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A class of finite-by-cocommutative Hopf algebras

Nicolas Andruskiewitsch “*, Sonia Lujan Natale and
Blas Torrecillas

ABSTRACT. We present a rich source of Hopf algebras starting from a cofinite central extension of
a Noetherian Hopf algebra and a subgroup of the algebraic group of characters of the central Hopf
subalgebra. The construction is transparent from a Tannakian perspective. We determine when
the new Hopf algebras are co-Frobenius, or cosemisimple, or Noetherian, or regular, or have finite
Gelfand-Kirillov dimension.

1. INTRODUCTION

A Hopf algebra H is commutative-by-finite if it has a normal Hopf subalgebra A such
that A is commutative and H is a finitely generated A-module. In other words there
is an exact sequence of Hopf algebras A—— H ——>u where A is commutative and
u is finite-dimensional. There are various remarkable families of commutative-by-finite
Hopf algebras arising from the theory of quantum groups. A systematic study of affine
commutative-by-finite Hopf algebras was started in [14]; here “affine” means that H is a
finitely generated algebra.

A Hopf algebra K is finite-by-cocommutative if it fits into an exact sequence of Hopf alge-
bras a———= K ——== U where U is cocommutative and a is finite-dimensional. Lusztig’s
quantum groups at roots of 1 are finite-by-cocommutative. An example of a finite-by-
cocommutative Hopf algebra appeared in [6] to disprove a conjecture on co-Frobenius
Hopf algebras. A family of examples containing that one and characterized by suitable
properties was presented in [36]. The finite dual H® of an affine commutative-by-finite
Hopf algebra H was studied in [15]; it is finite-by-cocommutative.
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The goal of this paper is to present and study a family of finite-by-cocommutative Hopf
algebras. We assume that the base field k is algebraically closed and has characteristic 0.
To start with, consider a Noetherian Hopf algebra H with a central Hopf subalgebra A;
we set H. = H/HA*, where A* = kerej4. Thus we have an extension of Hopf algebras

A—H —» H.. (€)

In Section 3, for any subgroup I" of the pro-affine algebraic group G = Alg(A, k), we
define a suitable subgroup Ity of I" and a Hopf subalgebra H(I") of the finite dual H®,
which is an extension of Hopf algebras

H? < H(T) — kIiy. (F1)

From a Tannakian perspective, the category of finite-dimensional comodules over H(I")
is equivalent to the full subcategory % of the category rep H of finite-dimensional H-
modules such that the action of A is semisimple and by characters in I'; thus the objects
of € bear a I'-grading.

In Section 4 we assume further that the extension (£) is cleft and that dim H, < oo.
Then H is a finitely generated A-module, A is Noetherian, G is an algebraic group, Iy = I,
(FI') becomes HY — H(I') — kI" and so H(I") is finite-by-cocommutative. We establish
several properties of H(I):

Theorem 1.1.

(i) If I is finitely-generated, then H(I") is affine.
(i) H(I") is co-Frobenius.
(iii) H(I") is cosemisimple if and only if H. is semisimple.
(iv) If I' is finitely-generated, then GKdim H(I") < oo if and only if I" is nilpotent-by-
finite.
(v) H(I") is Noetherian if and only if I' is polycyclic-by-finite.
(vi) If H(I") is Noetherian, then it is reqular iff He is semisimple.

Theorem 1.1 is proved in Section 4, see Remark 4.11 and Theorems 4.16, 4.17, 4.20,
4.23 and 4.26. The keys to these results are that H(I") is strongly I'-graded and that I,
being a subgroup of an algebraic group, is linear, i.e., embedable into GL(n, k) for some n.

The contents of the paper are organized in the following way. Section 2 contains expo-
sitions of known facts needed along the article. In Section 3 we present the Hopf algebras
H(I') and the extensions (F!') in a general context and establish some basic properties.
In Section 4 we study the Hopf algebras H(I") under the restrictions above. Section 5 is
devoted to examples.

Notations. The natural numbers are denoted by N, and Ny = NU{0}. Given m < n € Ny,
we set I, = {i € Ng: m < i <m} and I, = [ ,. “Algebra” means associative unital
algebra. The space of algebra homomorphism from a k-algebra A to a k-algebra B is
denoted by Alg(A, B). The category of finite-dimensional left R-modules, where R is an
algebra, is denoted by rep R. All Hopf algebras are supposed to have bijective antipode.
We write M < N to express that M is a subobject of IV in a given category. The notation
for Hopf algebras is standard: A is the comultiplication, ¢ is the counit, S is the antipode.
For the comultiplication and the coactions we use the Heynemann-Sweedler notation.
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2. PRELIMINARIES

We refer the reader to [42, 45] for the basic facts about Hopf algebras used throughout
the paper. Given a coalgebra K and an algebra H, the group of invertible elements in
Hom(K, H) with respect to the convolution is denoted by Reg(K, H).

2.1. Cleft comodule algebras. These were studied in [13, 25]; we recall the relevant
facts. Let H be a Hopf algebra, let R be a right comodule algebra with coaction p: R —
R® H and let R°H = {2z € R : p(x) = x ® 1}. One defines similarly T for a left
comodule algebra T

For instance, if 7 : C' — B is a Hopf algebra map, then C is a right, respectively left,
comodule algebra via p = (id ®@m)A, resp. A = (7 ® id)A. The algebras of right and left
coinvariants of 7 are

COoT =C°B = {zecC: (i[den)A)=z®1},
ot =B ={recC:(r2id)A(z) =1®z}.

We consider three properties of the extension of algebras R®°H c R:

(i) R°H c R is H-Galois, if the canonical map can : R ®peor R — R ® H, given by
r®y+— (x®1)p(y), is bijective.
(ii) R°H C R has the normal basis property if R ~ R @ H as left R°-modules
and right H-comodules.
(iii) R C R is cleft if there exists x € Reg(H,R) such that x is a morphism of
H-comodules, i.e., py = (x ® id)A.

Theorem 2.1 ([25]). The estension R C R is cleft if and only if it is H-Galois and
has the normal basis property.

Example 2.2 ([55]). Let G be a group with unit e and let R be an algebra. A kG-
comodule algebra structure on R is the same as a G-grading of algebras R = ©g4eqRy;
here R = R,. Now “R is strongly G-graded” means that
RyR;, = Ry, for all g,h € G.
Then R, C R is kG-Galois if and only if R is strongly G-graded.
2.2. Extensions of Hopf algebras. This notion was considered in many papers. see
e.g. [33, 8, 49, 31, 50, 52, 38, 16, 17]. Following [1, 8] together with [49] we say that the
sequence of morphisms of Hopf algebras
AS0%B
is exact if the following conditions hold:
(i) ¢ is injective.
(ii) = is surjective.
(iii) kerm = CL(A)™.
(iv) (A) = C™.
In this case we also say that C is an extension of B by A.
The left and right adjoint actions of C, denoted by ady, ad, : C — End C, are given by

ade(z)(y) = 2(yyS(z(2)), ady(2)(y) = S(x))yz(2), 7,y € C.
Notice that
ad.(z)(y) = S " (ade(S(2))S(y)),  zyeC.

