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1. Introduction

Given an invertible matrix T' € M"™(C), a splitting of T is a partition T =U — V, where U,V € M"(C)
with U invertible. The theory of regular splittings for an invertible matrix T € M™(R), i.e., a splitting T' =
U —V such that U,V € M"™(R) and U ! has all its entries nonnegative, started in a work due to Varga [36],
where an iterative process to get the unique solution of the system Tz = w was given. To be more precise,
given T' € M™(R) invertible and T'= U — V a regular splitting of T, Varga defined the iterative process

2 =U"vat 4+ Uflw,

and he proved that this process converges for every initial z° if and only if the spectral radius of U1V,
p(U~1V) < 1, is less than 1. Moreover, in such a case, the process converges to T~ 1w.

The idea of Varga was extended by Berman and Plemmons [7] in order to define an iterative process
that allows to get the minimum norm least square solution of a system Tx = w, for T' € M™*"(R). For
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this purpose, the concept of proper splitting of T'€ M™*"(R) was introduced: a proper splitting of T is a
decomposition 7' = U — V where R(U) = R(T) and N (U) = N(T). Then, Berman and Plemmos proved
that given a proper splitting of T' € M™*"(R) the iterative process

T =UWVal + Ulw, (1)

converges for every initial 2° if and only if p(UTV) < 1 and, in such a case, it converges to 77w, the minimum
norm least square solution of Tz = w.

In the literature different kinds of splittings and proper splittings of a matrix can be found. Some of
them are regular splittings [36,14], nonnegative splittings with first and second type [34,35], weak regular
splittings with first and second type [37,10,19], proper splittings [30,7,5], P-regular splittings [24,26], P-
proper splittings [28], weak nonnegative splittings of the first and the second type [11], among others. For
each class of splitting there exist several results that guarantee the convergence of the associated iterative
process. Also there exist results that compare the speed of convergence of the iterative method for different
splittings of a matrix.

Arias and Gonzalez [5] used the concept of proper splitting of a matrix T € M™*™(C) to extend the
iterative method (1) and so to define an iterative process that converges to a reduced solution of the
solvable matrix equation T'X = W. There, criteria of convergence and comparison for proper splittings
were given under hypothesis of positivity (according to Léwner order) of certain matrices. Also in [5] it was
proposed a particular proper splitting which is defined for every matrix in M™*"(C); namely, the polar
proper splitting. There, the convergence of the polar proper splitting was studied and it was shown that
this particular splitting is “better” than others on certain classes of matrices.

Along this article we will be interested in extending the treatment of proper splittings of matrices to
the context of Hilbert space operators in order to approximate solutions of an operator equation TX = W.
On one hand we generalize to the infinite dimensional context results of [5] like a criterion of convergence
for general proper splittings. Also, we study the polar proper splitting of a closed range operator and we
characterize its convergence. We introduce particular proper splittings for the classes of split and Hermitian
operators, we analyze their convergence and we establish different criteria of comparison. In addition,
throughout the article we focus in comparing proper splittings of operators which are related under different
factorizations. In particular some of the factorizations considered are given by means of the star order, the
minus order, the sharp order. Also different proper splittings of operators in classes as the product of
orthogonal projections, the product of an orthogonal projection by an Hermitian operator and the product
of an orthogonal projection by a positive operator, are investigated.

The reader is referred to [16,31,29] among others, for results on splittings, iterative methods and criteria
of convergence for splittings on infinite dimensional spaces. For example, Nacevsca [31] studied iterative
methods for computing generalized inverses of linear operators by means of the method of splitting of
operators. Liu and Huang [29] studied the convergence of an iterative method to find solutions of a linear
system Tx = w by means of a proper splitting of the operator GT', where G is an operator with range and
nullspace prescribed.

The paper is organized as follows. Section 2 contains notations and preliminaries results. In particular, we
recall definitions of some operator orders and generalized inverses that will be used along the paper. Also,
an extension to the infinite dimensional case of a characterization of the Léwner order for positive operators
due to Baksalary, Liski and Trenkler [6,5] is given. In Section 3 the study of general proper splittings
given in [5] for the finite dimensional case is now generalized for Hilbert space operators. Here the main
result is Theorem 3.7, where we provide sufficient conditions for the convergence of proper splittings under
certain compacity hypothesis. Section 4 is devoted to study the polar proper splitting. We characterize its
convergence in Theorem 4.3. In Theorem 4.5 the polar proper splittings of two operators related by the star
order, are compared. Also we show that the star order condition can not be replaced for a sharp order nor
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a minus order condition. In Section 5 we present two particular proper splittings for a split operator, i.e., a
bounded linear operator 7' defined on a Hilbert space H which satisfies the condition R(T)+N (T') = H. The
splittings for such a 7" are defined by means of operators that emerge from that decomposition of H; namely,
the Q-proper splitting and the group proper splitting. For each one of them we give conditions that guarantee
its convergence. We also provide some criteria of convergence for the splittings of two split operators related
with the star and the sharp order. In Section 6 we study particular proper splittings associated to a closed
range Hermitian operator T. Here we consider the MP-proper splitting and the projection proper splitting,
defined by means of the Moore-Penrose operator of 7" and the orthogonal projection onto the range of
T, respectively. We characterize the convergence of these proper splittings and we establish a comparison
criterion between them and the polar proper splitting. On the other hand, we apply the projection proper
splitting to induce a proper splitting of an operator that can be factorized in terms of some Hermitian
operator (Theorem 6.7 and its corollaries). In subsection 6.1 we illustrate how we can apply the theory of
splittings operators to get a symmetric approximation of a given frame.

Finally, given two bounded linear operators 5,7 on H, in Section 7 we study the induced splittings by
T on S in the particular case that S and T are related by an invertible operator.

2. Preliminaries

Along this article H is a complex Hilbert space with inner product (.,.) and L£(#) is the algebra of
bounded linear operators defined from H to H. The norm of T' € L(H) is ||T|| = sup{||Tz| : |lz|| = 1}. By
IC, £, LT, U, Q and P we denote the classes of compact operators, Hermitian operators, positive operators,
unitary operators, oblique projections and orthogonal projections of L£(H), respectively. Given T' € L(H),
T* denotes the adjoint operator of T, R(T) denotes the range of T' and N(T') denotes the nullspace of
T. The direct and orthogonal sum between subspaces are denoted by + and @, respectively. Given closed
subspaces S,7 C H such that S+7 = H, Qgs//7 indicates the oblique projection onto S along 7. In
particular, the orthogonal projection onto S is denoted by Ps. We will also use the notation Pr to indicate
the orthogonal projection onto R(T'), for a closed range operator T' € L£(H). The spectrum and the spectral
radius of T' € L(H) are denoted by o(T) and p(T'), respectively. It is well known that p(T) < ||T|| and, if T
is a normal operator (i.e., T*T = TT*) then p(T) = ||T|.

The classical Lowner order for Hermitian operators is denoted by <. Given S,T € £", it holds that
S <Tifand only if 0 < T — S, or equivalently 0 < ((T — S)z, z) for all z € H.

The following result on range inclusion and operator factorization is due to Douglas [17] and [2]:

Douglas’ theorem. Consider S, T € L(H). The following conditions are equivalent:

1. R(S) CR(T);
2. there exists a number A > 0 such that SS* < \TT™;
3. there exists R € L(#H) such that TR = S.

Moreover, if any of the above conditions holds and M C H is a closed subspace such that M+N(T) = H
then there exists a unique operator X € L£(H) such that TX = S and R(X ) C M. The operator X
is called the reduced solution for M of the equation TX = S and also satisfies that N'(X ) = N(S).

