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A B S T R A C T

This paper presents a control scheme for aerial manipulators which allows to solve different motion problems:
end-effector position control, end-effector trajectory tracking control and path-following control. The scheme
has two cascaded controllers: i) the first controller is a minimum norm controller based on numerical methods,
it solves the three motion control problems just by modifying the controller references. Also, since the aerial
manipulator robot is a redundant system, i.e., it has extra degrees of freedom to accomplish the task, it is
possible to set other control objectives in a hierarchical order. As a secondary objective of the control it is
proposed to maintain a desired configuration for the robotic arm during the task. ii) The second cascade
controller is designed to compensate the dynamics of the system which main objective is to drive the velocity
errors to zero. The coupled dynamic model of the robotic system (hexarotor and robotic arm) is presented. This
model is usually developed as a function of the forces and torques. However, in this work, it is written as a
function of reference velocities which are usual references for these vehicles. The proposed control algorithms
are given with the corresponding stability and robustness analysis. Finally, to validate the control scheme,
experimental tests are performed in a partially structured environment with an aerial manipulator conformed
by an aerial platform and a 3DOF robotic arm.
1. Introduction

In the last decade, the robots have been evolving due to the capabil-
ities and functionalities that robots have developed in different fields
such as in agricultural services [1,2], search and rescue of people [3,4],
nuclear and exploration activities [5,6]. A robot can have total or
partial autonomy, which allows it to make decisions based on the
work environment. By different navigation techniques the robots are
able to perform tasks such as rescue, search and localization, among
other activities. These types of tasks can be simple and performed by
non-complex robotic systems. However, there are applications such as
object manipulation, maintenance of structures, transportation, that
require the ability to move from one place to another and the ability
to manipulate to reach the final goal. Among this type of robotic struc-
tures are aerial manipulators (AM), which allow performing active and
passive tasks combining the manipulation characteristics of a robotic
arm and the transport characteristics of an unmanned aerial vehicle
(UAV).
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Some of the control algorithms used to solve motion problems of
aerial manipulators are based on the kinematic model and the dynamic
model of the robotic system. In the literature there are several motion
control techniques that involve kinematics and/or dynamics, e.g., in [7]
the trajectory tracking of an aerial manipulator is presented using
an adaptive algorithm to compensate for the variations of the UAV
dynamics, but it does not consider the dynamics of the robotic arm.
Similarly, in [8] a trajectory tracking control based on an adaptive
algorithm of infinite H-norm is presented, in which the robotic arm is
assumed as a perturbation within the model of the aerial manipulator.
In [9] it is presented a model based adaptive control algorithms for
an under actuated AM composed of a conventional multirotor and a
robotic arm. The authors consider the aerial platform and the robotic
arm as two independent systems for modeling and control. In the same
context, position control based on the sliding mode technique is pre-
sented in [10], the dynamic model of the AM supposes the mass of the
UAV within the mass of the first link, which generates control problems
due to change of center of gravity. To solve this, the authors implement
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an adaptive control law. Several works in the literature [11,12] present
the dynamic model of an aerial manipulator robot independently, that
is, the dynamic model of the aerial platform and the dynamic model
of the robotic arm are analyzed separately. Therefore, one of the
contributions of this work is to obtain and validate the dynamic model
of an aerial manipulator as a coupled system (aerial platform + robotic
arm). Another aspect to take into account from the review carried out
is that the dynamic model of robots is usually expressed in terms of the
forces and torques that act on the systems [13,14]. However, in order to
avoid estimating or measuring forces and torques of the robot, another
contribution of this work is to obtain a dynamic model as a function of
the reference velocities, facilitating the application of control actions
to the real robot.

Motion control issues that commonly exist for aerial manipulators
are: (i) position control; (ii) path-following control; and (iii) trajectory
tracking control. Some of the control algorithms developed to solve
motion problems are based on the kinematic model and the dynamic
model of the robotic system. In this context, several works have been
carried out, such as in [15] where it is presented an inverse kinematics-
based controller for a dual-arm aerial manipulator, being the motion
constraints handled by the kinematics Null-Space. An inverse dynamics
scheme for the internal control of the dynamics is presented in [16]
with a robot model having torque inputs. There are schemes with
trajectory optimization for the control of aerial manipulator [17]. These
optimization schemes have been applied to the separate analysis of
the UAV and the robotic arm, which generates inconveniences when
solving the problem of different control schemes for each system.
On the other hand, more advanced control schemes have been im-
plemented for trajectory tracking such as null space algorithms and
path-following with secondary objectives [18,19], however, they do
not take into account the dynamics of the system, but only use the
kinematic model of the robots. These works are presented at the
simulation level, without evaluating the behavior of the system in face
of the changes in the inertias, present in a combined coupled system.
Therefore, the analysis of the dynamics of aerial manipulator robots
in the control systems are totally pertinent and the performance at an
experimental level should also be investigated. For example, in [20] an
inverse dynamic control is developed for an aerial manipulator with
a parallel 3DOF manipulator robot. There, the authors propose the
dynamic compensation only of the omnidirectional floating base robot
and mention that for better precision of the end-effector, it should be
considered dynamics compensation control of the complete system in
a coupled way.

In the present work the coupled dynamics of the complete sys-
tem is obtained and an inverse dynamics compensation controller is
proposed using numerical methods. Research has been carried out for
the implementation of the theory of numerical methods in robotics
applications such as in [21], which performs trajectory tracking in
mobile robots. The controller design method is based on linear algebra
theory, and numerical estimation techniques are used to estimate the
uncertainty value for each sampling time. Also in [22] a sliding mode
controller using linear algebra for trajectory tracking of a mobile robot
is presented. The model of aerial manipulator robots are characterized
by highly nonlinear and complex characteristics and its knowledge is
mandatory for the development of traditional control strategies such as
Sliding Mode Control (SMC) or inverse dynamics control strategies.

For all the above mentioned, this paper presents a new type of
dynamic model for this kind of robotic systems that has not yet been
discussed in the literature. The dynamic model is presented in terms
of reference velocities, facilitating the application of control actions to
the real robot. The Euler–Lagrange methodology is used to obtain the
dynamic model, after which the parameters of the model are identi-
fied with the respective validation. The dynamic model is then used
for implementing dynamic compensation in cascade with a kinematic
controller, which is designed to allow the three control objectives of
2

position control, trajectory and path-following control, in an unified
way, by only modifying the desired references. In addition, the stability
and robustness analysis of the control system are presented. Finally,
experimental tests are performed in partially structured environment,
to validate and assess the performance of the proposed control scheme.
Such a control scheme is the main contribution of this work.

The work is structured as follows. Section 2 presents the problem
formulation. Section 3 presents the motion control problems. Section 4
presents the kinematic and dynamic models of the aerial manipulator.
Section 5 describes the proposed cascade controller scheme. Section 6
presents the proposed controllers with the respective stability and
robustness analysis. Finally, Section 7 presents the experimental results
with their analysis.

2. Problem formulation

This section presents the multilayer scheme proposed in this work,
see Fig. 1. The proposed multilayer scheme considers different objec-
tives, i.e., each layer has different functionalities and is composed of
five main layers:

Task configuration layer . The main objective of this layer is to plan
and define the tasks to be executed by the aerial manipulator robot.
This layer is subdivided into: (i) Off-line configuration. In this sub-layer
the initial parameters of the robot are defined; the motion problem to
be solved is selected, i.e., it is defined if the robot executes position con-
trol, trajectory tracking or path-following; and the secondary control
objective to be solved by redundancy of the robotic system is assigned.
And finally, (ii) On-line configuration. In this sub-layer it is possible
to modify the primary control objective; and modify or add another
secondary control objective.

Kinematic control layer . In this layer, a minimum-norm kinematic
controller based on numerical methods is implemented in order to solve
the problems of position control, trajectory tracking and path-following
for an aerial manipulator robot. The controller in each sampling period
receives the reference positions and velocities of the desired shape.
Therefore, this controller is responsible of calculating the maneuver-
ability velocities for the system. In addition, the control of secondary
objectives is considered in this layer.

Dynamic compensation layer . Is responsible for compensating the
dynamics of the aerial manipulator robot in order to reduce the velocity
tracking error.

Robot layer . Represents the aerial manipulator robot consisting of a
robotic arm on the underside of an unmanned aerial vehicle.

Environment layer . Represents the partially structured workspace
where the aerial manipulator robot executes the task planned in the
first layer.

The proposed multilayer scheme presents independence of each
layer, i.e., the changes within any layer do not cause structural changes
in the other layers. Several nonlinear control algorithms can be tested
using the same control strategy. It is important to mention that from the
presented scheme a simple structure can be obtained, in other words,
some layers can be increased or removed keeping the basic structure,
i.e., subtraction or addition of layers does not affect the rest of the
layers. For example, the on-line configuration layer could be discarded
in the case of trajectory tracking in a known environment and without
obstacles. An adaptive dynamic control layer can also be included, for
tasks at high velocities and transport of heavy loads.

3. Motion control problems

In this paper, a control scheme is proposed to solve the problem of
position control, trajectory tracking and path-following for an aerial
manipulator robot in a unified way. The proposed control scheme

considers the desired position and velocity of the end-effector of the
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Fig. 1. Multilayer scheme.

aerial manipulator robot as reference signals. Therefore, these signals
can be represented as:

𝝃𝐝 (𝑡, 𝑠, 𝝃) =
[

𝜉1𝑑 𝜉2𝑑 ⋯ 𝜉𝑚𝑑
]⊺ ∈ R𝑚 (1)

𝐯𝐝 (𝑡, 𝑠, 𝝃) =
[

𝑣1𝑑 𝑣2𝑑 ⋯ 𝑣𝑚𝑑
]⊺ ∈ R𝑚 (2)

where, 𝝃𝐝 =
[

𝜉𝐩𝐝⊺ 𝜉𝑜𝑑
]⊺ is the desired position vector and orientation;

and 𝐯𝐝 represents the desired velocity vector of the end-effector of
the robot at each time instant. According to the control problem, the
desired position and velocity can be defined as a function of: 𝑡 which
represents the time variable; 𝑠 represents the variable of the desired
path profile; and 𝝃 =

[

𝜉𝐩⊺ 𝜉𝑜
]⊺ is the vector that contains the current

position vector 𝜉𝐩 and the current orientation 𝜉𝐨 of the end-effector of
the robotic system [23].

3.1. Position control

The positioning problem consists of maneuvering the robot with
the objective of positioning the end-effector of the robot at a desired
point with a desired orientation 𝝃𝐝. Therefore, the desired position
and orientation (1); and velocity (2) for position control is defined as:
𝝃𝐝 (𝑡, 𝑠, 𝜉) = 𝝃𝐝 ∈ R𝑚 and 𝐯𝐝 (𝑡, 𝑠, 𝜉) = 𝟎 ∈ R𝑚. The controller receives
the desired constant position and orientation

(

𝝃𝐝
|

|

|

𝑡 ∈
[

𝑡0, 𝑡𝑓
]

)

and the

desired velocity
(

𝐯𝐝 = 𝟎||
|

𝑡 ∈
[

𝑡0, 𝑡𝑓
]

)

. Then, the motion control problem
is to determine a control law 𝝁𝐊 (𝑡) = 𝑓

(

𝝃̃(𝑡)
)

with 𝝃̃(𝑡) = 𝝃𝐝 − 𝝃(𝑡), such
that lim𝑡→0 𝝃̃(𝑡) = 𝟎 ∈ R𝑚.