Ann. Repr. Th. 1 (2024), 1, p. 73-94 https://doi.org/10.5802/art.5


https://doi.org/10.5802/art.5

76 Nicolds Andruskiewitsch et al.

A Hopf subalgebra A of a Hopf algebra C' is normal if it stable under one of, hence both,
the adjoint actions.

Lemma 2.3. Let A be Hopf subalgebra of a Hopf algebra Cand B := C/ATC.
(i) If A is normal, then ATC = CA™T.
(ii) If AYC = CA™, then it is a Hopf ideal, B is a Hopf algebra and the quotient map
w: C — B is a morphism of Hopf algebras.
(iii) If AYC = CA" and C is a faithfully flat A-module (under left or right multiplica-
tion), then A < C Iy Bis exact, 7 is faithfully coflat and A is normal.

The converse in (i) and whether Hopf algebras are faithfully flat over Hopf subalgebras
are open questions.

Proof. (i), (ii) are easy; see [42, 3.4.3] for (iii); cf. [8, 1.2.4], [49, 1.4] [53]. O
Remark 2.4. A Hopf algebra C is faithfully flat over a Hopf subalgebra A provided that

either of the following conditions hold:

(i) dim C < oo, in fact C is a free A-module [44];
(ii) [49, 3.3] A is central and C' is Noetherian;
(iii) [49, 2.1] A is normal and dim A < oo; in fact C' is a free A-module.

Let C be a Hopf algebra. The left and right coadjoint actions of C' are the (left and
right) comodule structures g, o, : C' — C @ C' given by

0e(r) = 2(yS(2(3)) ® 2 (2), or(z) = 2(2) @ S(w(1))7(3), reC.
Let 7 be the usual flip. Notice that
or(@) = ('@ 8™ (al(S(2))), zeC.

A surjective Hopf algebra map « : C — B is conormal, or simply B is a conormal
quotient of C if ker 7 is a subcomodule for one of, hence both, g, and g, (notice a change
of terminology with respect to [8]).

Lemma 2.5. Let w: C — B be a surjective morphism of Hopf algebras.
(i) If m is conormal, then C°T = °7™C.
(ii) A= C°T equals “°"C iff A is a Hopf subalgebra of C.
(iii) If w is conormal and C is a faithfully coflat (left or right) B-comodule, then A =
ceom <& ¢ Iy B is exact and o is faithfully flat.
Proof. (i): [8, 1.1.7); (if) [8, 1.1.4]; (iii): [8, 1.2.14], [49, 1.4], [53]. 0

Lemma 2.6. If 7 : C' — B is a surjective morphism of Hopf algebras and B is cosemisim-
ple, then C' is a faithfully coflat B-comodule.

Proof. C' is coflat because B is cosemisimple; but coflatness for a surjective Hopf algebra
map implies faithful coflatness by [23, Remark, p. 247]. d

2.3. Cleft extensions of Hopf algebras. These were considered e. g. in [1, 8, 16, 17,
47, 48]. Given Hopf algebras H and K, we consider the subgroups of Reg(K, H) given by
Regl(Ka H) = {d) € Reg(K7 H) : ¢)(1) = 1}>
Reg (K, H) = {¢ € Reg(K,H) : ¢ = ¢},

Regl,a(Ka H) = Regl(Ka H) N RegE(K7 H)
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Definition—Lemma 2.7. An exact sequence A < C I B s cleft if satisfies one of the
following equivalent conditions:
(i) there exists x € Regy(B,C) such that (id@m)Ax = (x ® id)A;
(it) there exists & € Reg.(C, A) such that £(ac) = a&(c), Vae€ A ceC;
(iii) there exist a morphism of A-modules £ : C — A and a morphism of B-comodules
X : B — C such that {x = epla and (L&) * (x7) = ide.

If this happens, then (1) =1, ex = ¢, hence mx = idp and & = id 4. See [1, 3.1.14] for
a proof.

2.4. Hopf center and Hopf cocenter. Let H be a Hopf algebra. We recall a few facts
from [1].
e [1, 2.2.3] There exists a maximal (with respect to the inclusion) central Hopf
subalgebra HZ(H) of H, called the Hopf center of H.
e [1,2.3.8] A quotient Hopf algebra map ¢ : H — K is cocentral if it satisfies

(¢ ®id)A = (¢ ® id) A°P.

There exists a minimal cocentral Hopf algebra map q: H — HC(H); by abuse of
notation, HC(H) is called the Hopf cocenter of H. Here minimal means that any
cocentral map ¢ : H — K factorizes through .

o If dim H < oo, then HZ(H)* ~ HC(H*) and HZ(H*) ~ HC(H)*.

Lemma 2.8 ([1, 3.3.9]). Let A <% C Z» B be an ezact sequence.
(i) If A is central in C and HZ(B) ~k, then A is the Hopf center of C.
(ii) If m: C'— B is cocentral and HC(A) ~k, then B ~ HC(C).
Remark 2.9. Let H be a finite-dimensional simple Hopf algebra (i.e., without proper

non-trivial normal Hopf subalgebras).

(i) If H is not commutative, then HZ(H) ~ k.
(ii) If H is not cocommutative, then HC(H) ~ k.
(iii) (N. A. and H.-J.Schneider, Appendix to [1]). The small quantum groups associated
to simple Lie algebras and their parabolic subalgebras are simple Hopf algebras,
hence their Hopf centers and cocenters are trivial.

2.5. Cocycles and twists. Let H be a Hopf algebra. A Hopf 2-cocycle [24] or simply a
cocycle is a convolution invertible inear map o : H ® H — k that satisfies

o (90(1),?;(1)) o (ﬂf(z)y(z),z) =0 (?Ju), 2(1)) o (%9(2)2(2)) o(z,1) =0(l,2) = e(),

for all x,y,z € H. Then we have a new Hopf algebra H,, the coalgebra H with multipli-
cation conjugated by o, i. e.

Toy=0 (1?(1),y(1)) T(2)Y2) 0" (1?(3),@/(3)) ; z,y € H. (2.1)
Dually, a twist for H is an element F = F() @ F(2) ¢ H ® H that satisfies
(1® F)(id®A)(F) = (F®1)(A®id)(F), (id®e)(F) =(e®id)(F) =1

and has an inverse F~! = FCU®F(2) | Then HY | the algebra H with the comultiplication
AF .= FAF~! is a Hopf algebra. These definitions are compatible with duals, i.e. the
transpose of a twist is a cocycle etc.
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Example 2.10. Let now I" be a group with unit e and A a Hopf algebra. Assume that
A= P,ecrAx is a I'-graded algebra, each homogeneous component A, is a subcoalgebra
and S(A,) = A,.—1. Then A, is a Hopf subalgebra of A. Let F' = FOQF® ¢ A.® A, bea
twist for A.. Then F is a twist for A, which remains a I'-graded algebra: A" = @, rAL,
where AL is again a sucoalgebra, namely A, with comultiplication conjugated by F.

