis. Focusing on the case of
4-gluon processes, it was shown how the field theory limit
of string theory does commute with the Mellin machinery
that mixes the IR and UV regimes, which makes the
analysis of the limit quite tractable. It was then observed
that, as in the case of tree-level amplitudes, the 1-loop

amplitudes, when translated into the celestial basis, also
exhibit a simple dependence on α0, given by a simple
overall factor; consequently, the correct field theory limit
involves a careful analysis of the different limits in the
moduli space. Here, interested as we are in further explor-
ing the moduli space of celestial string amplitudes, we will
go back to the problem of tree-level processes and consider
five gluon scattering amplitudes.
The paper is organized as follows: In Sec. II, we review

the celestial amplitudes in type I superstring theory. We
discuss the 4- and 5-gluon scattering amplitudes both in
momentum and in celestial basis. In Sec. III, we study the
field theory limit. That is to say, we investigate the limits in
which the celestial string amplitudes reduce to the Yang-
Mills (YM) analogs. In Sec. IV, we discuss the conformally
soft theorem for the case of the 5-gluons in the type I
superstring. In Sec. V we investigate a map between the
string world sheet CFT and the celestial CFT that seems to
emerge in the limit of high-energy/high-scaling dimension
for a general n-point string amplitude in momentum/
conformal basis respectively. Section VI contains a few
remarks regarding the effective field theory expansion of
string amplitudes in the conformal basis, and we finalize
with closing words for future work.

II. CELESTIAL AMPLITUDES
FOR TYPE I SUPERSTRINGS

A. Preliminary

Let us discuss the 4- and 5-gluon celestial scattering
amplitudes for type I superstring theory. The n-point
celestial amplitude ÃnðfΔj; z⃗jgÞ is obtained from the
momentum space amplitude AnðfpjgÞ by evaluating the
Mellin transform with respect to the external
frequencies [4–7]; namely

ÃnðfΔj; z⃗jgÞ ¼
�Yn

j¼1

Z
∞

0

ω
Δj−1
j dωj

�
δðDÞ

�X4
j¼1

pμ
j

�

×AnðfpjgÞ; ð2:1Þ

where Δj ¼ d=2þ iλj is the scaling dimension. The
D-dimensional momentum pμ

j of the jth external gluon
(j ¼ 1; 2;…; n; μ ¼ 0; 1;…; D − 1) is parametrized in the
celestial basis in terms of the corresponding positive
frequency ωj and the complex coordinates z⃗j of a point
on the d ¼ D − 2 dimensional celestial sphere as follows:

pμ
j ðωj; z⃗jÞ ¼ ηjωjqμðz⃗jÞ; ð2:2Þ

where ηj ¼ �1 represents the outgoing and incoming
particles, respectively; and where

qμðz⃗jÞ ¼ ð1þ jz⃗jj2; 2z⃗j; 1 − jz⃗jj2Þ; ð2:3Þ
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is a null vector pointing towards the celestial sphere. In
d ¼ D − 2 ¼ 2 dimensions, we use complex variables
z⃗j ¼ ðzj; z̄jÞ.
In this work, we study the scattering of five gluons with

momenta p1;…; p5 in the maximally helicity violating
(MHV) configuration, where two gluons carry negative
helicities, while the rest carry positive helicities. For the
MHV configuration, the tree-level scattering amplitude for
n ¼ 4 and n ¼ 5 gluons, in the type I superstring (Atree

I ),
can be written as the product of the color-ordered YM
amplitude (Atree

YM) and the type I string form factor
(Ftree

I ) [26]; that is,

Atree
I ð−;−;þ; � � � ;þÞ ¼ Atree

YMð−;−;þ; � � � ;þÞFtree
I ðfsijgÞ:

ð2:4Þ

This factorization has been shown to hold for the cases
n ¼ 4 and n ¼ 5 [26], and it is believed to be a general
feature for higher points (see e.g., [27]). The YM amplitude
contains all the helicity information of the colliding gluons,
while the form factor Ftree

I encodes the stringy structure in
terms of the Mandelstam invariants only, defined as2

sij ¼ −ðpi þ pjÞ2 ¼ ηiηjωiωjzijz̄ij; ð2:5Þ

with zij ≡ zi − zj. The color-ordered YM amplitude is
given by [28,29]

Atree
YMð−;−;þ; � � � ;þÞ¼ ign−2TrðT1 � � �TnÞ h12i4

h12ih23i � � � hn1i ;

ð2:6Þ

where the Ta are the algebra generators in the fundamental
representation of the gauge group; g is the YM coupling
constant. Also, using the parametrization (2.2) for the
momenta, the spinor products become

hiji ¼ ffiffiffiffiffiffiffiffiffiffi
ωiωj

p
zijz̄ij; ½ij� ¼ − ffiffiffiffiffiffiffiffiffiffi

ωiωj
p

zijz̄ij: ð2:7Þ

B. 4-gluon superstring amplitude

Let us start by reviewing the 4-gluon scattering ampli-
tude in the type-I theory in both momentum basis [26,30]
and celestial basis [16,24].

1. 4-gluon string amplitude in momentum basis

At tree level, the MHV string amplitude with four
external gluons reads

Atree
I ð−;−;þ;þÞ ¼ Atree

YMð−;−;þ;þÞFtree
I ðs; tÞ; ð2:8Þ

where the color-ordered YM 4-gluon amplitude is given by

Atree
YMð−;−;þ;þÞ ¼ ω1ω2

ω3ω4

z312
z23z34z41

¼ r
z12z̄34
z̄12z34

; ð2:9Þ

where r is the conformally invariant cross ratio

r ¼ z12z34
z23z41

: ð2:10Þ

In the last equality of (2.9) we have used the total
momentum conservation, which cancels out all the energy
factors ωi from it.
Our convention for the Mandelstam variables will be

s ¼ −ðp1 þ p2Þ2; ð2:11Þ

t ¼ −ðp2 þ p3Þ2; ð2:12Þ

u ¼ −ðp1 þ p3Þ2: ð2:13Þ

The invariant cross-ratio and Maldelstam variables are
related to the scattering angle θ in the center-of-mass
frame through

r ¼ −
s
t
¼ csc2

�
θ

2

�
: ð2:14Þ

For 4-gluons, the tree-level string form factor is written in
terms of the Euler beta function Bðx; yÞ, namely

Ftree
I ðs; tÞ ¼ −α0sBð−α0s; 1þ α0tÞ: ð2:15Þ

The scattering angle θ is crucial in the discussion of
the field theory limit in the celestial basis [31]. We
review the amplitudes in the celestial basis in the next
subsection.