3.2. Trajectory tracking

The trajectory tracking problem of a robotic system consists of
maneuvering the robot over a desired continuous smooth profile param-
eterized in time. Fig. 2 shows the trajectory tracking problem, where
𝝃𝐝(𝑡) and 𝝃̇𝐝(𝑡) represent the desired position-orientation and velocity
of the end-effector at time 𝑡 with respect to the inertial reference
frame R . Therefore, the desired position (1) and velocity (2) for the
trajectory tracking control are defined as:

𝝃𝐝 (𝑡, 𝑠, 𝜉) = 𝝃𝐝(𝑡) 𝐯𝐝 (𝑡, 𝑠, 𝜉) = 𝝃̇𝐝(𝑡) =
d
d𝑡 𝝃𝐝(𝑡)

The trajectory tracking controller receives the desired trajectory
and orientation

(

𝝃𝐝 (𝑡)|| 𝑡 ∈ [𝑡0, 𝑡𝑓 ]
)

and the desired velocity
(

𝐯𝐝 = 𝝃̇𝐝 (𝑡)||
𝑡 ∈ [𝑡0, 𝑡𝑓 ]

)

. Therefore, the problem of motion control is to determine
a control law 𝝁𝐊(𝑡) = 𝑓

(

𝝃̃(𝑡), 𝝃̇𝐝(𝑡)
)

with 𝝃̃(𝑡) = 𝝃𝐝(𝑡) − 𝝃(𝑡), such that
lim 𝝃̃(𝑡) = 𝟎 ∈ R𝑚.
3

𝑡→0
3.3. Path-following

Path-following control consists of maneuvering the robot so that the
end-effector follows a desired non-parameterized path in time. Fig. 3
shows the robot path-following problem, where,
𝐩(𝑠) =

[

𝜉𝑝𝑥(𝑠) 𝜉𝑝𝑦(𝑠) 𝜉𝑝𝑧(𝑠)
]⊺ represents the desired path to be fol-

lowed; 𝝃𝐝 =
[

𝐩𝐝⊺ 𝜉𝑜𝑑
]⊺ =

[

𝜉𝑥𝑑 𝜉𝑦𝑑 𝜉𝑧𝑑 𝜉𝑜𝑑
]⊺ such that 𝐩𝐝 repre-

sents the point closest to the current position of the end-effector; 𝜉𝑜𝑑
is the desired orientation of the end-effector in the plane 𝑋𝑌 ; 𝜌 =
‖

‖

‖

𝜉𝑥,𝜉𝑦, 𝜉𝑧
‖

‖

‖

is the position error norm; and 𝐯𝐝 is the desired velocity of
the end-effector on the desired path, defined with respect to the inertial
reference frame RF . Therefore, the desired position (1) and velocity (2)
for path-following control is defined as:

𝝃𝐝 (𝑡, 𝑠, 𝜉) = 𝝃𝐝(𝑠, 𝜉) 𝐯𝐝 (𝑡, 𝑠, 𝜉) = 𝐯𝐝(𝑠, 𝜉)

The desired position and velocity over the path does not depend
on time as an independent variable, it depends on the current posi-
tion of the robotic system.

(

𝝃𝐝 (𝑠, 𝝃)|| 𝑡 ∈ [𝑡0, 𝑡𝑓 ]
)

represents the closest
position of the desired path to the end-effector of the aerial ma-
nipulator with its desired orientation. Also, the desired velocity is
(

𝐯𝐝 (𝑠, 𝝃) =
[

𝐯𝐩 (𝑠, 𝝃) , 𝜉̇𝑜𝑑 (𝑠, 𝝃)
]

|

|

|

𝑡 ∈ [𝑡0, 𝑡𝑓 ]
)

, with 𝐯𝐩 the velocity tangent
to the path at the point 𝐩𝐝 and with norm ‖

‖

‖

𝐯𝐩
‖

‖

‖

which represents the

desired speed at this point, and 𝜉̇𝑜𝑑 is the desired rotational velocity of
the end-effector. Therefore, the control objective is to design a control
law for the robotic system 𝝁𝐊 (𝑡) = 𝑓

(

𝝃̃ (𝑡) , 𝐯𝐝 (𝑠, 𝝃)
)

with 𝝃̃ (𝑡) = 𝝃𝐝 (𝑡) −
𝝃 (𝑡) to guarantee the convergence the end-effector position 𝝃(𝐭) to the
desired path 𝐩(𝐬), i.e., lim𝑡→∞ 𝝃̃ (𝑡) = 𝟎 ∈ R𝑚.

4. Aerial manipulator model

Two kinds of models are used to design control strategies in
robotics: (i) Kinematic Model which describes the motion of the robot
end-effector as a function of the velocities of the joints of the system;
and (ii) Dynamic Model, which provides a description of the relationship
between the actuator torques of the robot joints and the motion of the
system. On the other hand, the dynamic model is usually defined in
terms of torques and forces [13,24]. In the present work, the dynamic
model of the aerial manipulator is obtained as a function of the robot
maneuvering velocities by including the dynamics of the servo actua-
tors. With this dynamic model representation, it is possible to propose
cascade dynamic compensation control schemes after controllers based
on kinematics.

4.1. Kinematics of aerial manipulators

The configuration of the aerial manipulator is defined by the vector
𝐪 of 𝑛 independent coordinates, known as generalized coordinates of
the system. The vector 𝐪 =

[

𝐪𝐮⊺ 𝐪𝐚⊺
]⊺ with 𝐪𝐮 representing the vector

of generalized coordinates of the aerial platform and 𝐪𝐚 the generalized
coordinate vector of the robotic arm. It is possible to see that 𝑛 =
𝑛𝑢 + 𝑛𝑎, where, 𝑛𝑢 and 𝑛𝑎 are the dimensions of the spaces associated
with the generalized coordinates of the aerial platform and the robotic
arm respectively. The configuration 𝐪 corresponds to the configuration
space of the aerial manipulator N . The location of the end-effector of
the system is defined by the vector 𝝃 =

[

𝜉1 𝜉2 ⋯ 𝜉𝑚
]⊺, where 𝝃

defines the position and orientation of the end-effector into the fixed
reference frame RF . The 𝑚 coordinates of 𝝃 represent the dimension of
the working space of the aerial manipulator denoted as M . The end-
effector location can be defined in different ways depending on the
task, i.e., it can consider only the end-effector position or position and
orientation.

The kinematic model of an aerial manipulator gives the location of
the end-effector 𝝃 as a function of the configuration of the robotic arm
𝐪𝐚 and the configuration of the aerial platform 𝐪𝐮.

𝑓 ∶ N ×N → M
𝑢 𝑎
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Fig. 2. Aerial manipulator trajectory tracking problem.
Fig. 3. Aerial manipulator path-following problem.
𝑞

(

𝐪𝐮,𝐪𝐚
)

↦ 𝝃 = 𝑓
(

𝐪𝐮,𝐪𝐚
)

where, N𝑢 and N𝑎 represents the configuration space of the aerial plat-
form and the robotic arm respectively. Now, the differential kinematic
model of the aerial manipulator gives the derivative of the location of
the end-effector as a function of the derivatives of the configuration
of the robotic arm 𝐪𝐚 and the aerial platform 𝐪𝐮. The result of the
partial derivative of the position and orientation of the end-effector
with respect to the joints of the system is:

𝝃̇(𝑡) = 𝜕𝑓
𝜕𝐪

(

𝐪𝐮,𝐪𝐚
)

𝐪̇(𝑡) (3)

where, 𝝃̇ =
[

𝜉̇1 𝜉̇2 ⋯ 𝜉̇𝑚
]⊺ is the velocity vector of the end-

effector. Now, taking into account 𝐪̇ (𝑡) = 𝐓 (𝐪)𝝁 (𝑡) and replacing in
(3), results:

𝝃̇(𝑡) = 𝐉 (𝐪 (𝑡))𝝁(𝑡) (4)

where, 𝐓(𝐪) ∈ R is a matrix that includes the transformation between
the velocity commands of the mobile reference frame R and the
velocities in the fixed reference frame R ; 𝐉(𝐪) is the Jacobian matrix
of the system that defines the linear mapping between the vector of
4

velocities of the aerial manipulator 𝝁(𝑡) and the end-effector velocities
𝝃̇(𝑡).

4.2. Case study

This section describes the kinematic model of the aerial manipulator
robot, which considers a coupled system, i.e., aerial platform and
robotic arm as a single system. The aerial manipulator consists of a
hexarotor and a 3DOF robotic arm mounted on the underside of the
aerial platform. Fig. 4 shows the configuration of the aerial manipulator
in the operating space.

The system is composed of seven maneuverability velocities, four
hexarotor velocities subject to the mobile reference frame of the robot
R : 𝑣𝑓 is the linear velocity for the hexarotor frontal displacement; 𝑣𝑙 is
the linear velocity for the hexarotor lateral displacement; 𝑣𝑒 is the lineal
velocity for the hexarotor elevation; 𝜔 = 𝜓̇ is the angular velocity that
rotates the hexarotor around the 𝐸-axis; and three angular velocities
̇1, 𝑞̇2 and 𝑞̇3 which are the velocities of the robotic arm joints.

Remark 1. In the procedure for obtaining the kinematic model of the
aerial manipulator robot, the system is considered to work with low
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Fig. 4. Kinematic configuration of the aerial manipulator.
velocities. Therefore, the pitch and roll angles are approximately zero:
𝜃 ≈ 0 and 𝜙 ≈ 0.

The model representing the motion of the aerial manipulator in the
fixed reference frame is defined as follows:

𝝃̇(𝑡) = 𝐉(𝐪)𝜇(𝑡) =

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝜉̇𝑥 = 𝑣𝑓 𝑐𝜓 − 𝑣𝑙𝑠𝜓 − (𝜔 + 𝑞̇1)𝑠𝜓𝑞1
(

𝑙2𝑠𝑞2 + 𝑙3𝑠𝑞2𝑞3
)

+

⋯ + 𝑞̇2𝑐𝜓𝑞1
(

𝑙2𝑐𝑞2 + 𝑙3𝑐𝑞2𝑞3
)

+ 𝑞̇3𝑐𝜓𝑞1
(

𝑙3𝑐𝑞2𝑞3
)

𝜉̇𝑦 = 𝑣𝑓 𝑠𝜓 + 𝑣𝑙𝑐𝜓 + (𝜔 + 𝑞̇1)𝑐𝜓𝑞1
(

𝑙2𝑠𝑞2 + 𝑙3𝑠𝑞2𝑞3
)

+

⋯ + 𝑞̇2𝑠𝜓𝑞1
(

𝑙2𝑐𝑞2 + 𝑙3𝑐𝑞2𝑞3
)

+ 𝑞̇3𝑠𝜓𝑞1
(

𝑙3𝑐𝑞2𝑞3
)

𝜉̇𝑧 = 𝑣𝑒 + 𝑞̇2𝑙2𝑠𝑞2 + (𝑞̇2 + 𝑞̇3)𝑙3𝑠𝑞2𝑞3
𝜉̇𝑜 = 𝜔 + 𝑞̇1

(5)

where, 𝝃̇ =
[

𝜉̇𝑥 𝜉̇𝑦 𝜉̇𝑧 𝜉̇𝑜
]⊺ is the vector of the end-effector ve-

locities and the orientation of the end-effector on the 𝑋𝑌 plane of
the fixed reference system RF ; 𝝁 =

[

𝑣𝑓 𝑣𝑙 𝑣𝑒 𝜔 𝑞̇1 𝑞̇2 𝑞̇3
]⊺

is the maneuverability velocity vector of the aerial manipulator; and
𝐉 (𝐪) ∶ R𝑛 → R𝑚 is the Jacobian of the system with 𝑛 = 7 which is
the dimension of the configuration space of the aerial manipulator and
𝑚 = 4 is the dimension of the robot workspace. In addition, 𝐶𝛼 = cos (𝛼);
𝐶𝛼𝛽 = cos (𝛼 + 𝛽); 𝑆𝛼 = sin (𝛼) and 𝑆𝛼𝛽 = sin (𝛼 + 𝛽).

4.3. Dynamic model of the aerial manipulator

The dynamic model establishes a mathematical relationship be-
tween the coordinates of the joints, their velocities, accelerations, forces
and/or torques that act on the system and parameters of the robot
such as: masses, length of the links, inertias and moments [25]. Fig. 5
shows a description of the parameters involved in the movement of the
robot.

