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ABSTRACT. Let b > 2 be an integer. We show that the set of real numbers that are Poisson
generic in base b is II3-complete in the Borel hierarchy of subsets of the real line. Further-
more, the set of real numbers that are Borel normal in base b and not Poisson generic in
base b is complete for the class given by the differences between IT3 sets. We also show that
the effective versions of these results hold in the effective Borel hierarchy.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Years ago Zeev Rudnick introduced Poisson generic real numbers: a real number x is Poisson
generic in an integer base b > 2, if the counts of number of occurrences of words of length k
over the alphabet {0,1,...,b — 1} appearing in the initial segments of the base b expansion
of x tends to the Poisson distribution with parameter A as & — oo for every A > 0. That
is, the fraction of k words appearing a given number of times among the first digits tends in
distribution to the Poisson distribution with parameter A as k — oo. Peres and Weiss [11]
proved that Lebesgue almost all real numbers are Poisson generic. Their proof is presented
in [3, Theorem 1|. Poisson genericity implies (Borel) normality.

For the rest of the paper, given an integer b > 2, we identify real numbers in the unit
interval [0, 1) with their base b expansions, that is, we identify each = € [0, 1) with a sequence

xr1x2x3 ... with values in {0,1,...,b— 1} such that

1 =>» =

) =Y 5
j=1

and z; # b — 1 for infinitely many j > 1. Every real number in [0,1) has a unique such
expansion, and for all, but countably many real numbers the base b expansion is the unique
representation of x as in (1) (the countable set of exceptions has another representation as in
(1) with z; = b — 1 for all sufficiently large j’s).

In the sequel we consider an integer b > 2 that we take as the given base. For a real number
x and an interval A = [g, 7] of real numbers (respectively A = [¢,7)), where 1 < ¢ < r we write
x | A to denote the segment of the base-b expansion of x corresponding to positive integers in
the interval A. Many times instead of writing z | [1, ] for some r > 1 we write we write z [ r
to denote the initial segment of the base b expansion of x up to position |r].

Since Poisson genericity in base b is a property that depends only of the tail of the base b
representation of that real number, the integer part of the number is irrelevant. Thus, we
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present our results just for the real numbers in the unit interval, but they also hold when the
unit interval is replaced by the real line.

Definition (Poisson generic number). Let A be positive real number. A real number x € [0, 1)
is A-Poisson generic in base b if for every non-negative integer j we have

. A B
kl;rgo Zi(x) =e T

where

1
Zj’\k,(x) = b—k|{w € {0,...(b—1)Y¥: w occurs j times in x | AbF + k}|.

A real number x is Poisson generic in base b if it is A-Poisson generic in base b for every
positive real A.

Let Py, be the set of real numbers that are Poisson generic in base b. It is easy to see that P,
is a Borel set. Our goal is to give the descriptive complexity of P,. In other words, we would
like to locate the exact position of P, in the Borel hierarchy (both, lightface and boldface).

Recall that the Borel hierarchy for subsets of the real numbers is the stratification of the
o-algebra generated by the open sets with the usual topology. For references see Kechris’s
textbook [9].

A set A is Y if and only if A is open and A is IT{ if and only if A is closed. We say that
Ais 30, for n > 1if and only if it is a countable union of IT) sets, and A is I ; if and
only if it is a countable intersection of X sets.

A set A is hard for a Borel class if and only if every set in the class is reducible to A by a
continuous map. A set A is complete in a class if it is hard for this class and belongs to the
class. By Wadge’s celebrated theorem, in spaces like the real numbers with the usual interval
topology, a X0 set is X-complete if and only if it is not TIC.

When we restrict to intervals with rational endpoints and computable countable unions
and intersections, we obtain the effective or lightface Borel hierarchy. One way to present
the finite levels of the effective Borel hierarchy is by means of the arithmetical hierarchy of
formulas in the language of second-order arithmetic. Atomic formulas in this language assert
algebraic identities between integers or membership of real numbers in intervals with rational
endpoints. A formula in the arithmetic hierarchy involves only quantification over integers.
A formula is 11 and 3 if all its quantifiers are bounded. It is X9 41 if it has the form 3z 0
where § is IIY, and it is IT), ; if it has the form Vz 6 where 6§ is X9.

