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a b s t r a c t

This paper addresses the problem of adaptive neural sliding mode control for a class of multi-input
multi-output nonlinear system. The control strategy is an inverse nonlinear controller combined with an
adaptive neural network with sliding mode control using an on-line learning algorithm. The adaptive
neural network with sliding mode control acts as a compensator for a conventional inverse controller in
order to improve the control performance when the system is affected by variations in its entire structure
(kinematics and dynamics). The controllers are obtained by using Lyapunov's stability theory. Experi-
mental results of a case study show that the proposed method is effective in controlling dynamic systems
with unexpected large uncertainties.

& 2013 Elsevier Ltd. All rights reserved.

1. Introduction

In general, different nonlinearities of a system are difficult to
treat within a single theoretical framework. Sometimes, owing
to limited knowledge about physical phenomena, some explicit
phenomena cannot be described accurately by nonlinear func-
tions. These factors make it difficult to design controllers for
nonlinear systems. Many methodologies, such as feedback linear-
isation control (Slotine and Li, 1991; Isidori, 1995) and optimal
control (Dierks and Jagannathan, 2010; Imae et al., 2009; Zhang
et al., 2009) are based on the assumption that the mathematical
model of the nonlinear system is known. However, the explicit
formulation of many real complex systems is very difficult and
many times the exact mathematical model is not available. In this
case, conventional control methods may be insufficient to obtain a
controller that provides good performance. Some solutions have
been proposed, such as robust control (Chen et al., 2010; Kuperman
and Zhong, 2011), neural networks (NNs) (Liu et al., 2004; Das and
Kar, 2006; Rossomando et al., 2011) and fuzzy control systems
(Sang et al., 2012).

Recently, the design of control systems with neural adaptation
has been discussed widely in the literature and the analytical
study of adaptive control systems using nonlinear functions with
universal approximators has also received much attention. Gen-
erally, these methods use fuzzy logic and neural networks (NNs) as
approximation models for the unknown nonlinear systems. In
Zhang and Quan (2001), a fuzzy system of a hyperbolic model is
used to identify and control a nonlinear model and in Li and Tong
(2003), a state observer is used to control a multi-input multi-
output (MIMO) nonlinear system using an adaptive fuzzy con-
troller. In both cases, the adaptive controller must learn the entire
dynamics. In Zhang et al. (2009), an algorithm is developed to
determine the approximate optimal control for a nonlinear dis-
crete system with constraints. The effectiveness of the control
technique is proven through a simulation study.

Mclain et al. (1999) present an adaptive nonlinear control that
does not require a detailed model of the process. Nevertheless, this
method is addressed to single-input single-output systems and
the controller must identify the entire structure of the system.
One common technique by which to obtain the controller of an
adaptive nonlinear system is the design based on some stability
theory (for example the Lyapunov method), from which the
parameter adjustment law is obtained.

The most useful property of NNs in control theory is their
learning ability in approximating a nonlinear function. From this,
many controllers based on NNs have been developed for
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compensation of nonlinearities and uncertainties in control sys-
tems (Liu et al., 2004; Rossomando et al., 2011).

In this work, the problem of adaptive neural control for a type of
nonlinear dynamic system with unmodelled uncertainties is con-
sidered. The goal is to develop a feedback linearisation controller
and an adaptive NN with sliding surfaces, in order to guarantee
asymptotic convergence of the control errors to zero. The adaptive
neural sliding mode compensation (ANSMC) will have the effect of
reducing the difference in the parameter adjustment between the
real model and the nominal model used for the design of the
feedback linearisation controller. The ANSMC should be set on-line,
reducing the effects of model uncertainties and all possible dis-
turbances that may appear. This control technique does not need to
learn the entire model of the system and it allows compensation for
all model uncertainties by means of a single neural network.

The paper is organised as follows. Section 2 presents a general
view of the nonlinear systems (MIMO) and the description of the
uncertainties. In Section 3, the formulation of the analytical model is
presented. The study of the feedback linearisation controller and the
compensation radial basis function (RBF) network with sliding sur-
face is carried out in Section 4. In Section 5, the stability is analysed to
obtain the law for parameter adjustment. In Section 6, an analysis of
a mobile robot is performed and in the Section 7, the experimental
results are presented. Finally, Section 8 offers conclusions that
confirm the effectiveness and applicability of the proposed method.

