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ASYMPTOTIC INSIGHTS FOR PROJECTION, GORDON-LEWIS AND SIDON CONSTANTS
IN BOOLEAN CUBE FUNCTION SPACES

A. DEFANT, D. GALICER, M. MANSILLA, M. MASTYLO, AND S. MURO

ABSTRACT. The main aim of this work is to study important local Banach space constants for Boolean
cube function spaces. Specifically, we focus on %g, the finite-dimensional Banach space of all real-
valued functions defined on the N-dimensional Boolean cube {—1,+1}V that have Fourier-Walsh ex-
pansions supported on a fixed family .%# of subsets of {1,..., N}. Our investigation centers on the projec-
tion, Sidon and Gordon-Lewis constants of this function space. We combine tools from different areas
to derive exact formulas and asymptotic estimates of these parameters for special types of families .
depending on the dimension N of the Boolean cube and other complexity characteristics of the sup-
port set .. Using local Banach space theory, we establish the intimate relationship among these three

important constants.

1. INTRODUCTION

We study important Banach space invariants such as projection, Sidon and Gordon-Lewis con-
stants of certain natural subspaces of the Banach space of all real-valued functions defined on the
N-dimensional Boolean cube {—1,+1}. Recall that every function f: {-1, +1}¥ — R has a Fourier-

Walsh expansion of the form

f= Y f(©Sx°,

Sc{l,...,N}
where for each (x1,...,x5) € {-1,+1}V, x5 := [Tkes xx is a Walsh function. The set of all S for which
f(S) # 0 is called the spectrum of f.

More precisely, given a set .# of subsets in {1,..., N}, we consider the space ?/31; of all functions
-1, +1Y — R with Fourier-Walsh expansions supported on .#, that is, f(S) #0onlyif S e &.
Endowed with the supremum norm on {—1,+1}", this is a finite dimensional Banach space. Our
main goal then is to find asymptotically correct estimates for the projection constant A(@g), and
to link this invariant with other important invariants from Fourier analysis and local Banach space

theory like the Sidon, unconditional basis or Gordon-Lewis constants.
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We note that the Fourier analysis of functions on Boolean cubes is essential in theoretical com-
puter science, and plays a key role in combinatorics, random graph theory, statistical physics, Gauss-
ian geometry, the theories of metric spaces/Banach spaces, learning theory, or social choice theory
(see, e.g., [33] and [34] and the references therein). Moreover, the last decades show growing interest
for applications of Boolean functions in the context of quantum algorithms complexity and quan-
tum information [2]. For recent important developments and applications in this direction see also
(1,5, 10, 14, 15, 38, 42, 47] .

We mainly focus on the Banach space P/BJSV = P/Bg . 5|=q) thatis all real-valued functions f on the
compact abelian group {-1,+1}" with Fourier transforms f supported on all subsets of [N] with

cardinality < d, and similarly on the Banach space %%~ = Bis: |1s1=d}-

The study of complemented subspaces X of a Banach space Y and their projection constants
has a long history going back to the beginning of operator theory in Banach spaces. For a general
overview of the state of art of the theory of projection constants in Banach spaces, we refer to the

excellent monograph [45] by Tomaczak-Jaegermann and references therein.

We recall that if X is a subspace of a Banach space Y, then the relative projection constant of X in
Y is defined by
AX,Y)=inf{|P|: Pe L(Y,X), Plx =idx},

where id is the identity operator on X, and the (absolute) projection constant of X is given by
(1) A(X):=sup A(I(X), Z2),

where the supremum is taken over all Banach spaces Z and isometric embeddings I: X — Z. The fol-
lowing straightforward result shows the intimate link between projection constants and extensions

of linear operators: For every Banach space Y and its subspace X one has

AX,Y)=inf{c>0: VT e £(X,Z) 3 anextension T € L(Y,Z) with [T <c|TI}.

Drawing from Rudin’s averaging technique from [39] for estimating the projection constant (dat-
ing back to the 1960s), an adapted technique for spaces of trigonometric polynomials on compact
abelian groups was devised in [7]. We apply this new perspective into the framework of functions on
Boolean cubes. As a consequence, we in Theorem 3.1 see that

M) =55 T | ¥l
xe{-1,+41}N Ses
In principle, this integral can be calculated with a computer - at least for concrete well-structured
families . in [N] := {1,2,..., N}. Nevertheless, if N is large or the set . is 'too big), this might get
unfeasible. Therefore, it is important to study the asymptotic order of A(28%) in the dimension N

and/or other parameters quantifying the complexity of ..
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Among others, we show in Theorem 4.1 that
|ha( )I
lim N~Y?A (%) = f (-£%/2)dt,
N—oo ( V2 JR P

where hg is the d-th Hermite polynomial.

While this outcome can be derived from a very interesting identity by Beckner [3] from the mid-
seventies—utilizing it as a black box—alongside the central limit theorem, we derived it (without
prior knowledge of it) from a specific technique to study the combinatorial structure of the index set
< involved. This technique is grounded on ideas introduced in [16] and [31], where it was employed
to examine sets of monomial convergence of spaces of holomorphic functions in high dimensions.
We highlight that this combinatorial tool holds significant potential, extending its applicability to

diverse contexts. In this manuscript, we present both methods for obtaining the result.

The Sidon constant plays a pivotal role in Fourier analysis, providing crucial insights into the be-
havior and convergence properties of Fourier series and related transformations. Recall that, given
& c [N], the Sidon constant of the characters (ys)sc. in the group {—1,1}" is the best constant C > 0
such that for all f € 2%,

@) Y 1F ) = Clif oo,

Se &

and we in the following are going to denote this constant by Sid(%g). In the context of spaces of
Boolean functions, this invariant establishes a connection between the Fourier coefficients and the
supremum norm of the function. Essentially, it quantifies how the distribution of the Fourier coef-
ficients across different frequencies influences the overall behavior of the function, as reflected by
its supremum norm. This relationship provides valuable insights into the harmonic structure and
complexity of Boolean functions, aiding in the analysis and understanding of their properties and

computational characteristics.

We demonstrate how to estimate the Sidon constant of spaces of Boolean functions for a specific
set .# and the projection constant of another space associated with the 'reduced form’ of .. To
achieve this, we employ various techniques from local analysis of Banach spaces, including the con-
nection with the so-called Gordon-Lewis constant, tensorial techniques, and certain symmetriza-

tion/desymmetrization ideas.

The main result here is Theorem 5.1 (and more generally Theorem 5.2), where we show that in the
homogeneous case the Sidon constant of B 4 may be estimated by A(BY d—l) up to a constant C¢,
where C > 0 is universal. The proof goes a detour relating first the Sidon constant with the Gordon-
Lewis constant (Theorem 5.4) and then in a second step the Gordon-Lewis constant with the pro-

jection constant (Theorem 5.7).
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Summarizing, we use local Banach space theory to show that the Sidon, Gordon-Lewis and pro-
jection constant of every Banach space P/Bg are intimately linked — a connection of which all three of

these fundamental constants benefit abundantly.

Using a recent variant of the Bohnenblust-Hille inequality for functions on Boolean cubes from
[10], we conclude the manuscript by relating the Sidon constant of the space %?L with the ’size’ of

the support set .#.

2. PRELIMINARIES

Standard notation from Banach space theory as e.g., used in the monographs [12, 30, 37, 45, 48] is

going to be needed. In this note, we basically only consider real Banach spaces.

2.1. Functions on Boolean cubes. Throughout the paper we for N € N call {~1,+1}" the N-dimen-
sional Boolean cube. A Boolean function is any function f: {-1,+1} — {—1,+1}, more generally,

functions f: {~1,+1} — R are said to be ‘real valued functions on the N-dimensional Boolean cube’.

The study of real valued functions on Boolean cubes is deeply influenced by Fourier analysis. Con-
sidering the N-dimensional Boolean cube {~1,+1}" as a compact abelian group endowed with the
coordinatewise product and the discrete topology (so the Haar measure is given by the normalized

counting measure), we may apply the machinery given by abstract harmonic analysis.