To obtain the dynamic model of the aerial manipulator, let us
determine the velocities of each mass involved in the system, starting
from the center of mass of the hexarotor to the end-effector. The
position and velocity for the first mass is:

𝐩1 =
⎡

⎢

⎢

𝑥u
𝑦u

⎤

⎥

⎥

𝐯1 =
⎡

⎢

⎢

𝑥̇u
𝑦̇u
⎤

⎥

⎥

(6)
5

⎣𝑧u − 𝑙1⎦ ⎣𝑧̇u⎦
The position and velocity of the second mass is determined by:

𝐩2 =
⎡

⎢

⎢

⎣

𝑥u + 𝑙2𝑐𝜓 1𝑠2
𝑦u + 𝑙2𝑠𝜓1𝑠2
𝑧u − 𝑙1 − 𝑙2𝑐2

⎤

⎥

⎥

⎦

𝐯2 =
⎡

⎢

⎢

⎣

𝑥̇u − 𝑙2𝑠𝜓1𝑠2
(

𝜓̇ + 𝑞̇1
)

+ 𝑙2𝑐𝜓1𝑐2𝑞̇2
𝑦̇u + 𝑙2𝑐𝜓1𝑠2

(

𝜓̇ + 𝑞̇1
)

+ 𝑙2𝑠𝜓1𝑐2𝑞̇2
𝑧̇u + 𝑙2𝑠2𝑞̇2

⎤

⎥

⎥

⎦

(7)

Finally, the position and velocity of the third mass is:

𝐩3 =
⎡

⎢

⎢

⎣

𝑥u + 𝑐𝜓1
(

𝑙2𝑠2 + 𝑙3𝑠23
)

𝑦u + 𝑠𝜓1
(

𝑙2𝑠2 + 𝑙3𝑠23
)

𝑧u − 𝑙1 − 𝑙2𝑐2 − 𝑙3𝑐23

⎤

⎥

⎥

⎦

𝐯3 =
⎡

⎢

⎢

⎣

𝑥̇u − 𝑠𝜓1
(

𝑙2𝑠2 + 𝑙3𝑠23
) (

𝜓̇ + 𝑞̇1
)

+ 𝑐𝜓1
((

𝑙2𝑐2 + 𝑙3𝑐23
)

𝑞̇2 + 𝑙3𝑐23𝑞̇3
)

𝑦̇u + 𝑐𝜓1
(

𝑙2𝑠2 + 𝑙3𝑠23
) (

𝜓̇ + 𝑞̇1
)

+ 𝑠𝜓1
((

𝑙2𝑐2 + 𝑙3𝑐23
)

𝑞̇2 + 𝑙3𝑐23𝑞̇3
)

𝑧̇u +
(

𝑙2𝑠2 + 𝑙3𝑠23
)

𝑞̇2 + 𝑙3𝑐23𝑞̇3

⎤

⎥

⎥

⎦

(8)

The dynamic model describes the relationship between the inputs and
the motion of the robot, through the Euler–Lagrange equation [25],

 (𝐪, 𝐪̇) = 𝐾 (𝐪, 𝐪̇) − 𝑈 (𝐪) (9)

where, 𝐾 is the total kinetic energy of the system, 𝑈 is the potential en-
ergy of the total system. The kinetic energy of the system is determined
by:

𝐾 = 𝐾𝑢 +𝐾𝑎 (10)

𝐾𝑢 is the total kinetic energy of the aerial platform and 𝐾𝑎 is the total
kinetic energy of the robotic arm. The kinetic energy of the hexarotor
is composed by the kinetic energy produced during translation and the
kinetic energy produced during rotation, in such a way that:

𝐾𝑢 =
1
2
𝐯𝐮⊺𝑚𝑓𝑢𝐯𝐮 +

1
2
𝝎⊺
𝐮𝐼𝑢𝝎𝐮 (11)

where, 𝑚𝑢 is the mass of the hexarotor, 𝐯𝐮 is the linear velocity vector
of the hexarotor in the fixed system, 𝝎𝐮 is the angular velocity and 𝐼𝑢 is
the moment of inertia of the hexarotor. Replacing the angular velocity
of the hexarotor, the kinetic energy of the platform results:

𝐾𝑢 =
1
2
𝐯⊺𝐮𝑚𝑢𝐯𝐮 +

1
2
𝐼𝑢𝜓̇

2 (12)

The kinetic energy of the hexarotor written in matrix form as a function
of the generalized coordinates 𝐪̇ results as follows:

𝐾 = 1 𝐪̇⊺
(

𝐉⊺ 𝑚 𝐉 + 𝐉⊺ 𝐼 𝐉
)

𝐪̇ (13)
𝑢 2 𝐯𝐮 𝑢 𝐯𝐮 𝝎𝐮 𝑢 𝝎𝐮
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Fig. 5. Moment and mass scheme of the aerial manipulator.
where, 𝐪̇ =
[

𝑥̇𝑢 𝑦̇𝑢 𝑧̇𝑢 𝜓̇ 𝑞̇1 𝑞̇2 𝑞̇3
]⊺ is the velocity vector of

the generalized coordinates of the aerial manipulator, 𝐉𝐯𝐮 and 𝐉𝝎𝐮
are

defined as:

𝐉𝐯𝐮 =
[

𝐈3×3 𝟎3×4
]

𝐉𝝎𝐮
=
[

0 0 0 1 0 0 0
𝟎2×7

]

(14)

Now, the kinetic energy produced by the robotic arm is composed
by the kinetic energy of translation and rotation produced by each link:

𝐾a = 𝐾𝑎1 +𝐾𝑎2 +𝐾𝑎3 (15)

Replacing the kinetic energies we obtain:

𝐾a =
1
2

(

𝐯⊺1𝑚1𝐯1 + 𝐼1
(

𝜓̇ + 𝑞̇1
)2 + 𝐯⊺2𝑚2𝐯2 + 𝐼2𝑞̇22 + 𝐯⊺3𝑚3𝐯3 + 𝐼3

(

𝑞̇2 + 𝑞̇3
)2
)

(16)

Then, separating the kinetic energies produced by the masses of the
robotic arm links and writing in matrix form as a function of the
generalized coordinates, it results that the kinetic energy for mass one
is defined by:

𝐾𝑎1 =
1
2
𝐪̇⊺

(

𝐉𝐯⊺𝟏𝑚1𝐉𝐯𝟏 + 𝐉𝝎⊺
𝟏𝐼1𝐉𝝎𝟏

)

𝐪̇ (17)

with,

𝐉𝐯𝟏 =
[

𝐈𝟑×3 𝟎3×4
]

𝐉𝜔𝟏 =
[

0 0 0 1 1 0 0
𝟎2×7

]

(18)

Kinetic energy of mass 2:

𝐾𝑎2 =
1
2
𝐪̇⊺

(

𝐉𝐯⊺𝟐𝑚2𝐉𝐯𝟐 + 𝐉𝝎⊺
2𝐼2𝐉𝝎𝟐

)

𝐪̇ (19)

with,

𝐉𝐯𝟐 =
⎡

⎢

⎢

⎣

1 0 0 −𝑙2𝑠𝜓1𝑐2 −𝑙2𝑠𝜓1𝑐2 −𝑙2𝑐𝜓1𝑠2 0
0 1 0 𝑙2𝑐𝜓1𝑐2 𝑙2𝑐𝜓1𝑐2 −𝑙2𝑠𝜓1𝑠2 0
0 0 1 0 0 𝑙2𝑐2 0

⎤

⎥

⎥

⎦

𝐉𝝎𝟐 =
[

0 0 0 0 0 1 0
𝟎2×7

]

(20)

The kinetic energy of mass three is determined by:

𝐾𝑎3 =
1
2
𝐪̇⊺

(

𝐉𝐯⊺𝟑𝑚3𝐉𝐯𝟑 + 𝐉𝝎⊺
𝟑𝐼3𝐉𝝎𝟑

)

𝐪̇ (21)

with, (see Eq. (22) in Box I). Then, the total kinetic energy of the system
is given by:

𝐾 = 1 𝐪̇⊺
(

𝐉𝐯⊺𝐮𝑚𝑢𝐉𝐯𝐮 + 𝐉𝝎⊺
𝐮𝐼𝑢𝐉𝝎𝐮

)

𝐪̇ + 1 𝐪̇⊺
3
∑

(

𝐉𝐯⊺𝑖𝑚𝑖𝐉𝐯𝑖 + 𝐉𝝎⊺
𝑖 𝐼𝑖𝐉𝝎𝑖

)

𝐪̇ (23)
6

2 2 𝑖=1
replacing the Jacobians, masses and moments of inertia results:

𝐾 = 1
2
𝐪̇⊺𝐌̄ (𝐪) 𝐪̇ (24)

Finally, the potential energy is determined by:

𝑈 = 𝑚𝑢𝑔𝐳0𝐩𝐮 +
3
∑

𝑖=1
𝑚𝑖𝑔𝐳0𝐩𝑖 (25)

where, the vector 𝐳0 is given by 𝐳0 =
[

0 0 1
]⊺ and 𝑔 is the gravity.

Replacing the kinetic and potential energies in the Euler–Lagrange
Eq. (9), it results:

 (𝐪, 𝐪̇) = 1
2
𝐪̇⊺𝐌̄ (𝐪) 𝐪̇ − 𝑈 (𝐪) (26)

The torques and forces of the system are determined by [25]:

𝝉 = 𝑑
𝑑𝑡

(

𝜕
𝜕𝐪̇

)

−
(

𝜕
𝜕𝐪

)

(27)

where, 𝝉 =
[

𝐟⊺ 𝝉⊺
]⊺ =

[

𝑓𝑥𝑢 𝑓𝑦𝑢 𝑓𝑧𝑢 𝜏𝜓 𝜏1 𝜏2 𝜏3
]⊺ is the

vector of torques and forces associated with the generalized coordinates
of the aerial manipulator. The derivative of  (𝐪, 𝐪̇) with respect to the
vector 𝐪̇ is:
𝜕 (𝐪, 𝐪̇)
𝜕𝐪̇

= 1
2
𝜕
𝜕𝐪̇

(

𝐪̇⊺𝐌̄ (𝐪) 𝐪̇
)

= 𝐌̄ (𝐪) 𝐪̇ (28)

Now, deriving with respect to time the Eq. (28) results:

𝑑
𝑑𝑡

(

𝜕 (𝐪, 𝐪̇)
𝜕𝐪̇

)

= 𝐌̄ (𝐪) 𝐪̈ + ̇̄𝐌 (𝐪) 𝐪̈ (29)

Finally, the derivative of  (𝐪, 𝐪̇) with respect to 𝐪:
𝜕 (𝐪, 𝐪̇)
𝜕𝐪

= 1
2

(

𝜕
𝜕𝐪

(

𝐪̇⊺𝐌̄ (𝐪) 𝐪̇
)

)

− 𝜕
𝜕𝐪

(𝑈 (𝐪)) (30)

The equations of motion written in compact matrix form represent-
ing the dynamic model of the joint space is given by:

𝝉 = 𝐌̄ (𝐪) 𝐪̈ + 𝐂̄ (𝐪, 𝐪̇) 𝐪̇ + 𝐠̄ (𝐪) (31)

where, 𝐌̄ (𝐪) ∈ R7×7 is the mass or inertia matrix of the system, which
is a positive definite symmetric matrix, 𝐂̄ (𝐪, 𝐪̇) ∈ R7×7 is the matrix of
centripetal and Coriolis forces determined by:

𝐂̄ (𝐪, 𝐪̇) = ̇̄𝐌 (𝐪) − 1
2
𝐪̇⊺ 𝜕
𝜕𝐪

𝐌̄ (𝐪) (32)

and is 𝐠̄ (𝐪) ∈ R7×1 the gravitational force vector obtained as follows:

𝐠̄ (𝐪) = − 𝜕 𝑈 (𝐪) (33)

𝜕𝐪
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T
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T
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𝐟

w
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w
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o

𝜏

𝝉

i
a
c
(
g
F
a
o
t

𝑓

𝐉𝐯𝟑 =
⎡

⎢

⎢

⎣

1 0 0 −𝑠𝜓1
(

𝑙2𝑐2 + 𝑙3𝑐23
)

−𝑠𝜓1
(

𝑙2𝑐2 + 𝑙3𝑐23
)

−𝑐𝜓1
(

𝑙2𝑠2 + 𝑙3𝑠23
)

−𝑙3𝑐𝜓1𝑠23
0 1 0 𝑐𝜓1

(

𝑙2𝑐2 + 𝑙3𝑐23
)

𝑐𝜓1
(

𝑙2𝑐2 + 𝑙3𝑐23
)

−𝑙2𝑠𝜓1𝑠2 −𝑙3𝑠𝜓1𝑠23
0 0 1 0 0 𝑙2𝑐2 + 𝑙3𝑐23 𝑙3𝑐23

⎤

⎥

⎥

⎦

𝐉𝜔𝟑 =
[

0 0 0 0 0 1 1
𝟎2×7

]

(22)

Box I.
a
f
P
i

𝑡

𝐆

v

𝐟

w
a
r

𝐆

N
o

⋯

F

he dynamic model (31) verifies all properties defined in [25]. Now, let
s represent the generalized coordinate velocity vector 𝐪̇ in terms of the

velocity vector of the aerial platform by the equality 𝐪̇ = 𝐓 (𝐪)𝝁. Where,
𝐓 (𝐪) ∈ R7×7 is the matrix to transform the associated velocities in the
fixed frame R to the mobile reference frame of the hexarotor R ,
and 𝝁 =

[

𝑣𝑓 , 𝑣𝑙 , 𝑣𝑒, 𝜔, 𝑞̇1, 𝑞̇2, 𝑞̇3
]⊺ is the vector of robot maneuverability

velocities. The acceleration 𝐪̈ is obtained from the derivative:

𝐪̈ = 𝑑
𝑑𝑡

(𝐓 (𝐪)𝝁) = 𝐓 (𝐪) 𝝁̇ + 𝐓̇ (𝐪)𝝁 (34)

he dynamic model (31) as a function of robot velocities, accelerations,
orces and control torques is defined by:

𝝉 =
[

𝐓(𝐪)−1𝐌̄ (𝐪)𝐓 (𝐪)
]

𝝁̇ +
[

𝐓(𝐪)−1
(

𝐂̄ (𝐪,𝝁)𝐓 (𝐪) + 𝐌̄ (𝐪) 𝐓̇ (𝐪)
)]

𝝁

⋯ +
[

𝐓(𝐪)−1𝐠̄ (𝐪)
] (35)

where, 𝐟𝝉 =
[

𝐟𝐮⊺ 𝝉𝐚⊺
]⊺ is the vector of forces and torques of the

aerial manipulator robot and is composed by 𝐟𝐮 =
[

𝑓𝑓 𝑓𝑙 𝑓𝑒 𝜏𝜓
]⊺;

and 𝝉𝐚 =
[

𝜏1 𝜏2 𝜏3
]⊺. Now, to transform the dynamic model of the

aerial manipulator as a function of reference velocities, we first obtain
the transformation of the torques of the robotic arm as a function of
velocities considering the electro servo actuators. The torques applied
on the robotic arm joints are calculated by:

𝜏𝑖 =
𝑘𝑎
𝑟𝑎

(

𝜐𝑡𝑖 − 𝑘𝑏𝑞̇𝑖
)

𝑖 = 1, 2, 3 (36)

here, 𝑞̇𝑖 represents the angular velocity produced by each joint; 𝑘𝑎 is
he torque constant multiplied by the reduction constant; 𝑟𝑎 is the ar-
ature resistance of the motor; 𝑘𝑏 is the counter-electromotive constant

multiplied by the reduction constant and 𝜐𝑡𝑖 is the voltage applied to the
motor. On the other hand, the motor voltages are controlled by a PD
controller, which is common in commercial motors to follow reference
speeds. The model of the controller is described by:

𝜐𝑡𝑖 = 𝑘𝑝
(

𝑞̇𝑖𝑟𝑒𝑓 − 𝑞̇𝑖
)

− 𝑘𝑑𝑞𝑖 (37)

here, 𝑞̇𝑖𝑟𝑒𝑓 is the reference angular velocity and 𝑞𝑖 is the angular
cceleration produced by the motors. Replacing Eq. (37) in the equation
f the motor torques (36) results:

𝑖 =
𝑘𝑎
𝑟𝑎

(

𝑘𝑝𝑞̇𝑖𝑟𝑒𝑓 −
(

𝑘𝑝 − 𝑘𝑏
)

𝑞̇𝑖 − 𝑘𝑑𝑞𝑖
)

(38)

The torque vector of the robotic arm 𝝉𝐚 is determined by:

𝐚 = 𝐆𝐩𝐪̇𝐚𝐫𝐞𝐟 −
(

𝐆𝐩 +𝐆𝐛
)

𝐪̇𝐚 −𝐆𝐝𝐪̈𝐚 (39)

where, 𝐆𝐩 =
( 𝑘𝑎𝑘𝑝

𝑟𝑎

)

𝐈𝟑×𝟑; 𝐆𝐝 =
(

𝑘𝑎𝑘𝑑
𝑟𝑎

)

𝐈𝟑×𝟑 and 𝐆𝐛 =
(

𝑘𝑎𝑘𝑏
𝑟𝑎

)

𝐈𝟑×𝟑.

Now, since the hexarotor is a robot that accepts reference veloc-
ty commands, it is assumed that the internal control (attitude and
ltitude) of the hexarotor has PD-type controllers. The robot has four
ontrollers that handle the three linear velocities and the rotational
yaw) speed. As a first part, we have the expression of the force
enerated in each direction of the robot as a function of velocities [26].
urthermore, according to the aerodynamic properties [27,28], there is
velocity that opposes the thrust force of the rotors in each direction

f the platform. Therefore, the expression of the total force exerted by
he robot is given by:

( )
7

𝑖 = 𝑘𝑓𝑖 𝑡𝑖 − 𝑘𝑡𝑖𝑣𝑖 𝑖 = 𝑓, 𝑙, 𝑒 (40) 𝝁
where, 𝑡𝑖 is the thrust of the hexarotor; 𝑘𝑡𝑖 is a constant that transforms
the current velocity 𝑣𝑖 into opposite thrust due to aerodynamic effects
nd 𝑘𝑓𝑖 is a drag constant that transforms into linear displacement
orce. Now, it is assumed that the internal control of the hexarotor has
D controllers for the thrust, therefore, the thrust in the three directions
s:

𝑖 = 𝑘𝑝
(

𝑣𝑖𝑟𝑒𝑓 − 𝑣𝑖
)

− 𝑘𝑑 𝑣̇𝑖 (41)

As in (40), it is assumed that the rotational torque produced by the
hexarotor is given by

𝜏𝜓 = 𝑘𝜏
(

𝑡𝜓 − 𝑘𝜓𝜔
)

(42)

And the PD-type controller for the rotational torque 𝑡𝜓 of the robot is:

𝑡𝜓 = 𝑘𝑝
(

𝜔𝑟𝑒𝑓 − 𝜔
)

− 𝑘𝑑 𝜔̇ (43)

In general the forces for linear displacement and the rotation torque of
the robot are defined by:

𝑓𝑖 = 𝑘𝑓𝑖𝑘𝑝𝑣𝑖𝑟𝑒𝑓 −
(

𝑘𝑓𝑖𝑘𝑝 + 𝑘𝑓 𝑖𝑘𝑡
)

𝑣𝑖 − 𝑘𝑓𝑖𝑘𝑑 𝑣̇𝑖
𝜏𝜓 = 𝑘𝜏𝑘𝑝𝜔𝑟𝑒𝑓 −

(

𝑘𝜏𝑘𝑝 + 𝑘𝜏𝑘𝜓
)

𝜔 − 𝑘𝜏𝑘𝑑 𝜔̇
(44)

Then, the forces for linear displacement and the rotational torque of
the robot are calculated by:

𝐟𝐮 = 𝐆𝐩𝟏𝐯𝐮𝐫𝐞𝐟 −
(

𝐆𝐩𝟏 +𝐆𝐛𝟏
)

𝐯𝐮 −𝐆𝐝𝟏𝐯̇𝐮 (45)

where, 𝐯𝐮𝐫𝐞𝐟 =
[

𝑣𝑓𝑟𝑒𝑓 , 𝑣𝑙𝑟𝑒𝑓 , 𝑣𝑒𝑟𝑒𝑓 , 𝜔𝑟𝑒𝑓
]⊺

is the hexarotor reference veloc-
ity commands vector, while the actual linear velocities vector that the
hexarotor generates is 𝐯𝐮 =

[

𝑣𝑓 , 𝑣𝑙 , 𝑣𝑒, 𝜔
]⊺; and 𝐯̇𝐮 =

[

𝑣̇𝑓 , 𝑣̇𝑙 , 𝑣̇𝑒, 𝜔̇
]⊺ is

the acceleration vector of the hexarotor. The matrices that represent
the transformation of forces into references velocities are defined by:
𝐆𝐩𝟏 = 𝑑𝑖𝑎𝑔

([

𝑘𝑝𝑓 , 𝑘𝑝𝑙 , 𝑘𝑝𝑒, 𝑘𝑝𝜓
])

, 𝐆𝐛𝟏 = 𝑑𝑖𝑎𝑔
([

𝑘𝑡𝑓 , 𝑘𝑡𝑙 , 𝑘𝑡𝑒, 𝑘𝜏𝜓
])

and
𝐝𝟏 = 𝑑𝑖𝑎𝑔

([

𝑘𝑑𝑓 , 𝑘𝑑𝑙 , 𝑘𝑑𝑒, 𝑘𝑑𝜓
])

.
Then, expressing the system in hexarotor and robotic arm reference

elocities, it results:

𝝉 = 𝐆𝐟𝐩𝝁𝐫𝐞𝐟 −𝐆𝐟𝐛𝝁−𝐆𝐟𝐝 𝝁̇ (46)

here, 𝝁𝐫𝐞𝐟 =
[

𝐯𝐮𝐫𝐞𝐟
⊺ 𝐪̇𝐚𝐫𝐞𝐟

⊺
]⊺ is the reference velocity vector of the

erial manipulator robot; 𝝁 =
[

𝐯𝐮⊺ 𝐪̇𝐚⊺
]⊺ is the velocity vector of the

obot; 𝝁̇ =
[

𝐯̇𝐮⊺ 𝐪̈𝐚⊺
]⊺ is the acceleration vector of the robot and

𝐟𝐩 =

[

𝐆𝐩𝟏 𝟎𝟑×𝟑
𝟎𝟑×𝟒 𝐆𝐩

]

𝐆𝐟𝐛 =

[

𝐆𝐩𝟏 +𝐆𝐛𝟏 𝟎𝟑×𝟑
𝟎𝟑×𝟒 𝐆𝐩 +𝐆𝐛

]

𝐆𝐟𝐝 =

[

𝐆𝐝𝟏 𝟎𝟑×𝟑
𝟎𝟑×𝟒 𝐆𝐝

]

(47)

ow, considering the dynamic model of the robot (35) and (46), we
btain:

𝝁𝐫𝐞𝐟 = 𝐆−1
𝐟𝐩

[

𝐓(𝐪)−1𝐌̄ (𝐪)𝐓 (𝐪) +𝐆𝐟𝐝

]

𝝁̇+

+𝐆−1
𝐟𝐩

[

𝐓(𝐪)−1𝐂̄ (𝐪,𝝁)𝐓 (𝐪) + 𝐓(𝐪)−1𝐌̄ (𝐪) 𝐓̇ (𝐪) +𝐆𝐟𝐝

]

𝝁+

⋯ +𝐆−1
𝐟𝐩
𝐓(𝐪)−1𝐠̄ (𝐪)

(48)

inally, the dynamic model can be written as follows:

̇
𝐫𝐞𝐟 = 𝐌 (𝐪)𝝁 + 𝐂 (𝐪,𝝁)𝝁 + 𝐠 (𝐪) (49)
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where,

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐌 (𝐪) = 𝐆−1
𝐟𝐩

[

𝐓(𝐪)−1𝐌̄ (𝐪)𝐓 (𝐪) +𝐆𝐟𝐝

]

𝐂 (𝐪,𝝁) = 𝐆−1
𝐟𝐩

[

𝐓(𝐪)−1𝐂̄ (𝐪,𝝁)𝐓 (𝐪) + 𝐓(𝐪)−1𝐌̄ (𝐪) 𝐓̇ (𝐪) +𝐆𝐟𝐝

]

𝐠 (𝐪) = 𝐆−1
𝐟𝐩
𝐓(𝐪)−1𝐠̄ (𝐪)

(50)

Remark 2. Eq. (49) represents the dynamic model of the AM without
taking into account external disturbances and unmodeled robot dynam-
ics. The dynamic model considering perturbations and errors in the
modeling is represented by 𝝁𝐫𝐞𝐟 = 𝐌 (𝐪) 𝝁̇ + 𝐂 (𝐪,𝝁)𝝁 + 𝐠 (𝐪) − 𝜹𝝁̃(𝑘),
where, 𝜹𝝁̃(𝑘) = 𝑓 (𝜸𝜺, 𝜸𝝁) is a vector depending on external disturbances
𝛾𝜀 ∈ R𝑛 and on unmodeled dynamics 𝛾𝜇 ∈ R𝑛. However, not taken into
account in (49), it is considered in the control error behavior through
the robustness analysis in Eq. (81).