A set A of real numbers is X0 (respectively I19) in the effective Borel hierarchy if and only
if membership in that set is definable by a formula which is X0 (respectively I1%). Notice that
every X0 set is X0 and every 19 set is TIC. In fact, for every set A in X0 there is a £0 formula
and real parameter such that membership in A is defined by that X9 formula relative to that
real parameter.

A set A is hard for an effective Borel class if and only if every set in the class is reducible
to A by a computable map. As before, A is complete in an effective class if it is hard for this
class and belongs to the class. Since computable maps are continuous, proofs of hardness in
the effective hierarchy often yield proofs of hardness in general by relativization.

The difference hierarchy over a pointclass is generated by taking differences of sets. In the
sequel we are just interested in the class Do-IT3 which consists of all the sets that are difference
between two sets in TIJ. The class Do-TIJ is the effective counterpart.
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Although the definition of Poisson genericity in a given base b asks for A-Poisson genericity
in base b for every positive real A, it suffices to consider A-Poisson genericity in base b for
every positive rational A. This is proved in Lemma 3. Then, by the form of its definition, the
set Py is a Hg property, hence Py is a Borel set appearing as Hg set in the Borel hierarchy.
We shall prove completeness. We first prove the boldface case, and then we add the needed
subtleties to prove the lightface case. We start with the following result.

Theorem 1. Py is Hg—complete.

Definition (Borel normal number). Let an integer b > 2. A real number z is Borel normal
in base b if for every block w of digits in {0,...(b— 1)},

. the number of occurrences of w in = [ n |
lim =b""
n—00 n

The set P, of real numbers that are Borel normal in base b is IT3-complete [6, 10]. Every
real Poisson generic in base b is Borel normal in base b, see [11] or [5, Theorem 2|. We study
the descriptive complexity of the difference set. Let A, be the set of real numbers that Borel
normal in base b.

Theorem 2. N \ Py is Do-TIS-complete.

The next two results are the lightface improvements of Theorems 1 and 2.
Theorem 3. P is Hg—complete.
Theorem 4. N, \ Py is Do-113-complete.

Similarly to previous consequences of differences sets of normal numbers for Cantor series
expansions being D-TI3-complete [2], Theorem 2 imposes limitations on the relationship
between Aj and P,. An immediate consequence of Theorem 2 is that the set N, \ Py is
uncountable. Also, since Nj \ Py is Dg—Hg—complete, there cannot be a Zg set A such that
ANN, = Py (as otherwise, we would have NV \ P, = N, \ A € TI3, a contradiction). Thus,
no Zg condition can be added to normality to give Poisson genericity. Equivalently, any time
a 28 set contains Py, it must contain elements of Ny \ Pp. As an application, consider the
following definition of weakly Poisson generic:

Definition (Weakly-Poisson generic number). Say z € [0,1) with base b expansion (z;) is
weakly Poisson generic in base b if for every € > 0, every rational A, and non-negative integer j,

we have that for infinitely many k& that \Z]/\k(:c) - e*)"j\.—f\ <e.
Note that being Poisson generic in base b implies being weakly-Poisson generic. However,

being weakly-Poisson generic is a TI9 condition. So, from Theorem 2 we get the following:

Corollary 1. For every base b there is a base-b normal number which is weakly Poisson
generic but not Poisson generic.

As another application, consider the following version of discrepancy. Suppose f is a
function assigning to each word w € b= and each positive integer n a positive real num-
ber f(w,n). Given x € [0,1) with base b expansion (b;), say the (w,n)-discrepancy is
D(z,w,n) = |35y = W(z | n,w)|, where W(u,w) is the number of occurrences of w in u.
We say a real number = has base b f-large discrepancy if for all w and all n we have that
D(xz,w,n) > f(w,n). The set of x with f-large discrepancy, for any fixed f, is easily a IT9
set. The set of numbers that are Borel normal to base b are exactly those for which the
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discrepancy of their initial segments of their expansion in base b goes to zero. We conjecture
that the Poisson generic numbers in base b can not have very low discrepancy of their initial
segments (for instance, the infinite de Bruijn sequences exist in bases b > 3, they satisfy that
Zik = 1 for every k, hence they do not correspond to Poisson generic numbers, and they have
low discrepancy.) However, we have the following, which states that the Poisson generic reals
cannot be characterized as the set of normal numbers satisfying a large discrepancy condition.