2. 4-gluon string amplitude in celestial basis

Here we review [16]. The celestial amplitude is obtained
by Mellin transforming (2.8); namely,

Ãtree
I ðλi; zi; z̄iÞ ¼

�Y4
i¼1

Z
∞

0

dωiω
iλi
i

�

× δ4ðω1q1 þ ω2q2 − ω3q3 − ω4q4Þ
× r

z12z̄34
z̄12z34

Ftree
I ðs; uÞ: ð2:16Þ

Expressing the total momentum conserving δ function as
2In this article we use the mostly plus metric ημν ¼

diagð−;þ; � � � ;þÞ.
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δð4Þðω1q1 þ ω2q2 − ω3q3 − ω4q4Þ ¼
4

ω4jz14j2jz23j2
δðr − r̄Þδ

�
ω1 −

z24z̄34
z12z̄13

ω4

�

× δ

�
ω2 −

z14z̄34
z12z̄32

ω4

�
δ

�
ω3 −

z42z̄14
z23z̄13

ω4

�
; ð2:17Þ

it is possible to eliminate (localize) three integrals, obtaining

Ãtree
I ðλi; zi; z̄iÞ ¼

4r3

z̄212z
2
34

δðr − r̄Þ
�
z̄34
z12

�
iλ1
�
z34
z̄12

�
iλ2
�
z24
z̄13

�
iðλ1þλ3Þ�z̄14

z23

�
iðλ2þλ3Þ

× Θðr − 1Þ
Z

∞

0

ω2iβ−1
4 Ftree

I ðs; uÞdω4; ð2:18Þ

where the step function Θðr − 1Þ simply enforces the condition for physical scattering r>1, and β≡− i
2

P
4
i¼1λi. One can

further simplify the last equation by using the new integration variable w≡ s=r such that

ω2
4 ¼

rjz13j2w
ðr − 1Þjz14j2jz34j2

; ð2:19Þ

and the tree-level open string amplitude in the celestial basis becomes

Ãtree
I ðλi; zi; z̄iÞ ¼ 4δðr − r̄Þ

�
z̄34
z12

�
iλ1
�
z34
z̄12

�
iλ2
�
z24
z̄13

�
iðλ1þλ3Þ�z̄14

z23

�
iðλ2þλ3Þ

× Θðr − 1Þ r3

z̄212z
2
34

�
rjz13j2

ðr − 1Þjz14j2jz34j2
�−β

Iðr; βÞ; ð2:20Þ

where

Iðr; βÞ ¼ 1

2

Z
∞

0

w−β−1Ftree
I ðrw;−wÞdw: ð2:21Þ

This can be rewritten as the 4-point CFT correlator

Ãtree
I ðλi; zi; z̄iÞ ¼ fðr; r̄Þ

Y4
i<j

z
h
3
−hi−hj
ji z̄

h̄
3
−h̄i−h̄j
ji ; ð2:22Þ

with h ¼ P
4
i¼1 hi, h̄ ¼ P

4
i¼1 h̄i, together with the weights

h1 ¼
i
2
λ1; h̄1 ¼ 1þ i

2
λ1;

h2 ¼
i
2
λ2; h̄2 ¼ 1þ i

2
λ2;

h3 ¼ 1þ i
2
λ3; h̄3 ¼

i
2
λ3;

h4 ¼ 1þ i
2
λ4; h̄4 ¼

i
2
λ4; ð2:23Þ

and with fðr; r̄Þ being a function that only depends on the
conformally invariant cross-ratios ðr; r̄Þ. Explicitly,

fðr; r̄Þ ¼ 4ðα0Þβδðr − r̄ÞΘðr − 1Þr5−β3 ðr − 1Þ2−β3 Iðr; βÞ:
ð2:24Þ

The careful analysis of this function is required to explore
the limits in which the string theory amplitude of 4 gluons
in the celestial basis yields the YM analog. As said, this has
been explored in detail for 4 gluons in [16,24]. Here, we are
going to explore the case of five gluons whose moduli
space exhibits more structure and, therefore, more limits are
possible.

C. 5-gluon superstring amplitude

We now consider the 5-gluon string amplitude in both
bases. Since the number of independent Mandelstam
invariants for an n-point amplitude is 3n − 10, for the
n ¼ 5 case it suffices to define five invariants which,
according to (2.5), can be conveniently chosen to be
si;iþ1 ≡ si, with the identification iþ n ∼ i.
We will start reviewing the known literature of this

amplitude in momentum basis.

1. The 5-gluon string amplitude in momentum basis

The 5-gluon MHV scattering amplitude in type I super-
string theory is given by [26,32]
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Atree
I ð−;−;þ;þ;þÞ ¼ Atree

YMð−;−;þ;þ;þÞ½Vð5ÞðsiÞ − 2iPð5ÞðsiÞϵð1; 2; 3; 4Þ�; ð2:25Þ

with

Pð5ÞðsiÞ ¼
Z

1

0

dx
Z

1

0

dyxα
0s2yα

0s5ð1 − xÞα0s3ð1 − yÞα0s4ð1 − xyÞα0ðs1−s3−s4Þ−1; ð2:26Þ

Vð5ÞðsiÞ ¼ α02s2s5

Z
1

0

dx
Z

1

0

dyxα
0s2−1yα

0s5−1ð1 − xÞα0s3ð1 − yÞα0s4ð1 − xyÞα0ðs1−s3−s4Þ

þ 1

2
α02ðs2s3 þ s4s5 − s1s2 − s3s4 − s1s5ÞPð5ÞðsiÞ; ð2:27Þ

and

ϵð1; 2; 3; 4Þ ¼ α02ϵαβμνpα
1p

β
2p

μ
3p

ν
4 ¼ α02

Y4
j¼1

ηjωjϵαβμνqα1q
β
2q

μ
3q

ν
4: ð2:28Þ

The color-ordered YM 5-gluon amplitude can be expressed as

Atree
YMð−;−;þ;þ;þÞ ¼ i

4

ð1 − r4Þð1 − r̄4Þ
r4 − r̄4

f15f25
ω5f35f45

z312
z23z34z45z51jz14j2jz23j2

Y4
i¼1

δðωi − ω�
i Þ: ð2:29Þ

In the last line, we used the 5-point momentum δ function given by [33]

δð4Þ
�X5

i¼1

ηiωiqi

�
¼ i

4

ð1 − r4Þð1 − r̄4Þ
r4 − r̄4

1

jz14j2jz23j2
Y4
i¼1

δðωi − ω�
i Þ; ð2:30Þ

where ω�
i ¼ fi5ω5, and fi5 are functions of the celestial coordinates ðzi; z̄iÞ defined as follows:

f15 ¼ η1η5r4

���� z24z12

����
2 ð1 − r4Þð1 − r̄4Þ

r4 − r̄4

r5 − r̄5
ð1 − r5Þð1 − r̄5Þ

���� z15z14

����
2

− η1η5r5

���� z25z12

����
2

; ð2:31Þ

f25 ¼ −
η1η5
η1η2

1 − r4
r4

���� z34z23

����
2 ð1 − r4Þð1 − r̄4Þ

r4 − r̄4

r5 − r̄5
ð1 − r5Þð1 − r̄5Þ

���� z15z14

����
2

þ η1η5
η1η2

1 − r5
r5

���� z35z23

����
2

; ð2:32Þ

f35 ¼
η1η5
η1η3

ð1 − r4Þ
���� z24z23

����
2 ð1 − r4Þð1 − r̄4Þ

r4 − r̄4

r5 − r̄5
ð1 − r5Þð1 − r̄5Þ

���� z15z14

����
2

−
η1η5
η1η3

ð1 − r5Þ
���� z25z23

����
2

; ð2:33Þ

f45 ¼ −
η1η5
η1η4

ð1 − r4Þð1 − r̄4Þ
r4 − r̄4

r5 − r̄5
ð1 − r5Þð1 − r̄5Þ

���� z15z14

����
2

; ð2:34Þ

and the two cross-ratios suitable for five particles,

r4 ¼
z12z34
z13z24

; r5 ¼
z12z35
z13z25

: ð2:35Þ

Therefore, the 5-gluon superstring amplitude in momentum basis reads

Atree
I ð−;−;þ;þ;þÞ ¼ i

4

ð1 − r4Þð1 − r̄4Þ
r4 − r̄4

f15f25
f35f45

z312
z23z34z45z51jz14j2jz23j2

ω−1
5 ½Vð5Þ − 2iPð5Þϵð1; 2; 3; 4Þ�ðωi; ziÞ: ð2:36Þ

In the next section, we will derive the celestial counterpart of this expression.
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2. The 5-gluon string amplitude in celestial basis