2. Problem formulation

Considering the parameter uncertainties and unmodelled
dynamics, the system model can be expressed in compact form as

_x¼ f ðxÞþ ~f ðxÞþ ∑
m

i ¼ 1
ðgiðxÞþ ~giðxÞÞui

y1 ¼ h1ðxÞþ ~h1ðxÞ
⋮

ym ¼ hmðxÞþ ~hmðxÞ ð1Þ
where x¼[x1,x2,…,xn]TAℜn is the state vector, u¼[u1,u2,…,
um]TAℜm is the control input vector, y¼[y1,y2,…,ym]TAℜm is the
output vector and f, gi, and hi, are smooth nonlinear functions.

Assumption 1. Dynamic variations in (1) produce the smooth
vector fields represented by ~f ðxÞ, ~g xð Þ and ~hðxÞ, which represent
nonlinear unknown functions.

Assumption 2. The desired trajectories yjref; j¼1, 2,…, n and their
time derivatives up to the nth order are continuous and bounded
functions.

Assumption 3. The input signals ui; i¼1, 2,…, m are continuous
and bounded functions.

3. Model representation

The MIMO nonlinear system from (1) without uncertainties is
given by

_x¼ f ðxÞþ ∑
m

i ¼ 1
giðxÞui

y1 ¼ h1ðxÞ
⋮
ym ¼ hmðxÞ ð2Þ

If the system is feedback linearisable (Slotine and Li, 1991) by
static state feedback and it has a well-defined vector relative degree
r¼[r1, r2,…, rm]T, where the ri′s are the smallest integers such that at
least one of the inputs appears in yi(ri), the input-output (IO)

differential equations of the system are given by

yðriÞi ¼ LðriÞf hiðxÞþ ∑
m

j ¼ 1
LgjðLðri�1Þ

f hiðxÞÞuj ð3Þ

with at least one of Lgj(Lf(ri-1)h(x))a0. Note that Lgjhi(x):Rn-R is
the Lie derivative of h(x) with respect to f and g, which are given
by Lfjhi(x)¼(∂hi(x)/∂x)f(x) and Lgjhi(x)¼(∂hi(x)/∂x)g(x).

This way, the plant IO equation can be written as

yðr1Þ1

yðr2Þ2

⋮
yðrmÞ
m

0
BBBB@

1
CCCCA¼

Lðr1Þf h1ðxÞ
Lðr2Þf h2ðxÞ

⋮
LðrmÞ
f hmðxÞ

0
BBBBB@

1
CCCCCAþ

∑
m

j ¼ 1
LgjðLðr1�1Þ

f h1ðxÞÞuj

∑
m

j ¼ 1
LgjðLðr2�1Þ

f h2ðxÞÞuj

⋮

∑
m

j ¼ 1
LgjðLðrm�1Þ

f hmðxÞÞuj

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

¼

Lðr1Þf h1ðxÞ
Lðr2Þf h2ðxÞ

⋮
LðrmÞ
f hmðxÞ

0
BBBBB@

1
CCCCCAþ

Lg1ðLðr1�1Þ
f h1ðxÞÞ … LgmðLðr1�1Þ

f h1ðxÞÞ
Lg1ðLðr2�1Þ

f h2ðxÞÞ LgmðLðr2�1Þ
f h2ðxÞÞ

⋮ ⋮
Lg1ðLðrm�1Þ

f hmðxÞÞ … LgmðLðrm�1Þ
f hmðxÞÞ

0
BBBBB@

1
CCCCCA

u1

u2

⋮
um

0
BBB@

1
CCCA

ð4Þ
or in compact form

yðrÞðtÞ ¼AðxÞþBðxÞuðtÞ ð5Þ
where

yðrÞðtÞ ¼

yðr1Þ1

yðr2Þ2

⋮
yðrmÞ
m

0
BBBB@

1
CCCCA; AðxÞ ¼

Lðr1Þf h1ðxÞ
Lðr2Þf h2ðxÞ

⋮
LðrmÞ
f hmðxÞ

0
BBBBB@

1
CCCCCA;

BðxÞuðtÞ ¼

Lg1ðLðr1�1Þ
f h1ðxÞÞ … LgmðLðr1�1Þ

f h1ðxÞÞ
Lg1ðLðr2�1Þ

f h2ðxÞÞ LgmðLðr2�1Þ
f h2ðxÞÞ

⋮ ⋮
Lg1ðLðrm�1Þ

f hmðxÞÞ … LgmðLðrm�1Þ
f hmðxÞÞ

0
BBBBB@

1
CCCCCA

u1

u2

⋮
um

0
BBB@

1
CCCA

Assumption 4. The matrix B, as defined above, is non-singular,
i.e., B�1 exists and has bounded norm for all xASx,tZ0, where
SxAℜn is some compact set of allowable state trajectories. This is
equivalent to assuming
λpðBÞ4λmin40
jjBjj2 ¼ λ1ðBÞrλmaxo1 ð6Þ

where λp(B) and λ1(B) are the smallest and largest singular values
of B, respectively. In addition, in order to be able to guarantee state
boundedness under state feedback linearisation, the following
assumption is required.