4.4. Parametric identification of the dynamic model

The method used for the identification is through general or black
box identification, where the objective is to establish the input–output
relationships of the system, without making physical interpretations on
the composition of the mathematical model. In order to identify the
parameters of the dynamic model of the aerial manipulator robot, it is
done through the minimization of an objective function:

min 𝑓 (𝝑) (51)

where, 𝝑 ∈ R𝜂 is the vector of dimension 𝜂 that represents the
parameters of the system to be identified. The function to optimize to
find the parameters is given by:

𝑓 (𝝑) = ‖

‖

𝝁𝐞𝐱 − 𝝁̄‖
‖

(52)

such that, 𝝁𝐞𝐱 is the reference velocity that excites the real robot; 𝝁̄
is the velocity provided by the dynamic model obtained from the real
data of the robot and is calculated by:

𝝁̄ = 𝐌
(

𝐪0
)

𝝁̇0 + 𝐂
(

𝐪0,𝝁0)𝝁0 + 𝐠
(

𝐪0
)

(53)

where, 𝐪0, 𝝁0 and 𝝁̇0 are vectors of actual positions, velocities and
accelerations obtained from the robotic system. As the velocity readings
and accelerations of the robot contain noise, the acceleration 𝝁̇0 is
stimated from a first-order filter 𝑓 (𝑠) = 𝜆

𝑠+𝜆 with 𝜆 > 0.
Parameter identification is done through the Quasi-Newton opti-

mization algorithm [29]. It is a linear search method that solves a
minimization sub-problem by approximating the Hessian of the La-
grangian. When the value of 𝑓 (𝝑) reaches a minimum, the search
provides the vector of parameters 𝝑 that fulfill the minimization of the
function. The dynamic model has a total of twenty-seven parameters
(𝜂 = 27), which represent nonlinear combinations of masses of links,
inertia moments of the hexarotor and of the links of the robotic arm,
among other parameters that make up the dynamic model.

5. Control scheme

The proposed control scheme for an aerial manipulator robot is
shown in Fig. 6. The proposed controller can be applied to solve the
motion control problem of positioning, trajectory tracking and path-
following by appropriate selection of control references in the task
configuration layer of the proposed multi-layer scheme, see Fig. 1.

1. Nonlinear kinematic control. It is a kinematic controller of minimal
norm with saturation of the maneuverability commands of the aerial
manipulator robot. This controller receives as inputs 𝝃𝐝 (𝑘) ∈ R𝑚 and
𝑑 (𝑘) ∈ R+ which describe the desired position and velocity of the
nd-effector with respect to the inertial reference frame RF ; and 𝑘
epresents the discrete time instant. Control errors are defined as 𝝃̃ 𝑘 =
8

( ) R
𝝃𝐝 (𝑘)−𝝃 (𝑘) = 𝛥𝝃 (𝑘) ∈ R𝑚. Therefore, the control objective of the aerial
manipulator robot can be defined as:

lim
𝑘→∞

(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
)

= 𝟎 ∈ R𝑚 (54)

2. Dynamic compensation. It is a control law that compensates the
dynamics of the aerial manipulator robot in order to reduce velocity
tracking errors and disturbances caused by environmental conditions
and dynamic effects of the system. This controller receives as inputs
the vector 𝝁𝐊 (𝑘) ∈ R𝑛 calculated by the nonlinear kinematic controller
and generates the maneuverability commands of the aerial manipulator
robot 𝝁𝐃 (𝑘) ∈ R𝑛. Control errors are defined as 𝝁̃ (𝑘) = 𝝁𝐊 (𝑘) − 𝝁 (𝑘) =
𝛥𝝁̃ (𝑘) ∈ R𝑛. Therefore, the dynamic compensation control objective
can be defined as:

lim
𝑘→∞

(

𝝁𝐊 (𝑘) − 𝝁 (𝑘)
)

= 𝟎 ∈ R𝑛 (55)

6. Nonlinear kinematic and dynamic control

The nonlinear kinematic controller at 𝑡 = 𝑘𝑇0 (where, 𝑇0 repre-
sents the sampling period with respect to Nyquist’s theorem, and 𝑘 ∈
{0, 1, 2, 3,…} are the samples of the continuous response) receives the
desired position and velocity of the robot end-effector 𝝃𝐝 (𝑘) ∈ R𝑚 and
𝑑 (𝑘) ∈ R+ respectively. This controller generates the maneuverability
elocities of the robotic system 𝝁𝐊 (𝑘) ∈ R𝑛. In other words, the desired
perational motion of the robot is an application of 𝝃𝐝 (𝑘) and 𝜐𝑑 (𝑘).
herefore, the motion control problem is to determine the maneu-
erability vector 𝝁𝐊 (𝑘) to achieve the desired motion of the robotic
ystem. The corresponding evolution of the whole robotic system is
iven by the vector of generalized coordinates of the aerial manipulator
(𝑘). The design of the proposed control law is based on the tools of
umerical methods and linear algebra properties [30]. Therefore, the
inematic model of an aerial manipulator robot (4) can be discretized
hrough Euler’s method, where it is possible to determine the state of
he system at instant (𝑘 + 1) as:

(𝑘 + 1) = 𝑇0𝐉 (𝐪 (𝑘))𝝁 (𝑘) + 𝝃 (𝑘) (56)

On the other hand, the use of numerical methods to calculate the
volution of systems is mainly based on the possibility of determining
he state of the system at instant (𝑘 + 1), if the state and the control
ction are known at instant 𝑘. Then, a variable at instant (𝑘 + 1) can
e substituted by the desired variable and then calculate the necessary
ontrol action to make the output system change from its current value
o a desired one. To achieve this control objective, it is proposed that
he behavior of the error variation is given by ̇̃𝝃𝐝(𝑡) + Γ𝜉(𝑡) = 𝟎, where

is a square weight matrix. Then, discretizing the error equation
roposed through Euler and considering the error at instant 𝑘 is 𝜉(𝑘) =
𝐝(𝑘)−𝜉(𝑘), it turns out that the state at the instant (k + 1) of the system
s a function of the desired state and the control action results:

(𝑘 + 1) = 𝝃𝐝 (𝑘 + 1) − 𝝃𝐝 (𝑘) + 𝝃 (𝑘) + 𝑇0Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
)

(57)

here, Γ(𝑘) ∈ R𝑚×𝑚 is a diagonal matrix that weights and saturates the
ontrol errors defined as Γ (𝑘) = 𝑑𝑖𝑎𝑔

(

𝛤𝑖∕
(

𝜎𝑖 + |

|

𝜉𝑖 (𝑘)||
))

where, 𝜎𝑖 ∈ R+

efines the saturation rate of 𝜉𝑖 (𝑘); 𝑇0𝛤𝑖 ∈ R+ represents the maximum
aturation value for the 𝑖th component of the control error vector 𝝃̃ (𝑘).
n the other hand, equating (56) and (57) we obtain the following

ystem of linear equations:

(𝐪 (𝑘))𝝁 (𝑘) = 1
𝑇0

(

𝝃𝐝 (𝑘 + 1) − 𝝃𝐝 (𝑘)
)

+ Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
)

(58)

ow, considering that the aerial manipulator robot is a redundant
ystem, i.e., 𝐉 (𝐪 (𝑘)) ∈ R𝑚×𝑛 with 𝑚 < 𝑛 it is necessary to consider
he right-hand pseudo inverse of 𝐉 (𝐪 (𝑘)). In addition, it is known
hat a system of linear equations is homogeneous if it can be writ-
en in the form 𝐉 (𝐪 (𝑘))𝝁 (𝑘) = 𝟎. Now, if it is considered that the
onfiguration of the robotic system is redundant, therefore, 𝐉 (𝐪 (𝑘)) ∈
𝑚×𝑛 has more unknowns than equations with range 𝑟 = 𝑛 for every
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Fig. 6. Cascade control scheme.
(

1
𝑇0

(

𝝃𝐝 (𝑘 + 1) − 𝝃𝐝 (𝑘)
)

+ Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
)

)

and taking into account

that the homogeneous equation has a non-trivial solution, the system
could have infinite solutions. In this case, consider that (58) is consis-
tent for

(

1
𝑇0

(

𝝃𝐝 (𝑘 + 1) − 𝝃𝐝 (𝑘)
)

+ Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
)

)

and being that
𝝁𝐩 (𝑘) ∈ R𝑛 is a particular solution, the solution of (58) is the set of all
vectors of the form:

𝝁𝐊 (𝑘) = 𝝁𝐡 (𝑘) + 𝝁𝐩 (𝑘) (59)

where, 𝝁𝐡 (𝑘) is any solution of the homogeneous system 𝐉 (𝐪 (𝑘))𝝁 (𝑘) =
𝟎. A viable solution method is to formulate the problem as a constrained
linear optimization problem 1

2 ‖𝝁 (𝑘)‖22 = min, obtaining as a particular
solution:

𝝁𝐩 (𝑘) = 𝐉(𝐪 (𝑘))†
(

𝝃𝐝 (𝑘 + 1) − 𝝃𝐝 (𝑘)
𝑇0

)

+ 𝐉(𝐪 (𝑘))†
(

Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
))

(60)

where, 𝐉(𝐪 (𝑘))† = 𝐉(𝐪 (𝑘))⊺
(

𝐉 (𝐪 (𝑘)) 𝐉(𝐪 (𝑘))⊺
)−1 is the right-hand pseudo

inverse matrix of 𝐉 (𝐪 (𝑘)). The second term of (60) allows to perform
positioning tasks, while the first term allows to perform velocity track-
ing. Therefore, Eq. (60) can be unified in such a way that it allows to
perform the two tasks only by modifying the velocity parameters and
is defined by:

𝝁𝐩 (𝑘) = 𝐉(𝐪 (𝑘))†
(

𝝂𝐝 (𝑘) + Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
))

(61)

where, 𝝂𝐝 (𝑘) represents desired tracking velocity. Now, 𝝁𝐡 (𝑘) as a ho-
mogeneous solution of (58) is the set of solutions where 𝐉 (𝐪 (𝑘))𝝁 (𝑘) =
𝟎. Therefore, for the optimization problem it is necessary to define the
cost function as min

(

1
2
‖

‖

𝝁 − 𝝁0
‖

‖

2
2

)

with 𝝁𝟎 ∈ R𝑛 thus obtaining the
homogeneous solution:

𝝁𝐡 (𝑘) =
(

𝐈𝑛×𝑛 − 𝐉(𝐪 (𝑘))†𝐉 (𝐪 (𝑘))
)

𝝁𝟎 (𝑘) (62)

where,
(

𝐈𝑛×𝑛 − 𝐉(𝐪 (𝑘))†𝐉 (𝐪 (𝑘))
)

is the orthogonal projection operator in
the null space of 𝐉 (𝐪 (𝑘)) and 𝝁𝟎 (𝑘) is the velocity vector that affects
only the internal structure of the system and does not affect the position
of the end-effector of the aerial manipulator. Finally, considering (61)
and (62) in (58), the following control law is proposed:

𝝁𝐊 (𝑘) = 𝐉(𝐪 (𝑘))†
(

𝝂𝐝 (𝑘) + Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝝁𝐩(𝑘)

+

⋯ +
(

𝐈𝑛×𝑛 − 𝐉(𝐪 (𝑘))†𝐉 (𝐪 (𝑘))
)

𝝁0 (𝑘)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝝁𝐡(𝑘)

(63)

In the proposed control law (63) the first term on the right de-
scribes the main task of the end-effector which minimizes the term
1
2 ‖𝝁 (𝑘)‖22. While the second term defines the movement of the internal
configuration of the aerial manipulator robot, therefore, this type of
system allows to establish several secondary control objectives that
do not affect the main task of the end-effector. The redundancy of
aerial manipulator robots can be effectively used to achieve additional
9

Table 1
Evolution of the control error 𝜉𝑖 (𝑘) at time instant 𝑘.
𝑘 𝜉𝑖 (𝑘 + 1)

(

1 − 𝑇0𝛤𝑖𝑖
)

𝜉𝑖 (𝑘)

1 𝜉𝑖 (2)
(

1 − 𝑇0𝛤𝑖𝑖
)

𝜉𝑖 (1)
2 𝜉𝑖 (3)

(

1 − 𝑇0𝛤𝑖𝑖
)

𝜉𝑖 (2) =
(

1 − 𝑇0𝛤𝑖𝑖
)2𝜉𝑖 (1)

3 𝜉𝑖 (4)
(

1 − 𝑇0𝛤𝑖𝑖
)

𝜉𝑖 (3) =
(

1 − 𝑇0𝛤𝑖𝑖
)3𝜉𝑖 (1)

⋮ ⋮ ⋮
𝑛 𝜉𝑖 (𝑛 + 1)

(

1 − 𝑇0𝛤𝑖𝑖
)

𝜉𝑖 (𝑛) =
(

1 − 𝑇0𝛤𝑖𝑖
)𝑛𝜉𝑖 (1)

features such as: avoidance of obstacles in the workspace and sin-
gular configurations, safe configurations for the robotic arm or for
optimization of various motion criteria.

