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A class of finite-by-cocommutative Hopf algebras
Nicolás Andruskiewitsch ∗, Sonia Luján Natale and

Blas Torrecillas

Abstract. We present a rich source of Hopf algebras starting from a cofinite central extension of
a Noetherian Hopf algebra and a subgroup of the algebraic group of characters of the central Hopf
subalgebra. The construction is transparent from a Tannakian perspective. We determine when
the new Hopf algebras are co-Frobenius, or cosemisimple, or Noetherian, or regular, or have finite
Gelfand-Kirillov dimension.

1. Introduction

A Hopf algebra H is commutative-by-finite if it has a normal Hopf subalgebra A such
that A is commutative and H is a finitely generated A-module. In other words there
is an exact sequence of Hopf algebras A �

� // H // // u where A is commutative and
u is finite-dimensional. There are various remarkable families of commutative-by-finite
Hopf algebras arising from the theory of quantum groups. A systematic study of affine
commutative-by-finite Hopf algebras was started in [14]; here “affine” means that H is a
finitely generated algebra.

A Hopf algebra K is finite-by-cocommutative if it fits into an exact sequence of Hopf alge-
bras a �

� // K // // U where U is cocommutative and a is finite-dimensional. Lusztig’s
quantum groups at roots of 1 are finite-by-cocommutative. An example of a finite-by-
cocommutative Hopf algebra appeared in [6] to disprove a conjecture on co-Frobenius
Hopf algebras. A family of examples containing that one and characterized by suitable
properties was presented in [36]. The finite dual H◦ of an affine commutative-by-finite
Hopf algebra H was studied in [15]; it is finite-by-cocommutative.
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The goal of this paper is to present and study a family of finite-by-cocommutative Hopf
algebras. We assume that the base field k is algebraically closed and has characteristic 0.
To start with, consider a Noetherian Hopf algebra H with a central Hopf subalgebra A;
we set Hε = H/HA+, where A+ = ker ε|A. Thus we have an extension of Hopf algebras

A ↪→ H ↠ Hε. (E)

In Section 3, for any subgroup Γ of the pro-affine algebraic group G = Alg(A,k), we
define a suitable subgroup Γfd of Γ and a Hopf subalgebra H(Γ ) of the finite dual H◦,
which is an extension of Hopf algebras

H◦
ε ↪→ H(Γ ) ↠ kΓfd. (FΓ )

From a Tannakian perspective, the category of finite-dimensional comodules over H(Γ )
is equivalent to the full subcategory CΓ of the category rep H of finite-dimensional H-
modules such that the action of A is semisimple and by characters in Γ ; thus the objects
of CΓ bear a Γ -grading.

In Section 4 we assume further that the extension (E) is cleft and that dim Hε < ∞.
Then H is a finitely generated A-module, A is Noetherian, G is an algebraic group, Γfd = Γ ,
(FΓ ) becomes H∗

ε ↪→ H(Γ ) ↠ kΓ and so H(Γ ) is finite-by-cocommutative. We establish
several properties of H(Γ ):

Theorem 1.1.

(i) If Γ is finitely-generated, then H(Γ ) is affine.
(ii) H(Γ ) is co-Frobenius.

(iii) H(Γ ) is cosemisimple if and only if Hε is semisimple.
(iv) If Γ is finitely-generated, then GKdim H(Γ ) < ∞ if and only if Γ is nilpotent-by-

finite.
(v) H(Γ ) is Noetherian if and only if Γ is polycyclic-by-finite.

(vi) If H(Γ ) is Noetherian, then it is regular iff Hε is semisimple.

Theorem 1.1 is proved in Section 4, see Remark 4.11 and Theorems 4.16, 4.17, 4.20,
4.23 and 4.26. The keys to these results are that H(Γ ) is strongly Γ -graded and that Γ ,
being a subgroup of an algebraic group, is linear, i.e., embedable into GL(n, k) for some n.

The contents of the paper are organized in the following way. Section 2 contains expo-
sitions of known facts needed along the article. In Section 3 we present the Hopf algebras
H(Γ ) and the extensions (FΓ ) in a general context and establish some basic properties.
In Section 4 we study the Hopf algebras H(Γ ) under the restrictions above. Section 5 is
devoted to examples.

Notations. The natural numbers are denoted by N, and N0 = N∪{0}. Given m < n ∈ N0,
we set Im,n = {i ∈ N0 : m ≤ i ≤ m} and In = I1,n. “Algebra” means associative unital
algebra. The space of algebra homomorphism from a k-algebra A to a k-algebra B is
denoted by Alg(A, B). The category of finite-dimensional left R-modules, where R is an
algebra, is denoted by rep R. All Hopf algebras are supposed to have bijective antipode.
We write M ≤ N to express that M is a subobject of N in a given category. The notation
for Hopf algebras is standard: ∆ is the comultiplication, ε is the counit, S is the antipode.
For the comultiplication and the coactions we use the Heynemann-Sweedler notation.
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Finite-by-cocommutative Hopf algebras 75

2. Preliminaries

We refer the reader to [42, 45] for the basic facts about Hopf algebras used throughout
the paper. Given a coalgebra K and an algebra H, the group of invertible elements in
Hom(K, H) with respect to the convolution is denoted by Reg(K, H).

2.1. Cleft comodule algebras. These were studied in [13, 25]; we recall the relevant
facts. Let H be a Hopf algebra, let R be a right comodule algebra with coaction ρ : R →
R ⊗ H and let Rco H = {x ∈ R : ρ(x) = x ⊗ 1}. One defines similarly co HT for a left
comodule algebra T .

For instance, if π : C → B is a Hopf algebra map, then C is a right, respectively left,
comodule algebra via ρ = (id ⊗π)∆, resp. λ = (π ⊗ id)∆. The algebras of right and left
coinvariants of π are

Cco π = Cco B = {x ∈ C : (id ⊗π)∆(x) = x ⊗ 1} ,

co πC = co BC = {x ∈ C : (π ⊗ id)∆(x) = 1 ⊗ x} .

We consider three properties of the extension of algebras Rco H ⊂ R:
(i) Rco H ⊂ R is H-Galois, if the canonical map can : R ⊗Rco π R → R ⊗ H, given by

x ⊗ y 7→ (x ⊗ 1)ρ(y), is bijective.
(ii) Rco H ⊂ R has the normal basis property if R ≃ Rco H ⊗ H as left Rco H -modules

and right H-comodules.
(iii) Rco H ⊂ R is cleft if there exists χ ∈ Reg(H, R) such that χ is a morphism of

H-comodules, i.e., ρχ = (χ ⊗ id)∆.
Theorem 2.1 ([25]). The extension Rco H ⊂ R is cleft if and only if it is H-Galois and
has the normal basis property.
Example 2.2 ([55]). Let G be a group with unit e and let R be an algebra. A kG-
comodule algebra structure on R is the same as a G-grading of algebras R = ⊕g∈GRg;
here Rco H = Re. Now “R is strongly G-graded” means that

RgRh = Rgh, for all g, h ∈ G.

Then Re ⊂ R is kG-Galois if and only if R is strongly G-graded.
2.2. Extensions of Hopf algebras. This notion was considered in many papers. see
e.g. [33, 8, 49, 31, 50, 52, 38, 16, 17]. Following [1, 8] together with [49] we say that the
sequence of morphisms of Hopf algebras

A
ι

↪−→ C
π−→→ B

is exact if the following conditions hold:
(i) ι is injective.
(ii) π is surjective.
(iii) ker π = Cι(A)+.
(iv) ι(A) = Cco π.

In this case we also say that C is an extension of B by A.
The left and right adjoint actions of C, denoted by adℓ, adr : C → End C, are given by

adℓ(x)(y) = x(1)yS(x(2)), adr(x)(y) = S(x(1))yx(2), x, y ∈ C.

Notice that
adr(x)(y) = S−1 (adℓ(S(x))S(y)) , x, y ∈ C.
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A Hopf subalgebra A of a Hopf algebra C is normal if it stable under one of, hence both,
the adjoint actions.

Lemma 2.3. Let A be Hopf subalgebra of a Hopf algebra Cand B := C/A+C.
(i) If A is normal, then A+C = CA+.

(ii) If A+C = CA+, then it is a Hopf ideal, B is a Hopf algebra and the quotient map
π : C → B is a morphism of Hopf algebras.

(iii) If A+C = CA+ and C is a faithfully flat A-module (under left or right multiplica-
tion), then A

ι
↪−→ C

π−→→ B is exact, π is faithfully coflat and A is normal.

The converse in (i) and whether Hopf algebras are faithfully flat over Hopf subalgebras
are open questions.

Proof. (i), (ii) are easy; see [42, 3.4.3] for (iii); cf. [8, 1.2.4], [49, 1.4] [53]. □

Remark 2.4. A Hopf algebra C is faithfully flat over a Hopf subalgebra A provided that
either of the following conditions hold:

(i) dim C < ∞, in fact C is a free A-module [44];
(ii) [49, 3.3] A is central and C is Noetherian;
(iii) [49, 2.1] A is normal and dim A < ∞; in fact C is a free A-module.

Let C be a Hopf algebra. The left and right coadjoint actions of C are the (left and
right) comodule structures ϱℓ, ϱr : C → C ⊗ C given by

ϱℓ(x) = x(1)S(x(3)) ⊗ x(2), ϱr(x) = x(2) ⊗ S(x(1))x(3), x ∈ C.