Corollary 2. For every function f, the set of base-b Poisson generic reals is not equal to the
set of normal numbers with f-large discrepancy.

There are also many other naturally occurring sets of real numbers defined by conditions
which make them Eg. Examples include countable sets, co-countable sets, the class BA of
badly approzimable numbers (which is a X9 set), the Liouville numbers (which is a IT set), and
the set of x € [0,1] where a particular continuous function f: [0,1] — R is not differentiable.
In all these cases, the theorem implies that either the set omits some Poisson generic number,
or else contains a number which is normal but not Poisson generic. Of course, many of these
statements are easy to see directly, but the point is that they all follow immediately from the
general complexity result, Theorem 2.

The set of real numbers whose expansion in every integer base is Poisson generic is of
course 113, but we do not know yet how to prove that this set is II3-complete. The set of
real numbers whose expansion in one base is \’-Poisson generic but not A’-Poisson generic, for
different positive real numbers A and X, is DQ-Hg but we do not know if it is complete.

The result in the present note contribute to the corpus of work on the descriptive complexity
of properties of real numbers that started with the questions of Kechris on the descriptive
complexity of the set of Borel normal numbers. He conjectured that set of absolutely normal
numbers (normal to all integer bases) is TI5(R)-complete. Ki and Linton [10] gave the first
result towards solving the conjecture by showing that the set of numbers that are normal to
base 2 is Hg—complete. Then V. Becher, P. A. Heiber, and T. A. Slaman [4] settled Kechris’
conjecture. Furthermore, V. Becher and T. A. Slaman [6] proved that the set of numbers
normal in at least one base is 3Y(R)-complete. In another direction, D. Airey, S. Jackson,
D. Kwietniak, and B. Mance [1] and, more generally K. Deka, S. Jackson, D. Kwietniak, and
B. Mance in [8] showed that for any dynamical system with a weak form of the specification
property, the set of generic points for any invariant measure of the system is Hg—complete. This
result generalizes the Ki-Linton result to many numeration systems other than the standard
base b one. In general, the Cantor series expansions are not covered even in the generality of
[8], so D. Airey, S. Jackson, and B. Mance [2| determined the descriptive complexity of various
sets of normal numbers in these numeration systems.

2. BOLDFACE

We write u for the Lebesgue measure on the real numbers. From Peres and Weiss metric
theorem [11, 3] asserting that u-almost all real numbers in the unit interval are Poisson generic
in each integer base b, we have the following.

For p almost all real numbers x in the unit interval the following holds. Fix an integer base
b > 2 and any a € (0,1). Then for any non negative integer j, and any ¢ > 0, for all large
enough k£ we have that

—a ey (1 =)
Zj('}k )(a:)—e a )(j!) < e.
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Proof of Theorem 1. Let C = {z € (w\ {0,1})¥: lim; 2(i) = oo}. So, C is IT3-complete. We
define a continuous map f: w* — (0, 1) which reduces C to Py, that is, f(z) € Py if and only if
z€C. Fix z € (w\ {0,1})%. At step i we define f(2) | [b¥—1,b¥), where {k;} is a sufficiently
fast-growing sequence of positive integers. Let

B; = [bFi-1, bk,
1
Bl = [bFi (1— —)bk ).
o= o - )

The set B] is non-empty as we may assume k; > 2k;_1. Let 2 € (0,1) be Poisson generic in
base b. We set

J(z) [ Bl = | B and f() | B;\ B, =0.

First suppose z ¢ C, and fix p € w such that for infinitely many ¢ we have z(i) = p. Consider
step i in the construction of f(z) for such an i. For any € > 0, if ¢ is large enough then the

number of words w of length k; which occur in z [ [1, (1 — ﬁ)bkl] is at most

1

phi(l—e U750) 1),
So, the number Z; of words w of length k; which occur in f(z) [ b* is at most

1

bki(l _e ¢ EOL + 6) + i1,

So,
1
bk
if ¢ is large enough using the fact that the k; grow sufficiently fast. On the other hand,
the Poisson estimate for the proportion of words of length k; occurring in a Poisson generic
sequence of length b is 1 — 1/e. Since p is fixed, as i gets large we have a contradiction. So,
f(2) is not 1-Poisson generic.
Next suppose that z € C. We show that f(z) is Poisson generic in base b. Fix A > 0 and
{ € w. Fix also € > 0. Consider k£ € w, and let 7 be such that k;_1 < k < k;. We show that

for k (and hence i) sufficiently large that |2}, (f(z)) — e_’\%f] < e. Assume 7 is large enough

so that ﬁ < € for all j > ¢ — 1. First consider the case A < 1. Note that, as z(i) > 2,