In the case that M = N(T)1, the unique solution X, € £(#) such that TX, = S and R(X,.) C N(T)*
is called the Douglas reduced solution of the equation TX = S. In addition X, satisfies that V' (X,) = N (5)
and || X, || = inf{\: SS* < ANTT*}.

Remember that a general inverse (or pseundoinverse) of T' € L(H) is an operator which satisfies the
equations TXT = T and XTX = X. It is well known that a general inverse of T € L(H) is bounded if
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and only if T has closed range. There exist different kinds of pseudoinverses of an operator according to the
restriction imposed. In this article we deal with the Moore-Penrose inverse and with the group inverse of
an operator. Next we collect some results about them.

Given T € L(H) with closed range, TT € £(H) denotes the Moore-Penrose inverse of T. The following
two characterizations for the Moore-Penrose inverse of a closed range operator are known and they can be
found in [23], [2]:

1. T' is the unique operator that satisfies simultaneously the following four equations:
TXT =T, XTX=X, TX=Pr, XT=Pr
2. T1 is the Douglas reduced solution of the equation TX = Pr.

If S,T € L(H) are invertible operators it is well known that (ST)~! = T-1S~. The extension of this
identity to non invertible operators is known as “the reverse order law” for the Moore-Penrose inverse;
i.e., (ST)! = TTST. However this equality does not hold in general. A classical result due to Greville [22]
provides a characterization of the reverse order law for matrices. Next, we state its extension to bounded
linear operators in Hilbert spaces proved in [8,25].

Proposition 2.1. Consider S,T € L(H) with closed ranges such that ST has closed range. Then (ST)T =
TTST if and only if R(S*ST) C R(T) and R(TT*S*) C R(S*).

Corollary 2.2. Let S,T € L" be closed range operators such that ST =TS has closed range. Then (ST)' =
TtSt.

Proof. It is straightforward from Proposition 2.1. O

The following result characterizes the antitonicity property for the Moore-Penrose operator on the set
L. Tts proof can be found in [20].

Theorem 2.3. Consider S,T € L closed range operators. Then any two of the following conditions imply
the third condition:

1. 8<T;
2. Tt < 8t
3. R(S) NN(T) = R(T) NN (S) = {0}.

As a consequence of Douglas’ theorem we can characterize the Lowner order between positive operators
by means of the spectral radius of certain product of operators and a range inclusion condition. The next
result is the extension to the infinite dimensional case of a result due to Baksalary, Liski and Trenkler [6]
and [5].

Proposition 2.4. Consider S,T € Lt such that R(T) is closed. Then S < T if and only if p(S*/?>TTS1/?) < 1
and R(S'/?) C R(T).

Proof. Let S,T € L*. If S < T then, by Douglas’ theorem, R(S'/?) C R(T'/?) = R(T) and
(TY2)TSY2|| = inf{\ : S < AT}. Therefore, ||(T'/?)TS¥/2|| < 1 and p(S*/2T1SY/2) = ||S1/2T181/2|| =
[|(T/2)tS1/2||2 < 1. Conversely, suppose that p(S'/2TTSY/2) < 1 and R(SY?) C R(T) = R(T"/?). Then
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[(TY/2)1S81/2|2 = ||SY/2TTS1/2|| = p(SY/2TTS1/2) < 1. Hence, applying again Douglas’ theorem we get that,
inf{\: S <\T} = |(T/?)1SV?|| <1and S<T. O

On the other hand, the group inverse of an operator is defined for the class of split operators; T € L(H)
is a split operator if R(T)+N(T) = H. If T € L(H) is a split operator then there exists a unique 7% € L(H)
such that the following equations are simultaneously satisfied:

TXT=T, XTX=X, TX-=XT.

The operator T* is called the group inverse of T. In [32] necessary and sufficient conditions for the existence
of this kind of pseudoinverse are shown:

Theorem 2.5. Consider T € L(H), then the following statements are equivalent:

1. H=R(T)+ N(T);
2. R(T?) = R(T) and N'(T?) = N(T);
3. Tt exists.

It is well known that if 7 admits a group inverse then it has closed range, R(T%) = R(T), N(T*) = N(T)
and TT* = T*T = Qr(1)//N(T)- In addition, T" admits a group inverse if and only if 7™ admits a group
inverse. On the other hand, if T' € L(H) is an EP operator (i.e., T has closed range and R(T) = R(T™))
then it admits a group inverse. Moreover, T% = T if and only if T is an EP operator.

Remember that every T € L(H) admits a factorization T' = U|T|, where U is a partial isometry and
|T| = (T*T)2. Moreover, this factorization is unique if the condition N(U) = N(T) is imposed. The
factorization T' = Ur|T|, where Ur is the partial isometry such that N'(Ur) = N(T) is called the polar
decomposition of T'. It is not difficult to see that T = |T|TU%. In addition, if T € £" then T < |T|.

We finish this section by introducing some order relations on L£(H) that will be used throughout the
article.

Definition 2.6. Let S, T € £(#). Then:

1. S < T if there exist P,Q € P such that S = PT and S* = QT*. The orthogonal projections can be
chosen such that P = Pg and Q = Pg-~.

2. S ; T if there exist P, @ € Q such that S = PT and S* = QT*. The ranges of P and () can be fixed as

R(P) =R(S) and R(Q) = R(S*).
i
3. S<Tif S=T or if there exists Q € Q with R(Q) = R(S5), N(Q) = N(S) such that S = QT = TQ.
The above order relations are known as star order, minus order and sharp order, respectively. The reader
can be referred to [1,15,18,27] and references therein for different treatments on these order relations. The

following result gives characterizations of these orders by means of operator range decompositions. The
proof can be found in [15] and [20].

Proposition 2.7. Consider S,T € L(H). Then,

1. S < T if R(T) = R(S) + R(T — S) and R(T*) = R(S*) + R(T* — S*).
2. 8 ; T if and only if R(T) = R(S) ® R(T — S) and R(T*) = R(S*) & R(T* — S§*).
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i .
3. If S, T are group invertible then S < T if and only if R(T) = R(S)+R(T — S) where R(T —S) C N(S)
and R(S) C N(T — S).

3. Proper splittings of operators and an iterative process

In [7] the concept of proper splitting of a matrix T is applied to approximate the minimum least square
solution of a linear system Tz = w. In [5] this kind of splitting is used to guarantee the convergence
of an iterative process to the reduced solution for M of a solvable matrix equation TX = W, where
T,W € M™ "(C) and M is a subspace of C" such that M+N(T) = C". There, sufficient conditions for
the convergence of the iterative process were given. Our goal is to extend the study made in [5] to the
infinite dimensional context.

Definition 3.1. Consider T' € L(#H) with closed range. A proper splitting of T is a decomposition T = U -V,
where U,V € L(H) and R(U) = R(T) and N(U) = N(T).