Let τ be the usual flip. Notice that

ϱr(x) =
(
S−1 ⊗ S−1

)
τ (ϱℓ(S(x))) , x ∈ C.

A surjective Hopf algebra map π : C → B is conormal, or simply B is a conormal
quotient of C, if ker π is a subcomodule for one of, hence both, ϱℓ and ϱr (notice a change
of terminology with respect to [8]).

Lemma 2.5. Let π : C → B be a surjective morphism of Hopf algebras.
(i) If π is conormal, then Cco π = co πC.

(ii) A := Cco π equals co πC iff A is a Hopf subalgebra of C.
(iii) If π is conormal and C is a faithfully coflat (left or right) B-comodule, then A :=

Cco π ι
↪−→ C

π−→→ B is exact and ι is faithfully flat.

Proof. (i): [8, 1.1.7]; (ii) [8, 1.1.4]; (iii): [8, 1.2.14], [49, 1.4], [53]. □

Lemma 2.6. If π : C → B is a surjective morphism of Hopf algebras and B is cosemisim-
ple, then C is a faithfully coflat B-comodule.

Proof. C is coflat because B is cosemisimple; but coflatness for a surjective Hopf algebra
map implies faithful coflatness by [23, Remark, p. 247]. □

2.3. Cleft extensions of Hopf algebras. These were considered e. g. in [1, 8, 16, 17,
47, 48]. Given Hopf algebras H and K, we consider the subgroups of Reg(K, H) given by

Reg1(K, H) = {ϕ ∈ Reg(K, H) : ϕ(1) = 1} ,

Regε(K, H) = {ϕ ∈ Reg(K, H) : εϕ = ε} ,

Reg1,ε(K, H) = Reg1(K, H) ∩ Regε(K, H).
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Definition–Lemma 2.7. An exact sequence A
ι

↪−→ C
π−→→ B is cleft if satisfies one of the

following equivalent conditions:
(i) there exists χ ∈ Reg1(B, C) such that (id ⊗π)∆χ = (χ ⊗ id)∆;

(ii) there exists ξ ∈ Regε(C, A) such that ξ(ac) = aξ(c), ∀ a ∈ A, c ∈ C;
(iii) there exist a morphism of A-modules ξ : C → A and a morphism of B-comodules

χ : B → C such that ξχ = εB1A and (ιξ) ∗ (χπ) = idC .

If this happens, then ξ(1) = 1, εχ = ε, hence πχ = idB and ξι = idA. See [1, 3.1.14] for
a proof.

2.4. Hopf center and Hopf cocenter. Let H be a Hopf algebra. We recall a few facts
from [1].

• [1, 2.2.3] There exists a maximal (with respect to the inclusion) central Hopf
subalgebra HZ(H) of H, called the Hopf center of H.

• [1, 2.3.8] A quotient Hopf algebra map q : H → K is cocentral if it satisfies

(q ⊗ id)∆ = (q ⊗ id)∆op.

There exists a minimal cocentral Hopf algebra map q : H → HC(H); by abuse of
notation, HC(H) is called the Hopf cocenter of H. Here minimal means that any
cocentral map q : H → K factorizes through q.

• If dim H < ∞, then HZ(H)∗ ≃ HC(H∗) and HZ(H∗) ≃ HC(H)∗.

Lemma 2.8 ([1, 3.3.9]). Let A
ι

↪−→ C
π−→→ B be an exact sequence.

(i) If A is central in C and HZ(B) ≃ k, then A is the Hopf center of C.
(ii) If π : C → B is cocentral and HC(A) ≃ k, then B ≃ HC(C).

Remark 2.9. Let H be a finite-dimensional simple Hopf algebra (i.e., without proper
non-trivial normal Hopf subalgebras).

(i) If H is not commutative, then HZ(H) ≃ k.
(ii) If H is not cocommutative, then HC(H) ≃ k.
(iii) (N. A. and H.-J.Schneider, Appendix to [1]). The small quantum groups associated

to simple Lie algebras and their parabolic subalgebras are simple Hopf algebras,
hence their Hopf centers and cocenters are trivial.

2.5. Cocycles and twists. Let H be a Hopf algebra. A Hopf 2-cocycle [24] or simply a
cocycle is a convolution invertible inear map σ : H ⊗ H → k that satisfies

σ
(
x(1), y(1)

)
σ

(
x(2)y(2), z

)
= σ

(
y(1), z(1)

)
σ

(
x, y(2)z(2)

)
, σ(x, 1) = σ(1, x) = ε(x),

for all x, y, z ∈ H. Then we have a new Hopf algebra Hσ, the coalgebra H with multipli-
cation conjugated by σ, i. e.

x ·σ y = σ
(
x(1), y(1)

)
x(2)y(2) σ−1

(
x(3), y(3)

)
, x, y ∈ H. (2.1)

Dually, a twist for H is an element F = F (1) ⊗ F (2) ∈ H ⊗ H that satisfies

(1 ⊗ F )(id ⊗∆)(F ) = (F ⊗ 1)(∆ ⊗ id)(F ), (id ⊗ε)(F ) = (ε ⊗ id)(F ) = 1

and has an inverse F −1 = F (−1)⊗F (−2). Then HF , the algebra H with the comultiplication
∆F := F∆F −1 is a Hopf algebra. These definitions are compatible with duals, i.e. the
transpose of a twist is a cocycle etc.
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Example 2.10. Let now Γ be a group with unit e and A a Hopf algebra. Assume that
A = ⊕κ ∈ Γ Aκ is a Γ -graded algebra, each homogeneous component Aκ is a subcoalgebra
and S(Aκ) = Aκ−1 . Then Ae is a Hopf subalgebra of A. Let F = F (1)⊗F (2) ∈ Ae⊗Ae be a
twist for Ae. Then F is a twist for A, which remains a Γ -graded algebra: AF = ⊕κ ∈ Γ AF

κ ,
where AF

κ is again a sucoalgebra, namely Aκ with comultiplication conjugated by F .

3. Hopf algebras with a central Hopf subalgebra

3.1. Hopf systems. Let A be a central Hopf subalgebra of a Noetherian Hopf algebra
H and let G = Alg(A,k) be the pro-affine algebraic group defined by A; its unit is the
counit ε. Given κ ∈ G, let

Mκ = ker κ ∈ Specmax A, Iκ = HMκ = MκH, Hκ = H/Iκ.

Since A is central, Hκ is an algebra (with multiplication mκ and unit uκ) and the natural
projection pκ : H → Hκ is an algebra map. If κ, γ ∈ G, then

∆(Mκγ) ⊂ Mκ ⊗ A + A ⊗ Mγ =⇒ ∆(Iκγ) ⊂ Iκ ⊗ H + H ⊗ Iγ ,

S(Mκ) = Mκ−1 =⇒ S(Iκ) = Iκ−1 .

Hence for any κ, γ ∈ G there are well-defined algebra morphisms
∆κ,γ : Hκγ → Hκ ⊗ Hγ , (3.1)

Sκ : Hκ → Hop
κ−1 , (3.2)

that satisfy

H
∆ //

pκγ

��

H ⊗ H

pκ⊗pγ

��
Hκγ

∆κ,γ // Hκ ⊗ Hγ ,

H
S //

pκ

��

Hop

pκ−1
��

Hκ
Sκ // Hop

κ−1 .

(3.3)

By the coassociativity and antipode axioms, for any κ, γ, ν ∈ G we have
(∆κ,γ ⊗ idHν )∆κγ,ν = (idHκ ⊗∆γ,ν)∆κ,γν : Hκγν → Hκ ⊗ Hγ ⊗ Hν , (3.4)

(idHκ ⊗ε)∆κ,ε = idHκ = (ε ⊗ idHκ)∆ε,κ, (3.5)
mκ(id ⊗Sκ−1)∆κ,κ−1 = uκε = mκ(Sκ−1 ⊗ id)∆κ−1,κ (3.6)

In particular Hε is a quotient Hopf algebra of H. In other words, (Hκ)κ ∈ G is a Hopf
system in the sense of [1]. By Lemma 2.3(iii) and Remark 2.4(ii), we have an exact
sequence of Hopf algebras

A
ι

↪→ H ↠ Hε.

Given κ ∈ G, Hκ a Hε-bicomodule algebra via
ϱκ := ∆κ,ε : Hκ → Hκ ⊗ Hε, λκ := ∆ε,κ : Hκ → Hε ⊗ Hκ;

clearly ϱκpκ = (pκ ⊗ pε)∆H , λκpκ = (pε ⊗ pκ)∆H .

Lemma 3.1 ([4, Lemma 3.1]). If H is Hε-cleft, then so is Hκ, ∀ κ ∈ G.

Remark 3.2. If H is Hε-cleft, then Hκ ̸= 0, i.e., Iκ ̸= H. For this, consider ξ ∈
Regε(H, A) satisfying ξ(ah) = aξ(h), for all a ∈ A, h ∈ H; see Definition–Lemma 2.7.
Then ξ(Iκ) = ξ(MκH) ⊂ Mκ. Thus, if Iκ = H, then 1 ∈ Iκ and therefore 1 = ξ(1) ∈
ξ(Iκ) = Mκ, a contradiction.
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3.2. Tensor categories. Let C be the full subcategory of rep H whose objects are those
where A acts in a semisimple way. Thus, if V ∈ C , then

V =
⊕

κ ∈ G

Vκ, where Vκ = {v ∈ V : z · v = κ(z)v ∀ z ∈ A}.