In particular, the integral or expectation of each function f : {-1,+1}"¥ — R is given by

E[f]:= 2LN Y fWw.

xe{-1,+1}V

The characters on {—1,+1} are the so-called Walsh functions defined as

xs: =1L+ —(=1,1}, ys()=x:=[]xx for xe{-1,+1}",
keS

where S c [N] :={1,...,N} and y4(x) := 1 for each x € {=1,+1}". This allows to associate to each

function f: {-1, +1V = R its Fourier~Walsh expansion

f=Y fOx5, xe{-1,+11",

SCIN]
where f(S) =E[f- xs] are the Fourier coefficients.

Given d € N, we say that f has degree d whenever f(S) =0forall |S| > d, and f is d-homogeneous
whenever additionally f(S) = 0 provided |S| # d; where, as usual, |S| stands for the cardinality of the
set S.
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For every set .# of subsets S c [ V], we define the linear space 885, ofall functions f: {-1,+ 1V SR,
which have Fourier-Walsh expansions supported on .. Endowed with the supremum norm | - ||
on the N-dimensional Boolean cube, this space turns into a Banach space. We mainly concentrate

on the following special classes of functions on the N-dimensional Boolean cube:
o BN :=all functions f: {-1,+1}N — R,
« %Y :=all d-homogeneous f : {-1,+1} =R,
o B =all f:{-1,+1}"¥ — Rwith degree less or equal d .

Obviously, we have the isometric identity

3) BN = loo((-1,+1"Y), [ (F)geror v -

2.2. Functions on Boolean cubes vs tetrahedral polynomials. As usual we call the elements a =
(a;) in I\Ig\” (all finite sequences in Ny) multi indices, and |a| = }_ a; is their so-called order. For N e N
and d e Ny

Ad,N):={aeN): lal=d}, A(=d,N):={aeN}:|al<d}

denote the sets of multi indices which are d-homogeneous and of order < d, respectively. A multi
index a = (a;) € I\Ig\” is said to be tetrahedral whenever each entry a; is either 0 or 1. We denote by

At the subset of all tetrahedral multi indices in I\I(()N). For d < N we let
Ar(d,N):=Ad,N)nAr, Ar(=d,N):=A(=d,N)nAr.
It turns out to be convenient to have an equivalent description of A(d, N). We write
A (d,N) = [N)?,
Ld,N)={j=1,...,ja) €M, N): j1<...< ja}.

Then there obviously is a canonical bijection between _#(d, N) and A(d, N). Indeed, assign to j €
#(d,N) the multi index @ € A(d, N) given by a, = |[{k: jx = r}l,1 < r < N, and conversely assign to
each a € A(d,N) theindexje #(d,N), where j1=...= jo, =1, joy 41 =+ = Jay+ap =2, ..

On ./ (d, N) we consider the equivalence relation: i ~ j if there is a permutation o on {1,...,d}
such that (iy,...,13) = (joq),---» Jo@). The equivalence class of i € .4 (d, N) is denoted by [i], and its
cardinality by |[i]|. We write |[a]]| := |[jl| provided that j is associated with &, and in this case have that

d!
(4) I[Oé]|=|[i]|=—,,
al

where a!:=a;!-...-ay!.
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We consider finite polynomials P : RN - R, i.e., polynomials of the form P(x) = Y gcpcax®, X € R,
where F is a finite set of multi indices in I\Ig\'). We write 22, (¢Y) for all d-homogenous polynomi-
als, so polynomials of the form P(x) = Y gep@n) Cax®, x € R. The space @d(éé\fo), together with the
supremum norm taken on the unit ball of %Y, forms a Banach space. A polynomial is said to be tetra-
hedral, whenever ¢, =0 for all @ ¢ Ar. The subspace of all tetrahedral d-homogeneous polynomials
is denoted by 7, (¢X), that s, all polynomials of the form P(x) = ¥ gep .z Ca X%, X € R. Analogously,

we define the Banach spaces 2.4 (¢Y) and I—,(¢X).

Obviously, for each f: {—~1,+1} — R there is a unique tetrahedral polynomial Py : RN — R for

which the following diagram commutes:

-1, +1}N — RV,

4

and in this case

Iflloo:= sup |f(x)l= sup [Pr(x)|= sup [Pr(x)|=:1Pflloo-

xe{-1,+1}N xef{-1,+1}N xe[-1,11V

Moreover, each subset S c [N] may be identified with a tetrahedral multi index a® € Né\] given by
a’(k) =1,k e Sand a’(k) =0,k ¢ S. Conversely, every tetrahedral multi index @ € N{Y defines the
subset S = suppa < [N]. We write

AP) ={aSeN): Se. 7},

and 2, () (¢ (R)) for the Banach space of all polynomials on £Y, which are generated by functions

fe %gﬁ. This all together leads to the isometric identity
5) BY, = Prr(U), f— Py

In view of this identification, it from time to time is convenient to use the usual monomial notation,

that is, for S < [N] we identify the Boolean function yg with x*s.

2.3. Sidon, unconditional basis and Gordon-Lewis constants.

« Recall that the unconditional basis constant of a basis (e;);e; of a Banach space X is given by
the infimum over all K > 0 such that for any finitely supported family («;);e; of scalars and for any
finitely supported family (¢;);e; with €; € {—1,+1}, i € I we have

Zsiaiei < KH Zaiei
iel

iel

(6)

We denote the unconditional basis constant of (e;);e; by x((e;)ier) = x((ei)ier; X). We also write

x ((ei)ier) = +oo, whenever (e;) ;e is not unconditional, and say that (e;) ;¢ is a 1-unconditional basis,
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whenever y((e;);e;) = 1. The unconditional basis constant y (X) of X is defined to be the infimum of

x ((e;)ier) taken over all possible unconditional bases (e;) ;c; of X.

It should be noted that, from the Banach space point of view, the Sidon constant Sid(%ﬁﬁ) isnoth-

ing else than the unconditional basis constant of the Walsh functions (ys)se.», thatis

Sid()) = x(xs)se) -

 Given Banach spaces X, Y and 1 < p < oo, an operator u € £ (X, Y) is said to be p-factorable
whenever there exist a measure space (€, X, u) and operators v € £(X, L, (w), w € L (L,(u), Y™ ),
satisfying the following factorization xy u: X — Ly (w) — Y**; here, as usual, xy: Y — Y** is the

canonical embedding. In this case the y,-norm of the p-factorable operator u is given by
yp) =inflviiiwl,

where the infimum is taken over all possible factorizations. We are mainly interested in the norms y,,
for operators acting between finite dimensional Banach spaces X and Y. In this case, the infimum

in (2.3) is realized considering all possible factorizations of the more simple form

X - s Y,
N
5

where n is arbitrary.

e An operator u € Z(X,Y) is said to be 1-summing if there is a constant C > 0 such that for each
choice of finitely many x,..., xy € X one has
N N
S lluxjlly < Csup{ St ()l : llx iy < 1}.
j=1 j=1

By m1(u: X — Y) we denote the least such C satisfying this inequality.

e A Banach space X has the Gordon-Lewis property if every 1-summing operator u: X — ¢, is

1-factorable. In this case, there is a constant C > 0 such that for all 1-summing operators u: X — ¢,
Y1) = Cmy(w),
and the best such C is called the Gordon-Lewis constant of X and denoted by gl(X).

A fundamental tool for the study of unconditionality in Banach spaces is the Gordon-Lewis in-
equality from [19] (see also [12, 17.7] or [8, Proposition 21.13]): For every Banach space X with an
unconditional basis (e;);e; one has

) 8l(X) = x(X) = x((edieD-
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In contrast to the unconditional basis constant, the Gordon-Lewis constant has the useful (ideal)

property that
8) glX) < llullivl gl(Y),

whenever idx = uv for appropriate operators u: X — Yand v:Y — X.

2.4. Projection constants. General bounds for projection constants of various finite dimensional

Banach spaces were studied by many authors (see again (1) for the definition).

The projection constant of a Banach space X can be formulated in terms of the oo-factorization
norm of the identity operator idx. More precisely, if X is a Banach space and X is any subspace of
some Ly (1) isometric to X, then

9) A(X) = Yoo(idx) = A(Xo, Lo (1)).