Zi< (1—e 175 4 2¢)

1
b ggb <b (1—%).
We have that
1 A 1 A 1 ki ]_ i
2 ) = e 2@ < g (B o o
(2) 1
S Zi-1) + €
< 2e.

for ¢ large enough. We have used here the fact that

|Z0(f(2)) = Zip(@)]
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is at most the number of words of length k which appear in one of f(z) | b*, = | V* at a
position which overlaps the block [b*1(1 — m) bFi-1), or else overlaps the block [1,b%-2],
which gives the above estimate.

Consider now the case A > 1. If \bF < bFi(1 — %) then the same estimate above works.
So, suppose b* > L bk i(1-— ﬁ) We may assume that

1

bk"“
z(i+ 1))

M < ib’”“ <(1-

since A is fixed and the k; grow sufficiently fast (in particular b:i,:gl — 00). In this case
we also count the number of words w of length k& which might overlap the block of Os in

f(2) I bk (1—m) b¥]. We then get

< ; N bhi 1
“z(i-1) bk z(z)
< ! A ! ! + €
(i—1) "1 5 20)
< 2e.
if 7 is sufficiently large, since \ is fixed and z(i) — oo. ]

For the proof of Theorem 2 we require the following two lemmas.

Lemma 1. Fix an integer b > 2. Almost all real numbers in (0, 1) have the property that for

any « of the form a = 2% we have

LB = (1 o)1),

where H; is the set of words of length k; which occur in the base-b expansion of x with a starting
position [(1 — a)b¥, b%), but do not occur with a starting position in [b%—1, (1 — a)b"].
In fact, this claim holds for any = which is Poisson generic in base b.
Proof. Let z € (0,1) be Poisson generic in base b and fix a a negative power of 2. Let
e A; be the set of words of length k; occurring in [bFi-1, b¥i).
e C; be the set of words of length k; occurring in [b¥i-1, (1 — a)b*)).
Clearly C; C A;. The words which occur in [(1 — a)b¥, b%) but not in [bFi-1, (1 — a)b¥))
are exactly the words which occur in A; but not Cj.
Let

e Al be the set of words that occur in [1, %)
e C! be the set of words that occur in [1, (1 — a)b¥).
Then
145\ Cil = [A}\ G| < bR

Since x is Poisson generic in base b, for any € > 0 we have that for all large enough ¢ that

1 1
A - (1= <e
Al - (-] <e
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Similarly, as = is Poisson generic in base b, and using A = 1 — «, we have that
]' Cl 1 7(17&)
W‘ il —(l—e )| <e
By these, Lemma 1 readily follows. (|

Assume z lies in the measure one set of Lemma 1 and that the k; grow fast enough, then

1
[Hil = (1= e™)(e 7)) <

1
‘W 21"

A standard probability computation shows the following.
Lemma 2. There is a function ¢g: w — w such that the following holds. Suppose kg < k1 < - -

are such that bF — pFi—1 > g(i — 1) for all i. Then p-almost all x € (0, 1) satisfy the following:
for any j € w, any w € ¥’ and any € > 0, for all large enough 4, and any n > g(i — 1)

1
W

where W (s, w) is the number of occurrences of the word w in s.

1
’EW@ IRt bRt o) w) <€

Proof. We can take g(n) = n. Fix j and w € &/, and fix € > 0. It suffices to show that for
almost all  that for all large enough i and any n > g(i — 1) = ¢ — 1 that

1 1
“W (x| DR, bR ) w) — —

< €.
n bI

Bernstein’s inequality in Probability theory bounds the probability that the sum of random
variables deviates from its mean. Applying it we obtain that there are constants «, 8 > 0 such
that for all n, the probability that a string s € b" violates the inequality |1 W (s, w) — b%] <€
is less than ce™#". Many works on normal numbers include a complete proof of this result,
see for instance [7, Lemma 8|.