3. HOPF ALGEBRAS WITH A CENTRAL HOPF SUBALGEBRA

3.1. Hopf systems. Let A be a central Hopf subalgebra of a Noetherian Hopf algebra
H and let G = Alg(A,k) be the pro-affine algebraic group defined by A; its unit is the
counit . Given k € G, let

M, = ker k € Specmax A, J.=HM, =M.H, H,=H/J,.
Since A is central, H is an algebra (with multiplication m, and unit u,) and the natural
projection p, : H — H,, is an algebra map. If k,v € G, then
AMMy) CM. 0 A+AIM, = AJuy) CI.OH+H®TJ,,
SOn,) =M, = SOx) =T,.-1.

Hence for any k,~y € G there are well-defined algebra morphisms

Ag~:Hey — Hy ®@ Hy, (3.1)
Sy Hy — HEE’I,
that satisfy

H 4 _HoH H S H°P (3.3)

p'i”/l lm@m pni lpﬂl

Ay, K
H., '~ H,®H,, J p—— N
By the coassociativity and antipode axioms, for any x,~v,v € G we have

(Aky ®idp, ) Ay = (ida, ©®Ay ) Ay Heyy = H, @ Hy @ Hy, (3.4)
(idHf€ ®€)A,{’5 = idHN = (6 X idHﬂ)Asﬁ, (3.5)
my(id ®8,(1)AR7,(1 = Ut = My(S-1 @ id)A,,rlﬁ (3.6)

In particular H. is a quotient Hopf algebra of H. In other words, (H).cq is a Hopf
system in the sense of [1]. By Lemma 2.3(iii) and Remark 2.4 (ii), we have an exact
sequence of Hopf algebras

A H —» H..
Given k € G, H, a H.-bicomodule algebra via
0k = Ay Hy — H, @ He, Ao = Ac g Hy = H: @ Hy;
clearly oxpr = (Px @ pe)Am, Aepre = (pe @ p)Ap-

Lemma 3.1 ([4, Lemma 3.1]). If H is H.-cleft, then so is H,,V k € G.

Remark 3.2. If H is H.-cleft, then H, # 0, i.e., J, # H. For this, consider £ €
Reg.(H, A) satisfying £(ah) = a&(h), for all a € A,h € H; see Definition—-Lemma 2.7.
Then £(J,) = E(M.H) C M,.. Thus, if I, = H, then 1 € J,; and therefore 1 = £(1) €
&(Jx) = My, a contradiction.
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3.2. Tensor categories. Let % be the full subcategory of rep H whose objects are those
where A acts in a semisimple way. Thus, if V € €, then

V:G}VK7 where Vi={veV:iz-v=r(z)v VzeA}
keEG
Given k € G, we identify rep H, with a subcategory %, of rep H via restriction along py.
Then % is indeed a full subcategory of ¥; if V € ¥, then V,, € . In other words

¢ =P . (3.7)

KEG
Because of (3.3), € is closed under tensor products and duality. Clearly it is a full
subcategory closed under taking subquotients, hence it is a tensor subcategory of rep H [26,
4.11.1]. Notice however that € is not closed under extensions, see the discussion on rep H
in Subsection 3.4. By (3.3), we also see that (3.7) is a grading of tensor categories, that is

G ©Cy — Crrs (€o)* = Comr.

By Remark 3.2 this grading is faithful if H is H.-cleft. This statement is also true when
dim H, is finite, as we show next.

Proposition 3.3. If dim H, is finite, then the grading € = @,.cq €x is faithful. Hence,
H,#0 forallke .

Proof. Let A be the full subcategory of rep A whose objects W are semisimple, i.e.,

W:@W,{, where We={weW:z -w=k(z)w, VzeA}.
KeG
We have a grading A = @, g Ax, where A, is the full subcategory of rep A whose
objects are those W with W = W,. This grading is faithful since the one-dimensional
representation supported by x belongs to A,.

The restriction functor rep H — rep A induces a functor F' : ¢ — A. We claim that F
is dominant, that is, for every object W € A there exists an object V' € % such that W is
a subobject of F'(V'). To see this, recall that H is faithfully flat over A, cf. Remark 2.4 (ii).
Then the inclusion A — H induces a monomorphism W = A4 W — H®4 W in
rep A, the latter being the restriction of the finite dimensional H-module H ® 4 W, by
assumption. Clearly, the image of W is contained in the A-socle V of H ®4 W, which is
an object of &, because A is central in H. The faithfulness of the grading (3.7) follows
from the fact that F'(¢)) C A, for all k € G. O

Definition 3.4. Let I' < G. Then %1 denotes the full subcategory of ¥ generated by
%x, k € I', that is the full subcategory of rep H with objects where A acts in a semisimple
way by characters in I'. In other words

¢r = P . (3.8)
kel

3.3. Matrix coefficients. Let R be an algebra. Given V € rep R with associated rep-
resentation ¥y : R — EndV, the image of the transpose map ‘dy : (EndV)* — R* is
denoted by Cy; its elements are the matrix coeflicients of V. Clearly Cy is a subcoalgebra
of the finite dual R° and

rRR= J ov.
VerepR
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Given a morphism of algebras ¢ : R — T, the transpose ‘¢ : T* — R* induces a morphism
of coalgebras ¢° : T° — R°. Clearly, if V € rep T and V? € rep R is obtained by restriction
along ¢, then ¢°(Cy) = Cy .
If in addition R and T are Hopf algebras and ¢ is a morphism of Hopf algebras, then
sois ¢° : T° — R°.
We consider the subcoalgebras of H®
Ck)= |J Cwwm, reG. (3.9)
W erep Hyg
In other words p, : H] — C(k) is an isomorphism of coalgebras. In particular C(e) ~ H?
as Hopf algebras.
Let I' be any subgroup of G. We introduce

= > C(r). (3.10)

kel

Then H(I") is a Hopf subalgebra of H° by (3.3). Notice that the subcategory %, in
Subsection 3.2 is equivalent to the category of finite-dimensional right C'(k)-comodules.
Also €T is tensor-equivalent to the tensor category of finite-dimensional H(I")-comodules.

Let Ity ={k €I :repH, #0} = {k € I':C(k) # 0}. Clearly Iy is a subgroup of I
but it could be strictly smaller.

Example 3.5. Let b, be the n'" Heisenberg Lie algebra, with basis z;, y;, z, i € I,, where
z is central, [z;, x;] = [yi,y;] = 0, [x;,y;] = 0i52, i,j € I,. By Lemma 2.3 (ii), we have an
exact sequence of Hopf algebras

k[z] = U(bhn) - R

where R is the polynomial ring in 2n variables. Now G = Alg(k[z],k) is the algebraic
group (k,+); for any x € G\ 0, H, = U(h,)/(z — k) is isomorphic to the Weyl algebra
in 2n variables which has no non-zero finite-dimensional representation, being simple and
infinite-dimensional. Thus for any I' < G, Ity is trivial.

