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Abstract
In disorderedmaterials, the ordinary understanding is that charge carriers tend to occupy energetically
favorable sites known as ion-conducting channels.Many studies have revealed that the inherent fractal
properties of such pathways lead to a sub-diffusive behavior. The linearity or branching of these
pathways is crucial for determining how the charge carriersmove. It can be thought that as the space
dimensionality decreases, the average distance between the highest energy barriers along the
conduction paths increases. In this study the finite dimension of those pathways is computed using an
extended version of the classicalHausdorff dimension. Also, the Arrhenius behavior of themost
mobile lithium ions is proved, confirming that such are responsible for conductivity behavior. The
lithium ionsmobility behavior in response to temperature changes and the finite dimension allowed
to identify the ion diffusion regions fractal features. The reported results demonstrate that as the
temperature increases the conducting channels become broadener, facilitating the transfer of electrical
charge through the glassymatrix, below the transition temperature. The pathways behavior confirms
the increase of the ionic conductivity when the temperature increases as it is experimentally observed.

1. Introduction

In disorderedmaterials, alternating current (AC) conductivity curves often reveal consistent patterns. Several
studies have documented systematic deviations on such curves that suggest a correlationwith changes in the
charge carrier local environment [1–3]. It has been proposed thatmodifier ionswithin an initially polymerized
glassymatrixmay induce a depolymerization of the oxide network. This depolymerization process could lead to
a change in the average oxygen coordination of charge-compensating ion sites as ion concentration varies;
consequently,modifying the local ion environment and the dimensionality of the conduction space [4].
Additionally, glasses containing amixture of alkali ions exhibit distinct conductivity variations compared to
thosewith only one type of alkali ion [1]. In the case ofmetaphosphate glasses, distinguished by their highly
polymeric oxide structures, researchers have observed systematic alterations in the correlatedmotion of ions, all
togetherwith variations in cation size relative to available free volume [5]. This has led to the hypothesis that an
effective local dimension of the conduction spacemight govern correlated ionmotion. Therefore, further
studies are needed to fully understand these phenomena of glassymatrix depolymerization and changes in the
average oxygen coordination thatmodifying the local ion environment of the conduction space of these
materials, since it becomes increasingly apparent that the effective dimensionality significantly influences the
behavior of thesematerials.

The common interpretation is that charge carriers in disorderedmaterials are confined to energetically
favorable sites known as ion channels. These channels serve as pathways that guide themigration of ionswithin
thematerial.Moreover, groundbreaking research byDyre et al [6] has unveiled how inherent fractal
characteristics in disordered systems can give rise to sub-diffusive dynamics in charge carriers. Those inherent
fractal characteristics depend on the timescale at which charge carrier dynamics are observed. Depending on
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such timescale, themean squared displacement exhibits distinct behaviors, following a power lawwith an
exponent either smaller than one (indicating sub-diffusion) or equal to one (indicating normal diffusion).

Within this context, questions naturally arise about the dimensionality of charge carrier paths and its role in
conditioning their dynamic behavior. Therefore, the linearity or branching of these paths becomes a critical
factor in determining the observed behavior.

Oneway to conceptually understandwhy the ionic channel dimensionality affects the system is to assume
that as the dimensionality decreases, the average distance between the highest energy barriers along the
conduction paths increases. The ionsmove back and forth between these barriers.When this back-and-forth
motion covers a larger spatial area, it leads to a stronger dielectric relaxation force. As a result, the shift from
alternating current (AC) dispersive conductivity to direct current (DC) conductivity occursmore gradually. This
sensitivity to dimensionality is particularly noticeable in the RBM (RandomBarrierModel), where alterations in
dimensionality similarly change the conductivity spectra. For instance, in two dimensions, the conductivity
increases less steeply with frequency compared to three dimensions [6, 7]. The close relationship among the
distance separating the highest barriers, dimensionality, and the characteristics of the transition fromDC
conductivity to dispersive conductivity was studied in considerable detail byDyre et al [8].