So, the probability that an x € (0,1) violates [2W (z | [b¥=1,b%-1 + n),w) — 5| < € for
some i > ig and n > ¢ is at most

—Bi —Bio
—Bn e _ae
2> ac gzo‘l—e—ﬁ_u—e—ﬁ)?'
>0 N>1 12170
Since this tends to 0 with g, the result follows. ]

We can now give the proof of the Dg—l'[g completeness of the difference set Ny \ P.

Proof of Theorem 2. We fix a sufficiently fast growing sequence kg < k1 < --- as in Lemma 2,
and then fix z € (0,1) to be Poisson generic in base b (so that Lemma 1 holds) and also to be
in the measure one set where Lemma 2 holds for this sequence (k;);>o.

We let C = {z € w¥: 2(2n) — oo}, and D = {z € w¥: z(2n + 1) — oo}. We define a
continuous map f: w* — (0,1) which reduces C'\ D to N, \ Py. The idea to define f so that
for z € w¥, the even digits z(2¢) will control whether f(z) € N, and the odd digits z(2i + 1)
will control whether f(z) € Pp. When we wish to violate Poisson genericity, we will do so for
A =1and j =0. We may assume without loss of generality that all z(z) and all k; are positive
powers of 2.

As before, at step i we define f(z) | B;, where B; = [b¥i—1,b%). Let
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1 1

Bl = (1 - —~ bFi
=l 2(21)  2(2i+ 1)) )
1 1 1
B? .=[(1- — pki (1 — pki
P= 2(21)  2(2i+ 1)) { z(2i + 1)) )
1
B} =1~ bki, i
So,
1
B2l = pki
|57 2(21) "
1
B} = i
B 2(2i+ 1)
We let

. 1
B} i | [pFt bt | BY) = | [pe b ),
We show that f is a reduction from C'\ D to Ny \ Pp.
First assume z ¢ C, that is z(2i) does not tend to co. Fix £ such that z(2i) = ¢ for infinitely
many . We easily have that f(z) ¢ Np. For example, if the digit 0 occurs with approximately
the right frequency % in

£ TP+ B = [0 (1 - 2(122') - z(2i1+ 1)>>’

then 0 will occur with too large a frequency in
. _ 1
F(2) TILR= + Bl + |BH) = 0,65 +|Bl| + 5t%).

This is because f(z) | B? = 0 and |B?| = b for such 1.
So we may henceforth assume that z € C, so b%z\Bf\ = 2(121.) — 0. We observe that this

implies that f(z) € Np. This follows from Lemma 2 and that we may assume lim, i) (1;—_11) =0.

Now assume that z € D, so 2 ¢ C'\ D. We show f(z) € Py, and so f(z) &€ Ny \ Pp. Since
we are assuming z € C' also, we have lim;_, z(i) = 00. So, lim;_, b%z(|Bf\ +|B3)=0. It
then follows exactly as in Equation 2 in the proof of Theorem 1 that f(z) € Py.

Assume next that z ¢ D (but z € C still). We show that f(z) ¢ P, which shows f(z) €
Ny \ Py. Fix m so that for infinitely many ¢ we have z(2i + 1) = m, and we may assume m
is of the form m = 2¢. Recall b%]Bf’] = m = % for such 7. We restrict our attention to
this set of 7 in the following argument. If f(z) were Poisson generic, then from Lemma 1 we
would have that for large enough ¢ in our set that

1 —a —(1—«a
S lH (1= ) (e 07),

where H; is the set of words of length k; which occur in f(z) with a starting position in
[(1—a)b¥, b%), but do not occur in f(z) with a starting position in [b¥—1, (1—a)b*). However,
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by the construction of f(z) we have that every word which occurs in [(1—a)b¥i, b¥) also occurs
in [bFi-1, (1 — a)bF), and so |H;| = 0. O

3. LIGHTFACE REFINEMENTS

The existence of computable Poisson generic real number was proved in [3, Theorem 2|.
We show how to compute an instance of a Poisson generic real number in base b. We start by
proving that to obtain a Poisson generic real it suffices to construct an instance of a A-Poisson
generic real for every positive rational .

Lemma 3 (adapted from [3]). Let integer b > 2. If x € (0,1) is A\-Poisson generic in base b
for all positive rational A\ then x is Poisson generic in base b.