The following is the main result of this Section. Recall that ¢ : A — H is the inclusion.
Let w : H(I') — A° be the restriction of :° : H® — A° and let + : H ~ C(e) — H(I) be
the inclusion.

Theorem 3.6. The algebra H(I') = @, ¢ i, C(k) is faithfully I{q-graded and the following
is an exact sequence of Hopf algebras:

HS < H(D) Z k. (3.11)
Proof. Let (k;) be a finite family of different elements in G. Then
Ao+, @4 B No, 43, =0 2 (ZCli])ﬂCm)—O.
j#i i#i i#i

Here (x) is a standard fact in commutative algebra and (#) is evident. Let us prove (x):
If f € C(k), then fj5, = 0. Thus if

(ZC (Kj ) NC(k), thenf|ﬂj¢i3nj+3ni =0, hence f=0.
J#i
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Therefore the sum . o r C(k) is direct. Since the multiplication of H® is the transpose
of A, (3.3) implies that C(k) - C(v) C C(k7), for all k,y € I'.

We next claim that Imw ~ klfy, so that the map w in (3.11) makes sense. Indeed,
if V€ rep Hy, then A acts on V via x and thus Cres, v C kr and the equality holds iff
V' # 0. This implies that Im w C kl{y and the equality follows by definition of If;.

Our next goal is to show that

HS = H(I)®™. (3.12)

3
We start with the following observation. By standard arguments on matrix coefficients,
if W €rep Hy, and V = WPs_ then
w(f) =e(f)k, felCy (3.13

where the counit of H° is denoted by e. Now (3.12) follows because each C(k) is
subcoalgebra: given f € H(I"), write f =3, c p fx with f, € C(k). Then by (3.13),
(id®@w)A(f) = Z Je ® K,
kel
hence f € H(I")*°¥ if and only if f € C(e).
For the exactness of (3.11), it remains to see that kerew = H(I')(H2)*. Now H(I)

is faithfully coflat over kl{y by Lemma 2.6. By Lemma 2.5 (iii) we are reduced to show
that w is conormal, but this follows from the centrality of A: take f € H(I"), then

(id®@w)oe(f) = f1)S(f3)) @ w(f(2)) = 0 if and only if (f(1)S(f(3)), M) {(w@(f(2)),a) = 0 for
allh € H, a € A. Now
(FS():h) (=) a) = (f), by ) { Fi3), S(hiey)) (= (F2)), @)
= {f,haS(h@)) = =(h)(f,a).

Thus, if f € kerw, then f1)S(f(3)) ® @(f2)) = 0, hence ker @ is a subcomodule with
respect to gy, i.e. w is conormal. ]

Remark 3.7. If IV < I', then H(I") is a Hopf subalgebra of H(I'), I}j < Ij3 and there is
a morphism of exact sequences

H—— H(I") —kI},

L

Hec H(T) kl}4.

Remark 3.8. The projection H(I") — klfq is cocentral.
Proof. This follows from the centrality of A in H. O

Finally we establish some properties of H(I"), see § 4.2. First we recall:

Theorem 3.9 ([5, 2.10, 2.13]). Let A <> C' T» B be an ezact sequence of Hopf algebras
with C' faithfully coflat as a B-comodule. Then C' is co-Frobenius (respectively cosemisim-
ple) if and only if A and B are co-Frobenius (respectively cosemisimple).

Theorem 3.9 applied to the exact sequence (3.11), see Lemma 2.6, gives:

Corollary 3.10. H(I") is co-Frobenius (respectively cosemisimple) if and only if HS is
co-Frobenius (respectively cosemisimple).
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3.4. A grading of rep H. Given V € rep H, we set
Vi ={veV:i(z—k(2)" v=0 VzeA, forsomenecN}.

Hence V' = @, c¢Vix) by a classical argument. Given £ € G, we introduce the full
subcategory €, of rep H whose objects are those V' € rep H with V' = V|,,). Therefore

rep H = @) %) (3.14)

keEG
Since €. C %(x), the grading (3.7) of € is inherited from (3.14).

Proposition 3.11. The decomposition (3.14) is a grading of tensor categories. If dim H.

< 00, then this grading is faithful.

Proof. Let V,W € rep H. We first observe that V' € €, iff there exists a filtration
O=ViCcVhcWVic---CV,=V

such that V;/Vi_1 € €, for all i € Iy ,,. Thus, if V € () and W € €(,) with an analogous

filtration 0 = W_y C Wo C Wy C --- C W,,, = W, then the filtration of V ® W given by
(VeW)_1=0and
Vew);= > V,.oW, j=0
r,s > 0,r+s=j

is exhaustive and satisfies (VQW);/(V®W);_1 € €xy. Indeed, given r and s, take v € V,.
and w € W,. By hypothesis, for any z € A we have

z-v € Kk(z)v+ Vo1, z-w € y(2)w + Ws_1,
hence
z-(V@w) =21 V@29 - wE (/f(z(l))v + VT_1) ® (’y(z(z))w + Ws_l)

Cry(z)(vew)+V, @Ws1+ Vi1 @ Wi + Vg @ W

C m(2)(w @ w) + (V& W)yps 1.
Thus ¢y ® €(y) < C(xy)- Now, if v € V; and f € V*, then for any 2 € A we have
(z- f,0) = (f,S(2) -v) = {f,k 1 (2) - v+ ') for some v/ € V;_;. Hence

<(z — H_l(z)) -f,v> = (f,v').

Iterating we see that (z — x71(2))"! - f = 0, for n as above. Therefore (4(,))* = G,-1).
Observe that the previous arguments imply that the category rep A also bears a grading
rep A = @B, c ¢ A(r), where A, is the full subcategory of rep A whose objects are those
V with V' = V(). Now this grading is faithful since the one-dimensional representation
supported by r belongs to A(,).
Assume now that dim H, < oo. As in Proposition 3.3, the restriction functor F' :
rep H — rep A is dominant, implying the faithfulness of the grading (3.14). O

Definition 3.12. Let I' < G. Then %) denotes the full subcategory of rep H generated
by €(x), & € I', in other words ¢y = @, ¢ i ¢(x). We introduce

H(I) = ) Cw;
W ebr

this is a Hopf subalgebra of H® and ¢(r) is tensor-equivalent to the tensor category of
finite-dimensional #H((I"))-comodules.
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The Hopf algebra H((I")) will be studied elsewhere.

