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Abstract. In this work, a dynamic charge is employed in the Continuum Distorted Wave -
Eikonal Initial State theoretical model to describe the non-Coulomb potential of the residual
target for single ionisation in bare ion-multielectron atom collisions. A comparison between
the well-known Belkić’s prescription and the effective charge depending on emission-angle
and -energy in the final residual-target continuum state is shown. The obtained results shown
that this effective charge improves the description of double differential cross sections for
backwards emission angles over the whole emission energy range allowing the calculation of
simply differential and total cross sections.

Keywords: Ion-atom collision, Ion-molecule collision, ionisation, Distorted wave, Dynamic
charge.

1. Introduction

Understanding the process of single ionisation in ion-atom collisions is of fundamental
interest in many different areas like astrophysics, plasma physics, radiation physics and
biophysics. In particular, being electron emission the main energy loss mechanism in the
interaction of swift ions with matter, it plays a predominant role in applied areas like the design
of fusion reactors, radiation damage and radiobiology. For the last mentioned, the knowledge
of the differential and total cross sections for single and multiple electronic reactions are
necessary to run Monte Carlo simulations of the projectile track and the time evolution of the
electrons ejected throughout it. To this end, different semi-empirical and theoretical models
are employed. The first are usually fitted to correctly describe existing experimental data,
this restricts their range of reliability and they may inherit possible experimental inaccuracies.
The latter are derived from first principles and even when they may not perfectly describe
the existing experimental data, they are not restricted to experimental availability and they
are not affected by possible experimental inaccuracies with the possibility of being improved
independently of them.

In that context the Continuum Distorted Wave - Eikonal Initial State model (CDW-
EIS) was applied with success to describe numerous collision systems, ranging from bare
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 2

multiply charged to fully and partially dressed ions as projectiles, and multielectronic atoms
to large biomolecules as targets [1–6]. The computed cross sections, which have been realised
within CDW-EIS approximation, for the ionisation of biomolecules by bare ions were used
in the TILDA-V, a Monte Carlo code, with the aim of determining the radiobiological end-
points such as stopping power, Bragg peak position, and energy deposition [7]. The correct
determination of these radiobiological parameters is necessary in the application of important
medical treatments as in vectorized radiotherapy. Should be taken into account the fact that the
extensive DDCS data (thousands) is fundamental for compute electronic tracks in the Monte
Carlo codes used in this type of therapy.

Within the CDW-EIS model, the residual target final continuum state is approximated by
a hydrogenic continuum function with a fixed effective charge that has been usually chosen
with Belkić’s criteria [8]. These criteria relates the effective screened charge of the residual
target with the binding energy of the initial bound orbital from which the electron was ionised.
However, with this criteria, a systematic underestimation of the backwards emission process is
observed. In a previous study [9], it was seen that considering a dynamic effective charge with
a linear angular dependence improves the description of double differential cross sections for
backward emission angles for high enough emission energies.

The present study is concerned with considering a dynamic effective charge that takes
into consideration not only the emission angle but also the emission energy. Therefore being
able to calculate simply differential and total cross sections.

Atomic units will be used in the following except when stated otherwise.

2. Theory

We address the problem of single ionisation in ion-atom collisions by means of the CDW-
EIS model [10] (see also [11, 12]). The treatment of the multielectronic target is solved by
reducing it to a one-electron system in which the passive electrons are considered to remain
frozen in their initial orbitals during the collision and the active electron (the one to be ionised)
evolves independently of them in an effective Coulomb field of the residual target [13], this
could be interpreted as a net ionisation reaction (see [14]). This theoretical model has been
widely used to compute differential and total ionisation cross sections for many systems,
combining different projectiles and atomic and molecular targets, colliding at intermediate to
high non-relativistic impact energies (see [6, 15]). We will work with the prior version of the
CDW-EIS theory which includes the passive electron dynamic screening over the active one
via the initial target bound state (see [1]).