Given κ ∈ G, we identify rep Hκ with a subcategory Cκ of rep H via restriction along pκ.
Then Cκ is indeed a full subcategory of C ; if V ∈ C , then Vκ ∈ Cκ. In other words

C =
⊕

κ ∈ G

Cκ. (3.7)

Because of (3.3), C is closed under tensor products and duality. Clearly it is a full
subcategory closed under taking subquotients, hence it is a tensor subcategory of rep H [26,
4.11.1]. Notice however that C is not closed under extensions, see the discussion on rep H
in Subsection 3.4. By (3.3), we also see that (3.7) is a grading of tensor categories, that is

Cκ ⊗ Cγ → Cκγ , (Cκ)∗ = Cκ−1 .

By Remark 3.2 this grading is faithful if H is Hε-cleft. This statement is also true when
dim Hε is finite, as we show next.

Proposition 3.3. If dim Hε is finite, then the grading C =
⊕

κ∈G Cκ is faithful. Hence,
Hκ ̸= 0 for all κ ∈ Γ .

Proof. Let A be the full subcategory of rep A whose objects W are semisimple, i.e.,

W =
⊕

κ ∈ G

Wκ, where Wκ = {w ∈ W : z · w = κ(z)w, ∀ z ∈ A} .

We have a grading A =
⊕

κ ∈ G Aκ, where Aκ is the full subcategory of rep A whose
objects are those W with W = Wκ. This grading is faithful since the one-dimensional
representation supported by κ belongs to Aκ.

The restriction functor rep H → rep A induces a functor F : C → A. We claim that F
is dominant, that is, for every object W ∈ A there exists an object V ∈ C such that W is
a subobject of F (V ). To see this, recall that H is faithfully flat over A, cf. Remark 2.4(ii).
Then the inclusion A ↪→ H induces a monomorphism W = A ⊗A W ↪→ H ⊗A W in
rep A, the latter being the restriction of the finite dimensional H-module H ⊗A W , by
assumption. Clearly, the image of W is contained in the A-socle V of H ⊗A W , which is
an object of C , because A is central in H. The faithfulness of the grading (3.7) follows
from the fact that F (Cκ) ⊆ Aκ, for all κ ∈ G. □

Definition 3.4. Let Γ ≤ G. Then CΓ denotes the full subcategory of C generated by
Cκ, κ ∈ Γ , that is the full subcategory of rep H with objects where A acts in a semisimple
way by characters in Γ . In other words

CΓ =
⊕

κ ∈ Γ

Cκ. (3.8)

3.3. Matrix coefficients. Let R be an algebra. Given V ∈ rep R with associated rep-
resentation ϑV : R → End V , the image of the transpose map tϑV : (End V )∗ → R∗ is
denoted by CV ; its elements are the matrix coefficients of V . Clearly CV is a subcoalgebra
of the finite dual R◦ and

R◦ =
⋃

V ∈ rep R

CV .

Ann. Repr. Th. 1 (2024), 1, p. 73–94 https://doi.org/10.5802/art.5

https://doi.org/10.5802/art.5


80 Nicolás Andruskiewitsch et al.

Given a morphism of algebras ϕ : R → T , the transpose tϕ : T ∗ → R∗ induces a morphism
of coalgebras ϕ◦ : T ◦ → R◦. Clearly, if V ∈ rep T and V ϕ ∈ rep R is obtained by restriction
along ϕ, then ϕ◦(CV ) = CV ϕ .

If in addition R and T are Hopf algebras and ϕ is a morphism of Hopf algebras, then
so is ϕ◦ : T ◦ → R◦.

We consider the subcoalgebras of H◦

C(κ) :=
⋃

W ∈ rep Hκ

CW pκ , κ ∈ G. (3.9)

In other words p◦
κ : H◦

κ → C(κ) is an isomorphism of coalgebras. In particular C(ε) ≃ H◦
ε

as Hopf algebras.
Let Γ be any subgroup of G. We introduce

H(Γ ) :=
∑

κ ∈ Γ

C(κ). (3.10)

Then H(Γ ) is a Hopf subalgebra of H◦ by (3.3). Notice that the subcategory Cκ in
Subsection 3.2 is equivalent to the category of finite-dimensional right C(κ)-comodules.
Also CΓ is tensor-equivalent to the tensor category of finite-dimensional H(Γ )-comodules.

Let Γfd := {κ ∈ Γ : rep Hκ ̸= 0} = {κ ∈ Γ : C(κ) ̸= 0}. Clearly Γfd is a subgroup of Γ
but it could be strictly smaller.

Example 3.5. Let hn be the nth Heisenberg Lie algebra, with basis xi, yi, z, i ∈ In where
z is central, [xi, xj ] = [yi, yj ] = 0, [xi, yj ] = δijz, i, j ∈ In. By Lemma 2.3(ii), we have an
exact sequence of Hopf algebras

k[z] ↪→ U(hn) ↠ R

where R is the polynomial ring in 2n variables. Now G = Alg(k[z], k) is the algebraic
group (k, +); for any κ ∈ G \ 0, Hκ = U(hn)/⟨z − κ⟩ is isomorphic to the Weyl algebra
in 2n variables which has no non-zero finite-dimensional representation, being simple and
infinite-dimensional. Thus for any Γ ≤ G, Γfd is trivial.

The following is the main result of this Section. Recall that ι : A → H is the inclusion.
Let ϖ : H(Γ ) → A◦ be the restriction of ι◦ : H◦ → A◦ and let ı : H◦

ε ≃ C(ε) → H(Γ ) be
the inclusion.

Theorem 3.6. The algebra H(Γ ) =
⊕

κ ∈ Γfd
C(κ) is faithfully Γfd-graded and the following

is an exact sequence of Hopf algebras:

H◦
ε

ı
↪−→ H(Γ ) ϖ−→→ kΓfd. (3.11)

Proof. Let (κj) be a finite family of different elements in G. Then

⋂
j ̸= i

Mκj + Mκi

(⋆)= A
(#)=⇒

⋂
j ̸= i

Iκj + Iκi = H
(∗)=⇒

∑
j ̸= i

C(κj)

 ∩ C(κi) = 0.

Here (⋆) is a standard fact in commutative algebra and (#) is evident. Let us prove (∗):
If f ∈ C(κ), then f|Iκ

= 0. Thus if

f ∈

∑
j ̸= i

C(κj)

 ∩ C(κi), thenf|
⋂

j ̸= i
Iκj +Iκi

= 0, hence f = 0.
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Therefore the sum
∑

κ ∈ Γ C(κ) is direct. Since the multiplication of H◦ is the transpose
of ∆, (3.3) implies that C(κ) · C(γ) ⊆ C(κγ), for all κ, γ ∈ Γ .

We next claim that Im ϖ ≃ kΓfd, so that the map ϖ in (3.11) makes sense. Indeed,
if V ∈ rep Hκ, then A acts on V via κ and thus CResA V ⊆ kκ and the equality holds iff
V ̸= 0. This implies that Im ϖ ⊆ kΓfd and the equality follows by definition of Γfd.

Our next goal is to show that
H◦

ε = H(Γ )co ϖ. (3.12)
We start with the following observation. By standard arguments on matrix coefficients,

if W ∈ rep Hκ and V = W pκ , then
ϖ(f) = ε(f)κ, f ∈ CV (3.13)

where the counit of H◦ is denoted by ε. Now (3.12) follows because each C(κ) is a
subcoalgebra: given f ∈ H(Γ ), write f =

∑
κ ∈ Γ fκ with fκ ∈ C(κ). Then by (3.13),

(id ⊗ϖ)∆(f) =
∑

κ ∈ Γ

fκ ⊗ κ,

hence f ∈ H(Γ )co ϖ if and only if f ∈ C(ε).
For the exactness of (3.11), it remains to see that ker ϖ = H(Γ )(H◦

ε )+. Now H(Γ )
is faithfully coflat over kΓfd by Lemma 2.6. By Lemma 2.5(iii) we are reduced to show
that ϖ is conormal, but this follows from the centrality of A: take f ∈ H(Γ ), then
(id ⊗ϖ)ϱℓ(f) = f(1)S(f(3)) ⊗ ϖ(f(2)) = 0 if and only if ⟨f(1)S(f(3)), h⟩⟨ϖ(f(2)), a⟩ = 0 for
all h ∈ H, a ∈ A. Now〈

f(1)S(f(3)), h
〉 〈

ϖ(f(2)), a
〉

=
〈
f(1), h(1)

〉 〈
f(3), S(h(2))

〉 〈
ϖ(f(2)), a

〉
=

〈
f, h(1)aS(h(2))

〉
= ε(h)⟨f, a⟩.

Thus, if f ∈ ker ϖ, then f(1)S(f(3)) ⊗ ϖ(f(2)) = 0, hence ker ϖ is a subcomodule with
respect to ϱℓ, i.e. ϖ is conormal. □

Remark 3.7. If Γ ′ ≤ Γ , then H(Γ ′) is a Hopf subalgebra of H(Γ ), Γ ′
fd ≤ Γfd and there is

a morphism of exact sequences

H◦
ε
� � // H(Γ ′) // //

� _

��

kΓ ′
fd� _

��
H◦

ε
� � // H(Γ ) // // kΓfd.