Assumption 5. The plant is feedback linearisable by static state
feedback; it has a general vector relative degree and its zero dynamics
are exponentially attractive (Isidori, 1995) and the state vector is
available for measurement. The output tracking error is defined as

e¼ y�yr ¼

y1
y2
⋮
ym

0
BBBB@

1
CCCCA�

yref1
yref2
⋮

yrefm

0
BBBB@

1
CCCCA¼

e1
e2
⋮
em

0
BBB@

1
CCCA ð7Þ

4. Design of adaptive neural sliding mode compensation

The control objective is to design an adaptive neural controller
that guarantees boundedness of all closed-loop variables and
tracking of a given bounded reference signal vector yr. The
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adaptive neural sliding mode method, which is based on the NN-
RBF model, can solve this kind of control problem (Tsai et al.,
2004).

The state tracking error is defined as e(t)¼y(t)�yr(t) and the
control objective is to find a control law such that output y follows
the desired trajectory yr, in other words, the tracking error should
converge to zero.

A sliding surface S(t) for the MIMO system can be defined in
terms of the control error:

SðtÞ ¼

dðr1Þ

dtðr1Þ
þk1

� �
⋯ 0

⋮ ⋮

0 ⋯ dðrmÞ

dtðrmÞ þkm
� �

0
BBB@

1
CCCA
Z t

0
eðτÞ dτ¼

eðr1�1Þ
1 ðtÞþk1

R t
0 e1ðτÞ dτ

eðr2�1Þ
2 ðtÞþk2

R t
0 e2ðτÞ dτ

⋮
eðrm�1Þ
m ðtÞþkm

R t
0 emðτÞ dτ

0
BBBBB@

1
CCCCCA
ð8Þ

The time derivate of the sliding surface S(t) is

_SðtÞ ¼ d
dt

eðr1�1Þ
1 ðtÞþk1

R t
0 e1ðτÞdτ

eðr2�1Þ
2 ðtÞþk2

R t
0 e2ðτÞdτ

⋮
eðrm�1Þ
m ðtÞþkm

R t
0 emðτÞdτ

0
BBBBB@

1
CCCCCA¼

dðr1Þ

dtðr1Þ
ðy1�yref1Þþk1e1

dðr2Þ

dtðr2Þ
ðy2�yref2Þþk2e2

⋮
dðrmÞ

dtðrmÞðym�yrefmÞþkmem

0
BBBBB@

1
CCCCCA
ð9Þ

In order to make the system state remain on the sliding surface,
let _SðtÞ ¼ 0,

_S tð Þ ¼

Lðr1Þf h1ðxÞþ ∑
m

j ¼ 1
LgjðLðr1�1Þ

f h1ðxÞÞuj�
dðr1Þ

dtðr1Þ
yref1

!
þk1e1

 

Lðr2Þf h2ðxÞþ ∑
m

j ¼ 1
LgjðLðr2�1Þ

f h2ðxÞÞuj�� dðr2Þ

dtðr2Þ
yref2

!
þk2e2

 

⋮

LðrmÞ
f hmðxÞþ ∑

m

j ¼ 1
LgjðLðrm�1Þ

f hmðxÞÞuj�� dðrmÞ

dtðrmÞyrefm

!
þkmem

 

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

¼

0
0
⋮
0

0
BBB@

1
CCCA

ð10Þ
Rearranging (10),

Lg1ðL r1�1ð Þ
f h1ðxÞÞ Lg2ðL r1�1ð Þ

f h1ðxÞÞ ⋯ LgmðL r1�1ð Þ
f h1ðxÞÞ

Lg1ðL r2�1ð Þ
f h2ðxÞÞ Lg2ðL r2�1ð Þ

f h2ðxÞÞ ⋯ LgmðL r2�1ð Þ
f h2ðxÞÞ

⋮ ⋮ ⋮
Lg1ðL rm�1ð Þ

f hmðxÞÞ Lg2ðL rm�1ð Þ
f hmðxÞÞ ⋯ LgmðL rm�1ð Þ

f hmðxÞÞ

0
BBBBB@

1
CCCCCA

u1

u2

⋮
um

0
BBB@

1
CCCA

¼

dðr1Þ

dtðr1Þ
yref1�Lf h1ðxÞ�k1e1

dðr2Þ

dtðr2Þ
yref2�Lf h2ðxÞ�k2e2

⋮
dðrmÞ

dtðrmÞyrefm�Lf hmðxÞ�kmem

0
BBBBB@

1
CCCCCA ð11Þ

the corresponding equivalent control law u(t) is expressed as
follows:

u1

u2

⋮
um

0
BBB@

1
CCCA¼

Lg1ðLðr1�1Þ
f h1ðxÞÞ Lg2ðLðr1�1Þ

f h1ðxÞÞ ⋯ LgmðLðr1�1Þ
f h1ðxÞÞ

Lg1ðLðr2�1Þ
f h2ðxÞÞ Lg2ðLðr2�1Þ

f h2ðxÞÞ ⋮
⋮ ⋮

Lg1ðLðrm�1Þ
f hmðxÞÞ Lg2ðLðrm�1Þ

f hmðxÞÞ ⋯ LgmðLðrm�1Þ
f hmðxÞÞ

0
BBBBB@

1
CCCCCA

�1

�

�Lf h1ðxÞþ dðr1Þ

dtðr1Þ
yref1�k1e1

�Lf h2ðxÞþ dðr2Þ

dtðr2Þ
yref2�k2e2

⋮
�Lf hmðxÞþ dðrmÞ

dtðrmÞyrefm�kmem

0
BBBBB@

1
CCCCCA ð12Þ

Now, the problem of controlling the uncertain nonlinear system
(4), defining a control law un that guarantees the sliding con-
dition treated in (Tsai et al., 2004), is composed of an equivalent

control (12) and a discontinuous term uS¼�Γ sign(S) defined by

u1

u2

⋮
um

0
BBB@

1
CCCA¼

Lg1ðLðr1�1Þ
f h1ðxÞÞ Lg2ðLðr1�1Þ

f h1ðxÞÞ ⋯ LgmðLðr1�1Þ
f h1ðxÞÞ

Lg1ðLðr2�1Þ
f h2ðxÞÞ Lg2ðLðr2�1Þ

f h2ðxÞÞ ⋮
⋮ ⋮

Lg1ðLðrm�1Þ
f hmðxÞÞ Lg2ðLðrm�1Þ

f hmðxÞÞ ⋯ LgmðLðrm�1Þ
f hmðxÞÞ

0
BBBBB@

1
CCCCCA

�1

:::

�Lf h2ðxÞþ dðr1Þ

dtðr1Þ
yref1�k1e1

�Lf h2ðxÞþ dðr2Þ

dtðr2Þ
yref2�k2e2

⋮
�Lf hmðxÞþ dðrmÞ

dtðrmÞyrefm�kmem

0
BBBBB@

1
CCCCCA�

Γ1 0 ⋯ 0
0 Γ2 0
⋮ ⋮
0 0 ⋯ Γm

0
BBB@

1
CCCA

signðS1Þ
signðS2Þ

⋮
signðSmÞ

0
BBBB@

1
CCCCA

2
666664

3
777775

ð13Þ
where Γi is a given positive constant and sign(Si) is defined by

signðSiÞ ¼
1 for Si40
0 for Si ¼ 0
�1 for Sio0

8><
>: ð14Þ

Now, considering the Lyapunov function candidate defined as

V ¼ ∑
i ¼ m

1
2
ðS2i Þ ð15Þ

and differentiating (15) with respect to time along the system
trajectory as

_V ¼ ∑
m

i ¼ 1
Si _Si ¼ ∑

m

i ¼ 1
Si

dðriÞ

dtðriÞ
eiðtÞþkieiðtÞ

 !
¼ ∑

m

i ¼ 1
Si

dðriÞ

dtðriÞ
ðyi�yref iÞþkieiðtÞ

 !
¼ :::

¼∑m
i ¼ 1Si Lf hiðxÞþ ∑

m

j ¼ 1
LgjðLðr1�1Þ

f hiðxÞÞuj�
dðriÞ

dtðriÞ
yref iþkieiðtÞ

! 