Considering only one active electron, the multielectronic Hamiltonian can be reduced to:

Hel =−1
2

∇
2 +VT (x)+VP(s)+Vs(R) (1)

where x and s give the active electron position in the target and projectile reference frames,
respectively. VT (x) is a potential which takes into account the interaction of the active electron
with the rest of the target, VP(s) = −ZP/s is the interaction between the bare projectile and
the active electron, and Vs(R) the interaction of the projectile with the target nucleus and the
passive electrons.

Following Fainstein et al. [13], within the straight-line version of the impact parameter
approximation, two-centre initial and final distorted-waves are proposed, considering that the
electron evolves in the simultaneous presence of both the projectile and residual target fields.
Thus, the initial- and final-channel distorted-wave functions are given by:
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 3

χ
+
i (x, t) = Φi(x, t)L +

i (s) · exp
[
−i

∫ t

−∞

Vs(R)dt ′
]

(2)

χ
−
f (xxx, t) = Φ f (xxx, t)L −

f (sss) · exp
[
+i

∫ +∞

t
Vs(RRR)dt ′

]
, (3)

where

Φi, f (x, t) = φi, f (x)e−iεi, f t (4)

are the initial-bound and final-continuum states solutions of the time-dependent target
Schrödinger equation, being εi the active electron initial binding energy, and ε f = k2/2 its
energy in the final state. In this formalism, the transition amplitude is given by (see [6, 13]):

Ai f =−i
∫ +∞

−∞

dt
〈

χ
−
f

∣∣∣∣(H − i
∂

∂ t

∣∣∣∣
x

)∣∣∣∣χ
+
i

〉
· exp

[
−i

∫ +∞

−∞

Vs(R)dt ′
]
. (5)

Since Vs(R) is independent of the electronic coordinate it contributes to the scattering
amplitude through an exponential phase, and so it is relevant for the projectile angular
deviation but does not affect the electron dynamics. As we are interested in doubly and
singly differential cross sections depending only on the energy and/or angular distributions
of the emitted electron and on total cross sections, we discard the contribution of Vs(R) in
equation (5), taking into account that the square modulus of the scattering amplitude must be
considered in the corresponding calculations [13]. The double differential cross sections can
be obtained by integrating the transition amplitude:

σ(E,θ) =
dσ

dEdθ
=−k

∫
dρρρ|Ai f (ρρρ)|2, (6)

where ρρρ is the straight line impact parameter [16]. Then, the simple differential cross section
as a function of the emission angle and emission energy respectively are:

σ(E) =
dσ

dE
=

∫
dθσ(E,θ) (7)

σ(θ) =
dσ

dθ
=

∫
dEσ(E,θ) (8)

and the total cross section is:

σ =
∫

dEσ(E) =
∫

dθσ(θ) (9)

In the case that fully differential cross sections are calculated, the exponential term in
equation (5) must be taken into account. In CDW-EIS the initial distortion is proposed as an
eikonal phase:

L +
i (s) = exp [−iν ln(vs+v · s)] (10)

whereas the final distortion is chosen as:

L −
f (s) = N∗(ζ )1F1(−iζ ;1;−ips− ip · s) (11)

where v is the projectile velocity, ν = ZP/v, ζ = ZP/p, p = k− v is the ejected electron
momentum in the projectile reference frame, k is the ejected electron momentum in the target
reference frame. 1F1 is the confluent hypergeometric function, and N(a) = exp(πa/2)Γ(1+
ia) (with Γ being the Euler’s Gamma function) its normalisation factor. The initial bound
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 4

orbitals are described by Roothaan-Hartree-Fock (RHF) wavefunctions, which is a well-
known numerical method, with large enough data already existing for atoms and ions [17]. In
the case of hydrogen atoms, their exact bound wavefunctions can be used. The final continuum
wave function in the case of monoelectronic targets is the exact hydrogenic continuum
function given by:

φ f (x) =
1

(2π)3/2 exp(ik ·x)N∗(λ )1F1 [−iλ ,1,−i (kx+k ·x)] , (12)

with λ = ZT/k being ZT the target nuclear charge [18]. For multielectronic targets, the non-
Coulomb potential of the residual target is usually approximated by an effective Coulomb
one [13]. The equation (12) is therefore maintained but with λ = Z̃T/k, where Z̃T has been
chosen with Belkić’s criteria Z̃T = ni

√
−2εi, where ni is the principal quantum number of

the initial bound orbital [8]. The latter expression relates the effective screened charge of the
residual target with the binding energy of the initial bound orbital from which the electron
was ionised. In others works within a three-body CDW-EIS approximation, more elaborated
calculations were developed through the introduction of an exact numerical residual target
continuum state in place of the above-mentioned effective Coulombic continuum. In this
sense, the one-electron bound and continuum target eigenstates were calculated considering
the same Hartree-Fock (HF) target potential, and numerically solving the corresponding target
Schrödinger equation [6, 19]. These calculations lead to larger computational time.

The use of a hydrogenic continuum function allows analytical expressions for the
transition amplitude but it has some limitations in describing the physics of the reaction. For
instance, using this approximation an underestimation of the doubly differential cross sections
(DDCS) for backwards angles of the ionised electron is observed. This underestimation
was studied by Monti et al. [1] in the collision system H+ on He. Based on the fact that
the active electron must deeply penetrate the cloud of passive target electrons in order to
impact the target nucleus to be ejected in the backwards direction (see [11]), they proposed
to approximate the non-Coulomb potential as a pure Coulomb one given by the target nuclear
charge ZT . By doing so they have observed that the DDCS calculations converged to the ones
obtained when using numerical wavefunctions for large scattering angles [1].

In a previous work [9], we explored a dynamic charge defined as a function of the
emission angle θ as

Z̃T (θ) = ZB +(ZT −ZB)θ/180 (13)

with

lim
θ→0

Z̃T (θ) = ZB and lim
θ→180

Z̃T (θ) = ZT (14)

with ZB the Belkić charge (mentioned above) and ZT the target nuclear charge. In this work,
we present a dynamic charge defined as a function not only of the emission angle θ but also
as a function of the emission energy ε .

We define the function Z̃T (θ ,ε) in terms of Bézier functions [20], as:

Z̃T (θ ,ε) =
m

∑
i=0

(
m
i

)
Pi(1− t)m−it i (15)

with t = θ/180. Also, Pi is the i-th node of the Bézier curve composed by an angle θi and
the corresponding charge Zi, which in a Cartesian plane θ Z can be represented by a point of
coordinates (θi,Zi), and m the total number of nodes. Each curve is defined by a number of
13 nodes (m = 12) chosen as indicated in table 1.
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 5

Table 1: Recommended values for θi and Zi.

i θi (degrees) Zi

0 0 ZB
1 − 3 θBE/2 ZB
4 − 8 θBE ZB
9 − 11 (2×180+θBE)/3 Zε

12 180 Zε

Figure 1: Qualitative behaviour of the effective charge as a function of the emission angle.
Black dash-line, dynamic charge depending on the emission angle as in [9]; red line, present
dynamic charge as defined in equation (15).

The angle θBE corresponds to the angular position of the binary encounter peak and it can
be found through energy and momentum conservation rules, which predict that in a collision
of a bare projectile with a free electron at rest, the binary encounter peak has a maximum at
an electron momentum corresponding to k = 2vcosθBE [11]. The behaviour of the dynamic
charge, defined as in equation (15), is shown qualitatively in figure 1.
The charge for backward emission angle Zε depends explicitly on the emission energy by:

Zε = ZB +(ZT −ZB) ·
(

1− e−ε/ni|εi|
)
, (16)

this gives a charge equal to ZB for low emission-energy and then asymptotically approaches
ZT as the emission energy increases.