Remark 3.8. The projection H(Γ ) → kΓfd is cocentral.

Proof. This follows from the centrality of A in H. □

Finally we establish some properties of H(Γ ), see § 4.2. First we recall:

Theorem 3.9 ([5, 2.10, 2.13]). Let A
ι

↪−→ C
π−→→ B be an exact sequence of Hopf algebras

with C faithfully coflat as a B-comodule. Then C is co-Frobenius (respectively cosemisim-
ple) if and only if A and B are co-Frobenius (respectively cosemisimple).

Theorem 3.9 applied to the exact sequence (3.11), see Lemma 2.6, gives:

Corollary 3.10. H(Γ ) is co-Frobenius (respectively cosemisimple) if and only if H◦
ε is

co-Frobenius (respectively cosemisimple).
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3.4. A grading of rep H. Given V ∈ rep H, we set
V(κ) = {v ∈ V : (z − κ(z))n · v = 0 ∀ z ∈ A, for some n ∈ N} .

Hence V =
⊕

κ ∈ G V(κ) by a classical argument. Given κ ∈ G, we introduce the full
subcategory C(κ) of rep H whose objects are those V ∈ rep H with V = V(κ). Therefore

rep H =
⊕

κ ∈ G

C(κ). (3.14)

Since Cκ ⊂ C(κ), the grading (3.7) of C is inherited from (3.14).

Proposition 3.11. The decomposition (3.14) is a grading of tensor categories. If dim Hε

< ∞, then this grading is faithful.

Proof. Let V, W ∈ rep H. We first observe that V ∈ C(κ) iff there exists a filtration
0 = V−1 ⊂ V0 ⊂ V1 ⊂ · · · ⊂ Vn = V

such that Vi/Vi−1 ∈ Cκ for all i ∈ I0,n. Thus, if V ∈ C(κ) and W ∈ C(γ) with an analogous
filtration 0 = W−1 ⊂ W0 ⊂ W1 ⊂ · · · ⊂ Wm = W , then the filtration of V ⊗ W given by
(V ⊗ W )−1 = 0 and

(V ⊗ W )j =
∑

r,s ≥ 0,r+s=j

Vr ⊗ Ws, j ≥ 0,

is exhaustive and satisfies (V ⊗W )j/(V ⊗W )j−1 ∈ Cκγ . Indeed, given r and s, take v ∈ Vr

and w ∈ Ws. By hypothesis, for any z ∈ A we have
z · v ∈ κ(z)v + Vr−1, z · w ∈ γ(z)w + Ws−1,

hence
z · (v ⊗ w) = z(1) · v ⊗ z(2) · w ∈

(
κ(z(1))v + Vr−1

)
⊗

(
γ(z(2))w + Ws−1

)
⊆ κγ(z)(v ⊗ w) + Vr ⊗ Ws−1 + Vr−1 ⊗ Ws + Vr−1 ⊗ Ws−1

⊆ κγ(z)(v ⊗ w) + (V ⊗ W )r+s−1.

Thus C(κ) ⊗ C(γ) ↪→ C(κγ). Now, if v ∈ Vi and f ∈ V ∗, then for any z ∈ A we have
⟨z · f, v⟩ = ⟨f, S(z) · v⟩ = ⟨f, κ−1(z) · v + v′⟩ for some v′ ∈ Vi−1. Hence〈(

z − κ−1(z)
)

· f, v
〉

= ⟨f, v′⟩.

Iterating we see that (z − κ−1(z))n+1 · f = 0, for n as above. Therefore (C(κ))∗ = C(κ−1).
Observe that the previous arguments imply that the category rep A also bears a grading

rep A =
⊕

κ ∈ G A(κ), where A(κ) is the full subcategory of rep A whose objects are those
V with V = V(κ). Now this grading is faithful since the one-dimensional representation
supported by κ belongs to A(κ).

Assume now that dim Hε < ∞. As in Proposition 3.3, the restriction functor F :
rep H → rep A is dominant, implying the faithfulness of the grading (3.14). □

Definition 3.12. Let Γ ≤ G. Then C(Γ ) denotes the full subcategory of rep H generated
by C(κ), κ ∈ Γ , in other words C(Γ ) =

⊕
κ ∈ Γ C(κ). We introduce

H((Γ )) :=
∑

W ∈ C(Γ )

CW ;

this is a Hopf subalgebra of H◦ and C(Γ ) is tensor-equivalent to the tensor category of
finite-dimensional H((Γ ))-comodules.
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The Hopf algebra H((Γ )) will be studied elsewhere.

4. Finite-by-cocommutative Hopf algebras

4.1. Discussion of the assumptions. As in the previous Section we fix a Noetherian
Hopf algebra H with a central Hopf subalgebra A; thus we have an exact sequence of Hopf
algebras (E): A

ι
↪→ H

pε
↠ Hε. Let G = Alg(A, k).

4.1.1. Assumptions on Hε. Consider the following assumptions:

Assumption 4.1. H is a finitely generated A-module, say (hi)i ∈ IN
generate H over A.

Assumption 4.2. Hε is finite-dimensional.

Remark 4.3. Assumption 4.1 implies 4.2. In general, we have for any κ ∈ G

dim Hκ ≤ N. (4.1)
Conversely, Assumption 4.2 implies Assumption 4.1 if moreover the extension (E) is cleft.

Question 4.4. Does Assumption 4.2 imply Assumption 4.1 always?

Example 4.5. Assumption 4.2 does not imply cleftness of (E); see the example by Oberst
and Schneider in [42, Section 3].

If (4.1) holds, then the subcoalgebra C(κ) of the finite dual H◦ defined in (3.9) is
identified with the finite-dimensional coalgebra H∗

κ, via the injective map of coalgebras
pt

κ : H∗
κ → H◦. In particular, C(ε) ≃ H∗

ε = H◦
ε .

Lemma 4.6. If Assumption 4.2 holds, then dim Hκ = dim Hε, for all κ ∈ G.

Compare with [26, Theorem 3.5.2].

Proof. First recall that for any Hopf algebra K and right K-comodule V , one has an
isomorphism of right K-comodules

V ⊗ K → Vtrivial ⊗ K, v ⊗ k 7→ v(0) ⊗ v(1)k, v ∈ V, k ∈ K.

Hence, if dim V < ∞, then V ⊗ K ≃ Kdim V . Similarly, K ⊗ V ≃ Kdim V . Consider the
coalgebra decomposition

H(Γ ) =
⊕

κ ∈ Γ

C(κ),

where dim C(κ) < ∞ by (4.1). Recall that Cκ is the category of finite-dimensional C(κ)-
comodules. By the previous discussion, for any γ ∈ Γ ,⊕

κ ∈ Γ

(C(κ) ⊗ C(γ)) ≃ H(Γ ) ⊗ C(γ) ≃ H(Γ )dim C(γ) ≃
⊕

κ ∈ Γ

C(κ)dim C(γ)

as H(Γ )-comodules. Notice that C(κ) ⊗ C(γ) ∈ Cκγ ; while C(κ)dim C(γ) ∈ Cκ. Therefore

C(κ) ⊗ C(γ) ≃ C(κγ)dim C(γ), for all κ, γ ∈ Γ. (4.2)

By a similar argument, using the isomorphism C(κ)⊗H(Γ ) ≃ H(Γ )dim C(κ), we also obtain
that

C(κ) ⊗ C(γ) ≃ C(κγ)dim C(κ), for all κ, γ ∈ Γ. (4.3)
Now dim C(κ) ̸= 0, by Proposition 3.3. Comparing dimensions on (4.2) and (4.3), we get
dim C(κ) = dim C(γ), for all κ, γ ∈ Γ . This proves the lemma. □
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In the rest of the paper, we shall assume that Assumption 4.2 holds and that the exten-
sion (E) is cleft, hence Assumption 4.1 also holds.

4.1.2. Assumptions on H. Let H be a Hopf algebra with a central Hopf subalgebra A such
that H is a finitely generated A-module. Then

H is Noetherian ⇐⇒ A is Noetherian ⇐⇒ A is affine.
In particular, G = Alg(A,k) is an algebraic group. These equivalences follow from
Lemma 4.9 below whose proof requires two results.

Theorem 4.7 ([27]). If R is a right Notherian ring which is finitely generated as a right
module over a commutative subring S, then S is Noetherian.

Theorem 4.8 ([41]). Let A be a commutative Hopf algebra. Then A is Noetherian if and
only if it is affine.

Lemma 4.9. Let H be a Hopf algebra with a commutative Hopf subalgebra A such that
H is a finitely generated A-module. The following are equivalent:

(a) H is Noetherian.
(b) A is Noetherian.
(c) A is affine.

Proof. (a) ⇒ b is Theorem 4.7. (b) ⇒ (a): By assumption H is a Noetherian A-module
and so it is a Noetherian algebra. (b) ⇔ (c) is Theorem 4.8. □

4.1.3. Structure of H(Γ ). Let Γ ≤ G; then Γfd = Γ because of (4.1) and Remark 3.2. Our
main object of interest is the Hopf algebra H(Γ ) =

⊕
κ ∈ Γ C(κ). By Theorem 3.6 it fits

into the exact sequence

H∗
ε

ı
↪−→ H(Γ ) ϖ−→→ kΓ. (FΓ )

Lemma 4.10. The extension (FΓ ) is cleft; hence H(Γ ) is strongly Γ -graded.

