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Abstract. We report on the structural characterization of
the mullite-type PbAl1–xMnxBO4 series using neutron, syn-
chrotron and in-house X-ray powder diffraction, Raman
spectroscopy and density functional theory (DFT) calcula-
tions. The planar geometry of the BO3 group changes only
slightly over the whole composition range. The rigid BO3

group plays the dominant roles in the thermal contraction
in the a-direction followed by expansion in the b- and
c-directions, leading to a correlation a � b/c � unity. The
unit-cell volume at zero-pressure and 0 K was obtained, as
well evaluated as the isothermal bulk-modulus from pres-
sure dependent synchrotron X-ray diffraction using a dia-
mond anvil cell as well as DFT calculations. Thermal ex-
pansion of the metric parameters was modeled using a
first-order Grüneisen approximation for the zero-pressure
equation of state. We used the double-Debye-double-Ein-
stein-Anharmonicity model to calculate the temperature-
dependent internal energy of the crystalline end members.
The simulation helped to understand the anisotropic ther-
mal expansion and together with the experimental and cal-
culated bulk moduli to approximate the thermodynamic
Grüneisen parameters.

Introduction

The characteristic building units of mullite-type compounds
are the edge sharing MO6 octahedra, forming single Zweier
chains [1] running parallel to the crystallographic c-axis.
A well-known compound of this structural family is the
mineral minium Pb3O4 [2] which was used in anticorro-

sion paint for years. In this phase Pb4þ cations are found
at the center position of the octahedral chains (Pb1, green
in Fig. 1 left), while the Pb2þ cations interconnect these
octahedral chains (Pb2 and Pb3, yellow in Fig. 1 left) and
stabilize the structure using their stereochemically active
6 s2 lone electron pair (LEP, E in formula). Garnier et al.
[3] and Gavarri et al. [4] reported on the displacive phase
transition from the low-temperature Pbam structure into
the high-temperature P42/mbc polymorph. In the low-tem-
perature orthorhombic structure a negative thermal expan-
sion of the a lattice parameter was found together with a
positive thermal expansion in the b direction with increas-
ing temperature towards the phase transition. Further heat-
ing above TC ¼ 170 K gives rise to a positive thermal
expansion of the tetragonal a parameter [3, 4], which re-
presents the former orthorhombic a and b direction. In the
orthorhombic arrangement the Pb4þ cations could be re-
placed by Sn4þ [2], as well as cations having a lower va-
lence, resulting in the same orthorhombic crystal structure
which is, with this chemical composition, stable at room-
temperature. If Pb4þ ions are replaced by M3þ ions, one
of the Pb2þ cations must also be replaced by a trivalent
cation for charge balance. Such a mutual combination is
found in PbMBO4 phases (M ¼ Ga, Al, Cr, Mn, Fe) first
reported by Park et al. [5–7]. Comparing these two struc-
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* Correspondence author (e-mail: gesing@uni-bremen.de) Fig. 1. Crystal structure of Pb3O4 (left) and PbAlBO4 (right).
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ture types (Fig. 1), Pb1 in Pb3O4 is replaced for example
by M, Pb2 remains as Pb and Pb3 is replaced by B. The
resulting BO3 group in the PbMBO4 structure significantly
increases the strength of the octahedral chains’ intercon-
nection, if one takes the average B––O bond length of
137.6(7) pm [6] into account with respect to the longer
average Pb––O bond length of 237.6(7) pm [4]. In
PbMBO4 the 6 s2 LEP of Pb2þ with a nido-like trigonal
bipyramidal PbO4E coordination is also stereochemically
active [8], thus not influenced by the trigonal planar BO3

group. Such a coordination of the LEP carrying cations is
also found for the bismuth atoms in the Bi2M4O9 mullite-
types [9], however not in the closely related Bi2Mn4O10

phases [10]. The strong influence of the BO3 group on the
properties of the PbMBO4 phases is reported by Park
et al. [6] as the driving force for the a! b phase-transi-
tion of PbAlBO4.

Additionally, the strong B––O bonds influence the ther-
mal behavior of these compounds, resulting in a negative
thermal expansion of the a lattice parameter, whereas a
positive thermal expansion of the b and c lattice para-
meters is observed [4]. In this report, we use the non-standard
Pnam setting with the octahedral chain parallel to the c-axis
[11] instead of standard space group setting Pnma with
the octahedral chains parallel to be b direction [5–7] for
easy comparison of the crystal chemical properties with
those of the other members of the mullite-type compounds.
This report focuses primarily on: (i) a precise determina-
tion of the BO3 group geometry using neutron powder
diffraction data analysis, (ii) a complete description of the
existing and observable infrared and Raman spectroscopy
modes using experimental data and DFT calculations and
(iii) the influence of the chemical substitution in the MO6

building units on the anisotropic thermal expansion of the
two end members of the PbAl1–xMnxBO4 solid solution.
Both in-house X-ray and Raman spectroscopy served for
the complementary results.

Experimental

Synthesis

Powder samples of the series Pb(Al1–xMnx)BO4 with
x ¼ 0–1 in successive steps of 0.1 were synthesized using
the glycerine method [12]. For each compound a stoichio-
metric mixture of the metal-nitrates Pb(NO3)2, Al(NO3)3

� 9 H2O and Mn(NO3)2 � 4 H2O was heated together with
boric acid, 50 mL deionized water and 10 wt% glycerine
in a three step process at 353 K, 473 K and 973 K for 1 h,
2 h and 24 h, respectively. In the first heating step, in a
glass beaker, the NOx was released from the sample while
stirring until a highly viscous mass was obtained. In the
second step this mass was dried resulting in the formation
of foam. After grinding, the amorphous powder was pressed
into pellets and finally heated in a platinum crucible. To
remove small impurities all samples were washed with di-
luted nitric acid after the final heat treatment [13]. The
11B-enriched samples were produced using H3

11BO3 for
neutron diffraction experiments to avoid neutron absorp-
tion of 10B isotope.