Recall the following fundamental estimate due to Kadets-Snobar [24]: For every n-dimensional

Banach space X;, one has
(10) AXy) =Vn.

In contrast, Konig and Lewis [26] showed that for any Banach space X, of dimension n = 2 the strict

inequality A(X,) < /n holds, and this estimate was later improved by Lewis [29].

The exact values of A(¢}) and A(¢}) were computed by Grilnbaum [20] and Rutovitz [40]: In the

complex case

v on!

2 T(n+d)’

A(L5(©) = nfc x| do(x) =

n-1

where do stands for the normalized surface measure on the sphere §°,:l_1 inC", and

n o0 1 n
Mer©)= [ | ¥ afaz= [0 ar,
0

™ =1 tz

where dz denotes the normalized Lebesgue measure on the distinguished boundary T"” in C" and Jj
is the zero Bessel function defined by Jy(#) = % Jo? cos(tcosp)dg. The corresponding real constants
are different:

2 T(%%)
A(03®R) = do=-——32
(07 ®)) nfgfllxll o V7 T
and
A(0}®), nodd
(11) A(OT®) =

ALY ®), neven.
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Additionally, Gordon [18] and Garling-Gordon [17] determined the asymptotic growth of A(¢ Z) for
1 < p <oowith p #1,2,00 showing that

Aey)~ et
and Konig, Schiitt and Tomczak-Jagermann [27] proved thatfor1 < p <2

Alen
(12) lim (5) =y,

n—oo \/n

where y = \/% in the real and y = 7” in the complex case. For an extensive treatment on all of this

and more see [45].

3. INTEGRAL FORMULA

The following integral formula for the projection constant of %%, where .# is an arbitrary family

of subsets in [N], is fundamental for our purposes.

Theorem 3.1. For each family . of subsets in [N]

A(#3) =Ell 2 xsll-

This immediately follows from a result regarding arbitrary compact abelian groups as presented
in [7, Theorem 2.1], which finds its inspiration and roots in Rudin’s work [39] (also see [48, The-
orem II.B.13]). In fact, for a compact abelian group G (with Haar measure m) and a finite set
E := {y1,...,yn} © G of characters, we denote by Trig;(G) the finite dimensional Banach space of
all trigonometric polynomials formed by the span of E in C(G). Then the projection P: C(G) — C(G),
givenby Pf = Z?’z 1 fly j)yjforall f € C(G), is aminimal projection onto Trig,(G) and

N
A(Trigp(®) = ||P: C(G) — C(G)|| = fG \ v (x)( dm(x).
j=1
Taking for G the N-dimensional Boolean cube {—1,+1}" and recalling that all its characters are given
by the functions ygs, S < [N], we see that Theorem 3.1 indeed is a very special case.
Clearly, by the Kadets-Snobar theorem (recall again (10)) one has
(13) 1 < A(BY) = VIZ1.

Note that this estimate is also a straight forward consequence of Theorem 3.1 and the orthogonality

of the Fourier-Walsh functions y s, since both imply

A@5) e[| o] = (e[| L asl']) " = Vi
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We show that the estimates of (13), the upper as well as the lower one, are attained. Indeed, the two
possible extreme cases for (13) are as follows: For the lower bound we take the family .# consisting
of all possible subsets of [N], and for the upper bound any family . of one-point sets only. In the
first case the identity from (3) gives that for all N

(14) A(BN) =1,
and in the second case by Kintchine’s inequality (as proved by Szarek in [43])
1

(15) — /7= [E[| y X{x}|]s\/|5ﬂ|.

\/5 {x}e&
For the latter case of one-point sets we have a more precise formula. Indeed, for each family .
of one-point sets of [N] by Theorem 3.1 and an integral form of Rademacher averages proved by
Haagerup in [21] one has

M2 [P o G
(16) A(%y):;fo t (1_,£[1C08t)dt'

Moreover, if (%) nen is @ sequence of support sets which are finite and consists only of one-point

sets in N such that the cardinality |.#y| — co as N — oo, then

A(#5) 2

lim ———=1/—.
N—oo /| Fy] b3

This follows by a standard duality argument, since the mapping

17

N N
By D ki~ (@r)is,
{ik}EyN

is a linear isometric isomorphism of %};N onto ¢ ll‘SpN |, and then the conclusion follows from the case

p=1in(12).

The following consequences of Theorem 3.1 collect a few extensions of (15). The substitute for
Kintchine’s inequality in the case d = 1 we need, is the following hypercontractivity estimate for
homogeneous functions on Boolean cubes due to Ivanisvili and Tkocz [23, Theorem 2] which shows
that, for d > 1 and every f € 8",

d
(18) Iy, 413y < €21 F L er, 418y -
More generally, in [13, Theorem 13] Eskenazis and Ivanisvili showed that for every f € %JSV g

(19) ||f”L2({—l,+l}N) < (269076)d||f”L1({_1'+1}N) .

The previous two inequalities are recent improvements of the classical hypercontractive Bonami-

Weissler inequality for the Boolean cube (see e.g., [34, Theorem 9.22]).

Combining Theorem 3.1 with (19) and (18) gives the following extension of (15).
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Corollary 3.2. Let.# c 2V If|S| = d forall S€ .#, then

1
— VI < A(BY) < VI,
2

e
and if|S| < d forall S€ &, then

1
VIZI = A(BY) = VIZI.

(2.69076)4

Calculating cardinalities, yields more concrete estimates for %’N and P/BN Forl=sd=<N

1 (N ME
(20) e_g(d) < A(#Y) < (d)

sl )f Mo =[5 (f;))?

and as a consequence

IA

1 (N\% N a(N\3
(22) e—g(g) = A(#Y,) = %)
23 —— || S A(B_,) <ez(—
23) (2.69076)d(d) (#a) = e (d)
Indeed, the preceding two estimates follow immediately from (20) and (21) taking into account the
elementary estimates
24) (5) =Y
dl —\d)|
Ny & (N) &Nk @ gk Nk N\
= (d) ,szo(k) & k;)k!(d) “(3)

Note that applying a remarkable formula due to McKay [32], we have (see also [9, Lemma 5.7]): For
each N € N and each 0 = @ < N with N — a being an odd integer, there exists 0 < ¢4, x < V7/2 such

that
SARESE

N-a-1
k=== 2

X )
vn ) P\
where Y is given by

2 [ 2
Y(x):eTf e zdt, x=0.
X

In particular, taking a = 0, we obtain a nice asymptotic formula for Zz:o (1,\67), whenever N is odd and
d="51
2
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It worth noting that the following estimates hold (see [44, Proposition 3])
2 <Y< 4
x+ @2+l T 3x+(x2+8)1/2

We conclude with an observation showing that the upper bound in (25) can be improved as follows

whenever 2d -1 < N:
d (NY [N\ N-(@d-1
26) y (V< (V] A2le-D
= \k) \d|N-@2d-1
In fact, we have

L(N+ N + N +~-~+1)—1+ d + d@d-1) +
M\\a d-1| |d-2 " N-d+1 (N-d+1)(N-d+2)

d
Thus bounding the right-hand side from above by the geometric series
d ( da N-(d-1)
1+ + = ———
N-d+1 \N-d+1 N-(2d-1)

we get the required estimate (26).

In view of the preceding estimates for the projection constants of Y , and 8815\’ » We add another

useful result comparing both constants.
Proposition 3.3. Forevery N,d e N withd < N

A(BY) <1 +v2)iA(BY).

Proof. Indeed, this follows from an important fact proved by Klimek in [25] (see also [10, Lemmal,(iv)]):
If fe %lsvd and fr =X 5=k f(S)xs is the k-homogeneous part of f for 0 < k < d, then

27) I filloo < L+ V24 flloo. O

We finish with two more remarks on Theorem 3.1, which have a number theoretical flavour. The

first one is
A(BYN ) 2
(28) lim ﬂ =1/=,
N—oo N T
logN

where &) stands the family of one-point sets {p} generated by all primes p < N. Of course this is an
immediate consequence of the prime number theorem and (17) applied to the sequence (py) of all

primes.