4. FINITE-BY-COCOMMUTATIVE HOPF ALGEBRAS

4.1. Discussion of the assumptions. As in the previous Section we fix a Noetherian
Hopf algebra H with a central Hopf subalgebra A; thus we have an exact sequence of Hopf

algebras (€): A <% H % H.. Let G = Alg(A, k).
4.1.1. Assumptions on H.. Consider the following assumptions:
Assumption 4.1. H is a finitely generated A-module, say (h;);c1, generate H over A.
Assumption 4.2. H. is finite-dimensional.
Remark 4.3. Assumption 4.1 implies 4.2. In general, we have for any Kk € G

dim H,;, < N. (4.1)
Conversely, Assumption 4.2 implies Assumption 4.1 if moreover the extension (&) is cleft.
Question 4.4. Does Assumption 4.2 imply Assumption 4.1 always?

Example 4.5. Assumption 4.2 does not imply cleftness of (£); see the example by Oberst
and Schneider in [42, Section 3].

If (4.1) holds, then the subcoalgebra C(k) of the finite dual H® defined in (3.9) is
1dent1ﬁed with the finite-dimensional coalgebra H}, via the injective map of coalgebras
pl. . Hf — H°. In particular, C(e) ~ H} = H?.

Lemma 4.6. If Assumption 4.2 holds, then dim H, = dim H,, for all k € G.
Compare with [26, Theorem 3.5.2].

Proof. First recall that for any Hopf algebra K and right K-comodule V', one has an
isomorphism of right K-comodules

VoK = Viivia @ K, v ® k= v @ vk, veV, ke K.

Hence, if dimV < oo, then V @ K ~ K9™V Similarly, K ® V ~ K9V Consider the
coalgebra decomposition
= P C»)

kel
where dim C'(k) < oo by (4.1). Recall that €, is the category of finite-dimensional C'(k)-
comodules. By the previous discussion, for any v € I,

D (Clr) @ C(y)) ~ H(I) @ Cy) ~ H(I)ImCO) ~ () ¢ () dm

kel kel
as H(I")-comodules. Notice that C(k) ® C(v) € €iy; while C(k)3™C0) € .. Therefore
C(k) ® C(y) ~ C(ry)dmCO), for all k,vy € I. (4.2)
By a similar argument, using the isomorphism C(x)@H/(I") =~ H(I")I™ () we also obtain
that
C(r) ® C(7) ~ C (k) ), for all K,y € I (4.3)
Now dim C(k) # 0, by Proposition 3.3. Comparing dimensions on (4.2) and (4.3), we get
dim C(k) = dim C(), for all k,v € I'. This proves the lemma. O
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In the rest of the paper, we shall assume that Assumption 4.2 holds and that the exten-
sion (&) is cleft, hence Assumption 4.1 also holds.

4.1.2. Assumptions on H. Let H be a Hopf algebra with a central Hopf subalgebra A such
that H is a finitely generated A-module. Then
H is Noetherian <= A is Noetherian <= A is affine.

In particular, G = Alg(A,k) is an algebraic group. These equivalences follow from
Lemma 4.9 below whose proof requires two results.

Theorem 4.7 ([27]). If R is a right Notherian ring which is finitely generated as a right
module over a commutative subring S, then S is Noetherian.

Theorem 4.8 ([41]). Let A be a commutative Hopf algebra. Then A is Noetherian if and
only if it is affine.
Lemma 4.9. Let H be a Hopf algebra with a commutative Hopf subalgebra A such that

H is a finitely generated A-module. The following are equivalent:

(a) H is Noetherian.
(b) A is Noetherian.

(c) A is affine.

Proof. (a) = b is Theorem 4.7. (b) = (a): By assumption H is a Noetherian A-module
and so it is a Noetherian algebra. (b) < (c) is Theorem 4.8. O

4.1.3. Structure of H(I"). Let I' < G; then I{q = I" because of (4.1) and Remark 3.2. Our
main object of interest is the Hopf algebra H(I") = @, C(k). By Theorem 3.6 it fits
into the exact sequence

HY < H(D) Z kI (F1)
Lemma 4.10. The eatension (F1') is cleft; hence H(I") is strongly I'-graded.

Proof. Let x : H: — H be a cleaving map and let € : H(I") — H} be the restriction of
the transpose x' : H* — HZ. Then ¢ satisfies the conditions of Definition-Lemma 2.7 (ii),
hence (FT) is cleft. The second claim follows from Theorem 2.1 and Example 2.2. O

Remark 4.11. If the family (k;); e generates I', then @, ¢ ; C(k;) generates the algebra
H(I"). Hence, if I' is finitely generated, then #H(I") is affine.

4.1.4. Pairing. The natural pairing (, ) : H* x H — k descends to a pairing (, ) : H(I") x
H — k. Clearly it is non-degenerate on one side. Let I = H(I')* C H; this is a Hopf
ideal since (, ) is a Hopf pairing. We have

I = m.&cEFC("{’)L = ﬂliéfjﬁa

by (3.10) and since all H,’s are finite-dimensional. Let x € I', W € rep H,, and let
c € Cyrs be a matrix coefficient. Then (c,a) = k(a)c, for any a € A. Hence

INA=NeerCr)Y* NA={acA:k(a)=0forall keI}.

That is, I N A is the ideal of functions on G that vanish in the Zariski closure T of I
Hence, if I' # G, then I N A # 0 and so I # 0. We have proved:

Lemma 4.12. If the pairing (, ) : H([") x H — k is non-degenerate, then I" is Zariski-
dense in G.
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Question 4.13. If I' is Zariski-dense in G, is the pairing (,) : H(I') x H — k non-
degenerate? That is, does I N A =0 imply that [ =07

4.1.5. Comparison. Consider another cleft exact sequence of Hopf algebras A’ Ny !
with H' Noetherian and dim H. < oo; set G’ = Alg(A’, k). Given subgroups I' < G and
I < G' it is natural to ask whether the Hopf algebras H(I") and H(I") are isomorphic
(here is an abuse of notation, as the initial data are different). We offer a partial answer,
applicable in many examples. Recall that w : H(I") — kI is cocentral, cf. Remark 3.8.

Proposition 4.14. Let f : H(I') — H(I[") be an isomorphism of Hopf algebras. If
HC(H(I)) = kI' and HC(H(I")) = kI, then f induces isomorphisms ¢ : I' — I and
fo: HY ~ H.™ such that the following diagram commutes:

HXC H() —Z kI

b b

H!*C H(I') Z kI

Proof. Since the morphism @’ f : H(I") — kI is cocentral, there exists a unique morphism
of Hopf algebras ¢ : kI' — kI” such that ¢w = @’f. Then ¢ must be an isomorphism
which, combined with the fact that H* = H(T')% and H.* = H(I")°%, implies that f
induces by restriction an isomorphism fo : H* ~ H!* making the diagram commute. [J

Remark 4.15. By Lemma 2.8(ii), the assumptions of Proposition 4.14 are satisfied if H.
and H. are simple and noncommutative or, more generally, if HZ(H,) ~k ~ HZ(H]).