To translate the 5-gluon superstring amplitude from the momentum basis to the celestial one, we perform the Mellin
transformation of Eq. (2.36) as in (2.1); namely

Ãtree
I ðλi; zi; z̄iÞ ¼

�Y5
j¼1

Z
∞

0

ω
iλj
j dωj

�
δð4Þ

�X5
i¼1

ηiωiqi

�
Atree

I ðfωj; z⃗jgÞ: ð2:37Þ

Thus, by employing the δ function we can eliminate all integrals except the one on ω5. This results in the following
expression:

Ãtree
I ðλi; zi; z̄iÞ ¼

i
4

ð1 − r4Þð1 − r̄4Þ
r4 − r̄4

z312
jz14j2jz23j2z23z34z45z51

× fiλ1þ1
15 fiλ2þ1

25 fiλ3−135 fiλ4−145

Z
∞

0

dω5ω
−2β−1
5 ½Vð5ÞðsiÞ − 2iPð5ÞðsiÞϵð1; 2; 3; 4Þ�; ð2:38Þ

where now β ¼ − i
2

P
5
i¼1 λi. In order to perform the integral above, we need to find out how ω5 depends on the 5 kinematic

invariants. This can be determined by using (2.30). This yields

s1 ¼ η1η2f15f25jz12j2ω2
5; s2 ¼ η2η3f25f35jz23j2ω2

5; s3 ¼ η3η4f35f45jz34j2ω2
5;

s4 ¼ η4η5f45jz45j2ω2
5; s5 ¼ η1η5f15jz51j2ω2

5: ð2:39Þ

Similarly, for the pseudoscalar we have

ϵð1; 2; 3; 4Þ ¼ α02ω4
5η1η2η3η4f15f25f35f45ϵαβμνq

α
1q

β
2q

μ
3q

ν
4 ≡ α02ω4

5c3: ð2:40Þ

At this stage, it is convenient to write Pð5ÞðsiÞ and Vð5ÞðsiÞ as follows:

Pð5ÞðsiÞ ¼
Z

1

0

dx
Z

1

0

dyð1 − xyÞ−1e−α0Aðzi;z̄iÞω2
5 ; ð2:41Þ

Vð5ÞðsiÞ ¼ α02
�
c1

Z
1

0

dx
Z

1

0

dyðxyÞ−1e−α0Aðzi;z̄iÞω2
5 þ c2Pð5ÞðsiÞ

�
ω4
5; ð2:42Þ

where

Aðzi; z̄iÞ ¼ −½η2η3f25f35jz23j2 log xþ η5η1f15jz51j2 log yþ η3η4f35f45jz34j2 logð1 − xÞ
þ η4η5f45jz45j2 logð1 − yÞ þ ðη1η2f15f25jz12j2 − η3η4f35f45jz34j2 − η4η5f45jz45j2Þ logð1 − xyÞ�; ð2:43Þ

and where the coefficients c1 and c2, which depend on ðzi; z̄iÞ, are

c1 ¼ η1η2η3η5f25f35f15jz23j2jz51j2; ð2:44Þ

c2 ¼
1

2
ðη2η4f25f235f45jz23j2jz34j2 þ η1η4f45f15jz45j2jz51j2

−η1η3f15f225f35jz12j2jz23j2 − η3η5f35f245jz34j2jz45j2 − η2η5f215f25jz12j2jz51j2Þ: ð2:45Þ

By using the previous definitions, the ω5 integral in (2.38) is shown to yield

Z
∞

0

ω−2β−1
5 ½Vð5ÞðsiÞ − 2iPð5ÞðsiÞϵð1; 2; 3; 4Þ�dω5

¼ 1

2
α0βΓð2 − βÞ

Z
1

0

dx
Z

1

0

dy½c1ðxyÞ−1 þ ðc2 − 2ic3Þð1 − xyÞ−1�Aβ−2; ð2:46Þ
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with ReðβÞ < 2 and ReðAÞ > 0. Therefore, the tree-level 5-gluon scattering amplitude in type I superstring theory written in
celestial basis takes the following form:

Ãtree
I ðλi; zi; z̄iÞ ¼ i

α0β

8
Γð2 − βÞ ð1 − r4Þð1 − r̄4Þ

r4 − r̄4

z312
jz14j2jz23j2z23z34z45z51

× fiλ1þ1
15 fiλ2þ1

25 fiλ3−135 fiλ4−145

Z
1

0

dx
Z

1

0

dy½c1ðxyÞ−1 þ ðc2 − 2ic3Þð1 − xyÞ−1�Aβ−2; ð2:47Þ

with c1, c2, c3 and A given above, in Eqs. (2.44), (2.45),
(2.40), (2.43), respectively. Note that, although we needed
the condition ReðβÞ < 2 in order for the energy integral
(2.46) to converge, the resulting gamma function Γð2 − βÞ
defines the analytic continuation to the entire complex-β
plane.
One remarkable property of the expression (2.47) is that

its dependence of α0 factorizes out. In the calculation, this
occurs when performing the Mellin transformation, i.e., it is
a consequence of the integration over all the energies when
going to the celestial basis. The same factorization phe-
nomenon has been observed in [16,24] for the 4-gluon
string amplitude, both at three level and at one loop. It is
worth emphasizing that this is a peculiar feature of celestial
amplitudes and does not happen, for example, in the
Carrollian amplitudes [25]. Here, we observe that the same
factorization takes place in the celestial 5-gluon string
scattering at tree level, and, on dimensional grounds, it is
expected to occur in all string amplitudes for any multi-
plicity and loop level.
In the next section, we will study other properties of

formula (2.47). More precisely, we will explore the limits in
which this reproduces the field theory result in the
celestial basis.