ð16Þ
Replacing (13) in (16),

_V ¼ ∑
m

i ¼ 1
Si _Si ¼ ∑

m

i ¼ 1
Sið�Γi sgnðSiÞÞr� ∑

m

i ¼ 1
ΓijSij ð17Þ

Then, dividing every term in (17) by jSij and integrating both
sides over the interval 0rtrtS, where tS is the time required to
reach the surface S, the following is obtained:Z tS

0

Si
Sij j

_Si

� �
dtr�

Z tS

0
Γi dt

which implies that

SiðtSÞ
�� ��� Sið0Þ

�� ��r�ΓitS ð18Þ
This way, noting that Si(tS)¼0, one has

tSr
Sið0Þ
�� ��
Γi

ð19Þ

and consequently, a finite time convergence to sliding surface S.
Now, considering the model indicated in (1) with parameter
uncertainties, the unmodelled structure and external disturbances
can be expressed as

yðr1Þ1

yðr2Þ2

⋮
yðrmÞ
m

0
BBBB@

1
CCCCA¼

Lf h1ðxÞþΔLf h1ðxÞ
Lf h2ðxÞþΔLf h2ðxÞ

⋮
Lf hmðxÞþΔLf hmðxÞ

0
BBBB@

1
CCCCA

þ

∑
m

j ¼ 1
LgjðL r1�1ð Þ

f h1ðxÞÞujþ :::

∑
m

j ¼ 1
LgjðL r2�1ð Þ

f h1ðxÞÞujþ :::

⋮

∑
m

j ¼ 1
LgjðL rm�1ð Þ

f h1ðxÞÞujþ :::

þ ∑
m

j ¼ 1
ΔLgjðL r1�1ð Þ

f h1ðxÞÞuj

þ ∑
m

j ¼ 1
ΔLgjðL r2�1ð Þ

f h1ðxÞÞuj

⋮

þ ∑
m

j ¼ 1
ΔLgjðL rm�1ð Þ

f h1ðxÞÞuj

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

ð20Þ
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The relation between ~f ðxÞ, ~gðxÞ, ~hðxÞ, ΔLfhi (x) and ΔLgjhi(x) are
indicated by

Lf hiðxÞþΔLf hiðxÞ ¼ ∂hiðxÞ
∂x f ðxÞþ ∂ ~hiðxÞ

∂x f ðxÞþ ∂hiðxÞ
∂x

~f ðxÞþ ∂ ~hiðxÞ
∂x

~f ðxÞ

L2f hiðxÞþΔL2f hiðxÞ ¼
∂ðLf hiðxÞþΔLf hiðxÞÞ

∂x
½f ðxÞþ ~f ðxÞ�

⋮

LðrmÞ
f hiðxÞþΔLðrmÞ

f hiðxÞ ¼
∂ðLðrm�1Þ

f hiðxÞþΔLðrm�1Þ
f hiðxÞÞ

∂x
½f ðxÞþ ~f ðxÞ� ð21Þ

and in the same way,

LgjðLðri�1Þ
f h1ðxÞþΔLðriÞf hiðxÞÞ ¼ LgjðLðri�1Þ

f h1ðxÞÞþΔLgjðLðriÞf hiðxÞÞ

¼
∂ðLðri�1Þ

f hiðxÞþΔLðri�1Þ
f hiðxÞÞ

∂x
½gjðxÞþ ~gjðxÞ� ð22Þ

Replacing the proposed control action of (13) in (20) gives

d
dt
SðtÞ ¼

�k1e1þΔLf h1ðxÞþ ∑
m

j ¼ 1
ΔLgjðLðr1�1Þ

f h1ðxÞÞuj�Γ1 signðS1Þ

�k2e2þΔLf h2ðxÞþ ∑
m

j ¼ 1
ΔLgjðLðr1�1Þ

f h2ðxÞÞuj�Γ2 signðS2Þ

⋮

�kmemþΔLf hmðxÞþ ∑
m

j ¼ 1
ΔLgjðLðr1�1Þ

f hmðxÞÞuj�Γm signðSmÞ

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA

ð23Þ

Usually, the sliding mode control is considered to improve the
robustness of the closed loop system when it has external dis-
turbances and modelling uncertainties. In electromechanical sys-
tems, the “chattering” effect in the control action is undesirable,
because it could produce a mechanical resonance causing damage
to the system. To solve this problem, a term viN(t) should be added
in the control action to compensate the uncertainties and distur-
bances on the system and to reduce simultaneously the “chatter-
ing”, which is highly detrimental for closed loop control.

From (13), the adaptive sliding control compensation is
expressed as

u1

u2

⋮
um

0
BBB@

1
CCCA¼

Lg1ðL r1�1ð Þ
f h1ðxÞÞ Lg2ðLðr1�1Þ
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ð24Þ
where viN is a compensation variable that can be approximated

by RBF-NN; the parameters being tuned on-line.

vniN ¼wnT
ij ξ

n

j ðx; cn;ηnÞþ ∑
m

j ¼ 1
φn

ijξ
n

j ðx; cnj ;ηn

j Þujþεin i¼ 1;2;3::m ð25Þ

where wn(s�m), φn(s�m) and ξn(s� 1) are optimal parameter
vectors of weight w, the input weights vector φ and the radial

basis functions ξ, respectively; cn and ηn are optimal parameter
vectors of centres c and widths η, respectively; s is the neurons
number and εn is the approximation error.