4.2. Coradical filtration and co-Frobenius property. Recall that a Hopf algebra K
is co-Frobenius if it admits a non-zero (right) integral, i.e., a linear functional [ : K — k,
[ # 0, invariant under the dual of the left regular representation. See e.g. [5, 6] for details
and a list of equivalent characterizations.

Let I' < G. Corollary 3.10 implies that H(I") is co-Frobenius. The next Theorem gives
a refinement of this fact.

Theorem 4.16. The coradical filtration of H(I") is
corad,, H(I") = @ corad,, C'(k), (4.4)
kel

hence H(I") is co-Frobenius.

Proof. The proof of (4.4) is by induction on n > 0. For n = 0 this is a consequence
of [45, 3.4.3], while the inductive step follows from [45, 2.4.3]. Then (4.1) implies that
corady C(k) = C(k) and therefore corady H(I') = H(I'). Finally, by finiteness of the
coradical filtration, #(I") is co-Frobenius cf. [7, Theorem 2.1]. O

By the Larson—Radford theorem [35], Corollary 3.10 also implies the following result.
Theorem 4.17. H(I") is cosemisimple if and only if H. is semisimple.

4.3. Gelfand—Kirillov dimension. We refer to [34] for the definition and basic proper-
ties of this notion.

The main result of this subsection characterizes the algebras H(I") with finite Gelfand—
Kirillov dimension. We start by a general remark. Let I" be a group and let R = @, r R«
be a strongly I'-graded algebra.

Ann. Repr. Th. 1 (2024), 1, p. 73-94 https://doi.org/10.5802/art.5


https://doi.org/10.5802/art.5

86 Nicolds Andruskiewitsch et al.

Lemma 4.18. If dim R, < oo for all k € I', then GKdim R > GKdimkI'. Furthermore
the equality holds if there exists N € N such that

dim R, < N, forall k € I (4.5)
In particular, if GKdim R < oo, then I" has polynomial growth.

Proof. First notice that R, # 0 for all kK € I' since 0 # R, = RyR,.-1. Given a finite
subset X C I', set Ry = @, ¢ x Rx. Then |X| < dim Rx < oo by the preceding. We have
Rx Ry = Rxy for any Y C I', since R is strongly graded. Hence (Rx)" = Rxn» and

L) *
| X" < dim(Rx)" < N|X"|, n €N,
where in the second inequality we assume (4.5). Now # implies that
limsuplog,, | X"| < GKdim R, hence GKdimkI" < GKdim R.
n— oo
Assume that (4.5) holds. Let V' be a finite-dimensional subspace of R; clearly there exists

a finite X C I" such that V' C Rx. Then & implies that
lim sup log,, dim V" < limsup log,, dim(Rx)" < GKdimkI,

n— oo n— oo

and the equality GKdim R = GKdim k" follows. O

Recall that a finitely generated group is nilpotent-by-finite if it has a normal nilpotent
subgroup of finite index. Here is a celebrated result by Gromov:

Theorem 4.19 ([28]). If I" is a finitely generated group, then GKdimkI" < oo if and only
if I' is nilpotent-by-finite.

Assume next that I is a not necessarily finitely generated group. Then kI has finite
GKdim if and only if there exists NV € N such that
GKdimkY < N for any finitely generated 7" < I

In particular any finitely generated subgroup of I" should be nilpotent-by-finite. We then
conclude:

Theorem 4.20. Let I' < G. Then
GKdim H(I') = GKdimkI". (4.6)

Thus GKdim H(I") < oo iff there exists N € N such that any finitely generated ¥ < I is
nilpotent-by-finite and GKdimkY < N.

Proof. Assume first that I" is finitely generated. Then (4.6) follows from Lemma 4.18
since (4.1) gives (4.5). Therefore GKdim H(I") < oo iff I" has polynomial growth iff I" is
nilpotent-by-finite by Theorem 4.19.
In general any finitely generated subalgebra of H(I") is contained in H(7') for some
finitely generated 7" < I', cf. Remark 3.7. Thus
GKdimH(I') = sup GKdimH(?)= sup GKdimkY = GKdimkI"

r<r r<r

fin. gen. fin. gen.
So, (4.6) holds in general and the theorem follows from Theorem 4.19 by the considerations
above. g

We list a few examples for illustration:
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(a) GKdimkQ = 1 because any finitely generated subgroup of Q is cyclic (and torsion-
free). Since Q is a subgroup of the additive group k, it embeds in any algebraic
group which is not a torus.

(b) Let Goo < k* be the group of all roots of 1. Then GKdimkG,, = 0 because
any finitely generated subgroup is cyclic (and torsion). Now G, embeds in any
algebraic group that contains a torus.

4.4. Noetherianity. A general reference for this Subsection is [40]. Recall that a solvable
group is polycyclic if every subgroup is finitely generated; equivalently, if it admits a
subnormal series with cyclic factors. Also, a group is polycyclic-by-finite if it has a normal
polycyclic subgroup of finite index. The Hirsch number of a polycyclic group is the number
of infinite factors in any subnormal series; the Hirsch number of a polycyclic-by-finite group
is that of a polycyclic normal subgroup with finite index.

It is a classical result that the group algebra of a polycyclic-by-finite group is Noether-
ian [29]; a well-known open question is whether the converse holds.

Recall that a group is Noetherian if it satisfies the maximal condition on subgroups; if
the group algebra of a given group is Noetherian, then so is the group but the converse is
not true, see [32]. However for linear groups there is a remarkable result of Tits:

Theorem 4.21 ([54]). A linear Noetherian group is polycyclic-by-finite.
In consequence, if I" is a linear group, then the following are equivalent:

kI is Noetherian & I' is Noetherian & I' is polycyclic-by-finite.

Theorem 4.22 ([43, Thm. 5.5]). If I" is a polycyclic-by-finite group and R is a strongly
I'-graded ring, then R is right Noetherian when R is so.

Theorem 4.23. Let I' < G. The following are equivalent:

(a) The algebra H(I") is Noetherian.
(b) The group I' is polycyclic-by-finite (in particular it is solvable).

(a) = (b). Recall that I', being a subgroup of an affine algebraic group, is linear. Since
kI" is Noetherian, being a quotient of #(I"), Theorem 4.21 applies. (b) = (a): By
Lemma 4.10, Theorem 4.22 and (4.1). O

4.5. Regularity. A reference for this Subsection is [40, Chapter 7]. As in loc. cit. we use
the following abbreviations: pd stands for projective dimension; r.gldim, 1. gldim, gldim
stand for right global dimension, respectively left global dimension, and global dimension.
Given an algebra R, if r.gldim R = 1. gldim R then we set gldim R = L. gldim R; we say
that R is regular if gldim R < oo.