III. THE CELESTIAL FIELD THEORY LIMIT

The observation that the α0 → 0 limit of string ampli-
tudes reproduces field theory ones goes back to the early
days of the dual resonance models. By taking the α0 → 0
limit of the original Veneziano amplitude [34], Scherk
noticed that holding both, the mass of the tachyon and the
ratio gs=

ffiffiffiffi
α0

p ≡ λ fixed, while taking the limit α0 → 0,
yielded the tree-level amplitude of massive scalars in the
λφ3 theory [35]. Later on, by including SUðNÞ Chan-Paton
degrees of freedom attached at open string end points,
Neveu and Scherk showed that this string model was able to
reproduce the tree-level gluon amplitude in YM theory [36].
Superstring amplitudes are certainly not the exception to
this; moreover, since the lowest energy states of the
superstring spectrum are massless states, their low energy
limit is not plagued by the usual ambiguities that the
tachyon poses in the bosonic string theory.
As pointed out at the end of the previous section, the α0

dependence in celestial string amplitudes is a simple overall
factor. Then, this begs the question of how to recover the

field theory limit from the string amplitude in the conformal
basis, that is,

In this section we will first review how to do this for the
4-gluon case, and then we develop its extension to 5-gluons
which is endowed with a richer kinematic structure.

A. 4-gluon limit

In [16] Stieberger and Taylor have shown that the tree-
level celestial 4-gluon field theory amplitude is recovered
in the r → ∞ (forward scattering) limit of the celestial
string amplitude (2.20).3 To see this, we first expand Iðr; βÞ
in powers of 1=r. Then, it is convenient to use the integral
representation of the Euler beta function, that is

Ftree
I ðrw;−wÞ ¼ −rw

Z
1

0

x−rw−1ð1 − xÞwdx; ð3:1Þ

where, in order to facilitate the comparison with [16], we
have rescaled w → w=α0. Inserting this into (2.21), we have

Iðr; βÞ ¼ −
r
2

Z
∞

0

dww−β
Z

1

0

dxx−rw−1ð1 − xÞw

¼ −
r
2

Z
1

0

dx
x

Z
∞

0

dww−βe−w½r log x−logð1−xÞ�: ð3:2Þ

Defining y≡ w½r log x − logð1 − xÞ�, we have

Iðr;βÞ¼−
r
2
Γð1−βÞ

Z
1

0

dx
x
½r logx− logð1−xÞ�β−1: ð3:3Þ

3Using crossing symmetry, one can see that taking r → 0 also
recovers the correct field theory limit [24].
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So far, this result is exact. If we now expand in powers of
1=r, we obtain

Iðr;βÞ¼−
1

2
rβΓð1−βÞ

Z
1

0

dx
x
ðlogxÞβ−1þOðrβ−1Þ: ð3:4Þ

Making the change of variables t≡ log x, we end up with

Iðr; βÞ ¼ −
1

2
rβΓð1 − βÞ

Z
0

−∞
dttβ−1 þOðrβ−1Þ: ð3:5Þ

Changing variables again, now defining z≡ logð−tÞ, we
have

Iðr; βÞ ¼ 1

2
rβΓð1 − βÞ

Z
∞

−∞
dzeβz þOðrβ−1Þ; ð3:6Þ

and thus,

Iðr; βÞ ¼ 2πδðλ1 þ λ2 þ λ3 þ λ4Þ þOðrβ−1Þ: ð3:7Þ

Therefore, the r → ∞ limit of the celestial correlator
corresponding to the tree-level 4-gluon string amplitude
(2.20) reduces to

lim
r→∞

Ãtree
I ðλi; zi; z̄iÞ ¼ 8πδðr − r̄Þ

�
z̄34
z12

�
iλ1
�
z34
z̄12

�
iλ2
�
z24
z̄13

�
iðλ1þλ3Þ�z̄14

z23

�
iðλ2þλ3Þ

× θðr − 1Þ r3

z̄212z
2
34

δðλ1 þ λ2 þ λ3 þ λ4Þ; ð3:8Þ

which is exactly the tree-level 4-gluon celestial amplitude
in YM theory. In the case of 4 gluons this is understood as
the limit in which the amplitude is dominated by the
exchange of massless states.
It is important to stress the fact that the forward limit

(r → ∞) above is only taken on the Iðr; βÞ function, i.e., on
the stringy factor of the full celestial amplitude in (2.24),
while the Yang-Mills 4-point CFT correlator in (2.22)
remains intact. This prescription allows us to arrive at the
correct field theory limit for an arbitrary kinematic con-
figuration, not only in the forward scattering one.
Let us now move to investigate what is the analog in the

case of amplitudes that involve more gluons.

B. 5-gluon limit

We aim at exploring further the limits in which the
celestial string scattering amplitudes reproduce the YM
theory results. More concretely, our intention is to extend
the analysis reviewed above to the case n ¼ 5. This will
provide us with a richer limiting structure in the celestial
parameters (zi; z̄i) to play with and, consequently, it will
enable us to have a better picture of what are the specific
corners in the space of kinematic variables where the field
theory result is recovered.

1. Single Regge limit

The complexity of the Regge limits increases for
amplitudes where n > 4 as, in such case, there are at least
two limits that are worth distinguishing: the single-Regge
limit and the multi-Regge limit, the former being of special
interest as it is the direct generalization of the limit
discussed in the case of the 4-point function [37]. Let us
briefly review the preliminaries to consider such limit for

our 5-point function: The first step is to define the set of
momentum invariant quantities that we will use,4 consisting
of two body energy invariants

s2 ¼ −ðp2 þ p3Þ2; s3 ¼ −ðp3 þ p4Þ2; ð3:9Þ

and two momentum transfers

s1 ¼ −ðp1 þ p2Þ2; s4 ¼ −ðp4 þ p5Þ2: ð3:10Þ

Momentarily, we are going to choose the three body energy

s5 ¼ −ðp5 þ p1Þ2; ð3:11Þ

and the convenient definition

κ ≡ s5
s2s3

: ð3:12Þ

Thus, the 5 independent momentum variables we are going
to consider are5 s1, s2, s3, s4, and κ. The single-Regge limit
corresponds to s2 → ∞, s5 → ∞, holding s1, s3, s4, and κ
fixed, or equivalently

s1
s2

→ 0;
s3
s2

→ 0;
s4
s2

→ 0; κs2 → ∞; ð3:13Þ

s1
s5

→ 0;
s3
s5

→ 0;
s4
s5

→ 0; κs5 → ∞: ð3:14Þ

4For more details, see Chap. 3 of [37].
5In general, the number of independent Lorentz invariant

parameters in an amplitude should be 3n − 10.
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This can conveniently be translated into the following set of
collinear limits:

z12 → ε; z34 → ε; z45 → ε; ð3:15Þ

with ε → 0. We implicitly take the same limits for z̄ij. In
such limits, the fi5 functions become

f15 ¼
−2ε

z25 þ z̄25
þOðϵ2Þ; ð3:16Þ

f25 ¼
2ε

z25 þ z̄25
þOðε2Þ; ð3:17Þ

f35 ¼ 1þ 2

�
1

z̄25
þ 1

z25 þ z̄25

�
εþOðε2Þ; ð3:18Þ

f45 ¼ −2 −
2ε

z25 þ z̄25
þOðε2Þ: ð3:19Þ

Hence, by taking the collinear limits in the integrand of
(2.47) the dominant contributions come from