Fascinatingly, traces of fractal structure have been uncovered in the conductivity spectrumof specific ion-
conducting tellurite glasses. A noteworthy study, detailed in [7], identified oscillations at theMHz scale,
revealing log-periodicmodulation in the rootmean square displacement of ion carriers atmesoscopic scales.
Thisfinding underscores the presence of a fractal structure within the intricate network of conduction channels
[9–11].

Additionally, fractals, have been recognized as recurring patterns both inmathematical representations and
the natural world, exhibiting a distinctive property known as self-similarity. This property implies that each
constituent of a fractal pattern statistically resembles the entire pattern, regardless of the scale [12]. The concept
of fractals carries profound significance across various scientific and industrial domains [13–18]. In nature,
fractal patternsmanifest diversely, from snowflakes and tree branching tomountain contours, coral reefs, and
leaf arrangements. These patterns optimize resource utilization, energy efficiency, and adaptability to
environmental conditions.Moreover, fractal attributes are evident in river networks, plant capillaries, and root
systems, enhancing efficient water and nutrient transport [19].

The primary goal of our study is to explore the behavior of the regionswhere the charge carriermoves in a
glassymatrix of an ionic conducting glass, as a function of the temperature. Our focus centers on lithium
metasilicate glass, a well-established system,meticulously examined throughmolecular dynamics simulations,
where the graphs generated by themostmobile ions are subjected to a comprehensive analysis from the explored
regionfinite dimension perspective. Central to our analysis is the calculation of the finite dimension (dimf), a
mathematical concept introduced in prior works [20–22]. This concept extends the classical Hausdorff
dimension [23] tofinite sets, offering innovative insights. It plays a key role in our research, providing valuable
insights into the behavior of lithium ionswithin themetasilicate glassymatrix in response to temperature
variations.

The results of this investigation provide profound insights into the intrinsic nature ofmobile ions inside of a
conducting glass, greatly enhancing our understanding of the finite dimensions that define the pathway network
in ionic glasses (amorphous systems). These pathways facilitate themovement ofmobile ions, which are
responsible for their electrical conductivity.

2.Method

Themetasilicate system is formed by 3456 total atoms according to the formula Li2SiO3. The pair potential of
Gilbert-Ida type including the r−6 termwas applied like it was used in previous works [24, 25]. First, temperature
was steeply increased to 3500K and then cooled to 700K, 900K, 1100K, 1200K, 1300K, 2000K and 3500Kwith
the same quenching rate. The glass transition temperature of this systemwas determined and resulted to be
1200 K. Simulationswere performed, and the reported density was reached. TheVerlet algorithm, periodic
boundary conditions and time step of 1 fs was used to integrate themotion equations. LAMMPS software and
NPT ensemble (isothermal–isobaric) to obtain 101 configurations at intervals of 200 fs of each trajectory, were
performed avoiding a strong structural decay, similarly to those results previously published (see details on it and
references there in) [25]. Now, such trajectories are studied to analyze the lithium spatial evolution.

All the lithium ions displacements were analyzed. To compute the lithium-ion displacement, first the
standard deviation of the averaged position over the 101 configurationswas taken. Second, the standard
deviation displacement frequency distribution of all lithium ionswas determined. This was evaluated at every
temperature. Thismethod allows to identify themostmobile lithium ions given the condition: a lithium ion is
themostmobile if its standard deviation is higher than one. Therefore, as the temperature increases the number
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ofmobile ions also increases Such condition is independent from anymolecular dynamicsmodel criteria and
allows to identify those trulymobile ions. Their spatial evolution can be followed by assuming that theymove
through the certain regions of the glassymatrix, that are called ion channels, and thismethod acts as an
exploratory probe.