For the second remark we denote by g’fvf the family of all finite subsets A of primes in [N] such
that n=],c 4 p < N (the prime number decomposition of nis square-free). Observe, that since every
n € [N] has a unique prime number decomposition, there is a one to one correspondence between

the set of all square-free numbers n € [N] and @Jf]f .
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Based on a recent deep result of Harper from [22], for large integers N with universal constants
VN
(29) A(BY,) ~ ———.
?Nv’  (loglogN)%
For the proof note that all projections y: {—1,+1}N — R, k € N form a sequence of independent

Rademacher random variables. Moreover, every square-free number 7 € [N] defines a random vari-
able f,: {-1,+1}N — R given by

fn= H Xip}-

pln
pprime

Then Harper’s result mentioned above states that
[E‘ ¥ ‘ VN
n ~ .
1=n=N (loglogN)i

n square-free

But since the one to one correspondence between the square-free numbers 7 € [N] and the family of
sets A€ @Jf]f identifies the random variables f,, and y 4, we see that
IE‘ Z f n Z XA‘ .

l=n=N AeS
n square-free

=L

Consequently, Theorem 3.1 finishes the argument for (29).

4. THE LIMIT CASE

The spaces %]:Vl and ¢ IIV (R) identify as Banach spaces whenever we interpret the N-tuple ijvzl Xieg
as the function Zgzl Xk Xg on the N-dimensional Boolean cube. Then by the result of Griinbaum

mentioned in (11) we know that

A(BN AN R
lim Q: lim M: 2

N—co /N  N—oo /N /4

In the following we show a procedure that allows to extend this result to %Y , and BN

<’ where the

degree d is arbitrary. Our main result here is as follows.

Theorem 4.1. Foreachd e N,

(30) li AT foo 1P, (0)] -5 dr
NI_IBO Nd/2 - o7 J-oo d e ’
Ld/2]
where P;(t) = % - kgl WPd_zk(t) with Py(t) =1, P;(t) = t. Moreover,
A@BN) A(BY )
lim =4’ _ i =d
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The following observation is important, since it helps to understand the preceding resultin a larger
context: For each d € Ny, we have that
ha
E ’

where h,, for each n € Ny denotes the n-th (probabilist’s) Hermite polynomial given by

B P;=

2 n 2

hy(t):=(-1)"ez g e 2, tel.

In order to prove this, note first that for d € {0, 1} this equality holds trivially. For arbitrary d’s we use

induction. Suppose that Py = % forevery0 < k< d—-1, and letus show that P; = %. By the so-called

‘inverse explicit expression for Hermite polynomials’ we know that for all € R

td:d,LdZ/ZJ 1 ha—(t) _ ,LdZ/ZJ 1 hgr(0) (D)
& K2k (d-2k)! K2k (d—2k! 4

Thus, by the inductive hypothesis,

hd(t) B td ld/2] 1 hd—Zk(t) _ td ld/2]

T ok A o —P 1) =Py(1).
d! da' kg"l kl2k (d—-2k)! d' Pt T2k a-2k(1) = Py ()

Note that from (20) for & = {S c [N] : card(S) = d} we have

N N
A(%y) < limsup& <1,

< _
ef N [dim@l)  N-eo | [dim(@l)

and in the case .¥ = {S < [N] : card(S) < d} the constant e~% has to be changed by (2.69076)"“. The

following result is a considerable improvement.

Corollary 4.2. For & ={Sc [N]: card(S) = d} or ¥ ={Sc [N]: card(S) < d}
07/4

m A3 Ihd(t)l _ﬁ 2771 (1+O(d2))

N—oo /dlm(%N) \/ﬁf n5/4 dl

Indeed, this follows from Theorem 4.1, equation (31) and a result of Larsson-Cohn [28, Remark 2.6
and 3.2], which says that

\/%f_:md(z)w‘édt— Z/ic\l/;( +O(; ))

Now, if & = {S: card(S) = d}, then dim(%8Y) = \/(}), and if & = {S: card(S) < d}, then in the case
2d —1 < N (so in particular for large N), we have (see again (26))

N d [N N\ N-(d-1)
< dim(®Y) = < S
(d) ,Czo(k) (d)N—(Zd—l)
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Since limy—oo 1/ () /N%'? = 1/v/d!, we in both considered cases have

ydim(@Y)
lim =

Nesoo Nd/2 - \/a’

which gives the required statement.

To show a few examples, with the use of a computational platform, we get the following limits:

_ /’l(%i\’z) - ABY) -1 _2 274 0.814

lim = f e zdt= 1/4

N=eo [dim(a8N,) A & Von V2 Vevan | 2

_ A(@J_Vs) i /’l(%<3) B-3t] _2 1 4 0.811
lim f e zdt= L+ =5 | = <1
W ey N JE Vel Vb veml 3
i, ABY) im A(%<4) f *—6r2+3 o2 gy 0808

N— /dlm(%’ 3 N—»oo / NG V24 414
l_m A(BY) i A(%<5) f 2 —10£3 +15¢ e_tz_z 0.807

1 = R —r

N— /dlm(% ) g / Von V120 51/4

fim A0 ABY) im MBL) f 6—15t4+45t2—15'8_§dt~0.806
N=eo | [dim(8Y) T V& Van V720 61/t

For the proof of Theorem 4.1 we use a probabilistic point of view, treating the coordinate func-
tions (y)1<i<n on the Boolean cube as independent Bernoulli random variables (taking the values
+1 with equal probability 1/2); for the random variable y;; we shortly write x;. From this perspective,
any Walsh function yg is itself a random variable, being a product of coordinate functions. Conse-

quently, any function on the Boolean cube may also be seen as a random variable.

By Theorem 3.1 the projection constant of B , can be computed as the expectation
[E‘ Z X 5‘ .
IS|=d,Sc[N]
Moreover we know from the central limit theorem that
Zﬁ'\il Xio z
,—N ’

where Z is a normal random variable with mean 0 and variance 1, and the convergence is in distribu-

(32)

tion. Based on this, the main idea of our procedure is to rewrite the random variable } 5= s<;n X s In
a suitable way into another random variable involving Zﬁ.\i 1 Xi/ VN, for which we manage to control

its mean.
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We use the notation Y, 2, Y, whenever a sequence (Y,) converges in distribution to a random
variable Y. Additionally to the notion of convergence in distribution, it will be necessary to consider
convergence in probability. We write Y, L. vifthe sequence (Y,) converges in probability to a ran-
dom variable Y. Of course, convergence in probability implies convergence in distribution but, in
general, the converse is not true. We recall that these two notions of convergence coincide, provided

the limit is a constant.

Moreover, we frequently need a classical theorem of Slutsky. It states that, given two sequences
(X)), and (Y},),, of random variables such that X, P, X and Y, Lo (where X is a random variable

and c € R a constant), then X,, + Y, 2, X+cand X, Y, 2, cX.

Another result used at several places is that convergence in distribution is inherited under contin-

uous functions in the sense that f(Y},) 2, f(Y), whenever Y, L. yand f:R — Ris continuous.

Finally, recall that a sequence of random variables (Y},),, is said to be uniformly integrable, when-
ever
lim sup |Y,ldP =0.

A= p>1 J|Yy,l=za

A sufficient condition is that sup,, E(]| Y,|'*€) < C for some ¢, C > 0, since then

33) lim sup Y, |dP < lim —C

A= p>1 J|Y,lza a—oo qf

Uniform integrability is of particular importance to us due to the fact that Y is integrable and
(34) E(Yn) — E(Y),

provided (Y}), is a uniformly integrable and Y, Ly (see for example [4, Theorem 3.5]).

4.1. The 2-homogeneous case. To keep our later calculations for the proof of Theorem 4.1 more

transparent, we deal in detail first with the 2-homogeneous case.