Proof. Let χ : Hε → H be a cleaving map and let ξ : H(Γ ) → H∗
ε be the restriction of

the transpose χt : H∗ → H∗
ε . Then ξ satisfies the conditions of Definition–Lemma 2.7(ii),

hence (FΓ ) is cleft. The second claim follows from Theorem 2.1 and Example 2.2. □

Remark 4.11. If the family (κi)i ∈ I generates Γ , then
⊕

i ∈ I C(κi) generates the algebra
H(Γ ). Hence, if Γ is finitely generated, then H(Γ ) is affine.

4.1.4. Pairing. The natural pairing ⟨ , ⟩ : H∗ × H → k descends to a pairing ⟨ , ⟩ : H(Γ ) ×
H → k. Clearly it is non-degenerate on one side. Let I = H(Γ )⊥ ⊆ H; this is a Hopf
ideal since ⟨ , ⟩ is a Hopf pairing. We have

I = ∩κ ∈ Γ C(κ)⊥ = ∩κ ∈ ΓIκ,

by (3.10) and since all Hκ’s are finite-dimensional. Let κ ∈ Γ , W ∈ rep Hκ and let
c ∈ CW pκ be a matrix coefficient. Then ⟨c, a⟩ = κ(a)c, for any a ∈ A. Hence

I ∩ A = ∩κ ∈ Γ C(κ)⊥ ∩ A = {a ∈ A : κ(a) = 0 for all κ ∈ Γ} .

That is, I ∩ A is the ideal of functions on G that vanish in the Zariski closure Γ of Γ .
Hence, if Γ ̸= G, then I ∩ A ̸= 0 and so I ̸= 0. We have proved:

Lemma 4.12. If the pairing ⟨ , ⟩ : H(Γ ) × H → k is non-degenerate, then Γ is Zariski-
dense in G.
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Question 4.13. If Γ is Zariski-dense in G, is the pairing ⟨ , ⟩ : H(Γ ) × H → k non-
degenerate? That is, does I ∩ A = 0 imply that I = 0?

4.1.5. Comparison. Consider another cleft exact sequence of Hopf algebras A′ ι
↪→ H ′ pε

↠ H ′
ε

with H ′ Noetherian and dim H ′
ε < ∞; set G′ = Alg(A′,k). Given subgroups Γ ≤ G and

Γ ′ ≤ G′ it is natural to ask whether the Hopf algebras H(Γ ) and H(Γ ′) are isomorphic
(here is an abuse of notation, as the initial data are different). We offer a partial answer,
applicable in many examples. Recall that ϖ : H(Γ ) → kΓ is cocentral, cf. Remark 3.8.

Proposition 4.14. Let f : H(Γ ) → H(Γ ′) be an isomorphism of Hopf algebras. If
HC(H(Γ )) = kΓ and HC(H(Γ ′)) = kΓ ′, then f induces isomorphisms φ : Γ → Γ ′ and
f0 : H∗

ε ≃ H ′
ε
∗ such that the following diagram commutes:

H∗
ε

f0
��

� � // H(Γ ) ϖ // //

f
��

kΓ

φ

��
H ′

ε
∗ � � // H(Γ ′) ϖ′

// // kΓ ′.

Proof. Since the morphism ϖ′f : H(Γ ) → kΓ ′ is cocentral, there exists a unique morphism
of Hopf algebras φ : kΓ → kΓ ′ such that φϖ = ϖ′f . Then φ must be an isomorphism
which, combined with the fact that H∗

ε = H(Γ)coϖ and H ′
ε
∗ = H(Γ′)coϖ′ , implies that f

induces by restriction an isomorphism f0 : H∗
ε ≃ H ′

ε
∗ making the diagram commute. □

Remark 4.15. By Lemma 2.8(ii), the assumptions of Proposition 4.14 are satisfied if Hε

and H ′
ε are simple and noncommutative or, more generally, if HZ(Hε) ≃ k ≃ HZ(H ′

ε).

4.2. Coradical filtration and co-Frobenius property. Recall that a Hopf algebra K
is co-Frobenius if it admits a non-zero (right) integral, i.e., a linear functional

∫
: K → k,∫

̸= 0, invariant under the dual of the left regular representation. See e.g. [5, 6] for details
and a list of equivalent characterizations.

Let Γ ≤ G. Corollary 3.10 implies that H(Γ ) is co-Frobenius. The next Theorem gives
a refinement of this fact.

Theorem 4.16. The coradical filtration of H(Γ ) is

coradn H(Γ ) =
⊕

κ ∈ Γ

coradn C(κ), (4.4)

hence H(Γ ) is co-Frobenius.

Proof. The proof of (4.4) is by induction on n ≥ 0. For n = 0 this is a consequence
of [45, 3.4.3], while the inductive step follows from [45, 2.4.3]. Then (4.1) implies that
coradN C(κ) = C(κ) and therefore coradN H(Γ ) = H(Γ ). Finally, by finiteness of the
coradical filtration, H(Γ ) is co-Frobenius cf. [7, Theorem 2.1]. □

By the Larson–Radford theorem [35], Corollary 3.10 also implies the following result.

Theorem 4.17. H(Γ ) is cosemisimple if and only if Hε is semisimple.

4.3. Gelfand–Kirillov dimension. We refer to [34] for the definition and basic proper-
ties of this notion.

The main result of this subsection characterizes the algebras H(Γ ) with finite Gelfand–
Kirillov dimension. We start by a general remark. Let Γ be a group and let R =

⊕
κ ∈ Γ Rκ

be a strongly Γ -graded algebra.
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Lemma 4.18. If dim Rκ < ∞ for all κ ∈ Γ , then GKdim R ≥ GKdim kΓ . Furthermore
the equality holds if there exists N ∈ N such that

dim Rκ ≤ N, for all κ ∈ Γ. (4.5)

In particular, if GKdim R < ∞, then Γ has polynomial growth.

Proof. First notice that Rκ ̸= 0 for all κ ∈ Γ since 0 ̸= Re = RκRκ−1 . Given a finite
subset X ⊂ Γ , set RX =

⊕
κ ∈ X Rκ. Then |X| ≤ dim RX < ∞ by the preceding. We have

RXRY = RXY for any Y ⊂ Γ , since R is strongly graded. Hence (RX)n = RXn and

|Xn|
♠
≤ dim(RX)n

♣
≤ N |Xn|, n ∈ N,

where in the second inequality we assume (4.5). Now ♠ implies that
lim sup
n → ∞

logn |Xn| ≤ GKdim R, hence GKdim kΓ ≤ GKdim R.

Assume that (4.5) holds. Let V be a finite-dimensional subspace of R; clearly there exists
a finite X ⊂ Γ such that V ⊂ RX . Then ♣ implies that

lim sup
n → ∞

logn dim V n ≤ lim sup
n → ∞

logn dim(RX)n ≤ GKdim kΓ,

and the equality GKdim R = GKdim kΓ follows. □

Recall that a finitely generated group is nilpotent-by-finite if it has a normal nilpotent
subgroup of finite index. Here is a celebrated result by Gromov:

Theorem 4.19 ([28]). If Γ is a finitely generated group, then GKdim kΓ < ∞ if and only
if Γ is nilpotent-by-finite.

Assume next that Γ is a not necessarily finitely generated group. Then kΓ has finite
GKdim if and only if there exists N ∈ N such that

GKdim kΥ < N for any finitely generated Υ ≤ Γ.

In particular any finitely generated subgroup of Γ should be nilpotent-by-finite. We then
conclude:

Theorem 4.20. Let Γ ≤ G. Then
GKdim H(Γ ) = GKdim kΓ. (4.6)

Thus GKdim H(Γ ) < ∞ iff there exists N ∈ N such that any finitely generated Υ ≤ Γ is
nilpotent-by-finite and GKdim kΥ < N .

Proof. Assume first that Γ is finitely generated. Then (4.6) follows from Lemma 4.18
since (4.1) gives (4.5). Therefore GKdim H(Γ ) < ∞ iff Γ has polynomial growth iff Γ is
nilpotent-by-finite by Theorem 4.19.

In general any finitely generated subalgebra of H(Γ ) is contained in H(Υ ) for some
finitely generated Υ ≤ Γ , cf. Remark 3.7. Thus

GKdim H(Γ ) = sup
Υ ≤ Γ

fin. gen.

GKdim H(Υ ) = sup
Υ ≤ Γ

fin. gen.

GKdim kΥ = GKdim kΓ.

So, (4.6) holds in general and the theorem follows from Theorem 4.19 by the considerations
above. □

We list a few examples for illustration:
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(a) GKdim kQ = 1 because any finitely generated subgroup of Q is cyclic (and torsion-
free). Since Q is a subgroup of the additive group k, it embeds in any algebraic
group which is not a torus.

(b) Let G∞ ≤ k× be the group of all roots of 1. Then GKdim kG∞ = 0 because
any finitely generated subgroup is cyclic (and torsion). Now G∞ embeds in any
algebraic group that contains a torus.

4.4. Noetherianity. A general reference for this Subsection is [40]. Recall that a solvable
group is polycyclic if every subgroup is finitely generated; equivalently, if it admits a
subnormal series with cyclic factors. Also, a group is polycyclic-by-finite if it has a normal
polycyclic subgroup of finite index. The Hirsch number of a polycyclic group is the number
of infinite factors in any subnormal series; the Hirsch number of a polycyclic-by-finite group
is that of a polycyclic normal subgroup with finite index.