Consider T' € L(H) with closed range, W € L(H) such that R(W) C R(T") and a closed subspace M C H
such that M +N(T) = H. Let T = U —V be a proper splitting of T'. Consider Y, Zapq € L(H) the reduced
solutions for M of UY =V and UZ = W, respectively. We define, as in [5], the iterative process for M of
the proper splitting T = U — V with respect to W:

X =Yy X'+ Zp. (2)

As in the finite dimensional context [5], in the infinite dimensional case it can be proved that if the
iteration (2) converges, then it converges to the reduced solution for M of TX = W. We omit the proof of
the following two results because they are similar to those given in [5].

Theorem 3.2. Consider T € L(H) with closed range, W € L(H) such that R(W) C R(T) and M a closed
subspace of H such that M + N (T) = H. Consider the proper splitting T = U —V of T. Then the iterative
process (2) converges for all X° to X, the reduced solution for M of the equation TX = W, if and only

if p(Ym) < 1.

Corollary 3.3. Let T € L(H) be a closed range operator and T =U —V a proper splitting of T. W € L(H)
such that R(W) C R(T). Then, the iterative process of the proper splitting T = U — V' converges for some
closed subspace M such that M + N (T) = H if and only if the iterative process of the proper splitting
T = U — V converges for all closed subspace M such that M + N (T) = H. In particular, the iterative
process (2) is convergent if and only if p(UTV) < 1.

Given T € L(H) with closed range, the aim of this section is to obtain sufficient conditions that guarantee
the convergence of a general proper splitting T'= U — V. We first collect some properties of proper splittings
that will be useful.

Proposition 3.4. Consider T € L(H) a closed range operator. If T = U —V is a proper splitting of T then
the following assertions follow:

1. (U =T1U;
2. N(UTV) = N(V);
3. TH=(I-UV)"tUt.

Proof. 1. Since R(U) = R(V) and N(U) = N(V), the assertion follows by Proposition 2.1.
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2. Since UV is the Douglas’ reduced solution of the equation UX = V| the assertion follows by Douglas’
theorem.

3. Let T = U—V be a proper splitting of T'. First, let us see that I —UTV is an invertible operator. In fact,
observe that UTV = UT(U~T) = Pr«—U'T, then [-U'V = Prr(y +UTT. In order to see that this operator
is invertible it is sufficient to note that (Pxry+(UTT)")(Pyx(ry+UTT) = (Pn 1y +UTT) (Prn(ry + (UTT)T) =
I. Therefore, (I — UTV)™! = Py + (UTT)". Now, let us see that 7T = (I — UTV)~'UT. In fact, since
T(I - UW)'UT = T(Py(ry + (UT)U = T(UIT)TUT = TTTUUT = Pp and R((I — UTV)7'UT) =
R((Px(ry + (UTTNUT) = R((UTT)TUT) = R(TT) = N(T)* then the assertion follows. O

Proposition 3.5. Let T € L(H) be a closed range operator. If T = U — V is a proper splitting of T then the
following assertions are equivalent:

TV e £*;

Utv e ct;

0< UV < Pye;

0<U'T < Pr+;

The equation UX =V has a positive solution;

UYT € £" and (Pr- — UTT)? < X(Pp- — U'T), for some A\ > 0.

S Svds Lo~

Proof. 1 ¢ 2. Suppose that TTV € L. Since TV = TT(U —T) = T'U — Pr- then we get that Pr- < TTU.
Now, as R(Pr-)NN(TTU) = {0} and R(TTU)NN (Pr~) = {0} then, by Theorem 2.3, UTT = (TTU)" < Pr..
Therefore, UV = UT(U — T) = Pp~ — UYT € L£*. The converse is similar.

1< 3. Let T=U — V be a proper splitting of 7. Since TT = (I — UTV)~1UT then

0<TV & 0< (I-UV) WV o< (1-Uv)uty)!
S 0< (UV) (1 -UV) o 0< (UTV) = Py

©0< Py < (UTV) (3)

where the third equivalence follows by Corollary 2.2 and by equivalence 1. <> 2. of this proposition. Now, if
0< Py« < (UTV)T then by Theorem 2.3, we get 0 < UTV < Py.. Conversely, if 0 < U'V < Py. then by
Theorem 2.3, 0 < Py~ < (UTV)T. Hence, by the equivalences (3), the assertion follows.

2 < 4. Observe that 0 < UTT < Pp. if and only if UV = Pp. —UTT € £F.

2 & 5. If UTV € LT then, by Douglas’ theorem, the equation UX = V has a positive solution. Conversely,
if UX =V has a positive solution then VV* < AUV™* for some A > 0, see [33] or [3]. Now, multiplying on
the left and right by UT and (UT)*, respectively, the assertion follows.

5 ¢ 6. If UX =V has a positive solution then VV* < A\UV™* for some A > 0, see [33] or [3]. Now, mul-
tiplying on the left and right by UT and (UT)*, respectively, it follows that UTVV*(UT)* < \UTUV*(UT)*.
Then 0 < UTV(UTV)* < AUTUV*(UT)* = AP V*(UN* = AP V*(UT)* = NUTV)=AUTV. Since
U'V = Pp. — U'T, the assertion follows. The converse is similar. O

In order to state a sufficient condition for the convergence of a proper splitting we prove the following
result. Recall that T' € £(H) is a compact operator, i.e. T € K, if the image by T of the closed unit ball in
‘H has compact closure in H.

Proposition 3.6. Consider T' € L(H) with closed range. If T = U — V is a proper splitting of T then the
following statements are equivalent:
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~

. TV ek;
.UV ek;
. Vek.

Co

Proof. 1 <+ 2. If TV = TT(U = T) = T'U — Pr« € K then (TTU)/(TTU — Pr.) € K. Now observe that
(TTUY(TTU — Pp+) = Pp- — UYT = U'V. The converse is similar.

1 < 3 Suppose TV € K. Since R(V) C R(T) then TTTV =V € K. Conversely, if V € K it is clear that
T'VeK. O

We can now prove a sufficient condition to guarantee the convergence of a general proper splitting of a
closed range operator. The proof is similar to the one given for the finite dimensional case [5], however we
include it for the sake of completeness.

Theorem 3.7. Consider T € L(H) with closed range and T = U —V a proper splitting of T. If UTV € LTNK
p(TTV)

—_— < 1.
1+ p(T7V) =

then the proper splitting of T converges. Moreover, it holds that p(UTV) =

Proof. Note that UTV € £+ N K if and only if TTV € £T N K. Now, let 0 # \. Let us see that A € o(T1V)
if and only if 25 € o(UTV). In fact,

TWe=Xx o I-UV) W Ve=Xe o UVe=I-UV)\

TV (1+ Nz =\ Ve = :
U VA+Nz= < UVe "
A
Since TTV € LT NK, then p(T1V) € o(TTV) and T achieves its maximum when A\ = p(TV). Therefore
p(TTV)
UlV)= ———— <1
PUV) =1 iy <1 ©

4. The polar proper splitting

The polar proper splitting for rectangular matrices was defined in [5]. Next we extend this particular
proper splitting for Hilbert space operators.

Definition 4.1. Consider T' € L(#H) a closed range operator. The polar proper splitting of T is T = Up — V,
where Ur is the partial isometry of the polar decomposition of T'.

By Theorem 3.7, given T € L(H) such that T = U — V is a proper splitting of T and UTV € K, the
positivity of UTV is a sufficient condition to guarantee the convergence of the proper splitting of 7". In the
particular case that T'= Up — V is the polar proper splitting of T, note that th = UZ. In the next result
we see that condition U5V € LT can be characterized by means of the norm of 7.