6.1. Stability analysis

Now, to demonstrate the stability of the proposed control law (63),
perfect velocity tracking is considered, i.e., 𝝁𝐊 (𝑘) ≡ 𝝁 (𝑘). Therefore,
the closed-loop equation is obtained by equating Eq. (63) with (56)
which belongs to the discretized kinematic model of the system:

1
𝑇0

(𝝃 (𝑘 + 1) − 𝝃 (𝑘)) = 𝐉 (𝐪 (𝑘))
(

𝐉 (𝐪 (𝑘))†
(

𝜈𝑑 (𝑘) + Γ(𝑘)
(

𝜉𝑑 (𝑘) − 𝝃 (𝑘)
))

⋯ +
(

𝐈𝑛×𝑛
)

− 𝐉 (𝐪 (𝑘))† 𝐉 (𝐪(𝑘))𝝁𝟎 (𝑘)
)

(64)

Considering that 𝐉 (𝐪 (𝑘)) 𝐉(𝐪 (𝑘))† = 𝐈 ∈ R𝑚×𝑚 and after simplifying
it results:

𝝃 (𝑘 + 1) − 𝝃 (𝑘) = 𝑇0𝝂𝐝 (𝑘) + 𝑇0Γ(𝑘)
(

𝝃𝐝 (𝑘) − 𝝃 (𝑘)
)

(65)

In the following, it is studied the convergence of the unified kinematic
controller to any of the basic motion control objectives.

6.1.1. Case 1 (Trajectory tracking problem)
In order to analyze the evolution of the control error for the tra-

jectory tracking problem in the closed-loop equation (65) we consider
that 𝝂𝐝 (𝑘) =

1
𝑇0

(

𝝃𝐝 (𝑘 + 1) − 𝝃𝐝 (𝑘)
)

, therefore:

𝝃̃ (𝑘 + 1) =
(

𝐈𝑚×𝑚 − 𝑇0Γ
)

𝝃̃ (𝑘) (66)

Table 1 represents the evolution of the 𝑖th control error of Eq. (66) for
trajectory tracking problem.

If 𝑛 → ∞, the control error 𝜉𝑖 (𝑛 + 1) will be 𝜉𝑖 (∞) =
(

1 − 𝑇0𝛤𝑖𝑖
)∞

𝜉𝑖 (1), therefore, if 0 < 𝑇0𝛤𝑖𝑖 < 1 then the control error results in
𝜉𝑖 (∞) = 0 with 𝑘 → ∞. Using an analysis similar to that of control
error 𝜉𝑖 (𝑘) we can conclude that:

lim
𝑘→∞

𝝃̃
(

𝑘𝑇0
)

= 𝟎 ∈ R𝑚

with 0 < 𝑇0 max (𝑑𝑖𝑎𝑔 (Γ)) < 1 when 𝑘 → ∞ the 𝑖th control error of the
aerial manipulator robot is asymptotically stable satisfying the control
objective.
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6.1.2. Case 2 (Position control)
The stability analysis for the position control problem is similar to

the trajectory tracking problem, with the difference that 𝝃𝐝 (𝑘 + 1) =
𝝃𝐝 (𝑘). Therefore, it can be directly concluded that:

lim
𝑘→∞

𝝃̃
(

𝑘𝑇0
)

= 𝟎 ∈ R𝑚

.1.3. Case 3 (Path-following control)
It is analyzed the evolution of the control error for the path-

ollowing problem in the closed-loop equation (65), with 𝜉𝐝(𝑡) the
losest point on the path to the end-effector with a desired angular
osition 𝜉𝑜𝑑 (𝑡) and 𝝂𝐝 (𝑡) =

[

𝐯𝐩 (𝑡)⊺ 𝜉̇𝑜𝑑 (𝑡)
]⊺, where, 𝐯𝐩 (𝑡) is the de-

ired velocity in the tangential direction to the closest point of the
nd-effector.

tability for orientation path-following . From (65) let us only con-
ider the equation for the orientation, such that:

𝑜 (𝑘 + 1) − 𝜉𝑜 (𝑘) = 𝑇0𝜉̇𝑜𝑑 (𝑘) + 𝑇0𝛤𝑜
(

𝜉𝑜𝑑 (𝑘) − 𝜉𝑜 (𝑘)
)

(67)

he desired velocity of the end-effector is defined as 𝜉̇𝑜𝑑 (𝑘) =
𝜉𝑜𝑑 (𝑘+1)−𝜉𝑜𝑑 (𝑘)

𝑇0
where 𝜉𝑜𝑑 (𝑘) is the desired orientation at the closest point

𝐝(𝑘) at instant 𝑘 which implies that the closed-loop equation for the
rientation results in the following equation 𝜉𝑜 (𝑘 + 1) =

(

1 − 𝛤𝑜
)

𝜉𝑜 (𝑘).
sing the analysis similar to (66) results in 𝜉𝑜 (∞) =

(

1 − 𝑇0𝛤𝑜
)∞𝜉𝑜 (1)

if 0 < 𝑇0𝛤𝑜 < 1 leads to the lim𝑘→∞ 𝜉𝑜
(

𝑘𝑇0
)

= 0. Therefore, the control
error for the orientation is asymptotically stable.

Stability for position path-following . Now, from (65) only the equa-
tion for the position of the end-effector is considered, such that 𝝃 (𝑘) =
𝝃𝑥 (𝑘) 𝝃𝑦 (𝑘) 𝝃𝑧 (𝑘)

]⊺ and 𝐩𝐝 as the desired vector representing the
losest point to the end-effector of the aerial manipulator, then we
btain that:

(𝑘 + 1) − 𝝃 (𝑘) = 𝑇0𝐯𝐩 (𝑘) + 𝑇0Γ
(

𝐩𝐝 (𝑘) − 𝝃 (𝑘)
)

(68)

ote that 𝐯𝐩 (𝑘) is a tangential velocity in 𝐩𝐝 (𝑘) that does not come from
derivative with respect to time and has a desired speed ‖

‖

‖

𝐯𝐩
‖

‖

‖

. Now,
ewriting (68) in the following way:
𝝃 (𝑘 + 1) − 𝝃 (𝑘)

𝑇0
= 𝐯𝐩 (𝑘) + Γ

(

𝐩𝐝 (𝑘) − 𝝃 (𝑘)
)

(69)

and considering Euler’s derivation method, it follows that 𝝃 (𝑘 + 1)
− 𝝃 (𝑘) = 𝑇0𝝃̇ (𝑘) and the position error with respect to the closest point
to the end-effector 𝝃̃ (𝑘) =

(

𝐩𝐝 (𝑘) − 𝝃 (𝑘)
)

, Eq. (69) reduces to:

𝝃̇ (𝑘) = 𝐯𝐩 (𝑘) + Γ
(

𝝃̃ (𝑘)
)

(70)

Now, the position vector of the end-effector 𝝃 (𝑘) according to Frenet’s
coordinates [31,32] has two components: 𝝃T (𝑘) which is the tangential
component (T) and 𝝃N (𝑘) is the Normal component (N) (see Fig. 3). The
velocity in the tangential component is 𝝃̇T (𝑘) = 𝐯𝐩 (𝑘), which results the
desired velocity tangential to the path; while the velocity in the normal
component is:

𝝃̇N (𝑘) = Γ
(

𝝃̃ (𝑘)
)

(71)

which means a normal velocity to the tangent of the path at which the
end-effector approaches the path. According to Frenet’s coordinates the
velocity 𝝃̇N (𝑘) has direction to the closest point if the end-effector 𝐩𝐝
on the path. Then, when the end-effector moves in that direction, the
error decreases. Therefore, the velocity of motion in that direction is the
decreasing velocity of error written as 𝝃̇N (𝑘) = − ̇̃𝝃 (𝑘) Now, substituting
in Eq. (71) this decreasing velocity results that:
̇̃𝝃 (𝑘) + Γ

(

𝝃̃ (𝑘)
)

= 𝟎 (72)

Discretizing (72) for 𝑇0 results ̇̃𝝃 (𝑘) = 𝝃̃(𝑘+1)−𝝃̃(𝑘)
𝑇0

and rewriting we have:

𝝃̃ (𝑘 + 1) − 𝝃̃ (𝑘)
+ Γ𝝃̃ (𝑘) = 𝟎 (73)
10

𝑇0
Then, taking the error 𝝃̃ (𝑘 + 1) results:

𝝃̃ (𝑘 + 1) =
(

𝐈 − 𝑇0Γ
)

𝝃̃ (𝑘) (74)

nalyzing the error for the 𝑖th value of Eq. (74) similar to (66) it
esults that 𝜉𝑖 (𝑛 + 1) =

(

1 − 𝑇0𝛤𝑖𝑖
)𝑛𝜉𝑖 (1). Then, if 𝑛 → ∞ the control

rror 𝜉𝑖 (𝑛 + 1) will be equal to 𝜉𝑖 (∞) =
(

1 − 𝑇0𝛤𝑖𝑖
)∞𝜉𝑖 (1). Therefore, if

< 𝑇0𝛤𝑖𝑖 < 1 the control error 𝜉𝑖 (∞) = 0 with 𝑘 → ∞. Performing an
nalysis similar to that of the control error 𝜉𝑖 (𝑘) it is concluded that:

lim
→∞

𝝃̃ (𝑘) = 𝟎 ∈ R3

ith 0 < 𝑇0 max (𝑑𝑖𝑎𝑔 (Γ)) < 1 when 𝑘 → ∞ the 𝑖th control error of the
erial manipulator robot behaves as asymptotically stable, achieving
he path-following control objective.

emark 3. It is important to mention that the sampling period 𝑇0 is
iven in seconds and is generally always less than 1 s in order to obtain
etter real-time data feedback.

emark 4. In order to accomplish the objective of path-following
ontrol, the desired velocity tangent to the path is [19]:

𝐩 (𝑡) =

⎡

⎢

⎢

⎢

⎢

⎣

‖

‖

‖

𝐯𝐩
‖

‖

‖

cos (𝛼) cos (𝛽)
‖

‖

‖

𝐯𝐩
‖

‖

‖

sin (𝛼) cos (𝛽)
‖

‖

‖

𝐯𝐩
‖

‖

‖

sin (𝛽)

⎤

⎥

⎥

⎥

⎥

⎦

(75)

here, ‖‖
‖

𝐯𝐩
‖

‖

‖

is the desired scalar velocity on the path at the closest point
f the end-effector. While the 𝛼 and 𝛽 angles are determined by:

= tan−1
( 𝑑𝜉yd

𝑑𝑠
𝑑𝜉xd
𝑑𝑠

)

𝛽 = tan−1
⎛

⎜

⎜

⎝

𝑑𝜉zd
𝑑𝑠

‖

‖

‖

‖

𝑑𝜉xd
𝑑𝑠 ,

𝑑𝜉yd
𝑑𝑠

‖

‖

‖

‖

⎞

⎟

⎟

⎠

(76)

6.2. Dynamic compensation

The cascade dynamic compensation controller receives the veloci-
ties generated by the kinematic controller, and generates new maneu-
vering velocities to the aerial manipulator robot. The desired velocity
tracking of the robot is an application of 𝝁𝐊 (𝑘); while the control prob-
lem is to determine the maneuverability vector 𝝁𝐃 (𝑘) to accomplish
the desired velocity of the robotic system. The velocity of the robotic
system is given by the vector 𝝁 (𝑘). Therefore, if there is no perfect ve-
locity tracking, the velocity error is defined as

(

𝝁̃ (𝑘) = 𝝁𝐊 (𝑘) − 𝝁 (𝑘)
)

.
The proposed control law for the dynamic compensation is based on the
discretization through Euler’s method, therefore, the dynamic model of
the robotic system obtained in (49) is:

𝝁𝐫𝐞𝐟 (𝑘) = 𝐌 (𝐪 (𝑘))
(

𝝁 (𝑘) − 𝝁 (𝑘 − 1)
𝑇0

)

+ 𝐂 (𝐪 (𝑘) ,𝝁 (𝑘))𝝁 (𝑘) + 𝐠 (𝐪 (𝑘))

(77)

ow, in order to determine the control action necessary to make the
utput go from its current value to the desired value, the following
xpression is considered:

𝐃 (𝑘) = 𝐌 (𝐪 (𝑘))

(

𝝁𝐊 (𝑘) +Ω
(

𝝁𝐊 (𝑘 − 1) − 𝝁 (𝑘 − 1)
)

− 𝝁𝐊 (𝑘 − 1)
𝑇0

)

+

⋯ + 𝐂 (𝐪 (𝑘) ,𝝁 (𝑘))𝝁 (𝑘) + 𝐠 (𝐪 (𝑘))

(78)

Here, Ω(⋅) is a diagonal matrix composed of sigmoid functions that
eighs and saturates the control errors 𝝁̃(𝑘 − 1) = 𝝁𝐊(𝑘 − 1) − 𝝁(𝑘 − 1)

defined as Ω = 𝑑𝑖𝑎𝑔
(

𝛺𝑖∕
(

𝜎𝑖 + |

|

𝜇̃𝑖(𝑘 − 1)|
|

))