The choice for the dynamic charge as defined in equation (15) allows us to take into
account two things: first, a slow increment of the effective charge with the emission angle
until the binary encounter peak and rapidly increasing afterwards; and second the effective
charge for backward emission (θ = 180◦) has to increase with the emission energy ε , this
given by the assumption that, as emission energy increases, the electron must penetrate closer
to the target nucleus in order to be scattered in the backward direction.
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 6
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Figure 2: Effective charge as a function of the electron angle of He by the impact of 1 MeV/u
H+. Colour lines show different values of emission energy for the same collision system using
the parameters recommended in table 1 for present DC-CDW-EIS.

The recommended values for θi and Zi shown in table 1 have been tested in several
cases, being the tabulated values the ones that generated the best results. As an example,
figure 2 shows the present dynamic charge as a function of the emission angle for different
emission energies for the H++ He system at 1 MeV impact energy. It can be seen that the
angle θBE decreases as the emission energy increases given that the angular position of the
binary encounter peak shifts to lower angles for higher emission energies. In addition, it can
be observed how Zε increases with increasing emission energy, as defined by equation (16).

3. Results and Discussions

In this section comparisons between theoretical and experimental DDCS for the ionisation of
atomic multielectronic targets are shown. In addition, the singly differential cross sections
(SDCS) and total cross sections (TCS) are also analysed. Calculations are performed using
DC-CDW-EIS (Dynamic Charge–Continuum Distorted Wave–Eikonal Initial State) models,
CDW-EIS model with Belkić’s charge and CDW-EIS with numerical HF wavefunctions
following the work described in [21].

In figure 3, are presented the single ionisation DDCS as a function of the angular
distributions for He impacted by 200 keV proton. For the case of forward emission, all
theoretical models give similar results and an overestimation of the experimental DDCS taken
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 7

from [22] can be seen for emission energies larger than 25 eV. Nevertheless, it can also be
seen that an excellent agreement is obtained when compared to the data taken from [23].
For backward emission, it can be seen that the results from the present and previous DC-
CDW-EIS from [9] model, and those obtained using CDW-EIS with numerical functions are
in very good agreement with experiments up to an emission energy of 80 eV. On the other
hand, the CDW-EIS ones with Belkić’s charge present an underestimation that gets larger as
the emission energy increases. Nonetheless, for the 200 eV and 300 eV cases, all models
still show an underestimation of the experimental DDCS. For the latter, there is almost an
order of magnitude between theoretical and experimental DDCS. Also, both DC-CDW-EIS
models are in close agreement with the CDW-EIS with numerical functions one. For this
system, as discrepancies with experiments still remain, we also added calculations performed
for ionization of He by neutral H0 impact considering the present target dynamic charge into
the dressed-ion model presented by Esponda et al. (see [24]). This was done in order to
enquire if a two-step process in which the proton captures an electron and then ionizes the
remaining one, could be responsible for the increase observed in DDCS for high emission
energies and emission angles. Even though further investigation regarding this is required,
this holds the hypothesis that a two-step process could be taking place.

In figure 4, the angular distributions of the DDCS, at different electron energies, for
ionisation of Ne by 5 MeV/u C6+ impact are presented. For the lowest emission energy,
i.e. 20 eV, the best agreement with experiments is found for the present DC-CDW-EIS
model. For that energy, the results obtained with the DC-CDW-EIS model from [9] show
an underestimation for emission angles larger than 60 degrees, due to the fact that the linear
dynamic charge grows too fast with the emission angle (see figure 1). This shows that a
simple linear dynamic charge as proposed in [9] can give good results for DDCS at high
enough emission energies but, as will be analysed later, can not be used for calculating SDCS
and TCS. For the other displayed emission energies, 200 eV and 520 eV, the behaviour is
similar: both DC-CDW-EIS models are close to each other, presenting an underestimation for
forward emission but excellent agreement with experiments for emission angles larger than
45 degrees, whereas the usual CDW-EIS model tends to underestimate the experiments for
emission angles larger than 90 degrees and, as was seen before, the underestimation increases
with the emission energy. The CDW-EIS with numerical functions presents a very good
overall agreement with experiments with an overestimation for large emission angles.