A ¼ −
2ε

z25 þ z̄25
jz25j2 log

�
x
y

�
;

c1 ¼ −
�

2ε

z25 þ z̄25
jz25j2

�
2

; ð3:20Þ

while c2 ∼Oðε3Þ and c3 ∼Oðε4Þ6 do not contribute to
the leading term. Then, the expression of interest in
Eq. (2.47) is

−
α0β

2
Γð2 − βÞ

Z
1

0

dx
Z

1

0

dy

�
2ε

z25 þ z̄25
jz25j2

�
2

×
1

xy

�
−

2ε

z25 þ z̄25
jz25j2 log

�
x
y

��
β−2

¼ −
α0β

2
Γð2 − βÞ

�
2ε

z25 þ z̄25
jz25j2

�
β
Z

1

0

dx
Z

1

0

dy

×
1

xy

�
− log

�
x
y

��
β−2

: ð3:21Þ

Focusing on the integral, we can easily see that it yields a
δ function; in fact, by defining u ¼ − logðx=yÞ, we get

1

β − 1

Z
1

0

dx
x
uβ−1

���− log x

−∞
; ð3:22Þ

where the u → −∞ contribution vanishes because β is a
purely imaginary number, giving

1

β − 1

Z
1

0

dx
x
ð− logðxÞÞβ−1; ð3:23Þ

which is quite similar to the integral obtained in [16] for
n ¼ 4, up to a factor β − 1 in the denominator. As we will
see, such factor only provides an overall minus sign.
Defining v ¼ − logðxÞ, we have

1

β − 1

Z
∞

0

dv vβ−1; ð3:24Þ

and, then, defining z ¼ logðvÞ,
1

β − 1

Z
∞

−∞
dz ez ezðβ−1Þ: ð3:25Þ

Last, recalling β ¼ − i
2

P
n
i¼1 λi ≡ − i

2
λ, we may define τ ¼

−z=2 and recognize the well-known integral representation
of the δ function

2

β − 1

Z
∞

−∞
dτ eiτλ ¼ −4πδðλÞ: ð3:26Þ

By similarly applying the δ function in (3.21) and restoring
all the factors of the amplitude in (2.47), we determine that
the leading term of the 5-gluon superstring amplitude in the
celestial basis yields

Ãtree
I ðλi; zi; z̄iÞ ¼

i
4

ð1 − r4Þð1 − r̄4Þ
r4 − r̄4

z312
jz14j2jz23j2z23z34z45z51

× fiλ1þ1
15 fiλ2þ1

25 fiλ3−135 fiλ4−145 2πδðλÞ; ð3:27Þ

which exactly reproduces the MHV 5-gluon YM amplitude
in celestial basis. To see this in a more clear way, we can
perform the Mellin transform of (2.29), in which only one
of the ωi’s is not constrained by the δ functions. This yields

Ãtree
YMð−;−;þ;þ;þÞ ¼ ið1 − r4Þð1 − r̄4Þ

4ðr4 − r̄4Þ

×
fiλ1þ1
15 fiλ2þ1

25 fiλ3−135 fiλ4−145 z312
z23z34z45z51jz14j2jz23j2

×
Z

∞

0

dω5 ω
iλ−1
5 ; ð3:28Þ

which, by defining u ¼ logω5, gives the same integral
representation of the δ function, so yielding (3.27).

2. The z12 → 0 limit

Now, let us examine a more general limit: consider the
collinear limit z12 → 0 of the celestial string 5-gluon
amplitude, but keeping the other separations zij finite.
This can be regarded as a generalization of the single Regge
limit considered above, and so it gives a more general

6The non-ε-dependent product, ϵαβμνqα2q
β
2q

μ
5q

ν
5 becomes zero

due to the antisymmetric behavior of the Levi-Civita symbol.
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picture of where in the (z; z̄) plane the celestial YM
observables are recovered. It is possible to show that the
leading term in (2.47) is

α0β

2
Γð2− βÞ

Z
1

0

dx
Z

1

0

dy
c121 c122
xy

½−c121 logx− c122 logy�β−2;

ð3:29Þ

where c121 and c122 depend on zi≠1 and exhibit a 1=ϵ factor
arising when taking the collinear limit. We then proceed to
integrate in y by first defining u ¼ −ðc121 =c122 Þ log x − log y.
Integrating in u and using properties of the Γ function, we
obtain

−
α0β

2
Γð1 − βÞðc121 Þβ

Z
1

0

dx
x
ð− log xÞβ−1; ð3:30Þ

which is the same integral as in (3.23), leading to the same
expression, including the δ function. After evaluating the δ

function, and reinstating the additional factors, we recover
the MHV 5-gluon YM amplitude in celestial basis. In other
words, we have managed to identify the limit in which the
field theory results are obtained in the celestial basis.

3. Collinear limits

It is important not to mistake the specific limits consid-
ered above for the generic collinear limits. The latter do not
necessarily lead to the field theory result. This is analogous
to what happens in the case n ¼ 4, where the forward
scattering limit is actually the one reproducing the YM
celestial amplitudes. In the case, n ¼ 5 something analo-
gous occurs: in contrast to the limits z12 → 0 discussed
above, other coincident limits zij → 0 in the 5-gluon
celestial string amplitude do not lead to the same integral
expression obtained in (3.23). In order to make it clear, we
find convenient to write the following table displaying the
general form that the x- and y-dependent integrand takes in
each limit:

z12 → 0 c1
xy ðc121 log xþ c122 log yÞβ−2

z13 → 0 ðc1xy þ c2
1−xyÞðc131 log xþ c132 log yþ c133 logð1 − xÞ þ c135 logð1 − xyÞÞβ−2

z14 → 0 ðc1xy þ c2−2ic3
1−xy Þðc142 log yþ c143 logð1 − xÞ þ c144 logð1 − yÞÞβ−2

z15 → 0 c2−2ic3
1−xy ðc154 logð1 − yÞ þ c155 logð1 − xyÞÞβ−2

z23 → 0 c2−2ic3
1−xy ðc233 logð1 − xÞ þ c235 logð1 − xyÞÞβ−2

z24 → 0 ðc1xy þ c2−2ic3
1−xy Þðc241 log xþ c243 logð1 − xÞ þ c244 logð1 − yÞÞβ−2

z25 → 0 ðc1xy þ c2
1−xyÞðc251 log xþ c252 log yþ c254 logð1 − yÞ þ c255 logð1 − xyÞÞβ−2

z34 → 0 ðc1xy þ c2−2ic3
1−xy Þðc341 log xþ c344 logð1 − yÞ þ c345 logð1 − xyÞÞβ−2

z35 → 0 c2−2ic3
1−xy ðc351 log xþ c352 log yþ c353 logð1 − xÞ þ c354 logð1 − yÞÞβ−2

z45 → 0 ðc1xy þ c2−2ic3
1−xy Þðc452 log yþ c453 logð1 − xÞ þ c455 logð1 − xyÞÞβ−2

The coefficients cijk , i; j; k ¼ 1;…; 5, can be written
explicitly and turn out to be independent of zj. It would
be interesting to further investigate the hierarchical collin-
ear limits of the string n-gluon amplitudes in the celestial
basis and use them to explore the different limits in which
YM celestial amplitudes are reproduced. To that purpose, it
would also be interesting to extend the analysis to the
specific cases n ¼ 6 and n ¼ 7.