In practice, the functions (unmodelled uncertainties in our case)
(21) can be approximated correctly in a compact set by using a
sufficient number of RBF neurons (Park and Sandberg, 1991).

Assumption 6. ΔLfhi(x) and ΔLgj(Lf(ri-1)hi(x)) functions can be
approximated by the output of an RBF-NN (Cybenko, 1989) with
the approximation error bounded by

jΔLf hiðxÞ�wnT
i ξnðx; cn;ηnÞjþ ∑

m

j ¼ 1
ΔLgjðLðri�1Þ

f hiðxÞÞuj� ∑
m

j ¼ 1
φn

ijξ
n

j ðx; cnj ;ηn

j Þuj

�����
�����

rεin 8xA ℝm ð26Þ
where x is the input vector to the RBF-NN, εMax Zεin40 is the

bound of the approximation error, wn and φn, are the output
optimal weight vector, l41 is the number of the NN nodes and
ξðxÞ ¼ ½ξ1ðxÞ; ξ2ðxÞ::::ξlðxÞ�T is defined by

ξni ðx; cn; ηnÞ ¼ exp½�ηn2i ðx�cni ÞT ðx�cni ÞT � ð27Þ

with cn ¼ ½cn1 cn2 ::: cnn�T in the centre of the receptive field
and ηn the width of the Gaussian function.

Assumption 7. The function approximation weights w and φ are
bounded:
wMax ¼ suptAℜþ ‖wðtÞ‖ φMax ¼ suptAℜþ ‖φðtÞ‖ ð28Þ

The optimal parameters of (28) are unknown and therefore, it
is necessary to estimate their values. Defining an estimation
function:

v̂iN ¼ ŵT
i ξ̂ðx; ĉ; η̂Þþ ∑

ω

j ¼ v
φ̂ijξ̂jðx; ĉj; η̂jÞujþεin i¼ 1;2; ::;m ð29Þ

where ŵ, ξ̂ and φ̂ are estimated parameter vectors of w, ξ and
φ, respectively and ĉ and η̂ are estimated parameter vectors of c
and η, respectively.

Defining ~w ¼wn�ŵ, ~ξ ¼ ξn�ξ̂ and ~φ ¼ φn�φ̂, the neural com-
pensation v̂N can be written as

v̂iN ¼ ŵT
i ξ̂ðx; ĉ; η̂Þþ ~wT

i ξ̂ðx; ĉ; η̂ÞþŵT
i
~ξðx; ~c; ~ηÞþ ~wT

i
~ξðx; ~c; ~ηÞþ :::

þ ∑
m

j ¼ 1
½φ̂ijξ̂jðx; ĉj; η̂jÞujþ ~φ ijξ̂jðx; ĉj; η̂jÞujþ φ̂ij

~ξ jðx; ~cj; ~η jÞuj

þ ~φ ij
~ξ jðx; ~cj; ~η jÞuj�þεin ð30Þ

where ~wT ξ̂þŵT ~ξ represents the learning error and it is
considered ~wT ~ξ and ∑m

j ¼ 1φ̂ij
~ξjuj into εin.

Now, it is expressed ŵiξ̂ðx; ĉ; η̂Þ ¼ΔLf hiðxÞ and ∑m
j ¼ 1φ̂ijξ̂jðx;

ĉ; η̂Þuj ¼∑m
j ¼ 1ΔLgjðLðri�1Þ

f hiðxÞÞuj

Combining control law (24) and neural compensation (30) into
the robotic model (20), the closed loop error equation becomes

Using an approximation for the function ~ξ ¼ ξnðx; cn;ηnÞ�
ξ̂ðx; ĉ; η̂Þ, in order to deal with ξn, Taylor's expansion of ~ξ is taken

d
dt
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⋮
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½ ~φ2jξ̂jðx; ĉj; η̂jÞujþ φ̂2j

~ξðx; ~c j; ~η jÞuj��ε2n

⋮
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from cn ¼ ĉ and ηn ¼ η̂.