In figure 5, it is depicted the ionisation DDCS for proton impinging on Ar, for two
collision energies 500 keV/u and 1 MeV/u. For both impact energies, it is clearly seen that
the usual CDW-EIS model with the effective charge given by Belkić’s criteria only gives
good results for low enough emission energies, for larger energies it largely underestimates
the experimental DDCS for emission angles larger than the one corresponding to the binary
encounter peak. For large emission angles, both DC-CDW-EIS models are in very good
agreement with experimental data and with the numerical CDW-EIS, although showing a
different behaviour from the last ones for backward angles.

In figure 6, differential cross sections are shown for bare carbon ions and protons
colliding with oxygen atoms at impact energies of 5.5 MeV/u C6+ and 200 keV/u H+,
respectively. The experimental data correspond to the ionisation of oxygen molecules, as
the calculations correspond to atomic oxygen the experimental data was divided by a factor
of two in order to perform a qualitative comparison. For the 5.5 MeV/u C6+ (figure 6 (a)), the
best agreement with the experiments is obtained by the numerical CDW-EIS theory. The
present DC-CDW-EIS model also shows good agreement although some underestimation
of experiments is found in the 340 eV emission energy case for forward and backward
emission angles. As seen before, the previous DC-CDW-EIS from [9] is in accord with
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Dynamic effective charge in the continuum final state on the CDW-EIS model. 8

present DC-CDW-EIS calculations only for large enough emission energies, showing an
underestimation of experimental data for the lowest emission energy of 11 eV and large
emission angle. Finally, the usual CDW-EIS calculations with an effective charge given by
Belkić’s prescription show the largest underestimation for backward emission. In figure 6 (b)
the 200 keV/u H+ impact energy case is presented. For forward emission, all models show
overestimation on all emission energies considered. Nevertheless, for backward emission they
are all in very good agreement with the experimental data; except for the results obtained with
the usual CDW-EIS model, which shows major underestimation for large emission angles.
It can be clearly observed that the overall agreement between theoretical calculations and
experiments is much better in the case of 5.5 MeV/u C6+. Taking into account that in both
cases the calculations are performed for oxygen atoms, the molecular nature of O2 seems to
be more important for lighter projectiles and lower collision energies.

The ionisation SDCSs as a function of emission angle for Ne and Ar atoms are presented
in figure 7. It must be noted that a linear scale is used to represent SDCS. As these SDCS
are obtained by integrating the DDCS over the emission energy and given the fact that DDCS
decrease as the emission energy increases, it is expected that SDCS are to be largely influenced
by the low-energy part of the DDCS spectra. For the 5 MeV/u C6+ impinging over Ne targets,
figure 7 (a), good agreement with experiments is found for the usual CDW-EIS and the present
DC-CDW-EIS one. These two models give almost the same results up to an emission angle
of 120 degrees, approximately, after which the usual CDW-EIS model starts to overestimate
both the experimental SDCS results and the present DC-CDW-EIS ones. This same behaviour
was observed in the DDCS (see figure 4, 20 eV). Then, in figure 7 (b), the SDCS as a function
of the emission angle for ionisation of Ar atoms by 0.5 MeV protons impact is shown.
The calculations using the usual CDW-EIS and the present DC-CDW-EIS one are in close
agreement with each other and give good qualitative agreement with experiments. For both
systems, the previous version of DC-CDW-EIS from [9] show the worst agreement. As it
was previously mentioned the linear version of the dynamic charge only gives good results
for high-energy DDCS, so it is expected to fail when integrating the DDCS on the emission
energy to obtain the SDCS.