Once themostmobile and the leastmobile lithium ionswere classified, the Euclidean distance between
coordinate points was converted into afinitemetric space, denoted as (M,d). Afterwards, the chemical details
were dismissed and only the geometry was preserved, i.e., the lithium ions are points in a graph. Afinite
graphG= (V, E) (Vvertices (or nodes) and E edges) consists of two sets whichmust also befinite. In this work
the plotted variables werefinite, undirected, connected, simple and loop-free. It is simple if the vertices (x, y)
share amaximumof one edge. A graph is undirected if (x, y)= (y, x) and it is valid for all the edges and it has two
distinct ends. The graph is connected if every pair of vertices can be connected by a path. Those paths have a
length defined as the sumof the lengths of each of their edges. Taking the smallest length among all paths
connecting a given pair of vertices, a newdistance, the path length dG inV,was defined.Next, the graphGwas
plotted, and finite dimension ofGwas calculated. In this work, the length of each edgewas assumed as 1 using
theConnected Sparse GraphCSG(M), Themetric space onwhich the dimf (finite dimension)was computed,
was straightforward calculated using equation (1):

[ ] ( [ ]) ( )= -dimf ln CCN . ln Dia 11

where CCN (Click CoveringNumber) denotes the covering number of CS (connected space) and its diameter.
CalculatingCCN is known to be anNP-complete problem [26], i.e., it is an algorithmically difficult problem. In
contrast, the calculation ofDia (diameter) [22] is straightforward calculated. But, since all CSs composed from
the simulations turn out to be trees, then the computation of CCNbecomes a simple problem. Therefore, the
finite dimension of CSwas computedwith the program SAGEMATH [27].

AGlycan Space (GS) is an easyfinite dimension graphical representation [28], where thefinite dimension
(dimf) is related to the diameter (Dia) by a plane.

To bring out amore intuitive interpretation of the dimf andDia,figure 1 shows the opposite graph behaviors
that could be observed in the graphs originated by some system. Consequently, when the graph of dimf
resembles a ‘rope,’ as depicted infigure 1(a), it tends to approach a value of dimf= 1.On the other hand, when
the graph exhibits greater connectivity resembling a ‘pom-pom’, as shown infigure 1(b), the dimf value
increases. This highlights the usefulness of dimf in understanding the connectivity of lithium ionswithin the
system studied in this work and enables to reveal the footprint of an ionic channelsmap, illustrating the
pathways throughwhich themostmobile lithium ions are connected in this kind ofmaterial.

Figures 1(a) and (b) show two graphswith the same particle numberN= 101. Infigure 1(a) a rope shape can
be observedwhere each particle has two neighbors, and no cycle is formed. From the results, it can be inferred
thatN-2 particles have two neighbors, and each particle has only one link to a neighboring particle at both
endpoints. The number of CNN that covers the object can be calculated as [int(N/2)+1] and the diameter (Dia)
is set asN-1 (considering that theDia is defined as the largest distance that can joint two element in the graph).
However, in figure 1(b)with the same particle number as in figure 1(a), all the particles have a single linkwith the
central particle. Again, no cycle is formed, but in this case the number of clicks required to cover the object is
N-1, and itsDia is equal to 2. Because of their different Dia andClicks both graphs have a quite different finite
dimension (dimf)which allows them to capture such different geometrical features.

Figure 1.Opposite graph behaviors that could be observed in a system. (a) graph that shows results resembling a ropewith dimf= 1
andDia=N–1; (b) graph that shows greater connectivity that resembling a pom-pom,with higher dimf andDia= 2.
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3. Results and discussion

First, the lithium-ionmean square displacement at intervals of 200 fs was analyzed at each temperature. From
the averaged position (r̄) obtained of each lithium ion along a trajectory of 20 ps the rootmean-square
fluctuation (Δr)was computed as in equation (2). The obtained results were plotted infigure 2 for all the
lithium-ions at each temperature. Thisfigure reveals the expectedmobility behavior with the temperature.
While temperature rises, the number of lithium-ionswith larger displacements increases, themostmobile
lithium ionswere identified as those ionswhose displacement deviationwas higher than an absolute deviation
higher than one at each temperature between 2000K to 3500 K, as it was explained above.
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Each graph of themostmobile and the leastmobile ion is plotted following the rules described above at every
studied temperature. This procedure allows transforming the system real space in a graph, like it is shown in
figure 3.