Proof. For each = € (0,1) and for each k£ € N, on the space of words of length k with
uniform measure define the integer-valued random measure M}’ = M(v) on the real half-line
R = [0, +00) by setting for all Borel sets S C RT,

MES)w) = Y L(a,v),

pENNDLES

where I, is the indicator function that v occurs in x at position p and NNb*S denotes the set of
integer values in {b¥s : s € S}. Then, MZ(-) is a point process on R*. The function ij\k (z)can
be formulated in terms of of M’(S) for the sets S = (0, A], as follows:

1 N .
Zyy(x) = v €0, (b DY ME((0, ) (v) = 5)}-
Observe that for every pair of positive reals \, X, with A < X,

MiE((0. XD (0) = ME(O, M) () = Y Lyla.v).

pENNDBE[A,N)

The classical total variation distance dry between two probability measures P and ) on a
o—algebra F is defined via

drv(P,Q) := sup |P(4) — Q(A)|.
AeF
For a random variable X taking values in R, the distribution of X is the probability measure px
on R defined as the push-forward of the probability measure on the sample space of X.
The total variation distance between two random variables X and Y is simply dpy (X,Y) =
dpy (ux, py ). Hence, the total distance variation

dry (ME((0, X)), ME((0, ) < i (NN B[, X)) = X = A+ 00)

Let Po()\) to denote the Poisson distribution with parameter A > 0 (if X is a discrete random
variable, the probability that X is equal to j, for each j = 0,1,2,..., is Me™*/j!. Observe
that dpy (Po(XN'), Po(\)) — 0 as A\ = X. From these two observations and the fact that the
rational numbers are a dense subset of the real numbers we conclude that if z is A-Poisson
generic for every positive rational A then x is Poisson generic. ]
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Definition (Values NV,, and sets E,). For each n > 1 define

N, =b*",

E,:=0,1)\ |J Bady,

Np<k<Nnpi1
where
Bady, := | ) | Bad(Ak,j,1/k)),
JEJ AELy
J :={0,..., 0" =1},
Ly :={p/q:qc{l,...,k},p/q <k},

A\ e AN
Bad(\, k, j,¢) = {x €(0,1) : |Z7(x) - i | > 8}.

Observe that each set Bady, is a finite union of intervals with rational endpoints. Also each
set Fy, is a finite union of intervals with rational endpoints.

Fact 1. There is ng such that for every n greater than ng, u(E,) > 1 — ﬁ

Proof. By |3, Proof of Theorem 2| there is ko such that for every k > ko, for every j > 0,

k

w(Bad(\ &, §,1/k)) < 2¢” 5
and r
u(Bady,) = M( U U Bad(\ k.5, 1/@) < QB e—bh/(2k%)
jE€Jx AELy,
Since p(Bady) has double exponential decay as k increases, for N,, = b*" with n sufficiently
large,

1
Bad < —.
Since E, = (0,1) \ U Bady,, there is ng such that for every n > nyg,
Nn§k<Nn+1
1
w(Ey) >1—=2u(Bady,) >1— — O

N2
Fact 1 ensures that the set (), -, FEn has positive measure. Let see that (-, En consists
entirely of Poisson generic real numbers for base b. Suppose that x is not Poisson generic for

base b. By Lemma 3 z is not A-Poisson generic in base b for some positive rational A\. Then,
there is a positive € and a non-negative integer j such that for infinitely many n’s,
e AN
4!
Let n1 = n1(\, €, j) be the smallest such that A € L,,,,5 € Jp,,€ > 1/ny. Since sets J,, and L,
are subset increasing in n, for every n > n; we have A\ € L,, and j € J,. And since ¢ > 1/n;
we have ¢ > 1/n, for every n > nj. Then, for infinitely many values of n greater than or equal
to n1, * € Bad,. Hence, for infinitely many values of n, x € E,,, and thus x ¢ mnzno E,.
The following algorithm is an adaptation of Turing’s algorithm for computing an absolutely
normal number (see [7]). We modified it to obtain a real that is Poisson generic in base b.

Zj):n(a:) — > €.
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Algorithm. Let ng be determined by Fact 1. Let I, := (0, 1).

At each step n > ng, divide I,,_1 in b equal parts 12717 I}hl, - ,Ig:ll.
1

Let v be the smallest in {0, .., (b — 1)} such that p(I;_; N E,) > N

Ly=1°_,. !

The n-digit in the base-b expansion of x is the digit v.