X-ray and neutron diffraction

Temperature-dependent diffraction

All synthesized samples were investigated using X-ray
diffraction measurements collected on a Panalytical MPD
powder diffractometer in Bragg-Brentano geometry,
equipped with a secondary Ni filter, CuKa radiation and a
X’Celerator multi-strip detector. The structural refinements
were performed with the fundamental parameter approach
using the “DiffracPlus Topas 4.2” (Bruker AXS GmbH,
Karlsruhe) software. For the Rietveld refinements the start-
ing atomic coordinates were taken from the room-tempera-
ture neutron diffraction data of PbAlBO4 [6]. High-tem-
perature data were collected on the same instrument with
an attached Anton Paar HTK1200N heating chamber.
Samples were prepared in a flat corundum sample holder
using acetone to submerge the fine powder producing small
evaporation channels which served for additional space for
the thermal expansion of the compound. Measurements
were carried out at 298 K and from 323 K to 1023 K with
50 K steps for PbAlBO4, and up to 1123 K for PbMnBO4.
Each diffraction pattern was recorded from 10� to 120� 2q
with a step size of 0.0167� and a 50 s/step total data col-
lection time. Temperature-dependent lattice parameters were
calculated using Pawley fits [14] that insure the best de-
scription of the reflection profile enabling accurate lattice
parameter determinations.

Room-temperature neutron diffraction data were col-
lected on the D2B high-resolution powder diffractometer
at the Institut Laue Langevin (Grenoble, France). Approx.
6 g of 11B enriched Pb(Al1–xMnx)11BO4 were loaded in a
vanadium container of 11 mm diameter. The measure-
ments were carried out at a wavelength corresponding to
the (335) Bragg reflection of a germanium monochroma-
tor. The neutron detection was performed with 3He count-
ing tubes spaced at 1.25� intervals and a complete diffrac-
tion pattern was obtained after about 25 steps of 0.05� in
2q. After the data collection, intensity data were extracted
in two ways. First, only a narrow range in the middle of
the 2D detector was used to obtain high-resolution data
minimizing the curve of the Debye–Scherrer rings. Sec-
ondly, the whole detector range was evaluated resulting in
lower resolution data with higher intensity. Both datasets
were used for a combined refinement of the crystal struc-
ture; the high-resolution data increases the accuracy of the
lattice parameters and the high-intensity data enhances the
accuracy of the positional parameters. For the structure
refinements three sets of powder diffraction data were
used for the same sample: high intensity neutron data,
high resolution neutron data and X-ray data. The lattice
parameters obtained from the X-ray data were used to re-
fine the neutron wavelength, which was calculated to be
1.59435(5) � 10�10 m.

High-temperature neutron data were measured using a
furnace, in which the sample was contained in a quartz
tube in order to prevent any reaction of the sample with
the heating elements. Despite the fact that the quartz tube
creates additional and uneven background, the data at
room-temperature used here were also collected within the
quartz tube. Measurements above room-temperature were
carried out between 370 K and 870 K in 100 K steps. Be-
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fore each data collection the temperature was held for
15 minutes to equilibrate the sample. The collected data
were evaluated as described above for high-intensity and
high-resolution data. For the structure refinements only the
two neutron diffraction data sets were used and the displa-
cement parameters of lead and aluminum were as well
restrained to each other as those of the three oxygen posi-
tions.

Low temperature neutron time of flight data were col-
lected on Powgen high resolution diffractometer at Oak
Ridge National Laboratory (Oak Ridge, Tennessee, USA).
Approx. 5 g of 11B enriched PbAl11BO4 was loaded in a
vanadium container of 8 mm diameter. Temperature-depen-
dent data were collected from 10 K to 90 K in 5 K steps
followed by 10 K steps up to 300 K using a close cycle
refrigeration system. Longer datasets (1.5 hours) were col-
lected at 10, 100, 200 and 300 K which covered a d-spac-
ing range from 0.3 � 10�10 m to 6.2 � 10�10 m, while the
rest of the data were collected for 15 minutes spanning a d
range of 0.4 � 10�10 m to 3.6 � 10�10 m.

Pressure-dependent diffraction

High-pressure, in situ, angle dispersive, synchrotron X-ray
diffraction measurements were performed at the 16-IDB
beamline of the High Pressure Collaborative Access Team,
Advanced Photon Source, Argonne National Laboratory,
USA. The sample-detector distance and geometric para-
meters were calibrated using a CeO2 standard reference
material from the National Institute of Standards and
Technology. The sample of fine powder of PbAlBO4 was
compressed, at ambient temperature, in a symmetric type
diamond anvil cell, using diamonds of 300 mm culets. A
rhenium gasket was pre-indented to a thickness of
�50 mm. The sample chamber consisted of a 120 mm dia-
meter hole, drilled in the pre-indented rhenium gasket. For
pressure readings during compression, fragments of gold
foil were mixed-in with the samples and used to measure
pressure using the equation of state of gold by Anderson
et al. [15]. To insure quasi-hydrostatic pressure conditions,
compression was carried out with Ne as a quasi-hydrostatic
pressure transmitting medium, which was loaded into the
sample chamber at about 1.38 � 108 Pa (20,000 psi), using
the gas loading setup of Sector 13 of APS, ANL [16].
Diffraction pattern were collected from ambient pressure
up to 10.9 GPa in several pressure steps.

Based on Rietveld structure refinements using X-ray dif-
fraction pattern we analyzed the pressure evolution of the
unit cell volume of PbAlBO4. Pressure-volume data col-
lected up to 10.9 GPa were fitted with the 3rd order Birch–
Murnaghan [17, 18] equation of state (EoS):

PðVÞ ¼ 3

2
K0

V0

V

� �7=3

� V0

V

� �5=3
" #

� 1þ 3

4
ðK 00 � 4Þ V0

V

� �2=3

�1

" #( )
; ð1aÞ

where V0 and V are the unit cell volume at ambient pres-
sure and unit cell volume at a given pressure, respectively,
K0 is the bulk modulus at ambient pressure and K 00 its

pressure derivative. The EoS fit yielded the following ex-
perimental values of bulk modulus and its pressure deriva-
tive for PbAlBO4: K0 ¼ 76.1(6) GPa, K 00 ¼ 8.3(13) with
V0 ¼ 321.93(1) � 10�30 m3.