To start with, recall from [37] the estimate

l.gldim C < r.gldim B + 1. gldim A (4.7)

for a crossed product C' = A#,B of an associative algebra A with a Hopf algebra B (with
antipode not necessarily bijective). See [18] for the dual version of this result. Clearly
if the antipode of a Hopf algebra B is bijective, then 1.gldim B = r.gldim B. But this
equality holds even if the antipode is not bijective, see [56, Proposition A.1].

We apply the estimate (4.7) to a cleft exact sequence of Hopf algebras (all with bijective

antipode) A <% C % B where we assume that dim A < oco. First, we record

Lemma 4.24. In the situation above, if A is semisimple and B is reqular, then C is
reqular and gldim C' < gldim B.
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Now any finite-dimensional Hopf algebra is Frobenius, thus either A is semisimple, or
gldim A = co. The latter case is dealt with the following result, that relies on a theorem
by Schneider and a well-known argument.

Lemma 4.25. A Hopf algebra K having a finite-dimensional normal non-semisimple Hopf
subalgebra L is not reqular.

Proof. By [49, Theorem 2.1], K is free as L-module. Therefore

¢
0o = gldim L 2 pdk;, < pdky + pd K7 = pdkg,
that is, K is not regular. Here © is e.g. by [37, 2.4] and ¢ by [40, 7.2.1]. O

Let I' < G. Turning to the cleft extension (F!'), we get the following characterization.

Theorem 4.26. Assume that H(I") is Noetherian. Then H(I") is reqular if and only if
H. is semisimple; in this case, gldim H(I") < h where h is the Hirsch number of I.

Proof. By [35], H; is semisimple iff H} is so. If H} is not semisimple, then gldim H (") = co
by Lemma 4.25. Otherwise Lemma 4.24 implies that gldim H(I") < gldimkI’. When
H(I") is Noetherian, I" is polycyclic-by-finite by Theorem 4.23, thus gldimkI" < h by [40,
7.5.6]. 0

5. EXAMPLES

5.1. First considerations. In this Section we discuss examples of Hopf algebras H(I")
as defined in Section 3, see (3.10), and more specifically as assumed in Section 4. Once
a substantial list of examples is obtained, to have a comprehensive picture one needs to
address the following questions:

Question 5.1. Given an algebraic group G with algebra of functions O(G), find all Hopf

algebras H with a central Hopf subalgebra A ~ O(G) such that the extension A Ny - g
H_ is cleft and dim H. < co.

Question 5.1 can be rephrased as follows:

Question 5.2. Given an algebraic group G and a Hopf algebra u, dimu < oo, find all cleft
extensions O(G) < H—»u such that (O(QG)) is central in H.

As is known [8, 31, 38|, such an extension can be described by a collection (—,a,p, T)
made up of a weak action, a cocycle, a weak coaction and a cycle that satisfies a long set
of axioms; centrality slightly simplifies the requirements (e.g. the weak action is trivial)
but otherwise this situation seems to be difficult to handle.

Then we also need information on the following classical problem.

Question 5.3. Given an algebraic group G (that admits a Noetherian Hopf algebra H as
in Question 5.1), describe its subgroups, in particular those that are finitely generated
nilpotent-by-finite, or polycyclic-by-finite.

Towards this question, it is worth recalling the following celebrated result.

Theorem 5.4 ([12, 51]). Any polycyclic-by-finite group is linear.
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5.2. Quantum algebras of functions. Let G be a semisimple simply connected alge-
braic group with Lie algebra g and algebra of functions O(G). Let ¢ be an odd integer
(prime to 3 if G has a component of type G5), and ¢ a primitive £*! root of unity. Recall
the quantized algebra of functions O(G), see e.g. [21], and the small quantum group u.(g).
There is an exact sequence of Hopf algebras

O(G)—= Oc(G) —=uc(g)’

which is cleft by [46, 3.4.3]. By Theorem 5.4 any polycyclic-by-finite group I" is a subgroup
of a suitable G and so gives rise to a Hopf algebra H(I).

More examples are given by the Hopf algebra quotients of the quantized algebras of
functions classified in [9)].

5.3. Pointed Hopf algebras. Recall that a Hopf algebra is pointed if every simple co-
module is one-dimensional. See [10] for this notion and [2] for the related notion of a
Nichols algebra. We start by a result needed later.

Theorem 5.5 ([39, 1.3]). Let m : U — u be a surjective map of Hopf algebras. If U is
pointed, then the u-comodule algebra U, with coaction (id @m)A, is cleft.

Let (V,c) be a braided vector space. Then the tensor algebra T'(V') is a braided graded
Hopf algebra. A pre-Nichols algebra of V is a factor of T'(V') by a graded Hopf ideal
supported in degrees > 2. The Nichols algebra of V is Z(V) =T(V)/J(V), where J (V)
is the maximal Hopf ideal among those. Thus any pre-Nichols algebra I of V' lies between
T(V) and B(V).

We refer to [3, 4, 11] for details on the following material. Let (V,¢) be a braided vector
space of diagonal type with braiding matrix q = (¢;;) € (kX)HXH, where I = {1, ..., 0},
6 € N. Assume that the Nichols algebra %, := %(V') has finite dimension, thus q belongs
to the classification in [30]. As shown in [11], (V] ¢), i.e., the matrix g, gives rise to the
following data:

e The distinguished pre-Nichols algebra gq.
e The Hopf algebra U, (the Drinfeld double of the bosonization of By).
e The subalgebra Z; of U, as modified in [4, § 4.5].

The class of Examples of this Subsection arises from the following result.

Theorem 5.6. If q satisfies the technical condition [4, (4.26)], then Zq is a central Hopf
subalgebra of Uy, My = Alg(Z4,k) is a solvable algebraic group, uq = Uq/Uqu is finite-
dimensional, and the exact sequence of Hopf algebras Z,—— Uy —1uy s cleft.

Proof. This follows from [11, Theorem 33 & Remark 11], see also the discussion in [4,
§ 4.5]. Theorem 5.5 implies the cleftness of the exact sequence. O

Let g be a semisimple Lie algebra and ¢ a root of 1 of odd order, coprime with 3 if g
has an ideal of type G2. Then there is a suitable q such that Uy is isomorphic to the De
Concini-Kac-Procesi quantized enveloping algebra U,(g), see [19, 20, 22]. But this class
of examples covers also quantum supergroups and more, see [3, 4].
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5.4. Bosonizations. See e.g. [10] for this notion due to Radford and interpreted cate-
gorically by Majid. The category of Yetter—Drinfeld modules over a Hopf algebra K is
denoted by ﬁyD.

We fix a finite group L, V € E£YD such that dim Z(V) < oo and set K = %(V)#kL.
We consider three different settings for pairs (H, A) with H Noetherian, A central in H,
the extension (€) cleft and H, ~ K.