Theorem 4.3.
A(% ) 2

lim ——— —

N-co N e
Proof. In a first step we expand the square of the Boolean function x — Zﬁ.\i 1 Xi and rearrange the
terms using x7 = 1, to get

N

(L) -n

i=1

1
> XiXj= ) Xijj=

l<i<jsN l<i<jsN

By the central limit theorem the sequence of random variables (Zy) given by

1 N
S, P
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converges in distribution to a normal random variable Z with mean 0 and variance 1. Since the

2— . .
function f(x) = % is continuous, we have
1 1Z5 -1 p 1221
= T omxy=E—2 :
N l<i<jsN 2 2

(2)

1 2
[E[— x~x-H:—§1,
NMZ i N2

and hence the uniform integrability of the random variable sequence (‘ D 1<i<j<N XiXj D (see the
N=1

remark done in (33)). Then, thanks to Theorem 3.1 and to what we explained in (34), we see that
oAy , 1Z5 -1 |22 1|
im == im (| Y x| = im (=) =),

l<i<jsN

Computing the latter integral, we finally arrive at

A (BN 721 1 [ |2-1] -2 2
lim ‘2):[E(| '): f | leFar=1/2. O
N—-oo N 2 V2t J-co 2 e

The general case of arbitrary degrees d € N is technically more involved. In the previous proof for

d = 2, the key step is to rewrite
N 2 XX
in terms of a polynomial in one variable.

For arbitrary d (as in Theorem 4.1), we require an adequate decomposition of the random variable
1 s_ 1 a
(35) YN(x):WZ_x:W yooox*
ISl=d aeAr(d,N)

In order to derive the expectation of these kernels, we offer two proofs with independently inter-
esting features. Both approaches have two steps (see also the proof of Theorem 4.3): in a first step
the kernels Yy are reformulated in such a way that in a second step the central limit theorem may
be applied properly. In both approaches the second steps are basically identical, whereas the argu-
ments for the first ones are substantially different. The first approach (see Section 4.2) doesn’t need
any knowledge on Hermite polynomials. It is mainly based on a natural decomposition of multi
indices a into their 'even part’ ar and their 'tetrahedral part’ a7. At the very end we arrive at the
limit formula from (30) discovering 'posthum’ that it may be written in terms of Hermite polynomi-
als. Knowing this fact, one in a second approach may use a (somewhat classical) formula of Beckner
from [3] to reach the same goal. Since we use this formula as a sort of black box, this second approach

here appears to be shorter.
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4.2. First approach - decomposing indices. For any index @ € A(d, N) there are a unique integer

0 < k =d/2 and a unique decomposition
a=ar+ag

of a into the sum of a tetrahedral index a7 € Ar(d — 2k, N) and an even index ag € Ag(2k, N) (so all
coordinates of ag are even and |ag| = 2k). This in particular implies that
x% = x%T. x% = x%T  forevery xe{—1,+1}".
=1
The way to find such a decomposition of a given index a € A(d, N) is rather simple: Given 1 < j < N,
the j-th coordinate of the tetrahedral part ar € A(d, N) is equal to 1, whenever a is odd, and 0 else.
The even partis defined as ap := a —ar € A(d, N). Defining

a
k::l E|’
2

we indeed see that a7 € Ar(d — 2k, N) and ag € Ag(2k, N). Moreover, since all coordinates of ag are
even, there exists a unique € A(d, N) such that ag = 2, that is, there is a canonical way to identify
Ag(2k,N) and A(k, N).

All together, this leads to the following identification of index sets:

ld/2] Ld/2]
(36) A(d,N) &~ | Ar(d =2k N) x Apk,N) e~ | Ar(d—2k,N)x Ak, N),
k=0 k=0

where the second identification comes from the fact that there is a canonical correspondence be-
tween Ag(2k, N) and A(k, N).

We say that two indices a € A(d;, N) and f € A(d,, N) do not share variables whenever they have

disjoint support.

Lemma4.4. Leta € A(d,N) and k < d/2. Assume that the tetrahedral part at € Ar(d -2k, N) and

the even part ar € A2k, N) of a do not share variables, and that ap =2 with f € Ar(k,N). Then

d!
I[a]|=2—k.

Proof. We deduce from (4) that

d! d! d! d! d!
llall=—

= = = = —. |:|
a! (ar+ag)! arlag! (2p) 2k

Let us begin analyzing the idea to rewrite the random variable from (35) for arbitrary degrees d = 2.

Taking Zﬁ.\il x; for x € {~1,+1}" to the power d and writing x; = x;, ... x;, forie .4 (d, N), we get

(gxi)d= > ox= ) Yxa= ) lflig= ) lallx®.

ie/dd,N)  jegdNiclil  jegdN) aeA(d,N)
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Decomposing each a € A(d, N), according to (the first identification in) (36), and using the fact that
x? =1, we have

(gxi)d:wzm( )3 )3 |[aT+aEJ|x“T),

k=0 \ageAgQ2k,N) areAr(d-2k,N)
Consequently, by (4)

N \4 ld/2]
(Zixi) = ) ax'T+ ) ( Y > |[aT+aE]|xaT),
=

areAT(d,N) k=1 \ageAgR2k,N) areAr(d-2k,N)

so that rearranging terms leads to

N d 142 .
37) Y ox T= Yoxi| - ) Y Y. llar+ag)lx®T
. i=1

areAr(d,N) k=1 \areAr(d-2k,N) ageAgrk,N)

To illustrate this, note that for d € {2, 3} we get

(&)
(] Z xl.X:] - - le _N )
l<i<js<N 2 i=1
1[Ny )3 N
o Y xixjxp==||Y x| —BN-2)|) x
l<i<j<ksN 6 i=1 i=1

The following two technical lemma analyze (37) in more detail.

Lemma 4.5. Givend, N € N, we for each x € {—1,+1}" have

1y ¢ a
DR |3 [ TN S §
aeAr(d,N) . i=1 k=1 areAT(d-2k,N)

where for1 < k < |d/2]

N-d+2k)\d!
Cd,k,N:( i )2_k+Dd,k,N and OSDdykyNSNk_Ide!.
In particular,
C d!
(38) lim —2bN

N—oo Nk - k! 2k .
Proof. We fixsome 1 < k < |d/2], and note that (in view of equation (37)) we need to study
>, lar+aglx®,
areAT(d-2k,N) apeAp(2k,N)
in order to be able to first define and second control the factor C, ;. ;. We fixsome a1 € Ar(d—-2k, N),

and start to decompose

Y. llar+agllx®T.
ag€AE(2k,N)
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Let us denote the set of even indices which do not share variables with ar, by Ag(ar) € Ag(2k, N),
and use Ag(a7)¢ € Ag(2k, N) for its complement in Ag(2k, N). Then

Y llertapx®=[ Y llartagl+ Y llar+ag]|x,
ag€AE(2k,N) ageAgp(ar)© ageAg(ar)

=:A

-

and we handle both sums separately.

Before we start to estimate, note that A+ B does not depend on at, that is, for each a7 the sum

Y. llar+agll

ageANE(2k,N)
is the same. Indeed, given two different tetrahedral multi indices a r, a’T € Ar(d -2k, N), the natural
bijection between index sets that maps ar to a’, given by a suitable permutation of coordinates,

also lets the sums invariant. This allows us to define
CakNn:=A+B.

Estimating A: In order to estimate the cardinality of Ag(a )¢, observe that any multi indexin Ag(a 7)€

needs to share at least one of the d — 2k possible variables of ar, and therefore
(39) |IAE(ar)’l < (d-2K)|Apk—-2,N)| = (d—-2k)|A(k—1,N)| < (d-2k)N*1,

Clearly, ar + ap € A(d, N) for any ag € Ap(at)¢, and hence by (4)

d! _
A= Y lartagl= Yy ———=<(d-2N""a.
ageAg(ar)® apehp(are (@1 +ap)!
Estimating B : We have
B= )Y llar+agll= > llar+agll.
apeAp(ar) apeEANg(2k,N—-d+2k)

We then may decompose the index set Ag(2k, N — d + 2k) into the set of those indices which use k
variables, denoted by Agp(2k, N -d + 2k)*, and the set that contains all even indices with less than k
variables, denoted by A2k, N —d + 2k)<*, so

B= > llar +agll + > llar +agll.
apeAp(2k,N—d+2k)<k apeAp(2k,N-d+2k)k

- -

::E<k =:E=k
Observe that given a multi index in A2k, N — d + 2k)<F, it is mandatory that some variable appears
to at least the 4th power (since all the indices in the set A (2k, N —d +2k)<¥ are even). Going through
all the possible N —d + 2k variables, we get the bound
IAg(2k, N — d+2k)<k| <(N-d+2k)INgk—-4,N—-d +2k)|
=(N-d+2k)|AN(k=2,N—-d+2k)| < (N—d+2k)k_1,
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and then (as above with (4))