Spectroscopy

The room-temperature Raman spectra were collected using
pressed powder of the respective samples. The spectra were
recorded on a LabRam ARAMIS (Horiba Jobin Yvon)
Micro-Raman spectrometer equipped with a laser working
at 633 nm and less than 20 mW. The use of a 50� long
working distance objective (Olympus) with a numerical
aperture of 0.55 provides a focus spot of about 2 mm dia-
meter when closing the confocal hole to 200 mm. Raman
spectra were collected in the range 50 cm�1 to 1500 cm�1

with a spectral resolution of approximately 2 cm�1 using
a grating of 1800 grooves/mm and a thermoelectrically-
cooled CCD detector (Synapse, 1024� 256 pixels). The
spectral positions were calibrated against the Raman mode
of Si before and after the sample measurements. The po-
sition of the Si peak was repeatedly measured against
the Rayleigh line (0.0 cm�1) yielding a value of 520.7
� 0.1 cm�1. The linearity of the spectrometer was cali-
brated against the emission lines of a neon lamp. For com-
parison, the infrared data collected with the KBr method
were taken from [13]. The low-temperature Raman data at
78(1) K were collected on pressed sample using a Linkam
cooling stage (THMS600) attached to a pump (LNP95
Cooling Pump) that provides a continuous flow of liquid
nitrogen.

DFT calculations

Periodic calculations were performed with the crystalline
orbital program CRYSTAL09 [19, 20], employing the
PW1PW hybrid Hartree Fock – Density Functional Theory
(HF-DFT) method [21]. All structures were optimized
starting from the experimental crystallographic data. The
basis sets were taken from the CRYSTAL website data-
base [22]. The Monkhorst-Pack shrinking factor was set to
4 after checking energy convergence of the structures, that
is, 27 independent k-points in the irreducible Brillouin
zone were taken. A high spin ferromagnetic configuration
was used for manganese in PbMnBO4.

Bulk modulus

Geometry optimizations were done under a hydrostatic
constant pressure as implemented in CRYSTAL09 [19, 20].
By changing the pressure to the desired value, the differ-
ent pressure-dependent unit-cell volumina were obtained.
The constant pressure constrained geometry optimizations
were performed at 0, 5, 10, 15, 20 and 30 GPa for the
aluminum compound, and at 0, 2, 4, 5, 6 and 7 GPa for
the manganese compound (Fig. 2)

The given 3rd-oder Birch-Murnaghan isothermal EoS
(Eq. (1a)) was used to calculate the bulk modulus
K0 ¼ 77.4(2) GPa and 52.7(18) GPa and the first deriva-
tive of the bulk modulus K 00 ¼ 6.5(19) and 8.4(36) using
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a zero-pressure volume V0 ¼ 231.95(1) � 10�30 m3 and
347.9(1) � 10�30 m3 for PbAlBO4 and PbMnBO4, respec-
tively. The pressure dependent DFT calculated unit-cell
volume and the respective fits are plotted in Fig. 2.

Additionally, by varying the lattice parameter (as im-
plemented in CRYSTAL09) and fitting the energy form of
Eq. (1b) which is found by integration of the pressure,

EðVÞ ¼ E0 þ
9V0K0

16

V0

V

� �2=3

� 1

" #3

K 00

8<
:

þ V0

V

� �2=3

� 1

" #2

6� 4
V0

V

� �2=3
" #9=

; ð1bÞ

the same parameters, K0, K 00 and V0, were thus evaluated
yielding 77.6(3) GPa, 6.9(21) and 322.10(1) � 10�30 m3 for
the aluminum compound and 46.9(14) GPa, 8.4(23), and
347.9(1) � 10�30 m3 for the manganese compound. The
results obtained by both different methods, i.e., fitting
Eqs. (1a) or (1b), are in good agreement. Nevertheless, one
should be careful because of the different zero pressure
volume calculated for PbMnBO4. The deviation might be
due to magneto-volume effect below 31 K described by
Park et al. [7] because high-spin manganese was used for
the 0 K DFT calculations.

IR and Raman modes

Harmonic frequencies and the intensities of the infrared
modes at the G point of the Brillouin zone at 0 K were
calculated by computing numerically the second deriva-
tives of the energy with respect to the atomic positions,
and diagonalizing the mass-weighted Hessian matrix in
Cartesian coordinates, as implemented in CRYSTAL09
[23, 24]. The infrared (Table 1) and Raman (Table 2) modes
were given as an output of the calculations (see column
“Mode”) and doubly verified by (a) visual inspection of
every mode by means of a graphical interface program that
displayed the atom movements, and (b) changing selected
atomic masses to cause the shift of the corresponding mode
(see column “Mode description”).

Thermal expansion

The thermal expansion behavior has been described with
respect to the internal energies following Senyshyn et al.
[25]. We use an extended expression for the metric para-
meter M that represents either the cell volume V as physi-
cal meaningful description or the lattice parameters a, b or
c for a comparable data evaluation:

MðTÞ ¼ M0 þ kD1UD1ðTÞ þ kD2UD2ðTÞ
þ kE1UE1ðTÞ þ kE2UE2ðTÞ
þ kAUAðTÞ ð2Þ

kDi, kEi and kA are adjustable fitting parameters, describing
the bulk modulus divided by the thermodynamic Grüneisen
parameter, contributing to Debye quasi-harmonic (UDi),
Einstein harmonic (UEi) and anharmonic (UA) internal en-
ergies, respectively:

UDiðTÞ ¼ 9 N kBT
T

qDi

� �3 ðqDi=T

0

x3

ex � 1
dx

2
64

3
75 ; ð3Þ

UEiðTÞ ¼
3 N kBqEi

eðqEi=TÞ � 1

� �
; ð4Þ

UAðTÞ ¼ aA
3 N kBq2

A

24 T
½T eð3qA=TÞ þ 9 T eð2qA=TÞ

�
� 12 qA eð2qA=TÞ � 9 T eðqA=TÞ

� 12 qA eðqA=TÞ � T�½ðeðqA=TÞ � 1Þ3��1

�
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where N refers to the number of atoms per unit cell
(PbMBO4: N ¼ 28), kB is the Boltzmann constant, qDi and
qEi are the characteristic Debye (qD ¼ hcwD/kBT) and Ein-
stein (qE ¼ hcwE/kBT) temperatures. aA is the anharmonic
parameter (aA ¼ 1.0 � 10�5 K�1 – a reasonable approxi-
mate value is fixed for all the models in this report) and
qA ¼ qD1 for a single Debye oscillator, or weighted aver-
age of two Debye oscillators (qA ¼ (jkD1j � qD1 þ jkD2j
� qD2)/(jkD1j þ jkD2j)) [9] where necessary. The total inter-
nal energy as the sum of the single contributions is given as
Energy/unit cell. For the calculation of the molar internal
energy the number of atoms per unit cell N is divided by
the number of atoms per formula unit (Z) and multiplied
with the Avogadro constant NA ¼ 6.023 � 1023 atoms/mole
(N/Z � NA). This provides the internal energy in kJ/mole,
as given in Fig. 3, for the respective formula unit which
is in this case PbMBO4. For the calculations reported
here low-temperature data are available for PbAlBO4. For
PbMnBO4 only data from room-temperature upwards
could be measured which makes it in this case unneces-
sary to use two Debye contributions, used to describe a
complicated low-temperature behavior. Nevertheless, a
single Debye contribution could be calculated from the
high-temperature contributions, at least with respect to the
anharmonicity parameter. Additionally the thermal expan-
sion coefficient (TEC), expressed as aM ¼ DM/M � 1/DT
(M ¼ V, a, b, c) was calculated from the observed metric
data and used as second fitting values to stabilize the cal-
culations. In this way one can evaluate whether a linear
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Fig. 2. DFT calculated pressure dependent volume change of PbAlBO4

and PbMnBO4 together with the 3rd-order Birch-Murnaghan EoS fit.
Individual errors are within the symbols.
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thermal expansion coefficient could be observed (which
could easily be identified in a constant TEC vs. tempera-
ture behavior) and if so, in which temperature range.

The limited number of the measured data, which is true
for the data set of the aluminum compound and even more
for the manganese containing phase, makes the volume
modeling via regression analysis using Eq. (2) quite un-
stable. This means that, especially for PbMnBO4, as a
consequence of the missing information in the low-tem-
perature regime, the chance that the regression converges
in a local minimum and yields wrong results increases.
Taking this into account, the influence of different initial
values on the results of the regression was systematically
tested to assure the quality of the calculated parameters.

The median values have been calculated from 1000 single
fits. For each of these fits the experimental data were
slightly modified via a random generator within their esti-
mated standard deviations. The computation time of these
extensive calculations was minimized using a relatively
fast quasi-Newton method for the fitting. The given regres-
sion results (Table 3) are obtained using initial values,
which correspond to the areas (bins) of the highest conver-
sion probability. The confidence intervals of the results
were calculated using the Monte Carlo technique and are
based on the experimental errors for determination of the
lattice parameters.

The unit cell internal energy of the thermal lattice vi-
brations U(T) could be used in the 1st-order Grüneisen

536 Th. M. Gesing, C. B. Mendive, M. Curti et al.

Table 1. Calculated infrared mode positions and intensities of PbAlBO4 and PbMnBO4 at 0 K.

PbAlBO4 PbMnBO4

Wavenumber
cm�1

mode Mode descriptiona Intensity
%

Wavenumber
cm�1

mode Mode descriptiona Intensity
%

86.32 B2u Pb––O str 1.79 72.79 B2u Pb––O str 1.15

90.84 B1u Pb––O str 0.40 83.64 B1u Pb––O str 0.26

110.21 B3u O––Pb––O wa 1.09 84.09 B3u O––Pb––O wa 1.96

117.07 B2u Pb––O str 7.90 96.29 B2u Pb––O str 7.02

178.80 B1u O––M––O sci 2.87 127.56 B1u O––M––O sci 1.59

203.97 B1u O––Pb––O sci 2.66 159.21 B1u Pb––O str 3.72

216.98 B3u O––M––O sci 3.62 172.42 B3u O––M––O sci 2.77

262.47 B3u O––M––O sci 11.46 190.92 B3u O––M––O sci 4.20

266.74 B2u O––M––O sci 0.27 215.99 B2u O––M––O sci 0.69

317.46 B1u M––O––M wa 0.37 235.79 B1u O––M––O sci 0.88

321.17 B2u M––O––M wa 0.17 245.23 B2u M––O str 4.55

345.16 B3u O––B––O sci O––M––O sci 8.81 253.17 B3u O––M––O sci 1.49

374.51 B2u O––M––O sci O––B––O sci 6.51 287.08 B2u M––O––M wa 0.09

390.36 B3u O––M––O sci 9.67 307.42 B1u O––M––O sci 2.90

401.08 B1u O––M––O sci 5.03 327.36 B3u O––M––O sci 16.03

437.79 B2u M––O str 31.05 345.18 B2u M––O str 6.36

440.30 B3u M––O str O––M––O sci 3.84 362.41 B1u O––M––O sci + O––B––O sci 3.45

452.61 B1u O––M––O sci O––B––O sci 40.36 367.84 B3u O––M––O sci 1.53

496.13 B1u M––O str O––M––O sci 0.01 394.93 B1u M––O str 12.11

501.11 B2u O––M––O sci 11.47 403.70 B2u O––M––O sci 0.20

524.64 B2u O––M––O sci 0.95 430.64 B2u O––M––O sci 16.83

557.21 B1u O––M––O sci 8.17 474.34 B1u O––M––O sci 14.29

654.98 B1u O––B––O sci 0.89 589.43 B3u M––O str 38.10

664.76 B2u O––B––O sci 5.68 589.60 B1u M––O str 15.46

677.78 B3u O––B––O sci 8.97 600.24 B2u O––B––O sci 6.34

688.04 B1u O––M––O sci O––B––O wa 9.39 618.63 B1u O––B––O sci 3.69

690.27 B3u O––B––O sci 14.53 658.90 B2u O––B––O sci 1.63

706.75 B2u O––B––O wa 1.62 662.69 B3u O––B––O sci 0.90

721.35 B1u O––B––O wa 8.50 694.87 B2u O––B––O wa 7.02

733.55 B2u O––B––O sci 8.23 725.08 B1u O––B––O wa 2.94

969.12 B2u B––O str (s) 0.01 948.33 B2u B––O str(sy) 0.83

979.02 B1u B––O str (s) <0.01 949.22 B1u B––O str(sy) 2.13

1267.62 B3u B––O str (as) 100.00 1181.13 B3u B––O str(as) 100.00

1305.93 B2u B––O str (as) 24.15 1311.95 B2u B––O str(as) 24.44

1310.68 B1u B––O str (as) 36.04 1312.87 B1u B––O str(as) 60.65

a: str: streching, wa: wagging, sci: scissoring, tw: twisting, ro: rocking, s: symmetric, as: asymmetric
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approximation to the zero-pressure EoS [26] (Eq. 6) with
V0 as zero-pressure volume at 0 K to calculated Q ¼ KT/g.