Proposition 4.2. Consider T € L(H) with closed range. If T = Up —V is the polar proper splitting of T then
the following assertions are equivalent:

1 UV eLt;
2. T <1
3. (Pr —|T*))? < X(|T*| — Pr) for some A > 0.
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Proof. 1. <+ 2. Recall that U}V = Pp. — |T|. If U3V > 0 then |T| < Pr«, so that [|T]| = |||T]]| <
1. Conversely, if ||T|| < 1 then p(|T|Y/2Pr-|T|"/?) = |||T|*?Pr-|T|*?|| = |||T||| = ||T|| < 1. Moreover,
R(|T|'/?) = R(Pr+). Then, by Proposition 2.4, it follows that |T| < Pr.. Therefore, UsV € L.

1.+ 3. If U3V € LT then the equation UpX = V has a positive solution. Then by [33] or [3, Theorem
2.3], we get that VV* < AUrV* for some A\ > 0. So that, (Pr — |T*|)? < A(|T*| — Pr) for some \ > 0.
Conversely, since VV* = (Pr — |T*|)2 < X(|T*| — Pr) = AUpV* for some A > 0, then UrV* > 0. Hence
UrUrV*Ur = V*Up > 0, so that U3V € £+. O

Now, we get a characterization of the convergence of the polar proper splitting. Before that, remember
that given 0 # T € L(H), the reduced minimum modulus of T is v(T') = inf{||Tx||, dist(z, N(T)) = 1}. It
is well-known that v(7) > 0 if and only if T has closed range and in this case, v(T) = || T'||~.

Theorem 4.3. Let T € L(H) be a closed range operator and T = Up — V' be the polar proper splitting of T'.
Then the following assertions are equivalent:

1. The polar proper splitting of T converges;
2. ||UT —TH <1;

3. ||Pr- —|T|| < 1;

4|7l < 2.

Proof. Since U3V = Pr« — |T| € L" then p(UxV) = ||UV||. Now, the equivalences 1. <+ 2. <> 3. follow
from the fact that |[UrV| = ||Pr- — |T||| = U5 (Ur — T)|| = ||[Ur — T||. To prove equivalence 2. <> 4.
observe that by [9, Lemma 2.1] it holds that ||Ur — T|| = max{1—~(T), ||T|| —1}. Then the assertion follows
noticing that y(7T') > 0 because T has closed range. O

Example 4.4. Consider T € L£(H) a closed range operator. Observe that T*T = Pr- —V is the polar splitting
of T*T. By Theorem 4.3, T*T = Pr« — V converges if and only if ||T*T| < 2 or equivalently, | T|| < v/2.

*

In the next result we show that given S,T € L(H) with closed ranges such that S < T then the
convergence of the polar proper splitting of T' guarantees the convergence of the polar proper splitting of
S. In addition, in this case, the polar proper splitting of 7" induces the polar proper splitting of S.

Theorem 4.5. Consider S,T € L(H) with closed range such that S ; T. If the polar proper splitting of T
converges then the polar proper splitting of S converges. Moreover, p(USW) < p(UrV), where S =Ug — W
and T = Ur—V are the polar proper splitting of S and T, respectively. In addition, the polar proper splitting
of S can be obtained from the polar proper splitting of T as follows: S = PsUp — PsV'.

Proof. If S % T then S = PsT. Now, if the polar proper splitting of T converges then, by Theorem 4.3,
we get that |T']] < 2. Then, ||S|| = |PsT|| < |Ps|IIT|| = IT|| < 2 and so that, the polar proper splitting
of S converges. Moreover, since S % T then by [1, Theorem 2.15], it holds that |S| ; |T|. Therefore,
|S| = Pg«|T|. Then p(USW) = ||Ps- — [S|| = [|[Ps+ — Ps+|T||| = ||Ps=(I — |T|)|| = [|Ps=Pr(I — |T|)|| <
| Pr«(I—|T))|| = p(UsV) < 1. Finally, since S ; T then, again by [1, Theorem 2.15], it holds that Ug ; Ur
i.e., US = PsUT = UTPS*. NOW, S = Us -W = PsUT — W then W = PsUT —PsT = Ps(UT —T) = Psv.
Hence the assertion follows. O

In Theorem 4.5 the convergence of the polar proper splitting of S can be strictly faster than the conver-
gence of the polar proper splitting of T'. We illustrate this assertion with both infinite and finite dimensional
examples.
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Example 4.6. Consider H = Hq ® Ho ® Hs, with H; Hilbert spaces for £k = 1,2,3. Let T € H with

1 0 0
matrix representation T = ( 0 175 0), according to the decomposition H = Hi ® Ho & Hs, where
0 0 O
Ty € LT (Hy) are closed range operators such that || Tx|| < 2 for k = 1,2 and ||Pr, — T4 || < || Pr, — T»||. Take
7 0 0 *
S=PnT = ( 0 O 0>. From Definition 2.6, it holds that S < T.Let S=Ug —W and T =Ur —V
0 0 O

be the polar proper splittings of S and T, respectively. Recall that p(UW) = ||Ps — |S||| and p(U}V) =
|Pr — |T||]. By [9, Lemma 2.1], it follows that ||Pr, — T| = max{1 — v(T%), |Tx| — 1} < 1 for k = 1,2.
Since ||Ps — |S||| = ||Pr, — Th|| and ||Pr —|T||| = ||Pr — T|| = max{||Pr, — T1||, || Pr, — T2||}, it holds that
the polar proper splittings of S and T' converge. Moreover, it follows that p(UZW) < p(ULV).

Remark 4.7. Note that the above example is achievable in the context of frames on Hilbert spaces. Remember
that a sequence F = {f; }ien is a frame for H if there exist constants A, B > 0 such that

Allel® <Y1, fi) P < Bllall?, (4)

i=1

for all x € H. The numbers A and B are called the frame bounds. The optimal constants which satisfy
(4) are denoted by Ax and Bg, respectively. The frame is called tight if Ax = Br. If {e;};en is the
standard orthonormal basis of £2 then the bounded linear operator T : /> — H defined by Tx(e;) = f; is
called the synthesis operator associated to the frame F. The operator Sy = TrT5 € LT is invertible and
it is called the frame operator. Moreover, it holds that Ax = ||SZz'||~! and Br = ||Sz|. Now, returning
to the example, we can consider Ty = S € LT and T, = Sg € LT the frame operators of two tight
frames F = {fi}ien and G = {g;}ien such that Ax = Br = % and Ag = Bg = %. Then, note that
|Pr, — Th|| = max{1l — v(T1), ||T1|| — 1} = max{l — 4, |T1]| — 1} = §. Analogously it can be checked

) I
that ||PT2 — T2|| =7

0 0 O /2 0 0
Example 4.8. Consider H = C3, S = (0 1/2 0)and T = | 0 1/2 0. Since R(T) = R(S) @

0 1/2 0 0 1/2 0
R(T — S) and R(T*) = R(S*) & R(T* — S*) then S % T. Now, the polar proper splitting of S is S =
0 0 0 0 0 0
Us—W = [0 v2/2 0| — [0 Vv2/2—1/2 0] and the polar splitting of T is T = Up — V =
0 v2/2 0 0 vV2/2-1/2 0
1 0 0 1/2 0 0
0 v2/2 0] - 0 V2/2-1/2 0 |. Then it holds that p(UzW) = 252 < p(U3V) = L.