ξnðx; cn;ηnÞ ¼ ξ̂ðx; ĉ; η̂ÞþΞT ~cþΦT ~ηþΟðx; ~c; ~ηÞ ð32Þ

where O denotes the high-order arguments in a Taylor's series
expansion and Ξ and Φ are derivatives of ξnðx; cn;ηnÞ with respect
to cn and ηn at ðĉ; η̂Þ. They are expressed as

ΞT ¼ ∂ξðx;cn ;ηnÞ
∂cn

��� cn ¼ ĉ
ηn ¼ η̂

ΦT ¼ ∂ξðx;cn ;ηnÞ
∂ηn

��� cn ¼ ĉ
ηn ¼ η̂

8>>>>><
>>>>>:

ð33Þ

Eq. (32) can be expressed as

~ξ ¼ ΞT ~cþΦT ~ηþΟðx; ~c; ~ηÞ ð34Þ

From (34), the high-order term O is bounded by

‖Οðx; ~c; ~ηÞ‖¼ ‖~ξ�ΞT ~c�ΦT ~η‖r‖~ξ‖þ‖ΞT ~c‖þ‖ΦT ~η‖

rκ1þκ2‖ ~c‖þκ3‖ ~η‖rΟMax ð35Þ

where κ1, κ2 and κ3 are some constants owing to the fact that
RBF and its derivative are always bounded by constants. Substitut-
ing (34) into (31) gives

where the uncertain wT
i Oþ∑m

j ¼ 1ðφ̂T
ijOjujÞþεin is assumed to be

bounded by

jεMaxj ¼ ŵT
i Οþ ∑

j ¼ v;ω
ðφ̂T

ijΟjujÞþεin

�����
�����rΓI i¼ 1;2; ::;m ð37Þ

5. Stability analysis and neural parameters adjustment

To derive a stable tuning law, the following Lyapunov function
is chosen taking into account the error, neural weights, spreads
and centres.

V ¼ 1
2

∑
y

i ¼ x
pIS

2
i þ ~wT

i θi ~wþ ∑
m

j ¼ 1
~φT
ijρi ~φ j

" #
þ1
2
ð ~cTΛ1 ~cþ ~ηTΛ2 ~ηÞ ð38Þ

where P is an m�m diagonal positive definite matrix and θi
and Λ1,2 are dim(c)� dim(c) and dim(η)�dim(η) non-negative
definite matrices, respectively. The derivative of the Lyapunov
function is given by

dV
dt

¼∑
i

piSi
dSi
dt

þ ~wT
i θi

d ~w i

dt
þ ∑

m

j ¼ 1
~φT
ijρij

d ~φ ij

dt

" #
þ d ~cT

dt
Λ1 ~cþ

d ~ηT

dt
Λ2 ~η

 !

ð39Þ
Substituting (36) into (39) and considering that KTP¼(KTP)T, P

and K are diagonal matrices and defining Q¼KTP, (39) can be
written as

dV
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¼ ∑
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i ¼ 1
�qiS

2
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ð40Þ

Rearranging (40),
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Rearranging and grouping the terms,

dV
dt

¼∑
i

�qiS
2
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Now _~c, _~η and _~φ are selected as

d ~w i

dt
¼ θ�1

i piSiξ̂ ð43Þ

d ~φ ij

dt
¼ ρ�1

ij piSiξ̂juj ð44Þ

d ~ηT
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ð45Þ
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φ̂T
ijΞ

Tuj

" #
ð46Þ

Considering (43–46) into (41), then (41) can be rewritten as

dV
dt

¼∑
i
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2
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From (47), it follows that

dV
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Integrating both sides of (48), it can be expressed asZ tL

0
∑
i
qijSij2 dtr�

Z tL

0

dV
dt

� �
dt ¼ Vð0Þ�VðtLÞ ð49Þ

Because V(0) is bounded and V(tL) is non-increasing and
bounded, it can be obtained that

lim
tL-1

�
Z tL

0

dV
dt

� �
dt

� �
¼ Vð0Þ�VðtLÞo1 ð50Þ

Therefore, by Barbalat's lemma (Slotine and Li, 1991), it can be
shown limt-1 ½�dV=dt� ¼ 0. That is, SðtÞ-0 as t-1.

As a result, the proposed control system is stable. Moreover, the
tracking error of the control system will converge to zero accord-
ing to SðtÞ-0.

From (43) to (46) considering _wn

i ¼ 0, _cn ¼ 0, _ηn ¼ 0 and _φn ¼ 0,
the tuning rules are

dwi

dt
¼ θ�1

i piSiξ̂ ð51Þ

dφij

dt
¼ ρ�1

ij piSiξ̂juj ð52Þ

dηT

dt
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2 ∑
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piSi ŵT

i Φ
T þ∑
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ijΦ

Tuj

" #
ð53Þ

dcT

dt
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1 ∑
i
piSi ŵT

i Ξ
T þ∑

j
φ̂T
ijΞ

Tuj

" #
ð54Þ

6. Application to a robot model

In this section, the dynamic model of the unicycle-like mobile
robot presented in Figs. 1 and 2, is reviewed. This figure depicts the
mobile robot, which has the following parameters and variables of
interest: v and ω are the linear and angular velocities developed by
the robot, respectively, G is the centre of mass of the robot, c is the
position of the castor wheel, E is the tool location, y is the point of
interest with coordinate rx, ry in the XY plane, ψ is the robot
orientation and a is the distance between the point of interest and
the central point of the virtual axis linking the traction wheels.