VðTÞ ¼ V0 þ
UðTÞ

Q
: ð6Þ

With KT equivalent to the Birch-Murnaghan bulk-modulus
K0 the thermodynamic Grüneisen-parameter g can be de-
rived.

Results and discussion

The success of the aluminum replacement by manganese
can be seen in the systematic change of the lattice para-
meters as well as the cell volume as given in Fig. 4. The
use of 11B for the synthesis of the Pb(Al1–xMnx)11BO4

compounds did not affect the metric parameters. They do

not deviate significantly from the reported metric para-
meters [13] calculated from the in-house X-ray diffraction
data. The anisotropy parameter (Eq. (7)) increases with in-
creasing manganese content in the PbMBO4 phase.

A ¼ ja� bj þ ja� cj þ jb� cj : ð7Þ

This clearly shows that the incorporation of bigger manga-
nese (r(VIMn3þ(LS)) ¼ 72 pm and r(VIAl3þ) ¼ 67.5 pm [27])
anisotropically influences the expansion of the lattice pa-
rameters. Interestingly, the evolution of the a and b lattice
parameters with respect to the c parameter expressed as
a � b/c (normalized with respect to the value of the pure
aluminum content compound, Fig. 4) shows that the sub-
stitution has only a small effect on the directions perpendi-
cular (a, b) and parallel (c) to the octahedral chains. This
finding supports the common structural features as being
the characteristic building units of mullite-type compounds.
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Table 2. Calculated 0 K and experimental 78 K and 298 K Raman mode positions of PbAlBO4 and PbMnBO4.

PbAlBO4 PbMnBO4

Wavenumber/cm�1 mode Mode descriptiona Wavenumber/cm�1 mode Mode descriptiona

0 K DFT 78 K exp 298 K exp 0 K DFT 78 K exp 298 K exp

59.54 Ag Pb––O str 52.05 Ag Pb––O str

77.42 B1g O––Pb––O wag 63.57 B2g Pb––O––Pb rock

79.32 81.4 80.5 B2g O––Pb––O wag 65.42 B1g O––Pb––O wag

101.31 Ag Pb––O str 91.38 B3g Pb––O str

104.33 106.8 106.2 B3g Pb––O str 96.42 104.2 103.7 Ag Pb––O str

119.65 B3g Pb––O str 106.93 108.6 107.4 B3g Pb––O str

180.79 177.2 174.1 Ag O––Pb––O sci 159.98 141.1 132.9 Ag O––Pb––O sci

217.88 214.1 211.4 B3g Pb––O str 187.69 186.7 184.1 B2g Pb––O––Mn wag

234.86 231.5 229.6 B2g Pb––O––Al wag 189.54 B3g Pb––O str

236.69 B1g Pb––O––Al wag 198.24 197.4 207.4 B1g O––Pb––O rock

302.29 300.1 298.8 B2g O––Pb––O twist 213.92 217.7 208.7 Ag Mn––O str

314.07 B1g Pb––O str 226.75 B2g Pb––O––Mn wag

315.72 316.7 –– B3g Al––O––Al wag 251.35 245.2 242.3 B3g O––Mn––O twist

334.66 329.9 324.5 Ag Al––O str 273.26 265.8 263.2 B1g O––Mn––O wag

349.81 351.4 349.7 Ag Al––O––Al twist 283.15 284.4 283.0 Ag Mn––O––Mn wag

366.19 371.5 368.2 B2g O––Al––O twist 294.72 295.4 291.2 B2g O––Mn––O rock

375.09 373.3 369.7 B3g Al––O str 360.00 354.3 352.0 Ag Mn––O––Mn wag

409.74 411.9 408.5 B1g Al––O str 360.87 B3g Mn––O str

415.57 423.9 423.3 Ag O––Al––O twist þ O––B––O sci 363.82 364.8 365.1 B1g Mn––O str

475.97 B3g Al––O––Al wag þ O––B––O sci 426.66 B3g O––Mn––O twist

536.09 534.0 532.2 Ag O––B––O sci 524.86 515.9 512.9 Ag O––B––O sci

540.83 B2g O––B––O sci 543.05 531.0 527.5 B3g Mn––O––Mn wag

575.76 B3g B––O str 561.60 B2g O––B––O sci

608.61 B1g O––Al––O twist 599.28 588.9 589.2 B1g O––B––O sci

651.34 B1g O––B––O sci 622.02 616.0 614.4 B3g O––B––O sci

665.42 B3g O––B––O sci 633.04 Ag O––B––O sci

669.50 669.1 667.9 Ag O––B––O sci 633.56 626.7 625.8 B1g O––B––O sci

708.93 Ag O––B––O wag 685.13 B2g O––B––O sci

712.33 713.8 713.4 B2g O––B––O sci 694.99 –– 690.5 Ag O––B––O wag

738.41 744.8 744.5 B3g O––B––O wag 732.00 B3g O––B––O wag

958.48 B3g B––O str (s) 934.04 918.0 916.8 B3g B––O str (s)

975.06 967.6 966.9 Ag B––O str (s) 947.36 929.9 927.6 Ag B––O str (s)

1261.78 1225.7 1223.8 B2g B––O str (as) 1181.33 1139.9 1139.7 B1g B––O str (as)

1264.22 B1g B––O str (as) 1183.26 B2g B––O str (as)

1265.86 1230.6 1228.9 Ag B––O str (as) 1280.89 1224.0 1219.1 Ag B––O str (as)

1367.43 1325.0 1322.9 B3g B––O str (as) 1371.31 1303.1 1297.9 B3g B––O str (as)

a: str: stretching, wag: wagging, sci: scissoring, twist: twisting, rock: rocking, s: symmetric, as: asymmetric
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Fig. 3. Experimental thermal behavior and calculated model curves of the metric parameters (red symbols experimental, black symbols and line
modeled data) of PbAlBO4 (left) and PbMnBO4 (right). The left inserts show the thermal expansion coefficient (TEC), the right inserts the
internal energy calculated for the respective Debye (U(Di)), Einstein (U(Ei)) and anharmonicity (U(Anh)) contributions to the total energy
(U(Total)).
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With respect to the strong changes of the lattice para-
meters, or the anisotropy parameter, the small deviation
from a nearly constant a � b/c relation must be regarded as
influenced by internal structural changes. An increasing
distortion of the octahedra with increasing manganese con-
tent (Jahn–Teller distortion [28]) can be ruled out as rea-
son for this observation, because of the almost zero-slope
linearity of the a � b/c curve. The same is true for the ec-
centricity parameter [29] describing the influence of the
6 s2 lone electron pair’s stereo-chemical activity, which is
linearly correlated to the average radius of the octahedral
cations [13].