IV. CONFORMALLY SOFT THEOREM

In this section we would like to discuss the conformally
soft theorems [17,33,38–41] for the case of the 5-gluon
string amplitude.
Let us start by first reviewing the energetic soft theorem

for the case of 5-gluons in the type-I theory at tree level, as
originally found by Stieberger and Taylor [26,32]. The
5-gluon amplitude is given by (2.25), with Pð5Þ and Vð5Þ

given by (2.26) and (2.27). Now, consider the case in which
the fifth particle goes soft, i.e. take p5 → 0. In this limit,
one has

Pð5ÞðsiÞ ¼ Oð1Þ; ð4:1Þ

Vð5ÞðsiÞ ¼
Γð1þ α0sÞΓð1þ α0tÞ
Γð1þ α0sþ α0tÞ þOðp5Þ; ð4:2Þ

ϵð1; 2; 3; 4Þ ¼ Oðp5Þ; ð4:3Þ

therefore,

lim
p5→0

Astring
I ð−;−;þ;þ;þÞ

¼Γð1þα0sÞΓð1þα0tÞ
Γð1þα0sþα0tÞ lim

p5→0
AYM

I ð−;−;þ;þ;þÞ; ð4:4Þ
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leading to

lim
p5→0

Astring
I ð−;−;þ;þ;þÞ¼ Sð0ÞAstring

I ð−;−;þ;þÞ; ð4:5Þ

where Sð0Þ is the leading, tree-level soft factor for YM
theory; notice that, in (4.5), the left-hand side involves a
5-point string amplitude while on the right-hand side
involves a 4-point string amplitude. Thus, we see that
the string amplitude also satisfies the soft theorem with
precisely the same universal soft factor that appears for
Yang-Mills theory, Sð0Þ. With this in hand, it is now
possible to show that the conformally soft theorem for
the string celestial amplitude is also obeyed.
Let us first review the general result for the conformally

soft limit in gauge theory [17,33,38,39]. Consider the case

when the kth gluon in a (color-ordered) celestial amplitude
goes conformally soft, corresponding to Δk → 1, i.e.

lim
λk→0

ÃnðfΔigÞ ¼ lim
λk→0

�Yn
j≠k

Z
∞

0

dωjω
iλj
j

�

×
Z

∞

0

dωkω
iλk
k AnðfpigÞ: ð4:6Þ

Here, ÃnðfΔigÞ and AnðfpigÞ stand for the n-point
amplitudes in the conformal and momentum basis, respec-
tively. Using the representation of the Dirac δ function

δðxÞ ¼ lim
λ→0

iλ
2
jxjiλ−1; ð4:7Þ

one can write

lim
λk→0

ÃnðfΔigÞ ¼ lim
λk→0

2

iλk

�Yn
j≠k

Z
∞

0

dωjω
iλj
j

�Z
∞

0

dωk
iλk
2
ωiλk−1
k ωkAnðfpigÞ

¼ lim
λk→0

2

iλk

�Yn
j≠k

Z
∞

0

dωjω
iλj
j

�Z
∞

0

dωkδðωkÞωkAnðfpigÞ: ð4:8Þ

In the last line we see that the effect of the δ function is to
select the soft limit ωk → 0 of the momentum-space
amplitude AnðfpigÞ, which we already know from its
energetic soft theorems. More precisely, at tree level, the
single soft gluon theorem for the amplitude reads

An ¼ Sð0ÞAn−1 þOðω0
kÞ; ð4:9Þ

with

Sð0Þ ¼ 1ffiffiffi
2

p
�
ϵk · pkþ1

pkþ1 · pk
−
ϵk · pk−1

pk−1 · pk

�

¼ 1ffiffiffi
2

p
ηk

�
ϵk · qkþ1

qk · qkþ1

−
ϵk · qk−1
qk · qk−1

�
1

ωk
; ð4:10Þ

where, in the second equality above, we have again used
the usual parametrization pμ

i ¼ ηiωiq
μ
i and ϵk is the

polarization vector of the kth gluon; also, we have denoted
ϵk · qk0 ¼ ϵkμq

μ
k0 . Notice that all the ωk dependence in the

soft limit (4.9) lies in the soft factor (4.10) sinceAn−1 is the
hard amplitude with the kth particle removed. Using this
and inserting (4.9) and (4.10) into (4.8) allows us to
explicitly solve for the integral over ωk yielding

lim
λk→0

ÃnðfΔigÞ ¼ lim
λk→0

2

iλk

�Yn
j≠k

Z
∞

0

dωjω
iλj
j

�

×
1ffiffiffi
2

p
ηk

�
ϵk · qkþ1

qk · qkþ1

−
ϵk · qk−1
qk · qk−1

�

×An−1

Z
∞

0

dωkδðωkÞ; ð4:11Þ

obtaining

lim
λk→0

ÃnðfΔigÞ ¼
1ffiffiffi
2

p
ηk

�
ϵk · qkþ1

qk · qkþ1

−
ϵk · qk−1
qk · qk−1

�
1

iλk
Ãn−1

þOðλ0kÞ; ð4:12Þ

i.e., in the conformally soft limit λk → 0 we again have the
factorization into a universal (conformal) soft factor S̃ð0Þ

and the conformally hard (n − 1)-point celestial amplitude
Ãn−1 with

S̃ð0Þ ¼ 1ffiffiffi
2

p
ηk

�
ϵk · qkþ1

qk · qkþ1

−
ϵk · qk−1
qk · qk−1

�
1

iλk
: ð4:13Þ

With this and (4.4), we can readily apply this to the string
amplitudes. That is, we write down the conformally soft
theorem for the celestial 5-gluon amplitude in the type I
superstring theory as follows:

Ãstring
I ð−;−;þ;þ;þÞ ¼ 1

i
ffiffiffi
2

p
η5λ5

�
ϵ5 · q1
q5 · q1

−
ϵ5 · q4
q5 · q4

�

× Ãstring
I ð−;−;þ;þÞ þOðλ05Þ;

ð4:14Þ

which relates 5-point string amplitudes, in the conformally
soft limit, to 4-point string amplitudes in the celestial
basis. Here, we have also made use of the fact that, for
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color-ordered n-gluon amplitudes, we have the cyclic
identification kþ n ∼ k.