It is a classical result that the group algebra of a polycyclic-by-finite group is Noether-
ian [29]; a well-known open question is whether the converse holds.

Recall that a group is Noetherian if it satisfies the maximal condition on subgroups; if
the group algebra of a given group is Noetherian, then so is the group but the converse is
not true, see [32]. However for linear groups there is a remarkable result of Tits:
Theorem 4.21 ([54]). A linear Noetherian group is polycyclic-by-finite.

In consequence, if Γ is a linear group, then the following are equivalent:
kΓ is Noetherian ⇔ Γ is Noetherian ⇔ Γ is polycyclic-by-finite.

Theorem 4.22 ([43, Thm. 5.5]). If Γ is a polycyclic-by-finite group and R is a strongly
Γ -graded ring, then R is right Noetherian when Re is so.
Theorem 4.23. Let Γ ≤ G. The following are equivalent:

(a) The algebra H(Γ ) is Noetherian.
(b) The group Γ is polycyclic-by-finite (in particular it is solvable).

(a) ⇒ (b). Recall that Γ , being a subgroup of an affine algebraic group, is linear. Since
kΓ is Noetherian, being a quotient of H(Γ ), Theorem 4.21 applies. (b) ⇒ (a): By
Lemma 4.10, Theorem 4.22 and (4.1). □

4.5. Regularity. A reference for this Subsection is [40, Chapter 7]. As in loc. cit. we use
the following abbreviations: pd stands for projective dimension; r. gldim, l. gldim, gldim
stand for right global dimension, respectively left global dimension, and global dimension.
Given an algebra R, if r. gldim R = l. gldim R then we set gldim R = l. gldim R; we say
that R is regular if gldim R < ∞.

To start with, recall from [37] the estimate
l. gldim C ≤ r. gldim B + l. gldim A (4.7)

for a crossed product C = A#σB of an associative algebra A with a Hopf algebra B (with
antipode not necessarily bijective). See [18] for the dual version of this result. Clearly
if the antipode of a Hopf algebra B is bijective, then l. gldim B = r. gldim B. But this
equality holds even if the antipode is not bijective, see [56, Proposition A.1].

We apply the estimate (4.7) to a cleft exact sequence of Hopf algebras (all with bijective
antipode) A

ι
↪−→ C

π−→→ B where we assume that dim A < ∞. First, we record
Lemma 4.24. In the situation above, if A is semisimple and B is regular, then C is
regular and gldim C ≤ gldim B.
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Now any finite-dimensional Hopf algebra is Frobenius, thus either A is semisimple, or
gldim A = ∞. The latter case is dealt with the following result, that relies on a theorem
by Schneider and a well-known argument.

Lemma 4.25. A Hopf algebra K having a finite-dimensional normal non-semisimple Hopf
subalgebra L is not regular.

Proof. By [49, Theorem 2.1], K is free as L-module. Therefore

∞ = gldim L
♡= pdkL

♢
≤ pdkK + pd KL = pdkK ,

that is, K is not regular. Here ♡ is e.g. by [37, 2.4] and ♢ by [40, 7.2.1]. □

Let Γ ≤ G. Turning to the cleft extension (FΓ ), we get the following characterization.

Theorem 4.26. Assume that H(Γ ) is Noetherian. Then H(Γ ) is regular if and only if
Hε is semisimple; in this case, gldim H(Γ ) ≤ h where h is the Hirsch number of Γ .

Proof. By [35], Hε is semisimple iff H∗
ε is so. If H∗

ε is not semisimple, then gldim H(Γ ) = ∞
by Lemma 4.25. Otherwise Lemma 4.24 implies that gldim H(Γ ) ≤ gldim kΓ . When
H(Γ ) is Noetherian, Γ is polycyclic-by-finite by Theorem 4.23, thus gldim kΓ ≤ h by [40,
7.5.6]. □

5. Examples

5.1. First considerations. In this Section we discuss examples of Hopf algebras H(Γ )
as defined in Section 3, see (3.10), and more specifically as assumed in Section 4. Once
a substantial list of examples is obtained, to have a comprehensive picture one needs to
address the following questions:

Question 5.1. Given an algebraic group G with algebra of functions O(G), find all Hopf
algebras H with a central Hopf subalgebra A ≃ O(G) such that the extension A

ι
↪→ H

pε
↠

Hε is cleft and dim Hε < ∞.

Question 5.1 can be rephrased as follows:

Question 5.2. Given an algebraic group G and a Hopf algebra u, dim u < ∞, find all cleft
extensions O(G) ι

↪→ H↠u such that ι(O(G)) is central in H.

As is known [8, 31, 38], such an extension can be described by a collection (⇀, σ, ρ, τ)
made up of a weak action, a cocycle, a weak coaction and a cycle that satisfies a long set
of axioms; centrality slightly simplifies the requirements (e.g. the weak action is trivial)
but otherwise this situation seems to be difficult to handle.

Then we also need information on the following classical problem.

Question 5.3. Given an algebraic group G (that admits a Noetherian Hopf algebra H as
in Question 5.1), describe its subgroups, in particular those that are finitely generated
nilpotent-by-finite, or polycyclic-by-finite.

Towards this question, it is worth recalling the following celebrated result.

Theorem 5.4 ([12, 51]). Any polycyclic-by-finite group is linear.
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5.2. Quantum algebras of functions. Let G be a semisimple simply connected alge-
braic group with Lie algebra g and algebra of functions O(G). Let ℓ be an odd integer
(prime to 3 if G has a component of type G2), and ϵ a primitive ℓth root of unity. Recall
the quantized algebra of functions Oϵ(G), see e.g. [21], and the small quantum group uϵ(g).
There is an exact sequence of Hopf algebras

O(G) �
� // Oϵ(G) π // // uϵ(g)∗

which is cleft by [46, 3.4.3]. By Theorem 5.4 any polycyclic-by-finite group Γ is a subgroup
of a suitable G and so gives rise to a Hopf algebra H(Γ ).

More examples are given by the Hopf algebra quotients of the quantized algebras of
functions classified in [9].

5.3. Pointed Hopf algebras. Recall that a Hopf algebra is pointed if every simple co-
module is one-dimensional. See [10] for this notion and [2] for the related notion of a
Nichols algebra. We start by a result needed later.

Theorem 5.5 ([39, 1.3]). Let π : U → u be a surjective map of Hopf algebras. If U is
pointed, then the u-comodule algebra U , with coaction (id ⊗π)∆, is cleft.

Let (V, c) be a braided vector space. Then the tensor algebra T (V ) is a braided graded
Hopf algebra. A pre-Nichols algebra of V is a factor of T (V ) by a graded Hopf ideal
supported in degrees ⩾ 2. The Nichols algebra of V is B(V ) = T (V )/J (V ), where J (V )
is the maximal Hopf ideal among those. Thus any pre-Nichols algebra B of V lies between
T (V ) and B(V ).

We refer to [3, 4, 11] for details on the following material. Let (V, c) be a braided vector
space of diagonal type with braiding matrix q = (qij) ∈

(
k×)I×I, where I = {1, . . . , θ},

θ ∈ N. Assume that the Nichols algebra Bq := B(V ) has finite dimension, thus q belongs
to the classification in [30]. As shown in [11], (V, c), i.e., the matrix q, gives rise to the
following data:

• The distinguished pre-Nichols algebra B̃q.
• The Hopf algebra Uq (the Drinfeld double of the bosonization of B̃q).
• The subalgebra Zq of Uq as modified in [4, § 4.5].

The class of Examples of this Subsection arises from the following result.

Theorem 5.6. If q satisfies the technical condition [4, (4.26)], then Zq is a central Hopf
subalgebra of Uq, Mq := Alg(Zq, k) is a solvable algebraic group, ũq = Uq/UqZ+

q is finite-
dimensional, and the exact sequence of Hopf algebras Zq

� � // Uq
// // ũq is cleft.

Proof. This follows from [11, Theorem 33 & Remark 11], see also the discussion in [4,
§ 4.5]. Theorem 5.5 implies the cleftness of the exact sequence. □

Let g be a semisimple Lie algebra and q a root of 1 of odd order, coprime with 3 if g
has an ideal of type G2. Then there is a suitable q such that Uq is isomorphic to the De
Concini–Kac–Procesi quantized enveloping algebra Uq(g), see [19, 20, 22]. But this class
of examples covers also quantum supergroups and more, see [3, 4].
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5.4. Bosonizations. See e.g. [10] for this notion due to Radford and interpreted cate-
gorically by Majid. The category of Yetter–Drinfeld modules over a Hopf algebra K is
denoted by K

KYD.
We fix a finite group L, V ∈ kL

kLYD such that dim B(V ) < ∞ and set K = B(V )#kL.
We consider three different settings for pairs (H, A) with H Noetherian, A central in H,
the extension (E) cleft and Hε ≃ K.

5.4.1. Blowing-up the group. We assume that there exist a group Λ, a surjective map of
groups ℘ : Λ → L and a map ς : supp V → Λ such that V ∈ kΛ

kΛYD with the grading
induced by ς and the action induced by ℘. Set Λ0 := ker ℘. We claim that the following
sequence is exact and cleft:

A′ := kΛ0
� � // H ′ := B(V )#kΛ id #℘ // // K.