The number of themostmobile ionswas obtained at each temperature and the log of themostmobile
lithium-ions numberwas plotted as a function of T−1. Figure 4 shows the Arrhenius behavior observed for those
temperatures below the glass transition temperature (Tg) of the present lithiummetasilicate glass and its
corresponding deviation at temperatures above. Therefore, considering that this is a thermally activated
mechanism, inherent to the lithium-ion diffusion in this kind ofmaterial, it is assumed that themethod used in

Figure 2.The distribution of rootmean squarefluctuation for all lithium ions at each temperature.

Figure 3.Transform of the lithiummetasilicate glass real space into a lithium-ions graph.
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the present work is an indirectmethod to relate the chargemigrationwith the temperature allowing to validate
theway to identify those ions thatmoves transporting the charge through the bulk. Chargemigration is
responsible for the electrical conductivity as a function of the T−1 and this behaviorwas experimentally observed
[29]. Thus, the data presented infigure 4 reproduce the experimental conductivity behavior involving the
Arrhenius linearity below the Tg and its deviationwhen the temperature surpasses that Tg as previously reported
in literature [30]. Considering the equations (3) and (4):

( )ms = N.q. 3

( )( )/s s= - -T e. 4E k T
0

1 a B

whereσ (equation (3)) is thematerial electrical conductivity that is caused by themigration ofN charge carriers
withmobilityμ.While,σ (equation (4)), below theTg, canwell characterized by theArrhenius law due the
temperature-activatedmechanism, where Ea is the activation transport energy and kB andThave the usual
meaning; it is possible to accept that the obtained results support themodel chosen to determine those ions that
effectively contribute to the electric charge transport process in the system [29–32].

The average distance between lithium ionswas calculated as the total sumof the links in each graph divided
by the number of ions linked:first, the average distance for the graph formed by themostmobile lithium ions
was determined, and second, the averaged distance for the graph formed by the leastmobile lithium ions, at each
temperature. Starting from700K, where the system is a glass, passing by the Tgwhere the systembecomes a
supercooled liquid until to reach the liquid state at 3500K, the leastmobile ions’ averaged distance grows as the
temperature increases. Figure 5 shows a kind of divergencewhen the temperature reaches Tg. The number of the
mostmobile particles decreases when the temperature decreases deep in the glass state, and the number of the
leastmobile particles decreases when the temperature approaches the Tg, therefore, the uncertainty interval
becomes larger evidencing that such particles are dispersed into the bulk and do not form a cluster.

Such behavior confirms that those trapped lithium ions are uniformly distributed in the bulk and there is no
cluster in any region.Next, when temperature increases, every lithium ion becomesmobile. Observing themost
mobile lithium ions’ average distance, as the system approaching the Tg, the lithium ions dynamic behavior is
more like ion dynamic in a liquid state and, as the temperature increases, the average distance becomes
temperature independent because all the lithium ions are equallymobile [30–34].

Previously, it was demonstrated that applying themethod to determine the finite dimension only to those
atoms that build the glassymatrix, i.e. silicon and oxygen atoms of the lithiummetasilicate studied here, it was
possible to identify its glass transition temperature [22]. Considering that suchmethod seeks to describe the
explored regions due to the ionsmovements, now it is analyzed theGlycan Space of that ionswhich are
responsible for the charge transport, i.e., it is analyzed the space that relates the diameter (Dia) of themost
mobile ions graphwith itsfinite dimension (dimf). TheGlycan Space (GS) of lithium ions in the lithium
metasilicate glass is shown infigure 6 along a dynamical trajectory (20 ps) at each temperature. The results show