V. MAPPING THE STRING WORLD SHEET
TO THE CCFT

Before concluding, let us move to discuss another
interesting feature of the celestial string amplitudes.
In [16] Stieberger and Taylor made a very interesting
observation regarding the high-energy limit of the tree-level
4-gluon string amplitude and its corresponding celestial
correlator, which we briefly review now.
At tree level, the SLð2;RÞ invariance of the moduli

integrals, representing an n-point open string amplitude,
allows one to fix the location of three out of the n vertex
operators to any desired value.7 Thus, in the 4-gluon case,
only one (real) integration variable is needed to write the
full amplitude [see, e.g., (3.1)]. Using this integral repre-
sentation we can use the stationary-point approximation to
evaluate the integral in the high-energy limit at fixed
scattering angle.8 This procedure yields one constraint that
fixes the location of the vertex operator which, in turn,
becomes completely determined by the angular position of
the external momenta on the celestial sphere. More pre-
cisely, the stationary-point equation ties the world sheet
location of this vertex operator to the kinematic ratio r
(2.14), thus identifying a point on the world sheet with a
point on the celestial sphere (see Sec. IV in [16] for more
details).
Recall that, in celestial amplitudes, the Mellin transform

involves integrating over all of the energies in the scattering
process, thus, erasing the usual hierarchy among the low
energy and the high-energy regimes. After computing these
energy integrals, celestial string amplitudes thus remain
written as integrals over the moduli, as in (2.21) for
instance. This raises the question as to whether there is
also a limit, now based on celestial data only, in which this
pinning on the celestial sphere also occurs in the celestial
basis. In [16] Stieberger and Taylor show that this is
indeed the case, and that the limit in which it occurs is
the limit of large (imaginary) total scaling dimension, i.e.,
when

P
4
i¼1 λi ≡ λ → ∞.

Due to this result, we would like to pursue the idea of a
potential map between the string world sheet, punctured by
the insertions of vertex operators, and the celestial sphere,
also punctured but by the conformal primary operators
corresponding to each of the external states with momen-
tum pi that these vertex operators represent. Thus, the
natural next step would be to extend this analysis to five
points and beyond, which is what we study in this section.
For the 5-gluon case in string theory, let us first rewrite

the integrands for the amplitude in (2.25) as

Pð5ÞðsiÞ ¼
Z

1

0

Z
1

0

dxdyð1 − xyÞ−1eα0fðx;yÞ; ð5:1Þ

and

Vð5ÞðsiÞ ¼
1

2
α02ðs2s3 þ s4s5 − s1s2 − s3s4 − s1s5ÞPð5ÞðsiÞ

þ α02s2s5

Z
1

0

Z
1

0

dxdyðxyÞ−1eα0fðx;yÞ; ð5:2Þ

with

fðx; yÞ ¼ s2 ln xþ s5 ln yþ s3 lnð1 − xÞ þ s4 lnð1 − yÞ
þ ðs1 − s3 − s4Þ lnð1 − xyÞ: ð5:3Þ

Before continuing, it is worth mentioning a general feature
of string amplitudes. Both integrals above will give con-
vergent expressions as long as the Mandelstam invariants si
are constrained to certain regions in the complex plane.
These regions will not necessarily lie in the domain of
physical scattering, but they allow us to compute the
amplitude and also to use the stationary-point approxima-
tion to evaluate it in the high-energy limit. Nevertheless,
one usually computes these integrals in the (unphysical)
convergent regions and, at the end, we analytically continue
the resultant expressions to the physical domain.9

In the hard scattering limit, namely when α0si ≫ 1 with
all the Mandelstam ratios si=sj held fixed, we can now
evaluate the integrals above using the stationary-point
method. The stationary-point equations ∂xf ¼ ∂yf ¼ 0

now yield two (independent) solutions, say, ðx1; y1Þ and
ðx2; y2Þ. The exact expressions for these two solutions can
be straightforwardly written but are cumbersome and not
very illuminating. However, the relevant observation is that,
since the x and y variables represent the positions of the two
remaining vertex operators that need to be integrated over
to obtain the full 5-point amplitude, the high-energy limit
yields now two possible configurations that give the
dominant contributions in this limit.10 The explicit expres-
sions for these two solutions, when written using the usual
celestial parametrization pμ

i ¼ ηiωiq
μ
i ðzi; z̄iÞ, show that

they depend solely on the angular positions of the external
states ðzi; z̄i) on the celestial sphere. This is because total
momentum conservation makes all the energy factors ωi to
cancel out in these solutions. Thus, in the 5-gluon case, we
can again interpret this as the fact that the vertex insertions
on the string world sheet become pinned by the locations of
their corresponding primaries of the celestial CFT.
However, there is a caveat: we now have two possible
configurations of vertex operators on the world sheet

7Therefore, the full tree-level n-point open string amplitude
involves integrating over n − 3 real moduli.

8This regime is also known as the hard scattering limit.

9See, e.g., Sec. 6.4 in [42] for a discussion on these points for
tree-level amplitudes, and [43–45] for the extension to one loop.

10In contrast with the 4-point case in which there is only one
dominant saddle.
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corresponding to a single configuration on the celestial
sphere, that is, the map is no longer bijective.
Now, similarly to the 4-point case, the 5-gluon celestial

string amplitude (2.47) is also manifestly written in terms
of the moduli space integrals, inherited from its momentum
space counterpart. Thus, we can ask ourselves again in
which limit does the celestial amplitude localize the vertex
operators to the same positions that dominate the high-
energy regime. From (2.43) and (2.47) one can see that,
again, it is the

P
5
i¼1 λi ≡ λ → ∞ limit that yields the same

stationary-point equations as in momentum space.
These results, therefore, prompt us to understand how to

extend this analysis to the arbitrary n-point string ampli-
tude. The sought connection between the string world sheet
and the celestial sphere seems, however, to be clearer in the
case of closed strings for which, at tree level, the world
sheet topology is also a sphere.
Let us start by writing down the expression representing

a tree-level, n-point, closed string amplitude. This ampli-
tude takes the general form11

Z �Y
w

d2wk

�
Pðfwig;fpi ·pjgÞ

Y
i<j

jwj−wij2α0pj·pi ; ð5:4Þ

where P is a polynomial function of the Mandelstam
products α0pi · pj whose degree will depend on the spin of
the scattering external states. More importantly, the
jwj − wij2α0pj·pi factor is universal to all string amplitudes12

and depends exponentially on the Mandelstam products
α0pj · pi, thus being responsible for yielding the dominant
contributions in the high-energy limit α0pi · pj ≫ 1. With
this, we can use again the saddle-point method to obtain the
leading contribution in this limit. From (5.4), one can
readily see the saddle-point equations are [46,47]

X
j≠i

pi · pj

wi − wj
¼ 0; i ¼ 1;…; n: ð5:5Þ

These equations have received significant attention rela-
tively recently due to their key role in the Cachazo-
He-Yuan formulation of scattering amplitudes for massless
particles [48,49], and are usually referred to as the
scattering equations. After imposing total momentum
conservation, and the massless condition p2

i ¼ 0, the
equations in (5.5) are SLð2;CÞ invariant and thus, permit
to fix three of the n positions fwig to any convenient value

on the world sheet. The number of independent solutions,
i.e., the number of distinct possible configurations for the
positions of the vertex operators on the world sheet, is
ðn − 3Þ! [50]. Moreover, using elimination theory, the
system of equations (5.5) can be brought into the form
of a single polynomial equation of degree ðn − 3Þ! for a
single variable, say, wn [51,52]. The solutions for all the
remaining vertex locations wi, with i ¼ 4;…; ðn − 1Þ, can
be expressed in terms of the single solution zn and become
functions of ratios of generalized Mandelstam variables.
After using total momentum conservation, the positions of
all these punctures will again only depend on the angular
positions zi of the scattered strings on the celestial sphere.
This establishes, then, the general map that emerges in

the high-energy limit: A single configuration on the
celestial sphere, for the momenta of n closed strings in a
(tree-level) amplitude, gets mapped to ðn − 3Þ! possible
configurations of vertex operators on the string world sheet
that govern the scattering process in this regime. It would
certainly be interesting to confirm if one arrives at the
same conclusion by taking