0 v2/2 0 0 V2/2-1/2 0

Remark 4.9. Condition S < T in Theorem 4.5 can not be replaced by a weaker order condition like S é

1 0 0 1 0 0
T. In fact, consider H = C3. Take S = <2 0 O) and T = (O 1/2 0). It is clear that R(T) =
0 00 0 0 0

R(S)+R(T — S) and R(T) = R(S*)+R(T — S*) (remember that T = T*). So that, S < T but they
1 0 0 1 0 0 0 0 O
are not related with the star order. Now, since Pr —|T|=[0 1 0|—-(0 1/2 0J=1{0 1/2 0

0 0 0 0 0 O 0 0 O
then ||Pr — |T||| < 1 and thus the polar proper splitting of T converges. On the other hand, Ps- — |S| =
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1 00 vV 0 0 1—v5 0 0
(0 0 O)— 0 0 0] = 0 0 0. Then ||Ps- — |S||| = |1 — /5| > 1. Then, the polar
0 0 0 0 0 O 0 0 0

proper splitting of S does not converge.

* #
Remark 4.10. Condition S < T in Theorem 4.5 can not be replaced by condition S < T'. In fact, consider T' =

3/2 0 0 3/2 0 9/2 § 1 0 3
0 0 O JandS=| 0 0 O |].Then S<T because S=QT =TQ, where @={0 0 0].
0 0 3/2 0 0 O 0 0 0

Also, note that the polar proper splitting of T' converges because ||T|| = % < 2. However, the polar proper
splitting of S does not converge because ||S| > 2.

Proposition 4.11. Let S € P - L. If S = PsT, where T € L" and the polar proper splitting of T converges
then the polar proper splitting of S converges. Conversely, if the polar proper splitting of S converges then
there exists Ty € LM such that S = PsTy and the polar proper splitting of Ty converges.

Proof. Let S = PsT, where T € £". Consider the set As = {B € L" : S = PsB}. By [4, Theorem 3.2],

I1S] = Bm-i/il | B||. Therefore, if the polar proper splitting of 7" converges then, by Theorem 4.3, ||S| < ||T]] <
EAs

2 and so, the polar proper splitting of .S converges. Conversely, if the polar proper splitting of S converges

then ||S|| < 2. Then applying again [4, Theorem 3.2], there exists Ty € Ag such that || Tp|| = ||S]|. Therefore,

the polar proper splitting of Ty converges. 0O

5. Splittings for split operators

In this section we put the focus on splittings of split operators. Recall that T' € L(H) is a split operator
if T has closed range and R(T)+N (T) = H. For this class of operators we consider the following proper
splittings:

Definition 5.1. Given a split operator T' € L(H), we say that:

1. T = Qr — V is the Qr-proper splitting of T', where Q1 = Qr (1) /N (T)-
2. T =T*" — V is the group proper splitting of T, where T* is the group inverse of T.

Proposition 5.2. Let T € L(H) be a split operator such that ||Pr«(I —T)|| < 1. Then the Qr-proper splitting
of T converges. In addition, if Pp-T € L" and the Qr-proper splitting of T converges then ||Pr-(I—T)|| < 1.

Proof. Let T = Q1 — V be the Qr proper splitting of T. By [12, Theorem 4.1], it holds that Q;V =
Pr.PpV = Pp.V = Pr.(Qr—T) = Pr. — Pp.T. Now, since p(QhLV) < |Pr-(I-T)|| < 1then T = Qr —V
converges. The converse follows from the above argument plus the fact that since Q}V € L" then it holds
Q) =llQpV]. ©

Next, we study conditions for the convergence of the Q-proper splitting for different classes of operators.
Namely, we will consider the sets P-P={T € L(H): T = PQ, for PLQe P}, P- LT ={T € L(H): T=
PA for PePand Ae Lt} and P- LM ={T € L(H): T = PB, for P € P and B € L"}. The sets P - P,
P - LT and P - L" have been studied in [13], [3] and [4], respectively. From the definitions is evident that
the following inclusions hold: P-P C P - L+ C P - L". Moreover, these inclusions are strict in general [3,4].
They are not subsets of the class of split operators, in general. However, under certain extra conditions,
their elements are split operators. In fact, it holds that: T € P - P is a split operator if and only if R(T) is
closed [13, Theorem 3.2]; if R(T) is closed then T' € P- LT if and only if T is a split operator and TPr € LT
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[3, Theorem 3.3]; if R(T) is closed and T' € P - L" then, there exists B € £" with N'(B) = N(T) such that
T = PrB if and only if T is a split operator [4, Corollary 2.13].

Corollary 5.3. The following assertions hold:

1. Let T € L(H) be a split operator such that T* € P - L". Then, the Qr-proper splitting of T converges if
and only if |Pr-(I —T)| < 1.

2. Let T € L(H) be a closed range operator such that T* € P - LT. Then, the Qr-proper splitting of T
converges if and only if ||Pr«(I —T)|| < 1.

3. Let T € L(H) be a closed range operator such that T € P - P. Then, the Qr-proper splitting of T
converges.

Proof. 1. It follows from Proposition 5.2 and equivalence a <> b of [4, Theorem 2.2].

2. It follows from Proposition 5.2 and by equivalence 1 <+ 3 of [3, Theorem 3.3].

3.IfT € P-P then T = PpPr-, see [13, Theorem 3.1]. Therefore, QTTV = Py« — Pr« PrPp«. Observe that
Pr«PrPr+« > 0 and R(Pr« PrPr-) = Pr-R(T) = R(Pr«Pr) = R(T*). Then Pr~ is the partial isometry of
Pr« PpPr-, so by [9, Lemma 2.1], it holds that || Py~ — Pr» Pr Pp«|| = max{1—~(Pgr« Py Pr~), || Pr« P Pr~
1}. Since R(Pr«PrPr+) is closed, then ~(Pr«PrPr«) > 0, so that 1 — v(Ppr«PrPr-) < 1. Also,
|Pr« PrPr«|| < 1 so that ||Pp«PrPr«|| —1 < 0. Hence p(Q}V) = ||Pr+ — Pp«PrPp+|| < 1 and the as-
sertion follows. 0O

Example 5.4. We now describe the Qp-proper splitting for a closed range operator T' € P - P. For such T
it holds that T'= PpPr~ and so T* = Py« Pp, see [13, Theorem 3.1]. Then by [12, Theorem 4.1], it follows
that (T*)t = Qr(1)//N(T)- Therefore the Qr-proper splitting of 7' is given by T' = (T*)" — V, which is
convergent by item 3 of the above proposition.

Proposition 5.5. Let T € L(H) be a split operator. If ||Pr«(I — T?)|| < 1 then, the group proper splitting
T =T* -V converges. For the converse, if Pr-T? € L" and the group proper splitting of T converges then
| Pr(I —T?)|| < 1.

Proof. Note that (T%)'V = Pp. —(T9)1T = Pp- —(TH)IT*TT = Pp-(I—-T?). Therefore, if | Pr-(I-T?)|| < 1
then T = T* — V converges because p((T*)'V) < ||Pr-(I — T?)|| < 1. Conversely, if Pr-T? € £ and
T =T% — V converges then ||Pr-(I — T?)| = p(Pr-(I —T?)) = p((TH)'V) < 1. O

We finish this section by studying different criteria for the convergence of the Q-proper splitting and the
group proper splitting of two operators related by means of the star and sharp orders.