B<k= Y o +agll < |ApQk,N—d+2k)<*| d'< N*1a.
apeApk,N-d+2k)<k
On the other hand, note that for each @ € Ap(2k, N — d + 2k)¥ there is Be Ar(k,N—d+2k) such that
a = 2. Thus, this defines a one to one mapping between Ag(2k, N —d +2k)* and A7 (k, N — d + 2k),
so we get

N-d+2k
IAE(Zk’N_d+2k)k|:lAT(k,N—d+2k)|:( L )
Then by Lemma 4.4
= N-d+2k)\d!
B—k: Z |[aT+aE]|:( k )_k
apeApk,N-d+2k)k 2

Combining step: We define D := A+ B<¥ (note that D = Dg i.n infact depends on d, k and N). Then
D < N¥12dd!, and all in all we obtain

_ N—-d+2k\d!
Carn= Y. llar+agll=A+B=B" +Dgn< ( )—k + N*124a.
apeAp(2k,N) k 2
Finally, for a fixed k, a standard calculation gives (38). UJ

The following lemma goes one step further - namely, rewriting the random variable from (35) in
a way that later allows us to calculate the limit of its mean. Notice that for d = 0 this random variable

equals the constant function of value 1.

Lemma 4.6. Givend €Ny and N €N, thereis ¢, n € C(R) such that for all x € {-1, +11V

(40) Z x“:Pd (l_— t+@anN L= ,
Nd/z aeAr(d,N) \/N \/N
where P, is as in Theorem 4.1 and @o,n = ¢1,n = 0. Moreover, we have that
YN %) p
(41) (pdN( 1= —0, asN — oo,
VN
and
1 a D
(42) —— Y x*=Py2), asN—oo,

dl2
N yenrd,N)

where Z is a normal distribution with mean 0 and variance 1.
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Proof. The proof will be by induction on d. Recall from Theorem 4.1 that Py =1 and P; = ¢. Then for
d = 0 there is nothing to prove, and for d = 1 the proof by (32) is obvious as well.

Let us fix some d = 2, and assume that the result is true for all degrees < d — 1. The aim is to prove
the result for d. Dividing the equality from Lemma 4.5 by N%/2 = Nk N(@-2K/2 3nd using the inductive

hypothesis, we have

d
R Zé\ilxi) _Ldfj Cain| 1 xaT)
N2 (N Tam a\ vN (=1 dINF \NU@=2biZ G2k
d
- Lt Lde Cain Pg ok Lity % +@a-2k Lii®
=—|—| - -2 —2k,N :
a\ N & d\NF VN VN

Defining for r e R

2l (Chrn 1
Pan) =), ( =
= VdINk  kiok

and recalling the definition of P;, we see that (40) holds. It remains to show the two limit formulas
from (41) and (42). By the inductive hypothesis foreach 1 < k< d/2

)(Pd 2k (D) + P2k, N (1))

YLixi) p YLix) e
Pd—zk( i/lﬁ | =Pyo(2) and @a_oin i/lﬁ -|—0, as N—oo,
Cakn 1 ,
Moreover, by Lemma 4.5, (38) we have that hm 0 INE T RIoF =0, so that (41) follows by Slutsky’s

theorem. Since convergence in dlstrlbutlon is preserved under continuous functions, we conclude
that

lel D
—P,y(Z), as N — oo,
(m) a *

and then we obtain (42) from another application of Slutsky’s theorem, using (40) and (41). U

Finally, we come to the proof of the main contribution of this section, Theorem 4.1, which extends

Theorem 4.3 to all possible degrees.

Proof of Theorem 4.1. We for N € N define the random variable Yy(x) asin (35) . Applying Lemma 4.6,
the central limit theorem as in (32), the fact that convergence in distribution is preserved under con-

tinuous functions, and Slutsky’s theorem, we get

Yn(x) =

N N
X X
Py Zi;]lv’)Jr(pd,N(Zi;lN’)ﬂ»Pd(Z), as N — oo.

Now orthogonality of the Fourier-Walsh basis assures that for all N

|Ar(d, N)I|

ElYyl® = — o —

=1,



ASYMPTOTIC INSIGHTS FOR SPACES OF FUNCTIONS ON THE BOOLEAN CUBE 23

which gives the uniform integrability of all Yy (see the remark from (33)). Using [4, Theorem 3.5],
this implies

2
lim E|Yy|=ElP4(2)]] = IPa(B)le” 2 dt,

1 f >
V21 J-oo
which by Theorem 3.1 finishes the proof of (30). The second claim follows with similar arguments.

Observe first that by another application of Theorem 3.1 we have

>

aeAr(=d,N)

ABY) =E

Also by Lemma 4.6, (42), forevery0< k<d

1
Y x*2pu2), as N—oo,

NMZ e Nt
where Z is as above. Hence we as before use Slutsky’s theorem and the fact that a sequence of random
variables converges in probability whenever it converges in distribution to a constant, to see that for

every0<k<d

1 P
— Y x*—0, as N—oo.
N geArte,N)

Now one more application of Slutsky’s theorem shows that

d

1
a _ 1: a _
E E X —1\1]1111 —Nd/z E x% =Py(2),
k=1 aeAr(k,N) © acAr(d,N)

lim — )  x%= lim
o =i M dn
N—oo N%'% e AT (=d,N) N—oco N

where the limit is taken in the sense of distribution. Again by orthogonality

2

- | [ ArEa NI
Nd

)

1
di2
N¥ acAr(=d,N)

implying that the random variables ﬁ Z x%, N € N are uniformly integrable, and this is

aeAr(=d,N)
enough to conclude that
N
)
. <d’ _
I\IIEEO iz - E(Pa(2))
(see again (34)). Together with the first claim this finishes the proof. 0J

4.3. Second approach - Beckner’s formula. The following identity of Beckner from [3, Equation (5)]
rephrases Y’ s=4 xs directly in terms of Hermite polynomials, and may hence serve as a substitute of

Lemma 4.5.

Lemma4.7. Foreachd,NeN and x € {-1,+1}"V

1 1 x1+...+xN) 1 ld/2 (x1+...+xN))
— Xs=—|hg| ——=——|+—= adgi,Nha—2c| /||
N% ISIZ:d d!( VN N kgl VN

where the coefficients ag N are bounded in N and hy is the € -th Hermite polynomial.
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With this the proof of Theorem 4.1 follows similarly as above replacing the polynomials P; by
hq/d!. Indeed, applying Lemma 4.7, the fact that convergence in distribution is preserved under

continuous functions together with (32) gives that for all £ € Ny we again get

VN

Also, as the constants a4 i,y are bounded in N, we have limy_.,

N x;
hg(ﬁ D hy(7), as N— oo.

ad,k,N
N

=0foreveryl<k<|d/2],so
that by Slutky’s theorem (Y again as in (35))

x1+...+xN) 1 ldz2] (x1+...+xw))

+— aqxha-2k
VN N ,; VN

The rest of the proof proceeds in a similar way as before.

1
Yn(x) = E (hd(

1
' L hy2), as N—oo.

d!

While it may seem that this approach is more concise, it actually conceals the use of a deep specific
result as if it were a "hidden toolkit’. Furthermore, we would like to underscore that the first approach,
founded on the contemporary combinatorial technique known as 'monomial decomposition’ (see
e.g., [16, 31]), reinforces this fresh perspective. We firmly believe that this approach holds substantial

potential for wider applications.

5. SIDON VS PROJECTION CONSTANT

Given a set ¥ < {S < [N]}, we now establish an intimate link of the Sidon constant of 88?, with its

projection constant. To do so, we define
P’ ={S\{i}: Se &, i€ S}.
Moreover, the following constant

T

o0 -1
(43) wi=([] sine—) =2.209...,
k=1

Pk

is going to appear, where (p) > is the sequence of prime numbers and sinc x := (sinx)/ x.
The main result is as follows.