Remark. Observe that the number x computed by the algorithm ensures that for each n > ng,
x € I, N E,. Since the intervals I,, and rested, we have

zel,N ( m Em>,
no<m<n
where E, = (0,1) \ Uy, <k<n,,, Badi with N, = b?". Thus, to define x | n the algorithm
looks at all the possible continuations up to z [ bVNn+1,
We prove that the number x produced by the algorithm is indeed Poisson generic for

base b. The algorithm defines a sequence of intervals (I,,)n>n, such that I, = (b%, ab—tl) for
some a € {0,...,0" — 1}, I,41 C I, and p(I,) = b=™. The number x defined is the unique

element in ﬂ I,,. We first prove that for every n > ny,

n>ng
n
(Lo () E) >o.
1=n0
To show this we prove by induction on n,

n
1
n

1=ng

Base case. For ng it is immediate because I, = (0,1), so p(In,) = 1 and

1 1
E l——>——.
/’l’( nO) > N,%O Nno

Inductive case. Assume the inductive hypothesis
= 1
i=ng

Let’s see it holds for n + 1. Using the inductive hypothesis and Fact 1, we have

w1 () B = (10 () ) 1)

1=ng 1=ng
n
> (L () B) = p((0,1) = Enya)
1=ng
- 1 1
N, N,?
b
>

NnJrl
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By this, there is at least one v € {0, ..., (b — 1)} such that
n+1

1
M(Iﬁﬂ ﬂ Ei)>N+1.
. n

i=ng

Since the algorithm sets I,,+1 to be the leftmost I with this property, we have

n+1 1
Ini N B> ——.
n+1 ZQ % Nn+l
=no

We conclude that z € N FE,. So x is A-Poisson generic in base b for all positive rational A.

n>ngo

The proofs of Theorems 3 and 4 are very similar to those of Theorems 1 and 2. However we
now include what is needed to prove the lightface results. We now start with a computable
Poisson generic number in base b that we obtain with the Algorithm above, and we computably
determine the sequence of values (k;);>1 using the input sequence z € w®.

Proof of Theorem 3. Let C = {z € w*: lim; o0 2(7) = 00}. So, C is I13-complete. We define
a computable map f: w* — (0,1) which reduces C to Pp. Fix z € w®”. At step i, let k;
be the least integer such that k; > k;—1, and k; > 2(i). Fix kg = 0. For i > 0, we define
f(2) I [bF1,0%) as follows. Let

B; = [bFi-1, M)
B = [b’“ifl, (1 _ z(lz)>bk)

f(z) | Bl ==z | B, and f(2) | B; \ B} :=0.
First suppose z ¢ C, and fix ¢ € w such that for infinitely many ¢ we have z(i) = ¢. Consider
step i in the construction of f(z) for such an i. For any € > 0, if i is large enough then the
number of words w of length k; which occur in z [ [1, (1 — %)bkl] is at most

We set

1
bkl(]- _ 6_(1 z(l>) _|__ 6).
Then, the number Z; of words w of length k; which occur in f(2) | b¥ is at most
1
bki(l e U)o €).
So,
R (1—e (171 4 2¢)
o i = €).
On the other hand, the Poisson estimate for the proportion of words of length k; occurring
in an initial segment of length b¥ is 1 — 1/e. Since ¢ is fixed, as i gets large we have a
contradiction. So, f(z) is not 1-Poisson generic n base b.
Next suppose that z € C. We show that f(z) is Poisson generic in base b. Fix a positive

rational A and € > 0. Consider any k € w, large enough so that the following holds: Let ¢ be
such that k; 1 < k < k;,

o ifx\zgthen ki1 >q,
Oki>%,
oforallsZz‘—lwehaveTIS)<e.
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We show that for any such k, and for every non negative j less than b

|Z])‘k(f(z)) - 6_)‘;‘,—{\ < €. First consider the case A < 1. Fix j. We have that

bikzj{k(f(z)) - bikzjﬁk(az)\ < blk(bklz(ll_l) F2ht Y b
m<i—1
< 1
~z(i—1)
< 2¢

+ €

for i large enough. We have used here the fact that \Z;:k(f(z)) - Zj:k ()| is at most the number

of words of length k which appear in one of f(z) | b, 2 [ b* but not the other. Such a word

must overlap the block of Os in f(z) | [b*1(1 — Z(Z.l_l)), b¥i-1), or else overlap [1,b¥~2], which