If neither the trivalent aluminum/manganese cations
with MO6 octahedra nor lead with PbO4E nido-like trigo-
nal bipyramidal coordination show any significant contri-
bution to the structural changes, this behavior must be
assigned, by default, to the trigonal coordinated boron
cations. It has been reported [13] that the infrared active
n1-mode of the BO3 group at around 960 cm�1 for
PbAlBO4 is not visible, whereas the same mode was
clearly seen at around 920 cm�1 in PbMnBO4 (Fig. 5).
From the DFT calculations of the infrared active mode
intensities it can be seen indeed that the symmetric B––O
stretching modes in PbAlBO4 (at 969 cm�1 and 979 cm�1
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Table 3. Median values and the 95% C.I. resulting from the fitting of the temperature-dependent metric parameters of PbAlBO4 and PbMnBO4.

Metric parameter V(Al)/V(Mn) a(Al)/a(Mn) b(Al)/b(Mn) c(Al)/c(Mn)

Modela DDEEA/DEEA DDEEA/DEEA DDEEA/DEEA DDEEA/DEEA

0 Kb 321:0þ0:1
�0:1

=342:2þ0:1
�0:1

697:3þ0:1
�0:1

=670:7þ0:1
�0:2

802:8þ0:1
�0:1

=860:4þ0:1
�0:1

573:4þ0:1
�0:1

=593:4þ0:2
�0:3

kD1/10�12 8:21þ1:8
�4:5

=2:90þ0:21
�0:54

�0:23þ0:19
�0:15

=� 1:28þ1:09
�0:32

3:23þ1:2
�0:4

=3:77þ0:24
�0:52

8:41þ4:8
�5:9

=13:89þ2:8
�1:0

qD1/K 430þ120
�80

=322þ25
�5

517þ33
�117

=301þ18
�33

200þ126
�5

=1506þ29
�39

913þ25
�100

=981þ65
�42

kD2/10�12 3:0þ2:1
�2:9

=�
�3:7þ1:6

�0:5

=�
10:1þ1:5

�2:4

=�
9:5þ6:8
�5:9

=�

qD2/K 1415þ124
�109

=�
1933þ48

�225

=�
1033þ39

�52

=�
673þ53

�60

=�

kE1/10�12 �3:81þ3:8
�3:1

=1:90þ0:44
�0:60

�0:09þ0:1
�2:2

=�20:74þ0:50
�1:49

1:52þ2:6
�1:5

=14:55þ0:87
�0:30

�0:01þ1:07
�0:01

=�8:66þ0:82
�2:19

qE1/K 294þ56
�44

=1363þ7
�15

1659þ68
�60

=1021þ20
�16

1366þ39
�52

=449þ43
�27

563þ350
�9

=569þ573
�46

kE2/10�12 0:4þ2:1
�0:4

=14:22þ0:96
�1:16

�7:5þ1:2
�2:5

=34:87þ0:79
�0:53

12:3þ2:4
�2:0

=�29:85þ0:62
�0:62

�12:6þ13:8
�7:4

=�0:74þ2:4
�0:8

qE2/K 2115þ143
�156

=4463þ27
�6

3136þ864
�98

=2634þ10
�10

2994þ205
�74

=3406þ83
�62

539þ167
�25

=2653þ580
�48

kA/10�12 �88:3þ38
�62

=�72þ63
�99

�0:1þ0:1
�0:3

=�78:3þ0:8
�0:5

�24:1þ13:6
�5:8

=�62þ34
�52

2:3þ13
�12

=�499þ53
�4

aA/10�5 K�1 1 1 1 1

qA/K qD1 qD1 qD1 qD1

a: DDEEA ¼ double Debye double Einstein Anharmonic model, DEEA ¼ single Debye double Einstein Anharmonic model.
b: Cell parameters a, b, c and cell volume V at 0 K are given in pm and 106 pm3, respectively. The value probabilities are given as super- and

subscript numbers.

Fig. 4. Development of the metric parameters, the relative lattice
parameter relations and the metric anisotropy parameter in
Pb(Al1–xMnx)BO4 with respect to the chemical composition.
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at 0 K) show only negligible intensities, while the same
modes in PbMnBO4 (at 948 cm�1 and 949 cm�1 at 0 K,
which could not be resolved during the measurements)
show significant intensity contributions. This was explained
with a highly symmetric BO3-group (local D3h symmetry)
for the aluminum and a reduced symmetry (CS) for the
manganese compound. Nevertheless, the local D3h symme-
try for the aluminum compound could only be assumed
within the resolution of the spectra but is disproved by the
DFT calculations.

The Raman spectra of the PbAl1–xMnxBO4 solid solu-
tion series are shown in Fig. 5. On the basis of clearly
discernible band maxima and shoulders, fitting of the
scattering features required 23 and 22 fitted bands for
PbAlBO4 and PbMnBO4 phase, respectively, in the range
between 50 cm�1 and 1400 cm�1. The primitive unit cell
of PbMBO4 contains 28 atoms with Z ¼ 4, resulting in a
total number of 84 vibrational modes. Factor group ana-
lysis predicts 36 Raman active, 38 infrared active and 10
acoustic modes for the selective site symmetries in space
group Pnam. The technical limitation of the instrument
and the low intensity of bands reduce the number of the
observed modes from the theoretical ones (Table 2). The
experimentally observed modes associated with the MO6

and PbO4 polyhedra conform closely to the corresponding
predicted frequency values. However most of the BO3