Theorem5.1. Let2<d < N . Then

(44) sid(,) < C(d)A(#L,_)),

where C(d) < e (2d)x%29"'. Additionally,

(45) Sid(#Y,) = Ca) max A(BY_ ),

where C(d) < (2.69076)%(d + 1)(1 + vV2)42d)x%24.
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Note that the estimates of Sid(%" ) and Sid(28%,) are anyway trivial if 0 < d < 1, so there is no
need to compare them with projection constants. In fact, the previous the statement is an obvious

consequence of the following more general result.

Theorem 5.2. Let2<d < N and . c{S<[N]: |S|=d}. Then
Sid(8%) < C(d) 1Q: B, — B A(8,),

where the constant C(d) is as in (44) and Q is the projection annihilating Fourier coefficients with
indices S notin .
More generally, if # < {S < [N]: |S| < d}, then
. N ~ . N N N

where S~ = {S € % : |S| = k}, the constant C(d) is as in (45) and Q. is the projection annihilating

Fourier coefficients with indices S not in S-.

The proof of Theorem 5.2 is given in Section 5.3. In the coming two sections we prepare it collect-

ing a few independently interesting facts.

5.1. Annihilating coefficients. In what follows we need a lemma, which is a discrete variant of a re-
sult for polynomials on the N-dimensional torus due to Ortega-Cerda, Ounaies and Seip in [35]. We

include a proof for the sake of completeness.

Lemma5.3. Let2<d <N . Then
|Q: 2a(e%) — BN, | <x?2971,
whereQ is the projection annihilating coefficients with non-tetrahedral indices. In particular,

A(BY ) <k P2 A(2,4(0)).

Proof. As usual, we write 7 (x) for the counting function of the prime numbers. Now, given

L= (t1,.... teay) € 1= [0,1]"?,

define
. tl Ifg tn(d)
rd(I)ZCdeXp(an T T ’
(2 3 pn(d))
where ) 1
n(d) . _
Pr (2 )
Cd = —lePr -1 .
o= T (4l -

Note that the function r;: 2 — C has the following properties:

() [pra®du®) =1,
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(i) [ rX(0)du(r) =0 foreach 2<k=d,

(iii) |ry(8)| =« forall t € &%;

here du denotes the Lebesgue measure on Z%. Indeed, (i) and (ii) are trivial and follow by the defini-

tion of the function, and (iii) holds because |r; ()| = |c4| and

L n(d) 21i 2 nd ) T
leal™ =1 slek —1| = [] sinc® —.
k=1 270) k=1 Pr

Take now some P € 22, (¢Y) and a representation Px = ¥|4—4 co X%, x € RN. Then by the properties

(i) and (ii) we have
QP (%) :sz Pe(xyra(th), ..., xyrqa(tN) du(th) - dut™), xe oy,
where Pc(2) = ¥ jq=q ca 2% z € CV. By (iii) we deduce that
|Pc(x1ra(th), ..., xnra(t™)] < Kd||PC||gd(géVo(C))

for every x € B,y, and therefore

1QP) gy <k IPcllg, 0 c)-
But by a result of Visser [46] we know that

IPcll g0 ) < 2% M IPll gy o1 -
All together this proves the first statement; the second one is then an immediate consequence. [
5.2. Sidon vs Gordon-Lewis constant. The following fact is the first of two major steps towards the
proof of Theorem 5.2.
Theorem 5.4. Let2<d < N and ¥ < {S<[N]: |S|=d}. Then
(46) gl(BY) < x(BY) < sid(BY) < gl(5Y).
Additionally, if ¥ < {S < [N]: |S| < d} then
(47) gl(BY) < x(8BY) < sid(BY) =< (2.69076)* gl (BY).

Observe that the first estimate in Theorem 5.4 is immediate from the Gordon-Lewis inequality as

formulated in (7), and the second one is trivial.

The proof of the third estimate is more involved and needs preparation. The first lemma needed

is taken from [8, Proposition 21.14] (its roots have to be traced back to the works [36] and [41]).
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Lemma5.5. Let X, be an n-dimensional Banach space with a basis (xj) and denote the coefficient

n
k=1’
functionals of this basis by (x;). Suppose that there exist constants Ky, K, = 1 such that for every choice

of A, € C" the two diagonal operators
Dy: Xp—Yt%, xp— Arek
D;: X, =0y, X~ prex

satisfy my (D)) < Ky H Yo kX Hxn and nl(D;) < KZH Yo MkXk HX,, . Then
x((xk), Xn) = K1 K gL(X5).

The second lemma is an almost immediate consequence of the so-called hypercontractivity of

functions on the Boolean cube.

Lemma5.6. Let2<d < N and ¥ c{Sc[N]: |S| =d}. Then

ol

(48) mi(I: BY, — 0,(F)) <e2,
where I(f) = (f(S))se for f € BY. More generally, if # < {S < [N]: |S| < d}, then
(49) w1 (1: BY — 0,(7)) < (2.69076)7.

Proof. Suppose that & < {S < [N]: |S| = d} and take finitely many fi,..., fu € 8% Then by (18) we
have

M M
Y M filleyory = Y M fillygen,+1m)
k:1 k:l

d
=e:

M a M
Z ||fk||L1({_1,+1}N) =ez Z Ell fx !l
k:]_ k:].

d d
2 2

M M
sup Y Ifi@Isez sup Y lo(fil,

. M
=e?E[)_|fill<e
k=1 xe{-1,+1}N k=1 PEB N\« k=1

S

which gives (48). With the same argument and the use of (19) instead of (18) we obtain (49). U

Proof of Theorem 5.4. As explained above, we may concentrate on the third estimate. For A € . we
write ¥ 4 ?/Bg — C for the coefficient functionals of the canonical basis (y ) se.# in 38?, They form
the orthogonal basis of the dual (%(’;) * in the sense that
(xa U/B)ggg,(ggg)* =04B-
Given two real sequences A = (14) ae.» and (U 4) ae.#, we consider the two diagonal operators
Dy: 9B — BY, Da(xa)=Aaxa

D} (BY) — B, D;(Wa)=paxa,
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and show that

(50) IDal< | ¥ Aava] .
A (%)

51) 1D < | ¥ paa] -
AeS S

If we combine these two estimates with Lemma 5.6, together with the ideal property of the 7;-norm
and also Lemma 5.5, then the conclusion follows. Let us prove (50). Define for x € {-1,+1}" the

diagonal map

Do (-1, +1Y = (—1,+1}Y, y— xy,

and note that y 40Dy = x4y 4 forevery A€ &. Thenfor x € {~1,+1}N and f = ¥ sc.» f(A)ya € B, we
get

|[PA(E )| | = | ZaaFnaco| = | aafax!|
4 S S

= | FAx a0 LAY 53 (e
4 4

= <Zf(A)XA ODX)ZAAWAX@gy(@g)*
S S . :

IA

‘;f(A)XA oDy BBQLH ;AAWAH(%?,’))*

= ‘;f(A)XAH%gH;AAWAH(%@,)*'

Obviously, this leads to the estimate from (50), and to see (51) we simply repeat the argument. This

completes the proof. U

5.3. Gordon-Lewis vs projection constant. With the following theorem we establish the second
step for the proof of Theorem 5.2. If one combines it with Theorem 5.4, the proof of Theorem 5.2

is immediate.
Theorem 5.7. Let2<d < N and ¥ c {S<[N]: |S|=d}. Then
glBY) = c(d) |Q: B, — BY| A(2,),

where c(d) < (2d)x%29"" and Q denotes the projection annihilating Fourier coefficients with indices
S notin . More generally, if ¥ < {Sc [N]: |S| < d}, then

gl(#y) = ed) max |Qy: B — By || max A(B, ),

where¢(d) < (d+1)(1+v2)?2d)x92% and Q. denotes the projection annihilating Fourier coefficients
with indices S not in #-;, ={S€ .%: |S| = k}.
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Again we need preparation for the proof, and start with two elementary observations. We start

with a result taken from [8, Lemma 22.2].

Lemma 5.8. For every finite dimensional Banach lattice X, and every finite dimensional Banach space

Y one has

gl(ZX, V) =A(Y).