P
n
i¼1 λi → ∞ at the level of the

n-point celestial amplitude.
As a final point, it is also interesting to note that very

same configuration on the celestial sphere (at null infinity),
representing the insertions of conformal primaries for each
of the scattered gravitons,13 also solves the saddle-point
equations for the corresponding vertex operators on the
world sheet sphere (5.5). Namely, from the usual para-
metrization for the external momenta

pμ
i ¼

1

2
ηiωið1þ jzij2; zi þ z̄i;−ðzi − z̄iÞ; 1 − jzij2Þ;

one has pi · pj ¼ ηiηjωiωjjzijj2, thus, if zk ¼ wk for all
k ¼ 1;…; n, we have

Xn
j≠i

ηiηjωiωjwijw̄ij

wij
¼ ηiωi

�
w̄i

Xn
j≠i

ηjωj−
Xn
j≠i

ηjωjw̄j

�

¼ ηiωið−w̄iηiωiþηiωiw̄iÞ¼ 0; ð5:6Þ

where, in going from the first to the second line, we have
used total momentum conservation. Thus, the configuration
of physical (stringy) gravitational scattering on the celestial
CFT is one of the configurations of this world sheet map
that arises in the high-energy limit. It would be very
interesting to pursue this idea further.

11We use here wk to denote the complex coordinates on the
string world sheet in order to distinguish them from the zi
parametrizing the angular directions of the external states on the
celestial sphere.

12This is because this factor comes from the Wick contractions
of vertex operators VðpiÞ which all contain the plane-wave factor
VðpiÞ ∼ eipi ·X representing free asymptotic states with definite
momentum.

13The same statement certainly holds for the other states in the
massless spectrum of the closed string, such as the dilaton and the
Kalb-Ramond field.
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VI. CONCLUDING REMARKS

In this last section we would like to make a brief
observation regarding the effective field theory expansion
of string amplitudes in the celestial basis, that is, we study
how the α0 expansion is recast in the conformal basis. After
this, we finalize with some closing words.
Consider the tree-level string amplitude of 4 gluons

written in the form that makes the connection with YM
amplitudes evident in the α0 → 0 limit, namely

Atree
I ð−;−;þ;þÞ ¼ δð4Þ

�X4
i¼1

pμ
i

�
Γð1 − α0sÞΓð1 − α0tÞ
Γð1 − α0s − α0tÞ

×Atree
YMð−;−;þ;þÞ; ð6:1Þ

and let us expand it in powers of α0

Atree
I ð−;−;þ;þÞ ¼ δð4Þ

�X4
i¼1

pμ
i

�
Atree

YMð−;−;þ;þÞ

×

�
1 − α02

π2

6
st − α03ζð3Þðs2tþ st2Þ

− α04
π4

360
ð4s3tþ s2t2 þ 4st3Þ þ � � �

�
:

ð6:2Þ

The celestial counterpart of this expression reads

Ãtree
I ð−;−;þ;þÞ ¼ fðr; βÞ

Y4
i<j

z
h=3−hi−hj
ij z

h̄=3−h̄i−h̄j
ij ; ð6:3Þ

with fðr; βÞ now given by

fðr;βÞ ¼
Z

∞

0

dww−β−1
�
1þα02

π2

6
rw2þα03ζð3Þðr2− rÞw3

þα04
π4

360
ð4r3− r2þ4rÞw4þ�� �

�
; ð6:4Þ

up to some, for now, irrelevant numerical factors. Notice
that, since β is purely imaginary, the integrals over all terms
are UV divergent, except for the 1-term which (marginally)
converges to the known δ function 4πδðPi λiÞ appearing in
the field theory limit. Thus, in order to make sense of the α0
expansion in the celestial basis, we need to introduce an UV
cutoff on the energy integral above.14 Let us call the cutoff

Λ, with Λ being the energy scale. The full expression for
fðr; βÞ can then be written as

fðr;βÞ¼4πδðλÞþ r
Λβ ðα0Λ2Þ2

×

�
π2

6

1

ð2−βÞ− ðα0Λ2Þζð3Þð1−rÞ 1

ð3−βÞ

− ðα0Λ2Þ2 π4

360
ð−4r2þr−4Þ 1

ð4−βÞþ���
�
; ð6:5Þ

where λ ¼ P
4
i¼1 λi. From this, we see that the dimension-

less parameter that organizes the effective field theory
expansion is α0Λ2, which was of course expected on
dimensional grounds since these are the only two dimen-
sionful quantities at our disposal. Notice also the appear-
ance of the pole structure in the β-complex plane. As
initially analyzed in [55] in the context of effective field
theories with exponentially soft UV behavior, the residues
of the poles in (6.5) are precisely given by the coefficients
obtained by the low-energy expansion of the original string
theory amplitude.
Let us summarize the results of this work as follows: In

this paper, we have computed celestial correlators that
correspond to the tree-level 5-gluon amplitudes in type I
superstring theory. We have observed that, as it happens
with the 4-gluon string celestial amplitudes, both at tree-
level [16] and at one-loop [24], the 5-gluon string celestial
amplitudes exhibit a remarkably simple dependence of α0,
which is encapsulated in a universal overall factor. This
raised the question as to how the field theory limit is
recuperated from the string observables in the celestial
basis. This motivated our study of the limit in the space of
kinematic variables where the YM results are recovered.
We have identified such limit, generalizing in this way the
results obtained by Stieberger and Taylor in [16]. We have
also computed the conformally soft theorem for the 5-gluon
case in the type I superstring theory and confirmed that it
also obeyed as in the case of celestial field theory
amplitudes. This was expected, at least at the tree-level
we have considered here since, due to the fact that field
theory arises in the low energy limit of strings, the soft
factorization for both theories should be identical, both in
momentum and conformal basis. Finally, we discussed the
map that emerges between the punctured string world sheet
CFT and the also punctured celestial CFT, in the limit of
high energy, in momentum basis, corresponding to high-
scaling dimension, in conformal basis, for a general n-point
string amplitude. In order to gain more insights into this
correspondence, it would be interesting to perform the
explicit computations to higher-point amplitudes. We hope
to address this and other questions in the near future.
It is an interesting question whether similar phenomena to

the ones discussed here happen in the case of graviton
scattering. The spin-2 scattering processes in string theory, in

14This is another example of the fact that celestial amplitudes
are usually not well-defined for effective field theories and need
an UV completion. However, see [53] for a very recent proposal
on how to define them in a consistent way. Additionally, see [54]
for a detailed study on the constraints that effective field theories
with celestial duals must satisfy, even at tree level.
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the celestial basis, have been investigated at tree level in [16],
where results similar to the spin-1 case have been obtained.
Weare currentlyworkingon thegraviton case at one loop and
hope to report our results in an upcoming article.
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