Indeed tensoring the exact sequence of vector spaces (kΛ)kΛ+
0 ↪→ kΛ ↠ kL with B(V ),

we conclude that ker(id #℘) = H ′(A′)+. It is also easy to see that

A′
⋄
⫅ (H ′)co id #℘.

Now H ′ is K-cleft by Theorem 5.5. Hence we have equality in ⋄ by a dimension argument.
Finally we need to check whether Λ0 is central in H ′ in each example.

5.4.2. Blowing-up the algebra. Here we suppose that there exists a pre-Nichols algebra B
of V with projection π : B → B(V ) such that Bco π is a (usual) Hopf subalgebra and the
following sequence is exact and cleft:

A′′ := Bco π � � // H ′′ := B#kL
π# id // // K.

We also assume that A′′ is central in H ′′.

5.4.3. Blowing-up both. We assume that there exist a group Λ and a pre-Nichols algebra B
as previously such that Bco π#kΛ0 is a central Hopf subalgebra and the following sequence
is exact and cleft:

A := Bco π#kΛ0
� � // H := B#kΛ π#℘ // // K.

5.4.4. Example: the enveloping group of a rack. For simplicity we fix n ∈ I3,5 and assume
that L = Sn and that V ∈ kSn

kSn
YD has B(V ) ≃ FKn (the Fomin–Kirillov algebra of rank

n), see e.g. [2]. Then V has support X = On
2 (the conjugacy class of transpositions in Sn);

this is a rack with operation ▷ given by conjugation. The enveloping group of X is
GX := ⟨ex : x ∈ X | ex ey = ex▷y ex, x, y ∈ X⟩ .

Then there exist
(i) a unique morphism of groups ℘ : GX → Sn such that ℘(ex) = x, x ∈ X

(ii) a realization of V in GX
GX

YD,

inducing a Hopf algebra map H ′ := B(V )#kGX
id #℘ // // B(V )#kSn. It can be shown that

z := e2
x = e2

y, for any x, y ∈ X and that Z := ker ℘ = ⟨z⟩ ≃ Z. Now it is clear that
e2

x · v = v for every v ∈ V , hence Z is central in H ′. Thus we have a cleft exact sequence

A′ := kZ �
� // H ′ id #℘ // // K = B(V )#kSn.
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Now it is well-known that
Alg(kZ,k) ≃ Ẑ ≃ k×, K∗ ≃ B(W )#kSn ,

where W ≃ V ∗ linearly. Hence for any Γ ≤ k×, we have an extension

B(W )#kSn �
� // H(Γ ) // // kΓ.

5.4.5. Example: (finite) quantum linear spaces. The input for this example is a matrix
q = (qij)i,j ∈ Iθ

whose entries are roots of 1 that satisfy
qijqji = 1, i ̸= j ∈ Iθ, Ni := ord qii > 1, i ∈ Iθ.

Let Mi be the least common multiple of {ord qij : j ∈ Iθ}, for every i ∈ Iθ. Thus Ni

divides Mi. To this input we attach:
• The finite abelian group L = ⟨g1⟩ ⊕ · · · ⊕ ⟨gθ⟩ where ord gi = Mi, i ∈ Iθ.
• The characters χ1, . . . χθ ∈ L̂, given by χj(gi) = qij , i, j ∈ Iθ.
• The free abelian group Λ of rank θ, with basis g1, . . . gθ. The kernel of the map ℘ :

Λ → L given by ℘(gi) = gi, i ∈ Iθ, is denoted by Λ0; that is, Λ0 = ⟨gM1
1 , . . . gMθ

θ ⟩.
• The characters χ1, . . . χθ ∈ Λ̂, given by χj(gi) = qij , i, j ∈ Iθ.
• A vector space V with a basis x1, . . . xθ, realized in kL

kLYD and kΛ
kΛYD by

δ(xi) = gi ⊗ xi, g · xi = χi(g)xi, δ(xi) = gi ⊗ xi, g · xi = χi(x)xi,

for i ∈ Iθ, g ∈ L, g ∈ Λ. Here δ : V ⊗ kL and δ : V ⊗ kΛ are the coactions.
• The algebra B = k⟨x1, . . . , xθ|xixj − qij xjxi, i ̸= j ∈ Iθ⟩.

Then the following facts hold:
• B(V ) and B are both Hopf algebras in kL

kLYD and kΛ
kΛYD. The natural projec-

tion π from B to the Nichols algebra B(V ) induces an isomorphism B(V ) ≃
B/⟨xN1

1 , . . . , xNθ
θ ⟩.

• The subalgebra of B generated by xN1
1 , . . . , xNθ

θ coincides with Bco π and we have
an exact sequence of Hopf algebras

A := Bco π#kΛ0
� � // H := B#kΛ π#℘ // // K. (5.1)

Lemma 5.7. If Ni = Mi, for all i ∈ Iθ, then A is central in H.

Proof. The algebra H is generated by x1, . . . , xθ, g±1
1 , . . . , g±1

θ with relations
xixj = qij xjxi, i ̸= j ∈ Iθ, gixj = qij xjgi, gigj = gjgi, i, j ∈ Iθ.

The subalgebra A is generated by xN1
1 , . . . , xNθ

θ , g±N1
1 , . . . , g±Nθ

θ . Now

xNi
i xj = qNi

ij xjxNi
i , gNi

i xj = qNi
ij xjgNi

i , gix
Nj

j =
{

qNi
ii xNi

i gi, if i = j;
q

−Nj

ji x
Nj

j gi if i ̸= j,

for all i, j ∈ Iθ. This implies the Lemma. □

Now the comultiplication of A is determined by

∆
(
gNi

i

)
= gNi

i ⊗ gNi
i , ∆

(
xNi

i

)
= xNi

i ⊗ 1 + gNi
i ⊗ xNi

i , i ∈ Iθ.

Therefore G := Alg(A,k) is isomorphic to Bθ, where B is the Borel subgroup of SL(2,k).
In conclusion, for any Γ ≤ Bθ, we have an extension

K∗ � � // H(Γ ) // // kΓ.
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5.5. Twisting H(Γ ). Let A be a central Hopf subalgebra of a Noetherian Hopf algebra
H, so that one has the exact sequence A

ι
↪→ H

pε
↠ Hε of Hopf algebras. Given Γ ≤ G =

Alg(A, k), let H(Γ ) be as in (3.10). Let σ : Hε ⊗ Hε → k be a cocycle, cf. § 2.5. Then
σ̃ := σ(pε ⊗ pε) : H ⊗ H → k is a cocycle. Then

z ·σ h = zh, h ·σ z = hz, z ∈ A, h ∈ H.

Hence A is central in Hσ̃, Assume that H is a finitely generated A-module. Then Hσ̃,
being a finitely generated A-module, is Noetherian and we have an exact sequence of Hopf
algebras

A �
� ι // Hσ̃

pε // // (Hε)σ .

Thus we may repeat the constructions and get a Hopf algebra that we denote Hσ(Γ ).
The twist F = tσ for H∗

ε ≃ C(ε) is naturally a twist for H(Γ ) and for H◦. See
Example 2.10 for twists of graded algebras.

Proposition 5.8. Hσ(Γ ) ≃ H(Γ )F .

Proof. Since the subcoalgebras C(κ) of H(Γ ) are C(ε)-bimodules, then C(κ)F is a sub-
coalgebra of H(Γ )F , for all κ ∈ Γ. Notice that (Hσ̃).σ̃Mκ = HMκ for all κ ∈ Γ. Hence the
subcoalgebra Cσ̃(κ) := (Hσ̃/(Hσ̃).σ̃Mκ)∗ of (Hσ̃)◦ is contained in (H◦)F and it coincides
with the subcoalgebra C(κ)F . Therefore

H(Γ )F = ⊕κ ∈ Γ C(κ)F = ⊕κ ∈ Γ Cσ̃(κ) = Hσ(Γ ). □

Proposition 5.8 has the following application. Let u be a finite-dimensional pointed
Hopf algebra. In all known examples, the graded Hopf algebra gr u with respect to the
coradical filtration is of the form B(V )#kL as in §5.4 and u ≃ (gr u)σ for a suitable
cocycle σ. Then for any pair (H, A) with H Noetherian, A central in H, the extension
(E) cleft and Hε ≃ gr u, the pair (Hσ̃, A) has analogous properties and (Hε)σ ≃ u.
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[7] N. Andruskiewitsch and S. Dǎscǎlescu, Co-Frobenius Hopf algebras and the coradical filtration, Math.

Z. 243 (2003), 145–154.
[8] N. Andruskiewitsch and J. Devoto, Extensions of Hopf algebras, Algebra Anal. 7 (1995), 22–61, also

published by St. Petersbg. Math. J., 7 (1) 17–52 (1995).

Ann. Repr. Th. 1 (2024), 1, p. 73–94 https://doi.org/10.5802/art.5

https://doi.org/10.5802/art.5


Finite-by-cocommutative Hopf algebras 93

[9] N. Andruskiewitsch and G. A. García, Finite subgroups of a simple quantum group, Compos. Math.
145 (2009), 476–500.

[10] N. Andruskiewitsch and H.-J. Schneider, Pointed Hopf algebras, in Recent developments in Hopf al-
gebras Theory, Mathematical Sciences Research Institute Publications, vol. 43, Cambridge University
Press, 2002, pp. 1–68.