modes showed a reasonable deviation in frequency. In this
regard, the theoretical calculations with the natural boron
and the experimental observation on the 11B-enriched sam-
ples must be considered. Although the average B––O bond
distance slightly increases with a complete substitution of
aluminum with manganese, the shift of the corresponding
modes associated with the PbAlBO4 and PbMnBO4 is sig-
nificant. For PbAlBO4 a single pseudo-Voigt symmetric
band profile at about 967(1) cm�1 was observed. This
mode gradually broadens and can be resolved as a single

mode till at x ¼ 0.4. At x ¼ 0.5 this mode requires two
bands to be fitted well due to two noticeable maxima at
955(1) cm�1 and 943(1) cm�1. With increasing manganese
in the phase they both shift toward low frequency values,
and the intensity of the lower-frequency mode succes-
sively increases and finally dominates over the higher-
frequency counterpart when it reaches at 916(1) cm�1 for
x ¼ 1. The appearance and its intensity behavior may be
related to the lowering of the local symmetry of the BO3

since the deviation between two B––O distances (B––O2,
B––O12) gradually increases with increasing manganese
content (Fig. 6). Moreover, the planarity of BO3 groups
averaged from the diffraction data must be taken into ac-
count. In fact, a careful Rietveld refinement of the neutron
powder diffraction data demonstrates that the boron atom
is located as much as 0.8(1) pm above the BO3-plane. This
observation at least validates our early prediction based on
the infrared spectra [13].

From the refinements of the neutron powder diffraction
data the position of the boron and oxygen atoms can be
refined much more accurately as compared to X-ray data.
On the other hand parameters of heavy atoms like lead
could be much better refined using X-ray diffraction. There-
fore we used a combined refinement of neutron and X-ray
powder diffraction data accepting the different displace-
ment parameters obtained from neutron and X-ray data to
be treated with only one displacement parameter each. From
these refinements a continuous increase of the M––O11
and M––O12 distances, as given in Fig. 6, representing the
equatorial plane of the MO6 octahedron (Fig. 1) with in-
creasing manganese content is observed. The correspond-
ing M––O2 distances first decrease from 200.1(2) pm to
198.3(4) pm at about x ¼ 0.7 and then remain around this
value. The average M––O distance increases linearly up to
50 % substitution, and with a slightly higher slope with
higher manganese content, indicating the dominance of

540 Th. M. Gesing, C. B. Mendive, M. Curti et al.

Fig. 5. Room-temperature Infrared (data
taken from [13]) and Raman spectra
(left) together with the calculated 0 K
infrared mode frequencies and intensi-
ties (~) and Raman 0 K mode frequen-
cies (|) of PbMBO4 (M ¼ Al, Mn). The
Raman spectra of Pb(Al1–xMnx)BO4 so-
lid solution with respect to the chemi-
cal composition are given in the right
part (x ¼ 0.1 includes impurities).
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either aluminum or manganese in the compounds for the
phases having the respective higher contents. The Pb––O
distances increase as well with increasing manganese
content, which reflects the larger octahedral O11––O12
distances. It is interesting to note that for the aluminum
compound the two different Pb––O11 distances with
232.4(4) pm and 234.0(3) pm are very close to each other,
placing the lead atoms in the center between two different
octahedra, whereas in the manganese end-member the re-
spective distances are 235.2(5) pm and 241.9(6) pm. The
two Pb––O2 distances are identical, because of the sym-
metry. If one takes into account that both lead and boron
atoms interconnect the octahedral chains in an ordered man-
ner these observations might be less surprising. With in-
creasing manganese content the B––O12 distance decreases
from 137.8(3) pm for x ¼ 0 to 136.5(7) for x ¼ 1 in the
PbAl1–xMnxBO4 solid solution. In contrast the B––O2 dis-
tances increase from 138.1(5) pm to 139.5(4) pm (Fig. 6).
This not only leads to an increase of the average B––O
distances with increasing manganese content, but also to
an increase of the bond difference between B––O2 and
B––O12 bonds. Whereas this difference is nearly 0 for
PbAlBO4 (Fig. 6), which represents nearly D3h symmetry,
a deviation of 3.0(5) pm could be calculated for PbMnBO4

representing the above mentioned CS symmetry. Having
the shortest and therefore strongest bond of the three dif-
ferent building units (BO3, MO6, PbO4E) in this mullite-
type compound, the BO3 group is also influenced by the
successive replacement of aluminum with manganese. This
influence can be seen in the thermal behavior of the two
end-members. Both phases show positive thermal expan-
sion of the unit cell volume as well as for the b and c
direction (Fig. 3). As can be seen from the thermal expan-
sion coefficient (TEC) the expansion behavior is non-line-
ar. Also for the a lattice parameters the TEC shows a non-
linear behavior, but here the thermal expansion is negative
for both end-members.

From the high-temperature neutron powder diffraction
Rietveld refinements of PbAlBO4 between 300 K and
870 K three different observations can be made. First, the
BO3 group, which is nearly symmetric at 300 K (B––O12
137.90(23) pm, B––O2 137.70(15) pm) has equivalent dis-
tances of 137.75(27) pm (B––O12) and 137.75(18) pm
(B––O2) at 870 K; second, the AlO6 octahedra as well as
the PbO4E polyhedra distort more with increasing tem-
perature; third, the inclination angle w [1] decreases from
78.40(3)� at 300 K to 77.99(3)� at 870 K. These observations
clearly show that with increasing temperature the strong
BO3 bonds make this building unit symmetric, which dis-
torts the other two cation polyhedra and leads to a tilt of
the AlO6 octahedra. This in turn elongates the b-direction
at the expense of the a-direction. The tilting of the octahe-
dra is limited to a small angle value and it is not comple-
tely clear if this is the only driving force for the negative
thermal expansion of the a lattice parameter. Nevertheless,
from the temperature-dependent lattice parameter change it
is obvious that the negative expansion of the a lattice pa-
rameter and the positive expansion of the b lattice para-
meter are correlated. The same is the case for the PbMnBO4