Proposition 5.6. Consider S,T € L(H) split operators such that ||Pp-(I —T)| < 1. The following assertions
hold:

1. If S < T then the Qr-proper splitting of T and the Qg-proper splitting of S converge.
#
2. If S < T then the Qr-proper splitting of T and the Qg-proper splitting of S converge.

Proof. 1. Note that by Proposition 5.2, it holds that the Qp-proper splitting of T' converges. Let S = Qs —W
be the Qg-proper splitting of S. Recall that QTSW = Pg«PsW = Pg+W = Pg-(I — S). Since S % T then
S = PsT = TPs-. Therefore, p(QLW) < [|Ps-(I = S)|| = ||Ps-(I = T)Ps-|| = ||Ps-Pr+(I — T)Ps-|| <
|Pr«(I — T)|| < 1, where the last inequality follows by hypothesis. Hence, the Qg-proper splitting of S

converges.
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#
2. Since S < T, then R(S) C R(T), R(S*) C R(T) and S = QsT = TQg. Therefore, p(QgW) <
QW = 1Q§Qs(I = T)|| = ||Ps-(I = T)| = [|[Ps+Pr+(I = T)|| < ||Pr+(I = T)| < 1, where the last
inequality follows by hypothesis. Hence the Qg-proper splitting of S converges. 0O

Proposition 5.7. Let S, T € L(H) be split operators such that ||Ps«(I — ST)|| < 1. Then the following
assertions hold:

1. If S < T then the group proper splitting of S converges.
#
2. If S < T then the group proper splitting of S converges.

Proof. Let T =T% —V and S = S — W the group proper splittings of 7" and S, respectively.

1. Since S < T then S = PgT = TPs.. Observe that (SH)IW = Pg.(1 — §2) = Ps.(1 — STPs.) =
Ps-(1 — ST)Ps-. Hence p((S*)TW) < ||Ps-(I — ST)|| < 1, so that the group proper splitting of S also
converges.

2. Since S % T then S = QsT = TQg. Observe that (SH)IW = (SH)T(S* — §) = Pg- — (SH)1QsT =
Ps. — (S")ISEST = Pg. (I —ST). Hence p((SH)'W) < || Ps-(I —ST)|| < 1, so that the group proper splitting
of S converges. O

6. Splittings for Hermitian operators
In this section we introduce two new types of proper splittings for closed range Hermitian operators.

Definition 6.1. Given 7' € £" with closed range we define the following splittings of T":

1. the MP-proper splitting of T is T = TT — W;
2. the projection proper splitting of T'is T'= Pr — Z.

Remark 6.2. Note that for T € L£", the MP-proper splitting and the projection proper splitting of T are
particular cases of the group proper splitting and the Q-proper splitting of T, respectively. In addition, if
T € L% the projection proper splitting of T' coincides with the polar proper splitting of 7.

Remark 6.3. Given 7" € L" with closed range it could be natural to consider the proper splitting of T
T = |T| — Y. However, as in the finite dimensional case [5] it holds that if this proper splitting converges
then T € L, so that T = |T|. In fact, since T € L£" then 7' < |T| and so that Y € L. Now, if the
proper splitting T = |T| — Y converges then p(|T|Y) = p(Y'/2|T|'Y''/2) < 1. In addition it holds that
R((|T|-T)"?) CR(T| - T) C R(T|) + R(T) = R(T) + R(T) = R(T) = R(T). Then, by Proposition 2.4,
we get that |T| — T < |T|. Therefore, T € L7.

The following result gives a characterization for the convergence of the MP-proper splitting and the
projection proper splitting.

Proposition 6.4. Consider T € L" a closed range operator. Then the following assertions hold:

1. The MP-proper splitting of T converges if and only if |Pr — T?| < 1.
2. The projection proper splitting of T converges if and only if |Pr — T|| < 1.

Proof. Let T' =TT — W the MP- proper splitting of T and let T = Pr — Z the projection proper splitting
of T.
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1. Since TW = Pr — T? € £" then p(TW) = ||Pr — T?||. Therefore, the assertion follows.
2. Since PrZ = Pr(Pr —T) = Pr — T € L" then p(PrZ) = |Pr — T||. Hence, the assertion follows. 0O

The next result is a comparison criterion between the MP-proper splitting, the projection proper splitting
and the polar proper splitting for Hermitian operators.

Proposition 6.5. Consider T € L" a closed range operator and T = Up —V =TT — W = Pr — Z, the
polar proper splitting, the MP-proper splitting and the projection proper splitting of T, respectively. Then
the following assertions hold:

1. If the projection proper splitting of T' converges then the polar proper splitting of T converges. Moreover,
p(U3V) < p(Pr7) < 1.

2. If |T|| <1 and the MP-proper splitting of T converges then p(UxV) < p(TW) < 1.

3. If |Pr +T| <1 and the projection proper splitting of T converges then the MP-proper splitting of T
converges. Moreover, p(TW) < p(PrZ) < 1.

Proof. Let T = Uy — V =Tt — W = P — Z, the polar proper splitting, the MP-proper splitting and the
projection proper splitting of T, respectively.

1. Suppose that the projection splitting of T' converges. Recall that p(PrZ) = ||Pr — T'|| and p(U}V) =
|Pr — |T|||. Now, by [9, Corollary 2.5], it follows that |Pr — |T'||| < ||Ur — |T||| = ||Ur(Pr — U|T))|| =
|Ur(Pr —T)|| < ||Pr — T|, and so the assertions follow.

2. Since ||T|| < 1, by Theorem 4.3, the convergence of the polar proper splitting of T is guaranteed. Also,
note that p(|T||T|T|T|) = p(|T|) = |||T]|| = |IT|| < 1, where the second equality holds because |T| € L.
Then, by Proposition 2.4, it holds that |T|?> < |T|. Now, observe that TW = Pr—|T|?> > Pr—|T| = U3V >0,
where the last inequality holds by Proposition 4.2. Hence, p(UsV) < p(TW) < 1.

3. Since T € L" then Pr — T, Pr —T? € L£". Then observe that, p(TW) = |Pr —T?|| = ||(Pr — T)(Pr +
D <|Pr=T|=p(PrZ) <1. O

Given T € L£" with closed range and W € L£(#), the equation TX = W is solvable if and only if the
equation |T'|X = W is solvable. Therefore, it is interesting to establish some relationships between proper
splittings of T" and proper splittings of |T'|.

Proposition 6.6. Consider T € L" a closed range operator. Then the polar proper splitting of T converges
if and only if the projection proper splitting of |T'| converges. Moreover, if T = Ur — V is the polar proper
splitting of T and |T| = Pip| — Z is the projection proper splitting of |T'| then p(UzV') = p(P 7 Z).

Proof. It is immediate. O

Next, we build a proper splitting of an operator in P - £" in terms of the projection proper splitting of
an Hermitian associated factor.