, where, 𝜎𝑖 ∈ R+ defines the
slope of the saturation function; 𝛺𝑖 ∈ R+ represents the maximum and
minimum saturation values of the diagonal matrix Ω(⋅) weighing the

𝑖th component of the control error vector.
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Table 2
Evolution of the control error 𝜇̃𝑖 (𝑘) at time instant 𝑘.
𝑘 𝜇̃𝑖 (𝑘)

(

𝐈𝑖𝑖 −Ω𝑖𝑖
)

𝜇̃𝑖 (𝑘 − 1)

1 𝜇̃𝑖 (1)
(

𝐈𝑖𝑖 −Ω𝑖𝑖
)

𝜇̃𝑖 (0)
2 𝜇̃𝑖 (2)

(

𝐈𝑖𝑖 −Ω𝑖𝑖
)

𝜇̃𝑖 (1) =
(

𝐈𝑖𝑖 −Ω𝑖𝑖
)2 𝜇̃𝑖 (0)

3 𝜇̃𝑖 (3)
(

𝐈𝑖𝑖 −Ω𝑖𝑖
)

𝜇̃𝑖 (2) =
(

𝐈𝑖𝑖 −Ω𝑖𝑖
)3 𝜇̃𝑖 (0)

⋮ ⋮ ⋮
𝑛 𝜇̃𝑖 (𝑛)

(

𝐈𝑖𝑖 −Ω𝑖𝑖
)

𝜇̃𝑖 (𝑛 − 1) =
(

𝐈𝑖𝑖 −Ω𝑖𝑖
)𝑛 𝜇̃𝑖 (0)

Table 3
Evolution of the velocity error vector 𝜇̃ (𝑘) at time instant 𝑘.
𝑘 𝜇̃ (𝑘) (𝐈 −Ω) 𝝁̃ (𝑘 − 1) + 𝑇0𝐌(𝑘)−1𝜹𝝁̃(𝑘)

1 𝜇̃ (1) (𝐈 −Ω) 𝝁̃ (0) + 𝑇0𝐌(1)−1𝜹𝝁̃(1)
2 𝜇̃ (2) (𝐈 −Ω)2 𝝁̃ (0) + 𝑇0

(

(𝐈 −Ω)𝐌(1)−1𝜹𝝁̃(1) +𝐌(2)−1𝜹𝝁̃(2)
)

⋮ ⋮ ⋮

𝑛 𝜇̃ (𝑛) (𝐈 −Ω)𝑛 𝝁̃ (0)
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

∆𝝁̃ (𝑛)

+ 𝑇𝑜
𝑛
∑

𝑖=1
(𝐈 −Ω)𝑖−1𝐌(𝑛 + 1 − 𝑖)−1𝜹𝝁̃ (𝑛 + 1 − 𝑖)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
∆𝜹 (𝑛)

6.2.1. Stability analysis
In order to demonstrate the stability of the proposed control law,

it is considered that there are no modeling errors or environmental
perturbations 𝜹𝝁 (𝑘) = 𝟎, in other words, 𝝁𝐃 (𝑘)≡𝝁𝐫𝐞𝐟 (𝑘). Therefore, the
closed-loop equation can be obtained by equating (78) with (77):

𝝁 (𝑘) − 𝝁 (𝑘 − 1) = 𝝁𝐊 (𝑘) +Ω
(

𝝁𝐊 (𝑘 − 1) − 𝝁 (𝑘 − 1)
)

− 𝝁𝐊 (𝑘 − 1) (79)

Considering that 𝝁̃ (𝑘 − 1) = 𝝁𝐊 (𝑘 − 1)−𝝁 (𝑘 − 1), it is possible to rewrite
Eq. (79) as:

𝝁̃ (𝑘) =
(

𝐈7x7 −Ω
)

𝝁̃ (𝑘 − 1) (80)

Table 2 represents the evolution of the 𝑖th control error of the
closed-loop equation (80).

If 𝑛 → ∞, the control error 𝜇̃𝑖 (𝑛) in an instant of time will be
𝜇̃𝑖 (∞) = (𝐈𝑖𝑖 − 𝛺𝑖𝑖)∞𝜇̃𝑖 (0). Therefore, if 0 < 𝛺𝑖𝑖 < 1 the control error
𝜇̃𝑖 (∞) = 0 with 𝑘 → ∞. Similar to the control error 𝜇̃ (𝑘) it can be
concluded that:

lim
𝑘→∞

𝝁̃ (𝑘) = 𝟎 ∈ R𝑛

with 0 < max (𝑑𝑖𝑎𝑔 (Ω)) < 1 when 𝑘 → ∞, in other words the 𝑖th
control error of the aerial manipulator robot is asymptotically stable,
thus satisfying the control objective of dynamic compensation.

6.2.2. Robustness analysis
For the robustness analysis it is considered that there are distur-

bances and/or modeling errors, therefore:

𝝁𝐫𝐞𝐟 (𝑘) = 𝝁𝐃 (𝑘) − 𝜹𝝁̃(𝑘) ∈ R𝑛 (81)

where, 𝜹𝐮̃(𝑘) is the vector representing the perturbations and errors in
the modeling. This vector is assumed to be bounded, that is ‖

‖

‖

𝜹𝝁̃(𝑘)
‖

‖

‖

≤ 𝑘𝛿 ∀𝑘, where 𝑘𝛿 ∈ R+. Therefore, in order to obtain the closed-loop
equation, Eqs. (81) and (77) are combined:

𝜇̃ (𝑘) =
(

𝐈7x7 −Ω
)

𝝁̃ (𝑘 − 1) + 𝑇0𝐌(𝑘)−1𝜹𝝁̃(𝑘) (82)

The evolution of the velocity error of Eq. (82) is analyzed in Table 3.
Now, the norm of the 𝑖th value of the velocity error 𝝁̃(𝑛) can be

written as:

‖𝝁̃ (𝑛)‖ = ‖

‖

‖

∆𝝁̃ (𝑛) +∆𝜹 (𝑛)
‖

‖

‖

≤ ‖

‖

‖

∆𝝁̃ (𝑛)
‖

‖

‖

+ ‖

‖

∆𝜹 (𝑛)‖‖ (83)

where, ‖‖
‖

∆𝝁̃(𝑛)
‖

‖

‖

= ‖

‖

(𝐈 −Ω)𝑛𝜇̃ (0)‖
‖

and ‖

‖

∆𝜹 (𝑛)‖‖ is given by.

‖

‖

∆𝜹 (𝑛)‖‖ =≤ 𝑇𝑜
𝑛
∑

𝑘𝑖−1𝛺
‖

‖

‖

(𝐌 (𝑛 + 1 − 𝑖))−1𝛿𝑢̃ (𝑛 + 1 − 𝑖)‖‖
‖

(84)
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p

where, 𝑘𝛺 = 𝜆max(𝐈 −Ω) and 𝜆max (⋅) represents the maximum eigen-
value of a matrix. Taking into account the properties of the matrix
𝐌(𝐪) ∈ R+, the following constants are considered: 𝑘𝑀 =
√

𝜆max
(

𝐌(𝑛)−⊺𝐌(𝑛)−1
)

∀𝑛 and 𝑘𝛿 that represents the maximum singular
alue of 𝐌(𝑛)−1 and the boundary value of the error 𝛿𝑢̃ (𝑛), respectively.
ewriting (84) results:

∆𝜹 (𝑛)‖‖ ≤ 𝑇𝑜
𝑛
∑

𝑖=1
𝑘𝑖−1𝛺 𝑘𝑀𝑘𝛿 (85)

Now, we obtain a geometric series [33], where, 𝑎 = 𝑘𝑀𝑘𝛿 and 𝑟 =
𝛺. Thus, the series converges if and only if |𝑟| < 1, such that the terms
ecrease to close to zero in the limit. Indeed, as 0 < max (𝑑𝑖𝑎𝑔 (Ω)) < 1,
hen, 0 < 𝜆max (𝐈 −Ω) < 1 and consequently the series converges. The
um of the first n-terms of the geometric series is given by:
𝑛

𝑖=1
𝑘𝑖−1𝛺 𝑘𝑀𝑘𝛿 = 𝑘𝑀𝑘𝛿

(

1 − 𝑘𝛺𝑛
) (

1 − 𝑘𝛺
)−1 (86)

nd the convergence of the series is:

lim
→∞

𝑛
∑

𝑖=1
𝑘𝑖−1𝛺 𝑘𝑀𝑘𝛿 = 𝑘𝑀𝑘𝛿

(

1 − 𝑘𝛺
)−1 (87)

herefore, if 𝑛→ ∞ Eq. (85) results:

lim
𝑛→∞

∆𝜹 (𝑛)
‖

‖

‖

‖

≤ 𝑇0𝑘𝑀𝑘𝛿
(

1 − 𝑘𝛺
)−1 (88)

ow, rewriting (81) and considering (86), the velocity error value at
ach sampling instant 𝑘 is: ‖𝝁̃ (𝑘)‖ ≤ ‖

‖

‖

∆𝝁̃ (𝑘)
‖

‖

‖

+ 𝑇0𝑘𝑀𝑘𝛿
(

1 − 𝑘𝛺𝑘
)

1 − 𝑘𝛺
)−1.

Finally, the behavior of the velocity error when 𝑘 → ∞ is given
y ‖

‖

lim𝑘→∞ 𝝁̃(𝑘)‖
‖

= ‖

‖

‖

lim𝑘→∞ ∆𝝁̃(𝑘)
‖

‖

‖

+ ‖

‖

lim𝑘→∞ ∆𝜹(𝑘)‖‖. First, let us
alculate lim𝑘→∞ ∆𝝁̃(𝑘) = lim𝑘→∞ (𝐈 −Ω)𝑘𝜇̃ (0). As 0 < max (𝑑𝑖𝑎𝑔 (Ω)) <
, it results that (𝐈 −Ω)𝑘𝜇̃ (0) → 0 when 𝑘 → ∞. Therefore, ‖‖

‖

∆𝝁̃ (𝑘)
‖

‖

‖

=

(𝐼 −Ω)𝑘𝜇̃ (0)‖‖
‖

→ 0. And taking into account (88), the velocity error

̃ (𝑘) when 𝑘→ ∞ results:

𝝁̃ (𝑘)‖ ≤ 𝑇0𝑘𝑀𝑘𝛿
(

1 − 𝑘𝛺
)−1 (89)

his means that, in presence of disturbances and/or modeling errors,
he velocity error 𝜇̃ (𝑘) is bounded, moreover, the maximum value of
he velocity error can be estimated by Eq. (89) if 𝑘𝑀 and 𝑘𝛿 are known.
n case there were no disturbances or errors in the model, the error
̃ (𝑘) → 𝟎 when 𝑘 → ∞ and the system verifies to be asymptotically
table.

. Experimental results

This section presents the experimental results of: (i) validation of
he dynamic model of the aerial manipulator; (ii) experimental vali-
ation for position control; (iii) experimental validation for trajectory
racking; and (iv) experimental validation of the controller for path-
ollowing. Fig. 7 shows the robotic system used for the identification
f the parameters of the dynamic model and for the experimental
ests [19]. The aerial manipulator robot consists of: (i) DJI Matrice
00Pro hexarotor, it has a total weight including batteries of 9.5 kg and
he maximum speed reached by the platform is 18 m/s without wind.
he aerial platform through libraries (SDK) provides the global and

ocal position data, global velocities, pitch, yaw and roll angles that are
ndispensable to feed back the control loop and calculate the position
f the end-effector; (ii) A robotic arm of three degrees of freedom,
he joints of the robotic arm are constituted by ROBOTIC DYNAMIXEL
MX-106) actuators. This type of motors provides the necessary data
o feedback the control loop (position, angular velocity and angular
cceleration); and (iii) An Intel computer (Intel® NUC 11 Enthusiast)
hich is in charge of commanding the system. It interconnects each
art of the robot to send and receive information from the aerial
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Fig. 7. Aerial manipulator robot used for the experimental tests.
Fig. 8. Validation of the dynamic model, the subscript ‘‘ex’’ represents the excitation velocity to the robotic system; ‘‘real’’ represents the actual velocity produced by the robot;
and ‘‘mod’’ is the velocity obtained from the dynamic model of the aerial manipulator.
platform and the robotic arm, in other words, it sends the control
reference commands and obtains the feeding of the robot speeds and
positions. The software that performs the numerical computation to
execute the control algorithm is Matlab.

For the experiments the sampling period used is 𝑇0 = 0.1 s, during
which the robot is able to receive and send the position and velocity
data to feedback the control loop. The experiments were carried out in a
partially structured environment, where the environmental conditions
(wind speed) at the time of the experimental tests can be seen at [34].