[11] I. Angiono, Distinguished pre-Nichols algebras, Transform. Groups 21 (2016), 1–33.
[12] L. Auslander, On a problem of Philip Hall, Ann. Math. 86 (1967), 112–116.
[13] R. J. Blattner, M. Cohen, and S. Montgomery, Crossed products and inner actions of Hopf algebras,

Trans. Am. Math. Soc. 298 (1986), 671–711.
[14] K. A. Brown and M. Couto, Affine commutative-by-finite Hopf algebras, J. Algebra 573 (2021), 56–94.
[15] K. A. Brown, M. Couto, and A. Jahn, The finite dual of commutative-by-finite Hopf algebras, Glasg.

Math. J. 65 (2000), 62–89.
[16] N. P. Byott, Cleft extensions of Hopf algebras, J. Algebra 57 (1993), no. 2, 405–429.
[17] , Cleft extensions of Hopf algebras II, Proc. Lond. Math. Soc. 67 (1993), 277–304.
[18] S. Dăscălescu, C. Năstăsescu, and B. Torrecillas, Homological dimension of coalgebras and crossed

coproducts, K-Theory 23 (2001), 53–65.
[19] C. De Concini and V. Kac, Representations of quantum groups at roots of 1, in Operator algebras,

unitary representations, enveloping algebras, and invariant theory, Progress in Mathematics, vol. 92,
Birkhäuser, 1990, pp. 471–506.

[20] C. De Concini, V. Kac, and C. Procesi, Quantum coadjoint action, J. Am. Math. Soc. 5 (1992),
151–189.

[21] C. De Concini and V. Lyubashenko, Quantum function algebra at roots of 1, Adv. Math. 108 (1994),
no. 2, 205–262.

[22] C. De Concini and C. Procesi, Quantum groups, in D-modules, representation theory and quantum
groups, Lecture Notes in Mathematics, vol. 1565, Springer, 1993, pp. 31–140.

[23] Y. Doi, On the structure of relative Hopf modules, Commun. Algebra 11 (1983), 243–255.
[24] , Braided bialgebras and quadratic bialgebras, Commun. Algebra 21 (1993), 1731–1749.
[25] Y. Doi and M. Takeuchi, Cleft comodule algebras for a bialgebra, Commun. Algebra 14 (1986), 801–

818.
[26] P. Etingof, S. Gelaki, D. Nikshych, and V. Ostrik, Tensor categories, Mathematical Surveys and

Monographs, vol. 205, American Mathematical Society, 2015.
[27] E. Formanek and A. V. Jategaonkar, Subrings of Noetherian rings, Proc. Am. Math. Soc. 46 (1974),

181–186.
[28] M. Gromov, Groups of polynomial growth and expanding maps. Appendix by Jacques Tits, Publ. Math.,

Inst. Hautes Étud. Sci. 53 (1981), 53–78.
[29] P. Hall, Finiteness conditions for soluble groups, Proc. Lond. Math. Soc. 4 (1954), 419–436.
[30] I. Heckenberger, Classification of arithmetic root systems, Adv. Math. 220 (2009), 59–124.
[31] I. Hofstetter, Extensions of Hopf algebras and their cohomological description, J. Algebra 164 (1994),

264–298.
[32] S. V. Ivanov, Group rings of Noetherian groups, Math. Notes 46 (1989), 929–933.
[33] G. Kac, Extensions of groups to ring groups, Math. USSR, Sb. 5 (1968), 451–474, translation from

Mat. Sb., N. Ser. 76no. 118, 473-496 (1968).
[34] G. Krause and T. Lenagan, Growth of algebras and Gelfand-Kirillov dimension, revised ed., Graduate

Studies in Mathematics, vol. 22, American Mathematical Society, 2000.
[35] R. G. Larson and D. Radford, Finite dimensional cosemisimple Hopf algebras in characteristic 0 are

semisimple, J. Algebra 117 (1988), 267–289.
[36] K. Li and G. Liu, The Finite Duals of Affine Prime Regular Hopf Algebras of GK-Dimension One,

AIMS Math. 8 (2023), no. 3, 6829–6879.
[37] M. Lorenz and M. Lorenz, On crossed products of Hopf algebras, Proc. Am. Math. Soc. 123 (1995),

33–38.
[38] S. Majid, Crossed products by braided groups and bosonization, J. Algebra 163 (1994), 165–190.
[39] A. Masuoka, On Hopf algebras with cocommutative coradicals, J. Algebra 144 (1991), 415–466.
[40] J. C. McConnell and J. C. Robson, Noncommutative Noetherian rings, Graduate Studies in Mathe-

matics, vol. 30, American Mathematical Society, 2001, with the cooperation of L. W. Small. Reprinted
with corrections from the 1987 original.

Ann. Repr. Th. 1 (2024), 1, p. 73–94 https://doi.org/10.5802/art.5

https://doi.org/10.5802/art.5


94 Nicolás Andruskiewitsch et al.

[41] R. K. Molnar, A commutative Noetherian Hopf algebra over a field is finitely generated, Proc. Am.
Math. Soc. 51 (1975), 501–502.

[42] S. Montgomery, Hopf Algebras and their Actions on Rings. Expanded version of ten lectures given
at the CBMS Conference on Hopf algebras and their actions on rings, which took place at DePaul
University in Chicago, USA, August 10-14, 1992, Regional Conference Series in Mathematics, vol. 82,
American Mathematical Society, 1993.

[43] C. Nastasescu and F. Van Oysteyen, On strongly graded rings and crossed products, Commun. Algebra
10 (1982), 2085–2106.

[44] W. D. Nichols and M. B. Zöller, A Hopf algebra freeness Theorem, Am. J. Math. 111 (1989), 381–385.
[45] D. E. Radford, Hopf algebras, Series on Knots and Everything, vol. 49, World Scientific, 2012.
[46] P. Schauenburg and H.-J. Schneider, Galois type extensions and Hopf algebras, preprint, 2004.
[47] H.-J. Schneider, Zerlegbare Erweiterungen affiner Gruppen, J. Algebra 66 (1980), 569–593.
[48] , Zerlegbare Untergruppen affiner Gruppen, Math. Ann. 255 (1981), 139–158.
[49] , Some remarks on exact sequences of quantum groups, Commun. Algebra 21 (1993), no. 9,

3337–3358.
[50] W. Singer, Extension theory for connected Hopf algebras, J. Algebra 21 (1972), 1–16.
[51] R. G. Swan, Representations of polycyclic groups, Proc. Am. Math. Soc. 18 (1967), 573–574.
[52] M. Takeuchi, Matched pair of groups and bismash product of Hopf algebras, Commun. Algebra 9

(1981), 841–882.
[53] , Quotient spaces for Hopf algebras, Commun. Algebra 22 (1994), 2503–2523.
[54] J. Tits, Free subgroups in linear groups, J. Algebra 20 (1972), 250–270.
[55] K. H. Ulbrich, Vollgraduierte Algebren, Abh. Math. Semin. Univ. Hamb. 51 (1981), 136–148.
[56] X. Wang, X. Yu, and Y. Zhang, Calabi-Yau property under monoidal Morita–Takeuchi equivalence,

Pac. J. Math. 290 (2017), 481–510.

— Nicolás Andruskiewitsch —
FaMAF-CIEM (CONICET), Universidad Nacional de Córdoba, Medina Allende s/n, Ciudad
Universitaria, 5000 Córdoba, Argentina
E-mail address: nicolas.andruskiewitsch@unc.edu.ar
URL: http://www.famaf.unc.edu.ar/~andrus/

— Sonia Luján Natale —
Facultad de Matemática, Astronomía y Física, Universidad Nacional de Córdoba.
CIEM-CONICET, Medina Allende s/n, Ciudad Universitaria, 5000 Córdoba, Argentina
E-mail address: natale@famaf.unc.edu.ar
URL: http://www.famaf.unc.edu.ar/~natale/

— Blas Torrecillas —
Department of Mathematics, Universidad de Almería, Ctra. Sacramento s/n, 04071
Almería, Spain
E-mail address: btorreci@ual.es
URL: http://cms.ual.es/UAL/personas/persona.htm?id=505550535249575384

Ann. Repr. Th. 1 (2024), 1, p. 73–94 https://doi.org/10.5802/art.5

http://www.famaf.unc.edu.ar/~andrus/
http://www.famaf.unc.edu.ar/~natale/
http://cms.ual.es/UAL/personas/persona.htm?id=505550535249575384
https://doi.org/10.5802/art.5

	1. Introduction
	Notations

	2. Preliminaries
	2.1. Cleft comodule algebras
	2.2. Extensions of Hopf algebras
	2.3. Cleft extensions of Hopf algebras
	2.4. Hopf center and Hopf cocenter
	2.5. Cocycles and twists

	3. Hopf algebras with a central Hopf subalgebra
	3.1. Hopf systems
	3.2. Tensor categories
	3.3. Matrix coefficients
	3.4. A grading of rep H

	4. Finite-by-cocommutative Hopf algebras
	4.1. Discussion of the assumptions
	4.2. Coradical filtration and co-Frobenius property
	4.3. Gelfand–Kirillov dimension
	4.4. Noetherianity
	4.5. Regularity

	5. Examples
	5.1. First considerations
	5.2. Quantum algebras of functions
	5.3. Pointed Hopf algebras
	5.4. Bosonizations
	5.5. Twisting alg(varGamma)

	Acknowledgments
	References