5.4.1. Blowing-up the group. We assume that there exist a group A, a surjective map of
groups p : A — L and a map ¢ : suppV — A such that V € ﬁﬁy@ with the grading
induced by ¢ and the action induced by p. Set Ag := ker p. We claim that the following
sequence is exact and cleft:

id #p K

A =kANg ——— H' = B(V)#kA

Indeed tensoring the exact sequence of vector spaces (kA)kAf — kA — kL with Z(V),
we conclude that ker(id #¢) = H'(A’)T. Tt is also easy to see that

A é (Hl)co id #go‘

Now H' is K-cleft by Theorem 5.5. Hence we have equality in ¢ by a dimension argument.
Finally we need to check whether Ag is central in H’' in each example.

5.4.2. Blowing-up the algebra. Here we suppose that there exists a pre-Nichols algebra 5
of V' with projection 7 : B — A(V) such that B7™ is a (usual) Hopf subalgebra and the
following sequence is exact and cleft:

m# id

AV =BT o H" = B#KL K.

We also assume that A” is central in H".

5.4.3. Blowing-up both. We assume that there exist a group A and a pre-Nichols algebra 5
as previously such that B ™ #kA is a central Hopf subalgebra and the following sequence
is exact and cleft:

TH P

A= BT HkAy = H == B#kA K.

5.4.4. Example: the enveloping group of a rack. For simplicity we fix n € I35 and assume
that L = S,, and that V' € ﬂig:)ﬂp has B(V) ~ FK,, (the Fomin—Kirillov algebra of rank
n), see e.g. [2]. Then V has support X = O3 (the conjugacy class of transpositions in Sy,);
this is a rack with operation > given by conjugation. The enveloping group of X is

GX — <€x cx E X|€x€y = €xpy €z, L, Y €X>
Then there exist

(i) a unique morphism of groups g : Gx — S, such that p(e;) =z, z € X
(ii) a realization of V' in giyl),

inducing a Hopf algebra map H' = %(V)#k@;gidﬂ» B(V)#kS,,. It can be shown that

z = €2 = 612;’ for any z,y € X and that Z := kerp = (z) ~ Z. Now it is clear that
e2 - v = v for every v € V, hence Z is central in H'. Thus we have a cleft exact sequence

id #¢p

A =kZC H' K = B(V)#KS,.
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Now it is well-known that
Alg(kZ,k) ~ Z ~ k>, K* ~ B(W)#k5,
where W ~ V* linearly. Hence for any I" < k*, we have an extension

B(W ) kS C H(T) kI

5.4.5. Example: (finite) quantum linear spaces. The input for this example is a matrix
q = (qij)i,j e1, Whose entries are roots of 1 that satisfy

Q95 = 1, 7 75] € Iy, N; :=ordg; > 1, 1 € Ip.
Let M; be the least common multiple of {ordg;; : j € Iy}, for every i € Iy. Thus N;
divides M;. To this input we attach:
e The finite abelian group L = (g1) ® --- @ (gg) where ord g; = M;, i € .

e The characters x1,...x¢ € L, given by x;(gi) = ¢j, i,j € Ip.

e The free abelian group A of rank 6, with basis g1, ...gg. The kernel of the map g :
A — L given by p(g;) = ¢i, @ € Iy, is denoted by Ag; that is, Ay = <gi\/[1, ...géVIG).
e The characters x1,...Xg € A, given by x;(gi) = ¢ij, i,J € Ip.

e A vector space V' with a basis z1, ...z, realized in ﬁyp and ﬁﬁy@ by

6(zi) = 9; @ xi, 9w = Xxi(9)zi, 0(x;) = gi ® g zi = x;(v)zi,
foriely,ge L,ge A. Here § : V®kL and § : V ® kA are the coactions.
e The algebra B =k(xz1, ..., zg|lziz; — gij xjxi, 1 # j € Ip).

Then the following facts hold:

e #(V) and B are both Hopf algebras in ¥£YD and ﬁﬁ)ﬂ). The natural projec-
tion 7 from B to the Nichols algebra #(V) induces an isomorphism #(V) =~

B/(z2, ..., 2.
e The subalgebra of B generated by lev oo, :cév % coincides with B°™ and we have
an exact sequence of Hopf algebras
A= BOTHKA) o H = BH#kA K. (5.1)
Lemma 5.7. If N; = M;, for alli € Iy, then A is central in H.
Proof. The algebra H is generated by z1, ..., g, gfl, cees g;ﬂ with relations
% = Gijxixi, i FJjEl,  gir; =qijvi&, 88 = &8  i,J €l
The subalgebra A is generated by 3311\71, cee {L‘éve, gliNl, cee g;tNg. Now
N, Ni .. N N, Ni . N N, g xMg, i i=j;
. . . . . . . g = 7j;
T, Ty = qijl Tix; g, ‘Tj = qijz ;8 " 8il; T = { lile N; e .
dj; ~X;°8i if ¢ # 7,
for all ¢, j € Iy. This implies the Lemma. ([l

Now the comultiplication of A is determined by

A(gfvi):gfv’@gfvi A(mNi):xﬁvi@@lJrgf\’i@foi, i €T,

1

Therefore G := Alg(A, k) is isomorphic to B?, where B is the Borel subgroup of SL(2,k).
In conclusion, for any I' < B?, we have an extension

K*—=H(T) kI
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5.5. Twisting H(I"). Let A be a central Hopf subalgebra of a Noetherian Hopf algebra

H, so that one has the exact sequence A S HE H_ of Hopf algebras. Given I' < G =
Alg(A,k), let H(I") be as in (3.10). Let o : H. ® H. — k be a cocycle, cf. § 2.5. Then
g :=0(p:®@p:): H® H — k is a cocycle. Then

z o h = zh, h-z=hz, z€ A, heH.

Hence A is central in H;, Assume that H is a finitely generated A-module. Then H7,
being a finitely generated A-module, is Noetherian and we have an exact sequence of Hopf
algebras

At H: — 5 (HL), .

Thus we may repeat the constructions and get a Hopf algebra that we denote H,(I").
The twist ' = ‘o for Hf ~ C(e) is naturally a twist for #(I") and for H°. See
Example 2.10 for twists of graded algebras.

Proposition 5.8. H, (") ~ H(I)F.

Proof. Since the subcoalgebras C(k) of H(I') are C(e)-bimodules, then C(x)F is a sub-
coalgebra of H(I')¥, for all € I'. Notice that (H=).z90, = HM, for all x € I'. Hence the
subcoalgebra Cs (k) := (Hz/(Hz).z9M,)* of (Hz)° is contained in (H°)! and it coincides
with the subcoalgebra C(k). Therefore

H(DV = @ crCr)E = e rCs(k) = Ho (D). O

Proposition 5.8 has the following application. Let u be a finite-dimensional pointed
Hopf algebra. In all known examples, the graded Hopf algebra gru with respect to the
coradical filtration is of the form Z(V)#kL as in §5.4 and u ~ (gru), for a suitable
cocycle o. Then for any pair (H, A) with H Noetherian, A central in H, the extension
(€) cleft and H. ~ gru, the pair (H3, A) has analogous properties and (H;), ~ u.
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