Remark 5. As the system is redundant, a secondary task is defined to
avoid undesired configurations of the robotic arm during experiments
and facilitate the task with the end-effector. The velocity vector in the
control law 𝝁𝟎 (𝑘) that affects only the configuration of the robotic arm
is defined by:

𝝁𝟎 (𝑘) = 𝐊2 tanh
([

0 0 0 0 𝑞1 (𝑘) 𝑞2 (𝑘) 𝑞3 (𝑘)
])

(90)

where, 𝑞𝑖 (𝑘) = 𝑞𝑖𝑑 − 𝑞𝑖 (𝑘) with 𝑖 = 1, 2, 3 is the error of the robotic arm
joints; 𝑞𝑖𝑑 is the desired angular position value for each joint of the
robotic arm; 𝐊2 ∈ R7×7 is a positive diagonal matrix that weights the
joint errors; and tanh (⋅) is an odd function that saturates the joint errors.
Therefore, the desired values for the joints 𝑞𝑖𝑑 are defined in order to
maximize the manipulability index w =

√

det (𝐉𝐉⊺) [35] as a secondary
control objective.
12
7.1. Dynamic model validation

The validation of the dynamic model allows to observe that the
identification is acceptable, comparing the real reference inputs in-
jected into the robot, with the real velocities it provides and the
velocities obtained from the dynamic model. Two reference velocity
inputs are considered to observe how the dynamic model responds.
Fig. 8 shows the behavior of the model with the first type of reference
signals. These signals are different from the ones used for parameter
identification.

Now, Fig. 9 shows the validation of the dynamic model with step-
type reference inputs for the aerial platform and for the robotic arm
joints. The similarity between the real and the model signals validates
the identified dynamic model.

7.2. Position control experiment

To validate the position control, multiple experiments are proposed.
The experiments consist of having the end-effector of the aerial ma-
nipulator converge to a desired position, starting from various initial
conditions. Table 4 shows the conditions established for the experi-
ment, while Fig. 10 shows the behavior of the aerial manipulator in
various performed experiments. The video recreated in Matlab with real
data obtained during the experiment is available at [36].

Fig. 11(a) shows the evolution of the end-effector position in 𝑋𝑌𝑍
space starting at the initial condition of 𝐪

(

𝑡
)

, while the behavior of
𝟒 0
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Fig. 9. Validation of the dynamic model with step-type reference inputs.
Fig. 10. Movement of the overhead mobile manipulator to position the end-effector in the desired position.
Table 4
Position controller parameters.

Desired position 𝜉𝐝 𝜉𝑥𝑑 = 2, 𝜉𝑦𝑑 = 3, 𝜉𝑧𝑑 = 2 [m], 𝜉𝑜𝑑 = 0.5 [rad]

Hexarotor and robotic arm
initial conditions
𝐪
(

𝑡0
)

=
[

𝐪𝐮
(

𝑡0
)⊺ ,𝐪𝐚

(

𝑡0
)⊺
]⊺

𝐪1
(

𝑡0
)

=
[

12, 9, 14, 0, 𝜋
4
, 0, 𝜋

3

]⊺

𝐪2
(

𝑡0
)

=
[

−10, 8, 9, 𝜋
4
,− 𝜋

4
, 0, 𝜋

3

]⊺
,

𝐪3
(

𝑡0
)

=
[

−10, 12, 5,− 𝜋
6
,− 𝜋

4
, 0, 𝜋

3

]⊺
and

𝐪4
(

𝑡0
)

=
[

14,−7, 3, 𝜋
3
,− 𝜋

4
, 0, 𝜋

3

]⊺

Control gains 𝛤1 = 0.5, 𝛤2 = 0.5, 𝛤3 = 0.1, 𝛤4 = 0.1,
𝜎𝑖 = 1 𝑖 = 1, 2, 3, 4 and
𝐊2 = 𝑑𝑖𝑎𝑔 ([0, 0, 0, 0, 1.5, 1.75, 1.75])

Desired joint positions 𝑞1𝑑 = 0, 𝑞2𝑑 = − 𝜋
3

and 𝑞3𝑑 = 3
4
𝜋 [rad]

the position control errors can be seen in Fig. 11(b). We can see how
the errors converge close to zero when the end-effector is adjusted to
the desired point.

The evolution of the robotic arm joints is presented in Fig. 12. It can
be seen how each joint converges to the desired values by the control
action in the null space.

7.3. Trajectory tracking experiment

For the validation of the trajectory tracking controller with dynamic
compensation, an experimental test is performed which consists of
the end-effector following a trajectory without dynamics compensation
(only the kinematic control action applied to the robot), and sub-
sequently the cascaded dynamics compensation is activated. Table 5
shows the parameters established for the experiment, while Fig. 13
13
Table 5
Trajectory tracking controller parameters.

Desired trajectory and
orientation 𝜉𝐝(𝑡)

𝜉𝑥𝑑 (𝑡) = 4 sin (0.35𝑡) + 2,
𝜉𝑦𝑑 (𝑡) = 8 sin (0.175𝑡) − 1,
𝜉𝑧𝑑 (𝑡) = 0.5 sin (0.525𝑡) + 7 and
𝜉𝑜𝑑 (𝑡) = arctan

(

𝜉̇𝑦𝑑 (𝑡)∕𝜉̇𝑥𝑑 (𝑡)
)

Hexarotor and robotic arm
initial conditions 𝐪

(

𝑡0
)

𝑥𝑢(𝑡0) = 4, 𝑦𝑢(𝑡0) = 2, 𝑧𝑢(𝑡0) = 9 [m].
𝜓(𝑡0) =

𝜋
3
, 𝑞1(𝑡0) = − 𝜋

6
, 𝑞2(𝑡0) = 0 and

𝑞3(𝑡0) =
𝜋
2

[rad]

Control gains 𝝁𝐊 𝛤1 = 0.8, 𝛤2 = 0.8, 𝛤3 = 1.5, 𝛤4 = 2,
𝜎𝑖 = 1 𝑖 = 1, 2, 3, 4 and
𝐊2 = 𝑑𝑖𝑎𝑔 ([0, 0, 0, 0, 1.5, 1.75, 2.75])

Control gains 𝝁𝐃 𝛺1 = 0.85, 𝛺2 = 0.85, 𝛺3 = 0.8, 𝛺4 = 0.64,
𝛺5 = 0.8, 𝛺6 = 0.8 and 𝛺7 = 0.8

Desired joint positions 𝑞1𝑑 = 0, 𝑞2𝑑 = − 𝜋
3

and 𝑞3𝑑 = 3
2
𝜋 [rad]

shows the evolution of the end-effector on the plane and in 3D space.
It is evident the effect of the dynamic compensation in reducing the
trajectory tracking error by seeing how the end-effector fits better to
the desired trajectory (green line). The video recreated in Matlab with
real data obtained during the experiment is available at [37].

The behavior of the control errors is shown in Fig. 14. As can be seen
in the first part of the experiment, the control errors are higher with a
Root Mean Square Error of RMSE = 0.636 m for only kinematic control.
While from 𝑡 = 75 s with the dynamic compensation the RMSE = 0.205
m, therefore, it is verified that the error is smaller and that the dynamic
compensation improves the trajectory tracking of the end-effector.

The objective of the dynamic cascade compensation consists in
reducing the velocity errors to zero so that the end-effector fits better on
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Fig. 11. Robot movement in 𝑋𝑌𝑍 space and control errors of the experiment.

Fig. 12. Evolution of the joints of the robotic arm for the experiment with 𝐪𝟒
(

𝑡0
)

.

Fig. 13. Evolution of the end-effector during the trajectory tracking experiment. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

Fig. 14. Position error and orientation error of the trajectory tracking experiment.
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Fig. 15. Evolution of the joints of the robotic arm for trajectory tracking experiment.
Fig. 16. Evolution of the end-effector on the desired path in the experiments executed.
Table 6
Path-following controller parameters.

Desired path 𝐩(𝑠) and desired
orientation for the end-effector

𝜉𝑥𝑑 (𝑠) = 8 sin (12𝑠) + 3, 𝜉𝑦𝑑 (𝑠) = 6 cos (12𝑠) + 12,
𝜉𝑧𝑑 (𝑠) = 0.5 cos (60𝑠) + 10 and
𝜉𝑜𝑑 (𝑠) = arctan

(

𝑑𝜉𝑦𝑑 (𝑠)
𝑑𝑠

/

𝑑𝜉𝑦𝑑 (𝑠)
𝑑𝑠

)

‖

‖

‖

𝐯𝐩
‖

‖

‖

Desired speed ‖

‖

‖

𝐯𝐩
‖

‖

‖

= 1.5 [m/s]

Hexarotor and robotic arm initial
conditions 𝐪

(

𝑡0
)

𝑥𝑢(𝑡0) = 3, 𝑦𝑢(𝑡0) = 2, 𝑧𝑢(𝑡0) = 8 [m]. 𝜓(𝑡0) =
𝜋
3
,

𝑞1(𝑡0) = − 𝜋
9
, 𝑞2(𝑡0) = 0 and 𝑞3(𝑡0) =

𝜋
2

[rad]

Control gains 𝝁𝐊 𝛤1 = 1, 𝛤2 = 1, 𝛤3 = 1.5, 𝛤4 = 1.8,
𝜎𝑖 = 1 𝑖 = 1, 2, 3, 4 and
𝐊2 = 𝑑𝑖𝑎𝑔 ([0, 0, 0, 0, 1.5, 2, 4])

Control gains 𝝁𝐃 𝛺1 = 0.85, 𝛺2 = 0.85, 𝛺3 = 0.8, 𝛺4 = 0.64,
𝛺5 = 0.8, 𝛺6 = 0.8 and 𝛺7 = 0.8

Desired joint positions 𝑞1𝑑 = 0, 𝑞2𝑑 = − 𝜋
3

and 𝑞3𝑑 = 3
2
𝜋 [rad]

the desired trajectory. Fig. 15 shows the velocity errors of the hexarotor
and the robotic arm joints during the experiment.

7.4. Path-following experiment

The experiment to validate the path-following controller consists of
defining a non-time parameterized desired path for the end-effector.
Again, both experiments, with and without dynamic compensation
have been done. Table 6 presents the parameters of the experiment.
Fig. 16(a) shows the evolution of the end-effector during the path-
following experiment without dynamic compensation and 16(b) shows
the evolution of the end-effector during the path-following experiment
with dynamic compensation. The videos recreated in Matlab with real
data obtained during the experiments are available at [38,39].

The R2 norm of the control error 𝜌 = ‖

‖

‖

𝜉𝑥, 𝜉𝑦, 𝜉𝑧
‖

‖

‖

of the two path-

following experiments are presented in Fig. 17(a), which are very close
to zero. Small oscillations are observed which are produced by the
15
environmental conditions during the experimentation, resulting a value
of RMSE = 0.175 m for experiment with dynamic compensation. On
the other hand, a value of RMSE = 0.4817 m was obtained for the
case of the control scheme without dynamic compensation, i.e., only
path-following kinematic control. The orientation error of the path-
following experiments are presented in Fig. 17(b), it is evident how
the orientation error with dynamic compensation is smaller than the
error without dynamic compensation.

Fig. 18(a) shows the behavior of the velocity errors of hexarotor
and Fig. 18(b) shows the velocity errors of the robotic arm during the
path-following experiments without dynamic compensation (blue) and
with dynamic compensation (red). The velocity errors of the robot with
dynamic compensation are smaller than the errors without dynamic
compensation, therefore, it is verified that the dynamic compensation
fulfills its objective.

In the position control, trajectory tracking and path-following ex-
periments, small oscillations can be observed in the control errors
produced by the wind in the test environment or by dynamics not taken
into account in the model, therefore, control errors remain bounded as
foreseen in Section 6.2.2.

8. Conclusions

The proposed unified controller by numerical methods solves the
three motion control problems of an aerial manipulator: position, tra-
jectory tracking and path-following. Only with the suitable selection
of the desired tracking velocity, the three tasks can be executed with
the same control law algorithm. Furthermore, the dynamic model
presented in this work has been defined in terms of reference velocities,
which makes it easy to establish control structures to compensate for
the system dynamics. For future work, adaptive dynamic compensation
control is proposed, with the objective of transporting loads and tuning
the parameters of the dynamic model according to the load handled by
the robot.
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Fig. 17. Position error norm and orientation error produced in the path-following experiments.
Fig. 18. Velocity errors of the aerial manipulator during path-following experiments. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)
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