Finally, in figure 8, the TCS for single ionisation of He, Ne and Ar atoms by H+ impact
is depicted. It is clearly observed that no further agreement is achieved when considering the
present dynamic charge compared with the usual CDW-EIS calculations. As expected, given
the lack of agreement found for the SDCS, the previous dynamic charge from [9] also shows
a large disagreement with experimental data. The present TCSs show good accordance with
the experimental data for a collision energy larger than 25 keV, which for this case is actually
the impact energy corresponding to a Sommerfeld factor equal to 1.

4. Conclusions

A dynamic effective charge in the residual-target continuum final state on the CDW-EIS model
is used to describe single ionisation in ion-atom collisions. The results show that the use of
the present effective charge provides an important improvement in the DDCS over the whole
emission energy range, which represents an upgrade regarding the previous effective charge
proposed in [9] which was only valid for high enough emission energies. Even though DDCS
agreement is enhanced, mainly for backward emission, the low energy part of DDCS is mostly
unchanged with respect to the usual CDW-EIS model. This translates into a minor gain on
the SDCS spectra, whereas the TCS are unchanged when comparing with the usual CDW-EIS
calculations using Belkić’s prescription.
The cases studied show that the present DC-CDW-EIS model gives results that are close
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Figure 3: (Color online) DDCS for ionisation of He by the impact of 200 keV/u H+ for fixed
electron energies and as a function of the electron angle. Theory: solid red line present DC-
CDW-EIS, dashed black line CDW-EIS, dotted blue line DC-CDW-EIS from [9], dash-dot
green line CDW-EIS with numerical functions, dash-dot-dot magenta line present DC-CDW-
EIS for H0 impact. Experiment data: circles [22] and triangles [23].

to those obtained when considering HF numerical wavefunctions, but keeping computation
times significantly lower. The DC-CDW-EIS is at least 3.5 times faster than the CDW-EIS
with numerical functions. Therefore, the present dynamic effective charge can be used to
calculate multiply differential and total cross sections, keeping in mind that the largest im-
provement will occur on the DDCS, which at the moment is fundamental for the applicability
in important medical treatments. The calculation of fully differential cross sections is a matter
of our present interest. With this goal in mind an eikonal expression is employed to calculate
differential cross sections as a function of the projectile scattering angle has it been done for
electron capture by Rivarola and coworkers (see [27]).
Also to reach a further agreement with experiments, a dynamic charge for forward emission
should also be considered. This, together with the consideration of the two-step process pro-
posed for the H++ He system, will be subjects of future research.
Finally, to improve SDCS and TCS calculations, the low-energy region of the DDCS spectra
should be investigated.
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Figure 4: (Color online) Same as figure 3, ionisation of Ne impacted by 5 MeV/u C6+.
Experiment data are taken from [2].
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Figure 5: (Color online) Same as figure 3, ionisation of Ar impacted by 0.5 MeV/u H+ (a)
and 1 MeV/u H+ (b). Experiment data are taken from [25] (data of Toburen).
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Figure 6: (Color online) Same as figure 3 for ionisation of O atom impacted by 5.5 MeV/u
C6+ (a) and 200 keV/u H+ (b). Experiment data are taken from [22].
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Figure 7: (Color online) SDCS for ionisation of Ne impacted by 5 MeV/u C6+ (a) and of Ar
impacted by 0.5 MeV/u H+ (b) as a function of the electron angle. Theory: solid red line
present DC-CDW-EIS, dashed black line CDW-EIS, dotted blue line DC-CDW-EIS from [9].
Experiment data are taken from [2] (a) and [25] (data of Toburen) (b).
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Figure 8: (Color online) TCS for ionisation of He (a), Ne (b) and Ar (c) impacted by H+

as a function of the projectile energy. Theory: solid red line present DC-CDW-EIS, dashed
black line CDW-EIS, dotted blue line DC-CDW-EIS from [9]. Experiment data are taken
from [23] (data of Rudd, Toburen and Stolterfoht) (a), [26] (b) and black circles (data of Rudd
and Toburen), grey triangles (data of Gabler) [25] (c). The dash-dotted vertical lines represent
the lowest collision energy for which the perturbative regime is valid (Zp/v = 1).
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