phase, but the negative thermal expansion of the a lattice
parameter turns over to a slightly positive one at around
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Fig. 6. Development of the interatomic distances and the bond length
deviation of the BO3-group in Pb(Al1–xMnx)BO4 with respect to the
chemical composition calculated from the combined X-ray and neu-
tron powder diffraction data refinement results.
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950 K. In the same temperature region the TEC of the
b-direction becomes nearly 0 indicating also here an in-
flection of the thermal expansion. The internal energy for
the thermal expansion of both end-members was calculated
using the double-Debye-double-Einstein-Anharmonicity
(DDEEA) volume equation of state for the single lattice
parameters. It can be seen that the negative thermal expan-
sion for PbAlBO4 could best be described with two nega-
tive Einstein contributions for the negative thermal expan-
sion whereas for PbMnBO4 the Einstein kE2 parameter
becomes positive. For the b lattice parameter this behavior
is opposite, meaning kE2 is positive for PbAlBO4 and
negative for PbMnBO4. Secondly the kD1 parameter for
the low-temperature describable Debye contribution for
PbMnBO4 is negative, meaning that, from 0 K on, the
thermal expansion of the a lattice parameter is negative.
Nevertheless, one has to take into account that this contri-
bution is small (KD1 ¼ �1.3(6) � 10�12; Table 3) and could
not be exactly determined unless highly accurate lattice
parameters at very low temperatures are measured and
evaluated. The same argument of non-accurate determina-
tion possibilities of the Debye contribution is true for the
unit cell volume. On the other hand this contribution is an
important factor to calculate the thermodynamic Grüneisen
parameter as expression for the dependency of the phonon
frequencies from the volume change (which is dependent
from the temperature). From the DDEEA calculations of
the volume behavior kD1 ¼ 8.2 � 10�12 and kD2 ¼ 3.0 � 10�12

are calculated for PbAlBO4 which yields in an average
kD ¼ 5.6 � 10�12 and kD ¼ 2.9 � 10�12 for PbMnBO4. Since
kD could be expressed as equal to K0/g one can easily
calculate the thermodynamic Grüneisen parameter if the
bulk modulus K0 is known.

Whereas for PbAlBO4 we were able to determine the
bulk modulus from pressure-dependent synchrotron X-ray
powder data refinement results, these data are not avail-
able for PbMnBO4. Therefore we carried out DFT calcula-
tions on the pressure-dependent volume change as well as
the modification of global energy changes with changing
unit-cell volume to theoretically calculate the bulk modu-
lus using the 3rd-order Birch-Murnaghan isothermal equa-
tion of state in its pressure (Eq. (1a)) and energy (Eq. (1b))
form. It could be seen from Table 4 that the calculated
values for the bulk modulus are very close to each other,
which validates the results from the different theoretical

approaches and moreover correlate well to the high-pres-
sure diamond anvil cell experiments. The first derivative
of the calculated bulk modulus is lower, but it is within
the standard deviation when compared to the experimental
value K 00 ¼ 8.3(13) for PbAlBO4. Differences in K0 and
K 00 values could be attributed to different values of V0

used and to the fact that K0 and K 00 are inversely corre-
lated. Based on results of theoretical calculations and ex-
perimentally obtained values of K0 and K 00 for PbAlBO4 it
appears that the DFT calculations yield realistic values for
the EoS parameters. Therefore it is fair to assume that the
respective parameters calculated theoretically for PbMnBO4

are also accurate.
From the evaluated Debye fitting parameter kD1 and the

calculated and experimental bulk moduli (76.1(6) GPa
for PbAlBO4 and 49.8(38) GPa for PbMnBO4) it is pos-
sible to extract the thermodynamic Grüneisen parameter
to be gAl ¼ 0.14(1) and gMn ¼ 0.17(3) for PbAlBO4 and
PbMnBO4, respectively. Surprisingly these values are
rather small. Nevertheless, these are the first values pub-
lished for mullite and mullite-type compounds known to
have physical properties such as small thermal expansion
or high creep resistance [1]. From the small change of
internal energy with increasing temperature and the rigid
behavior of the structural building units, mainly the BO3

groups for these compounds; this could be a characteristic
of this structural family. More detailed experiments are
necessary to validate this hypothesis.

Conclusion

Upon manganese substitution in PbAlBO4 the rigidity of
BO3 changes only slightly (including its planarity) leading
to an insignificant degree of freedom for structural changes.
Probably due to the highest distortion of the BO3 group in
PbMnBO4 the thermal expansion coefficient of the a lat-
tice parameter changes from negative to positive values at
around 950 K.

The mullite-type PbMBO4 seems to be intrinsically an-
harmonic at a very fundamental level associated with soft
modes of PbO4E, rigid modes of BO3 and intermediate
rigidity of MO6. It is therefore reasonable to assume that
neither the Einstein harmonic nor the Debye quasi-harmo-
nic model adequately explain the thermal expansion of the
materials, and adopting an anharmonic term is reasonable.

The characteristic Debye or Einstein temperature ex-
tracted from the thermal expansion simulations using a
first order Grüneisen approach may significantly differ
from that calculated using the second order Grüneisen ap-
proach; for simplicity and to reduce the number of refin-
able parameters we used the former one.

While M0 and kD1 corresponds to the cell volume and
g/K0 ratio (Grüneisen parameter/bulk modulus) at zero-
pressure and 0 K, respectively, they refer only to corre-
sponding hypothetical value for the cell parameter a, b
and c.

Although V0 is complementary between the experimen-
tal and the theoretical values, the uncertainly due to non-
linear extrapolation down to 0 K and the magneto-volume
effect (restrict only to ferromagnetic PbMnBO4 below
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Table 4. Experimental and theoretical Bulk moduli of PbMBO4

(M ¼ Al, Mn) evaluated by 3rd order B-M EoS.

Method K0/GPa K 00 V0

PbAlBO4

Exp. 76.1(6) 8.3(13) 321.93(1)

DFT-Ea 77.6(3) 6.9(21) 322.10(1)

DFT-Pa 77.4(2) 6.5(19) 321.95(1)

PbMnBO4

Exp. –– –– 342.96(1)

DFT-Ea 46.9(14) 8.4(23) 347.9(1)

DFT-Pa 52.7(18) 8.4(36) 347.9(1)

a: P: pressure-dependent fit, E: energy-dependent fit
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31 K [7]) cannot be ignored. The high characteristic tem-
peratures might arise from this uncertainty. A careful bin-
ning of some oscillator frequencies in the distribution func-
tion can be tested during regression for corresponding
realistic values but, of course, best would be to simulate
using low-temperature data.
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