The second tool is an elementary piece of multilinear algebra.

Lemma5.9. For f € Y 4 let Py be the associated d-homogeneous polynomial on RN given by

Pf(x): Z f({jly’]d})x]lx]d

1<sji<<jgs=N

Then the unique d-linear symmetrization ﬁf: ®RM)4 - R of Py is given by

1 a fliv...ia) | 4
Pf(u yee, UT) = Zd Tuil'“uid'
ie[N]
ik;éigfork;ﬁ[

Proof. Let (ai)ic.«(a,n) be the symmetric matrix defining }V’f. Then for all x € RN we have

Y f({jl,...,jd})xi:ﬁf(x,...,x): Yo axi= Y, Y ax= ). llillgx,
1<j1<m<jg<N ie./((d,N) je_7d,N)iclj] je 7 d,N)

and hence f({j1,..., ja}) = d!ajwhenever 1 < j; <---< jg < N, and =0 else. O

Proof of Theorem 5.7. To see the first statement, we consider the following commutative diagram:

(52) 2% i 2%

g ]

g(fé\é,%gb) —— g(gé\]or@d—l(gévo)) I @d(gévo)y
I Va

da

where R is the canonical projection annihilating coefficients with multi indices not generated by sets

in &, 1, is the canonical isometric embedding and

(Ua(Hx) W) := Pr(u,...,u,x) for feBY and xell uei-1,+1}",

Va(T)(y) := (Ty)(y) for Te L(¢N,8Y,) and yell
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We show that Uy, as an operator from 8%, into £(¢%), %’;b), is well-defined. Indeed, by Lemma 5.9

for xe ¢Y and ue {-1,+1}V

flit,...,igh
Z J At rdls

al Ui ... Ui, Xiy,

Pr(u,...,u,x)

ie[N]4
ik;ﬁ ig fOI'k;f[

fliy,..., iq})
y o (x M),
ie[N]4-L 1=/=N :
iv#igfork#e W#l

5 (d—l)!( y f({]buw]d})x[)uj

1<ji<<jg=N 1</<N d!
Jx#l
F(S)
=Y @-n ¥ f—'Xg) ub.
SeF? 1</<N d!

Jk#l
By the polarization formula from [10, Proposition 4] we have |Uy| < 2d, and moreover trivially

V4l < 1. Hence by the ideal property (8) of the Gordon-Lewis constant
gl(BY) < 2d |R: 2y(¢])) — B | gl(£(¢X,BY,)) < 2d IR: 2,(¢]) — BT | A(B,),
where for the last estimate we use Lemma 5.8. Finally, since by Lemma 5.3
IR: 2e) — Y| <29 Q: Y, — 8]
the proof of the first claim is complete.

For the second claim we assume that . c {S c [N]:|S] = d}, and consider the following commu-

tative diagram

(53)
.
N a2y N
’985” ‘%y
0o DP; ZT
idq:EBEBidQN ide @
e DR
C oo Do B, - Co1 @ B, Co1 @ Pl
idq:GBEBUk id@@@vk
idcoe® 1,
COoo @0 (0N, BY, ) " Coo B0 L(LN, D1 (LX) > Cor @) L (LN, P (£Y).

(L)’

Let us explain our notation in this diagram: Note first that P and Ry stand for the canonical projec-

tions annihilating coefficients. By Klimek’s result already used in (27), for each k, we have

Py BY — BN _ I<1+v2)4,



ASYMPTOTIC INSIGHTS FOR SPACES OF FUNCTIONS ON THE BOOLEAN CUBE 31

and from Lemma 5.3, we conclude that
|Ri: 2(el) — B, | <x®297|Qi: B, — 2BY ||

Note that Uy, Vi and I for each 1 < k < d are the operators from (52). If f = ap + Z;f:l fx is adecom-
position of f € 2%, then O(f) = ao, and hence (0 ® @P)(f) = (a0, (fi)?_,). Additionally, ¥ is the
mapping which assigns to every (ap, ( fk),’cnzl) the polynomial f = ay + Z‘,le fx» and @ stands for the

identity map. The notation for the rest of the maps is self-explaining.

Applying the ideal property (8), we all together arrive at

gl(BY) <2d@d+1(1+Vv2) max |[Ry: PNy — BN _ | gl(c:eaoo@ff (€% B, ).

It is easy to check that for any Banach spaces X and Y one has gl(X &, Y) < 2 max{gl(X), gl(Y)}.
Thus, to complete the proof, it suffices to show that

Indeed, using standard properties of e- and n-tensor products (see e.g., [6]), we have
N N
@z (Coor B 5 ) @z @%(y o
d
=% ®, [€N®£EB% ]
d N
= [05%, ®: 0] ]®£€B@(5p o

= (0@, tN)" ®£€Bp/3(y = L4, @@(y )

where the first space in fact is 1-complemented in the second one, and all other identifications are

isometries. Then we deduce from Lemma 5.8 that

(@2 (X2, = (£ (1) DY, ) <A (DAY, ).
Since

(@P/B(y )b) Yoolidg v )< max y(idgy )= max A(P/Bgﬂ )b)

(y’ P 1<k=m )b 1<k<m

the proof is complete. U

5.4. Sidon constants and the Bohnenblust-Hille inequality. In Theorem 5.1 we prove that the pro-
jection constant of %g and its Sidon constant (see again (2)) are closely related. In the following

result we describe the asymptotic behaviour of Sid(g%’f;ﬁ) in the case that .# is 'big.
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Proposition 5.10. Given integers1 <d < N, let . c [N] be such that (N/d)? < || and |S| < d for
all S € &#. Then there are constants Cy, C, = 1 (independent of N, d,.# ) such that

1 / 1
C1 —|717 < sid@Y) < ¢y "8 — |7z,
VN VN
For the proof of the upper bound we need the so-called subexponential Bohnenblust-Hille in-

equality for functions on Boolean cubes from [11, Theorem 1]: There is a constant C = 1 such that

foreach1<d < Nandevery f € P/BJSVd one has

-~ 2d 4+l
(54) (X 1f®i) ™ <cviesd
Sc[N]
|S|=d

Proof of Proposition 5.10. The upper bound follows from Hélder’s inequality and (54). That is, for all

functions f € Y,
2d

R A 2d \d+I d-1 1 1

> 1f©Is( X 1f @) s < oV — 712 fllg.

ISl<d |S|<d |4

But by assumption VN < Vd|& Ié , and hence the claim follows from the definition of Sidon con-

stants given in (2). The proof of the lower estimate is probabilistic. Indeed, by the Kahane-Salem-

Zygmund inequality for the Boolean cube (see, e.g., [11, Lemma 3.1]) there is a family (e5) se & of signs

such that for f =} g €5xs we have
1
I Flleo = 6y/log2 VN[ ¥ lesl?)”,
Ses

and hence

1#1= Y 179 < Sid(@Y) 6/log2 VNI#|? .

Ses
This completes the argument. UJ

Corollary 5.11. There are constants Cy, C, > 0 such that for each integer 1 < d < N one has
1 1
1 [N)? Vdloga 1 [N|)?
C1 — < Sid(%8Y,) < C —
! m(d ) N

and

Ci \/L_(i (]Z)); < Sid(2Y)) < cz‘/m\%v(i (]Z));

k:() k:()

d
Proof. Since (%) < (1;]) < Z‘,fzo (IZ) (see again (24)), both sets . = {S: |S| = d} and .% = {S: |S| < d}

satisfy the assumptions of Proposition 5.10. O
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Corollary 5.12. There are constants Cy,C, > 0 such that forall1 <d < N,
1 (N Ny N Jalogd 4 1 (N\7
G- (5) 7 =sia(e,) =sid(@l,) = cy et — (=) 7.

In particular, we have the following hypercontractive comparison:

N\ NG
. N . N
Sid(BY,) ~ca (E) and  Sid(BY) ~ 4 (E) .
Proof. Both first and the third estimate follow from the preceding corollary. For the lower one use

again (24), and for the upper note that it suffices to check that

1 (& (N <1 (N\%
FEL) @

indeed, this is another consequence of (25). U
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