Figure 4. Logarithm of the number ofmostmobile lithium-ions as a function of T−1. TheArrhenius behavior is observed below the
glass transition temperature (Tg).
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that when temperature increases from700K to 1100K (just some degrees below the Tg= 1200K) the diameter
(Dia) of the graph increases and awell-defined region for each temperature is delimited, like in a phase space.
Moreover, if the diameter is normalized by particle (figure 7). Such relation (dimf, Dia) reveals that both have a
shape that resembles a rope but while at 700 K the shape is thinner and longer, at higher temperature the
graph still resembles rope but thicker. Thus, the increase of the finite dimension reveals that themostmobile
ions increase the number of potential sites to visit and therefore, facilitates theirmigration increasing in that way,
the ionic conductivity.

Such result agrees with the result previously proposed by Sidebottom,where demonstrated that the
conductivity dispersion is the result of localized ionmotion that take place on the atomic length scale [35]withK
Funke in the jump relaxationmodel [36] andwith Balbuena et al regarding the ion dynamic diversity into the
glassymatrix [37].

Figure 8 shows all themostmobile lithium-ion positions in a trajectory at: (a) 700 K and (b) 1100K,where
the formation of conduction channels is possible to visualize. Such pictures allow evidencing the usefulness of
this tool, the dimf. Figure 8(a) shows the positions of all themostmobile lithium ions in the trajectory at 700K
where the paths have been identified through the formation of almost linear and thin objects (dimf tends to 1)
which resemble a rope as infigure 1. Such regions give rise to the so-called ionic conduction channels and are

Figure 5.Total sumof the links of each lithium type divided by the number of ions linked as a function of T−1. Leastmobile ions’
averaged distance (blue data) and themostmobile lithium ions’ averaged distance (red data).

Figure 6.Glycan Space to describe the explored regions through the relation between the diameter of themostmobile ions graph as a
function of itsfinite dimension.
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distributed throughout the volume of the system as the value of the computedDia, which agrees well with
similar results obtained by Balbuena et al through the isoconfigurationalmethod [24]. Figure 8(b), shows the
obtained shape depicted by of themostmobile lithium-ion positions in the trajectory at 1100 Kwhich resembles
a thick rope. As it was said before, those regions that build the ionic channels have increased the number of sites
between themostmobile ions in away that they can interact. As a result, the dimf increased around 20%but the
Dia/particle decreased by 50%.Considering that themodifying ions depolymerize the covalent skeleton of a

Figure 7.Diameter normalized by particle to identify that both resemble a rope butwhile at 700 K the shape is thinner and longer, at
higher temperature the graph still resembles rope but thicker.

Figure 8. (a)Positions of all themostmobile lithium ions in the trajectory at 700K. Formed paths are almost linear and thin; (b)most
mobile lithium-ion positions in the trajectory at 1100 K, paths are still like a rope but thicker than at lower temperature.
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glassymatrix, which becomes less connected as the temperature increases to reach its Tg, the obtained result in
the present work agrees with the explanation given by J. Smith andD. Siegel on glassy 75Li2S–25P2S5. These
authors showed that themobility of lithium ions is allowed from the concertedmovementwith the complex
anions that build the glassymatrix, giving rise to regions throughwhich themobile ionsmove [38]. From
another point of view, Rao et al showed thatwhen the network diminishes its ramification, and its density
increases themobile ion pathway connectivity in glasses involves higher activation energy values that
corresponds to a diminution of its electrical conductivity [39].

4. Conclusion

It was demonstrated that the ionic channelfinite dimension increases with the temperature increasing, while the
global diameter in a trajectory does not show a significant difference. Observing the ratio diameter/particle it
becomes evident that it undergoes a significant decrease. This evidence shows that as the temperature rises, the
ions enabling the transfer of electrical charge encountermore facilitatedmigration routes. Ion conduction
channels widenwith increasing temperature if it is lower thanTg. This structural change observed in the paths of
ionicmigration elucidates the experimentally observed rise in ionic conductivity when the temperature
increases.
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