Theorem 6.7. Let S € P-L" be a split operator with closed range. Then S = PgPs- —W is a proper splitting
Pg« — Q*S|| < 1, where

of S. Moreover, the proper splitting S = PgPg« — W converges if and only if
Q= Qr(s)//N(5)-

Proof. Since S € P - L" is a split operator with closed range then, by [4, Theorem 2.12 and item a)
of Proposition 2.17] there exists a unique 7' € £" with N(T) = N(S) such that S = PsT. Namely,
T = (545 —PsS*)Q, where Q = Qr(s);/n(s)- Let T'= Pr—V be the projection proper splitting of T". Let
us see that S = PsPr — PsV is a proper splitting of S. In fact, R(PsPr) = PsR(T) = R(PsT) = R(S). In
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addition, N'(S) = N(T) = R(T)*+ € N(PsPr). Now, if PsPrz = 0 then Prz € R(T)NR(S)* = N(T)+ N
R(S)* = N(S)F NR(S)t = (N(S)+R(S))*+ = {0}, so that z € R(T)*+ = N(S). Then, N'(PsPr) = N(S)
and therefore S = PsPr — PsV is a proper splitting of S. Finally, since (PsPs-)!W = Q*(PsPs- — S) =
Q*(PsPs- — PsT) = Ps« — T € L" then the proper splitting S = PgPs- — W converges if and only if
| Ps« — T'|| < 1. The assertion follows replacing T by (S + S* — PsS*)Q, where Q = Qr(s)//n(s)- O

Remark 6.8. With the same notation that in the proof of Theorem 6.7 it holds that the projection proper
splitting of T' converges if and only if the proper splitting S = PsPr — PsV converges. In fact, by [12,
Theorem 4.1] we get that (PsPr)TPsV = Q*PsV = Q*V = Q*(Pr —T) = Pr — T, because R(T) = R(S*).
Then p((PsPr)tPsV) = ||Pr — T|| and the assertion follows from Proposition 6.4.

Corollary 6.9. Consider S € P - LT with closed range. Then there exists T € LT with N (T) = N(S) such
that S = PsT. Moreover, the projection proper splitting of T, T = Pr — V, induces a proper splitting of
S, namely, S = PsPr — PsV. In addition, the projection proper splitting of T converges if and only if
S = PsPr — PsV converges.

Proof. The existence of T € LT with N(T) = N(S) such that S = PsT is guarantee by [3, Proposition
4.1]. Then the proof follows as in the above theorem. 0O

Consider S € L(H) with closed range such that S = PsT, where T' € L and N(T) = N(S). The next
result shows that the proper splitting of S induced by the projection proper splitting of 7" in Corollary 6.9,
converges faster than the polar proper splitting of S.

Corollary 6.10. Consider S € L(H) with closed range. Suppose that there exists T € Lt with |T| < 1,
N(T) = N(S) and R(T) closed such that S = PsT. Consider T = Pr — V the projection proper splitting
of T and S = PsPp — PsV = Ug — W the proper splitting of S induced by T and the polar proper splitting
of S, respectively. Then it holds that p((PsPr)tPsV) < p(U5W).

Proof. Since S = PsT with T € £ and N(T) = N(S) then R(T) = R(S*). Therefore (PsPr)'PsV =
Ps- — T > 0 by Proposition 2.4. Now, note that |S| = (TPsT)'/? < T. Then Ps- — |S| > Ps- —T > 0 and
so p(UsW) = ||Ps« — |S||| > || Ps« — T|| = p((PsPr)tPsV). Hence the assertion follows. 0O

Remark 6.11. Let us see that in Corollary 6.10 the inequality can be strict. Take S = PsT € P - LT, where
Ps = (1/2 1/2) and T — (1/4 8). It holds that T € £+ and N(S) = N/(T). The projection proper

1/2 1/2 0

splitting of T'is T = Ppr -V = ((1) 8 — 3(/)4 8 . Then the proper splitting of S induced by the

projection proper splitting of T is S = PsPr — PsV = (%g %g) (é 8) — (%3 1;%) (364 8)

T
1/2 0 1/2 1/2 3/4 0 1 1 1/2 1/2 3/4 0
T — — —
Now, (PsPr)iPsV = (1/2 0) (1/2 1/2) ( o o) = \loo)liz 12){0 o) =
3(/)4 8 . Then p((PsPr)TPsV) = 3/4. On the other hand, the polar proper splitting of S is S =
(VR 0 (V218 oY v _ (V32 V3R (VE2-1/8 0 _
US_W_(\/i/z 0) ~\vzz—1ys o) S0 that UsW = {75 "0 ) (a2 —1ys o) =
<(8 B (\)@)/8 8) Hence, p(U5W) = 1 — /2/8 and therefore p((PsPr)tPsV) < p(U5W).

Proposition 6.12. Let S € L(H) be a split operator. If T € L then the following assertions hold:
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1. If S <T and the projection proper splitting of T converges then the Qg-proper splitting of S converges.
#
2. If S < T and the projection proper splitting of T' converges then the Qg-proper splitting of S converges.

Proof. Consider T'= Pr — Z the projection proper splitting of 7" and S = Qg — W the Q) g-proper splitting
of S: i

1. Since S < T and T € L" then R(S) C R(T), R(S*) C R(T) and S = PsT = TPs-. Observe that
p(QgW) < ||QTSW|| = ||Ps<(1 = S)|| = ||Ps+Pr(1 — T)Ps+|| < ||[Pr(I — T)||. Since the projection proper
splitting of T' converges then, by Proposition 6.4, it holds that ||Pr(I — T)|| < 1. Therefore, the Qg-proper
splitting of S converges.

2. It is similar to the proof of item 1. O

The next result allows to give an extension of the above proposition for the case of the minus order as
we will see in Remark 6.14.

Proposition 6.13. Let S € L(H) be a split operator and T € L" such that R(S*) C R(T) and S* = QT, for
some Q € Q with R(Q) = R(S*) and ||Q] < ﬁ. If the projection proper splitting of T converges then
the Qg-proper splitting of S converges.

Proof. Let T € £" such that R(S*) C R(T) and S* = QT, where Q € Q and R(Q) = R(S*). The Qg
proper splitting of S'is S = Qs — W, where Qs = Qr(s)//n7(s)- Then QEW = Ps«Ps(Qs —S) = P&(I-9).
Now, since R(S*) C R(T) we get that ||Ps- (I —S)|| = ||[(I—5*)Ps-|| = ||(I —QT)Ps+| = ||(Q —QT)Ps-
1QU —T)Ps- | = [QPr(I — Pr)Ps.|| < QI Pr ~ T < 1. ©

Remark 6.14. Suppose that S € L(H) is a split operator and 7' € L" are such that S i T. This means
that S = Q1T and S* = Q2T for some @1, Q2 € Q with R(Q1) = R(S), R(Q2) = R(S*). Observe that if
|Q2| < ﬁ then we are in the case of Proposition 6.13.

*
Proposition 6.15. Consider S, T € L" closed range operators such that S < T. If the MP-proper splitting of
T converges then the MP-proper splitting of S converges.