gives the above estimate.
Consider now the case A > 1. If \bF < bFi(1 — ﬁ), then the same estimate above works.
So, suppose bF > %bki(l — ﬁ) In this case we also count the number of words w of length k

which might overlap the block of 0s in f(z) | [b¥i(1 — %), b*i]. We then get

1 1 1 1 1
— 7> - 2| < o (e b k o)
e (@) = rZn(@)| < g (0 gy + N + 3k Z
1 b 1 N
=21 Wk a(k) ©
< ! + A ! +
€
~z(i—1) 1—5540
< 2¢
if 4 is sufficiently large, since A is fixed and z(i) — oc. O

We can now prove the Dg—Hg—completeness of the difference set Nj, \ Pp.

Proof of Theorem 4. The proof is exactly as that of Theorem 2 except that we start with a
computable real = and we determine the sequence (k;);>1 using the input sequence z € w*.
Let x be the number obtained by the Algorithm.

Let C:={z € w*: 2(2n) — oo} and D := {z € w*: 2(2n 4+ 1) — oo}. We assume without
loss of generality that all z(i) are powers of 2. We define a computable map f: w* — (0,1)
which reduces C'\ D to Nj \ Pp. Fix z € w®. At step i, let k; be the least power of 2 such that
ki > ki—1, and k; > z(i). We define f so that for z € w®, the even digits z(2¢) will control
whether f(z) € NV, and the odd digits 2(2¢ + 1) control whether f(z) € P,. When we wish to
violate Poisson genericity, we do so for A =1 and j = 0.

As in the proof of Theorem 2, at step i we define f(z) [ B;, where B; = [b¥-1,b%). Let

3._ ki1 pkio1 1 k;
F() 1B =} [phm1p +d%+nb)
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where
Bl [ (1 z(;i) N z(2il—i— 1))bki>
Bt = [(1- 2(122') - z(2il—|— )0 (1 Z(Q;Jrl))b'“))
B? = :(1 - Z(2il+1))b’ﬂ),bki>.

Notice that |B?| = 2(121,) 2H_l)bl‘“i.

We show that f is a reductlon from C\D to My \ Py. First assume z ¢ C, that is z(2¢) does
not tend to infinity when ¢ goes to infinity. Fix ¢ such that z(2¢) = ¢ for infinitely many i. We
easily have that f(z) ¢ Nj. For example, if the digit 0 occurs with approximately the right
frequency ¢ in f(2) | [0,0Fi-1 +|B}{) = [0, 6% (1 — ﬁ — m)), then 0 will occur with too
large a frequency in

| | -
F(2) 11,00+ Bl + |BY) = 0,65 +| Bl + 5t*).

We use here that b%_ D ohei Ok — O This is because f(2) I By =0 and |By| = 3bFi for such i.

Now assume that z € C, so ]BQ| = - 21) — 0. Then, we have f(z) € ./\/},. This follows
from the the definition of f and the fact that by that x is Borel normal to base b, see [5,
Theorem 2].

Assume first that z € D, so z ¢ C'\ D. We show f(z) € Py, and so f(z) ¢ Np \ Pp. Since
we are assuming z € C also, we have lim;_, 2(i) = co. So, lim;_, b%l(|Blz| +|B3) =0. It
then follows exactly as in the proof of Theorem 3 that f(z) € Py.

Assume next that z ¢ D (but z € C still). We show that f(z) ¢ Py, which shows f(z) €
J\/}) \ Pp. Fix m so that for inﬁnitely many ¢ we have z(2i + 1) = m, and m is of the form

= 2¢. Recall —\BS\ = 2z+1) = 2—1,1 for such 7. We restrict our attention to this set of 7 in
the following argument: If f (z) were Poisson generic, then from Lemma 1 we would have that
for large enough 7 in our set that

1 -« —(1-«
o [Hil = (1= e )(e07),

where H; is the set of words of length k; which occur in f(z) with a starting position in
[(1 — )bk, b¥), but do not occur in 2 with a starting position in [b¥-1, (1 — a)b¥?). However,
by the construction of f(z) we have that every word which occurs in [(1 — a)bF, b¥) also
occurs in [b¥-1 (1 — a)b¥), and so |H;| = 0. This completes the proof of Theorem 4. O
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