Proof. Since S ; T then S = PsT = TPs and R(S) C R(T). If the MP-splitting of T' converges then, by
Proposition 6.4, it holds that |[Pr — T?|| < 1. Now, ||[Ps — S?|| = ||Ps — PsT?Ps|| = |Ps(I — T?)Ps|| =
| PsPr(I — T?)Ps|| < ||Pr(I — T?)|| < 1. Therefore the assertion follows by Proposition 6.4. O

6.1. An application to symmetric approximations of frames

In this section we will apply the results obtained to find the synthesis operator of the symmetric approx-
imation of a frame in a Hilbert space. First, we state a consequence of Proposition 3.6 for the polar proper
splitting of T' that will be useful in this subsection:

Proposition 6.16. Consider T' € L(H) with closed range. If T = Ur — V is the polar proper splitting of T

then the following statements are equivalent:

1. UV € K;
2. |T[t = Pp. € K;
3. |T| - Pr. € K;
4. Ur—TeK.
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Proof. 1 <> 4. It follows from Proposition 3.6.
2 ¢+ 3. It follows from the fact that |T'| — Pr« = |T|(Pp- — |T|') and |T|" — Pp« = |T|T(Pr+ — |T)).
3 <> 4. Tt follows from the fact that (Up — T') = Up(Pr+ — |T|) and Pp- — |T| =Ux(Ur —T). O

A sequence {f;};en C H is a frame for a subspace S C H if there exist constants A, B > 0 such that the
inequalities (4) hold for all z € S. If A = B = 1 the frame is said normalized tight. Two frames {f;};en
and {g;};en for subspaces S and T respectively, are called weakly similar if there exists a bounded linear
invertible operator 7' : & — T such that T'(f;) = g; for all i € N.

A normalized tight frame {v;};eny in 7 C H is said to be a symmetric approximation of {f;};en if the
inequality

o0 o0
S i = £ = S o — £l
=1 =1

holds for all normalized tight frames {u;};cn which are weakly similar to {f;};cn and the sum of the right
side is finite.

If I denotes the synthesis operator of a given frame {f;}ien C H, it is known [21, Theorem 2.3] that there
exists a symmetric approximation of this frame if Pp- — |F| € £2, where £? is the Hilbert-Schmidt class of
L(H). Moreover, the symmetric approximation is given by the frame {Uge; };cn, where {e;} is the canonical
orthonormal basis of 2 and U is the partial isometry of the polar decomposition of F, F' = Ug|F|. Now,
if we consider the equation |F|X = F* it is well known that U} is its Douglas’ reduced solution. Then, we
can consider the projection proper splitting |F| = Pp+ — V of |F| (observe that this proper splitting is the
polar proper splitting of |F|) to obtain the operator Uj. We summarize in the following result this fact:

Proposition 6.17. Consider {f;}ien a frame for a subspace S C H and |F| = P« — V the projection proper
splitting of |F|. If Pp+ — |F| € L? and ||Pp~ — |F||| < 1 then the iterative process

X = (Pp. — |F))X® + F*,
converges to the adjoint of the synthesis operator of the symmetric approzimation of {f;}ien-
Proof. Tt follows from [21, Theorem 2.3], Theorem 3.2 and Proposition 6.4. O

Remark 6.18. Observe that from Theorem 3.7 if P« — |F| € £ N L2 then the projection proper splitting
|F| = Pp» —V of |F|, converges. So that, |[Pg+ — |F||| < 1. However, condition ||Pp+ — |F||| < 1 does not
imply Pp« — |F| € LT, in general. Therefore, with this particular proper splitting we get a weaker condition
that the one given in Theorem 3.7 to guarantee the convergence.

7. A few more on induced splittings

In this section we study induced splittings for the case of two operators related by an invertible operator.

Proposition 7.1. Consider S € L(H) and T € L" such that S = TG for some G € G. Then the projection
proper splitting T = Pr —V of T induces a proper splitting of S, namely, S = PrG — VG. Moreover, the
projection proper splitting of T converges if and only if the S = PrG — VG converges.

Proof. Observe that S = TG = PrG — VG. Let us see that R(PrG) = R(S) and N (PrG) = N(S). In
fact, R(PrG) = R(Pr) = R(T) = R(S). In addition, since PrG = TTTG we get that N'(S) = N(TG) C
N(PrQG). Now, if 0 = PrGz = TTTGx then TGz € R(T) N R(T)* = {0}, so that x € N(TG) = N(S).
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Thus, N (PrG) = N(S). Then S = PrG—V G is a proper splitting of S. Observe that PrG = TTTG = T1S.
Finally, (I1S)'VG = SITVG = SIT(Pr — T)G = ST (TG — T?G) = S1(S — TS) = S'(Pr — T)S, where
the first equality holds by Proposition 2.1. Now, as o((T1S)'VG)U{0} = o(ST(Pr — T)S)U{0} = o((Pr —
T)SSTYU{0} = o((Pr — T)Pr) U {0} = o((Pr — T)) U {0} then we get that p((T1S)'VG) = p(Pr —T),
and the assertion follows. O

Proposition 7.2. Consider S,T € L(H) such that S = TW, for some W € U. If T = U —V is a proper
splitting of T then S = UW — VW is a proper splitting of S. Moreover, it holds that the proper splitting of
T converges if and only if the proper splitting S = UW — VW converges.

Proof. Let us see that S = UW —VW is a proper splitting of S. Note that R(UW) = R(U) = R(T) = R(S5).
In addition, N(UW) = N(TW) = N (S). Indeed, UWz = 0 if and only if Wa € N(U) = N(T) if and only
if TWx = 0. Therefore S = UW — VW is a proper splitting of S. Now, since R(U*UW) C R(W) = H and
R(WW?*U*) = R(U*) then, by Proposition 2.1 (UW)! = W*UT. Finally, since (UW)I'VW = W*UTVW
then p((UW)TVW) = p(U'V). Then the assertion follows. 0O

Corollary 7.3. Let S,T € L(H) such that S =TW, for some W € U. Then the following assertions hold:

1. If T = Uy —V is the polar proper splitting of T then the induced proper splitting of S, S = UrW — VW
is the polar proper splitting of S.

2. If S,T € LM and T =TT — V is the MP-proper splitting of T then the induced proper splitting of S,
S =T'W — VW is the MP-proper splitting of S.

Proof. 1. By Proposition 7.2 it is sufficient to note that UrW = Ug. If fact, R(UrW) = R(S), N(UrW) =
N (S) and UpWW*U}. = UsUr = Pr = Ps. So that, UpW = Usg.

2. By Proposition 7.2 it is sufficient to note that TTW = St. Since S = S*, by Proposition 2.1 it holds
that ST = (W*T)T = TTW. So, the assertion follows. O

Corollary 7.4. Let S,T € L(H) such that S =TW, for some W € U. Then the following assertions hold:

1. The polar proper splitting of T converges if and only if the polar proper splitting of S converges.
2. If S,T € L" then the MP-proper splitting of T converges if and only if the MP-proper splitting of S
converges.

Proof. It follows from Proposition 7.2 and Corollary 7.3. O

The last result shows that the polar proper splitting of all operators in the unitary orbit of an T € £L(H)
has the same behavior with respect to the convergence. Moreover, the speed of convergence of these polar
proper splittings coincides.

Proposition 7.5. Consider S, T € L(H) such that S = UTU*, where U € U. Then, the polar proper splitting
of S converges if and only if the polar proper splitting of T converges. Moreover, if S = Ugs — W and
T = Ur — V are the polar proper splittings of S and T, respectively, then p(UsW) = p(ULV).

Proof. Since S = UTU™* then U*SU =T = U*UsU — U*WU. Let us see that U*UgU = Up. In fact,
|S| = U|T|U* then |S|T = U|T|TU*. Now, Us = S|S|t = UTU*U|T|'U* = UT|T|'U* = UUrU*. So that
U*UsU = Urp and then U*WU = V. Therefore, p(UsV) = |UrV| = |U*USUV|| = |[UU*USUVU*|| =
[UsUVU*|| = [[UsW] = p(UsW). O
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