The mathematical representation of the complete model (De La
Cruz and Carelli, 2006), is as follows.

Kinematic model:
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_ryðtÞ
_ψðtÞ

0
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þ
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0
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Dynamic model:

_vðtÞ
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�ϑ5
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ð56Þ
The vector of the identifying parameters (Table 1) and the vector

of the uncertain parameters associated with the mobile robot are

ϑ¼ ½ ϑ1 ϑ2 ϑ3 ϑ4 ϑ5 ϑ6 �T

δ¼ ½ δrx δry 0 δv δω �T ð57Þ

respectively, where δrx and δry are functions of slip velocities
and robot orientation, δv and δω are functions of physical para-
meters, such as mass, inertia, wheel and tire diameters, motor and
its servo parameters, forces on the wheels and others. These are
considered as disturbances.

The robot model presented in (55) and (56) is split into a
kinematics and a dynamic part, respectively, as shown in Fig. 3.

Now, from (55) and (56) and by taking into account the
complete control law (24), the Lie derivatives are

LgvhxðxÞ ¼
1
ϑ1

cos ψ

LgvhyðxÞ ¼� 1
ϑ2

a sin ψ

LgωhxðxÞ ¼
1
ϑ1

sin ψ

Fig. 2. Mobile robot Pioneer 2DX.

Fig. 1. Control structure.

F.G. Rossomando et al. / Engineering Applications of Artificial Intelligence 26 (2013) 2251–22592256



LgωhyðxÞ ¼
1
ϑ2

a cos ψ ð58Þ

and

Lf hxðxÞ ¼ ϑ3
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and considering that
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The complete control law can be expressed as
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7. Experimental results

To show the performance of the proposed controller, several
experiments and simulations were executed and some of the
results are presented in this section. The proposed controller
was implemented on a Pioneer 2DX mobile robot with 4 kg of
load (the parameters are indicated in Table 1 of Appendix A),
which admits linear and angular velocities as input reference
signals. The hardware on Pioneer2DX includes an 800 MHz Pen-
tium III with 512 Mb RAM on-board computer in which the
controller was programmed. In order to sense the robot position,
odometric sensors were used.

In the experiment, the advantage of using the proposed control
technique with respect to other methods in the literature will be
proven.

The experiment was carried out using three different control-
lers on the mobile robot Pioneer 2DX with 4 kg of load. The first
one uses the feedback linearisation controller (FLC), which does
not use any on-line calibration, as shown in (12). The second
experiment used an adaptive dynamic controller, similar to
Martins et al. (2008). In this case, only the uncertainties in the
robot dynamics are compensated. Finally, in the third experiment,
the method proposed in this paper is applied, which consists of

using a feedback controller and an adaptable compensation net-
work (the ANSMC). In this last case, the uncertainties of the entire
structure are compensated (the dynamics as well as the kine-
matics of the robot). For this controller, the setup parameters are:
kx¼ky¼4, Γx¼Γy¼0.001 and the NN has five RBFs.

The reference trajectory to test the three controllers is in the
shape of a figure eight. Fig. 4 shows the trajectories followed by
the robot using each of the controllers.

In Fig. 5, the square norm of the control errors (the error norm
is defined by jjejj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2x þe2y

q
) of the three controllers is shown.

The highest error was obtained by the feedback linearisation
controller, which has no on-line adaptation. In this case, the effect
of the uncertainties on the error can be observed clearly. The
method (Martins et al., 2008) that compensates the dynamics of
the structure has a lower error than the previous case. Finally, the
lowest error was obtained by the compensation method proposed
in this work, which decreases the error caused by the unmodelled
structure (dynamics as well as kinematics). In Fig. 6, the control
actions of the ANSMC are shown.
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Fig. 3. Mobile robot parameters.
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8. Conclusions

In this paper, the problem of ANSMC for nonlinear systems
with unmodelled uncertainties was considered. A feedback linear-
isation controller together with an adaptive NN with sliding
surface was proposed. This control technique ensures an asymp-
totic convergence of the errors to zero.

The ANSMC reduces the control error caused by the uncertainty
in the model that affects the feedback linearisation based on the
nominal model. The ANSMC modifies the control action to
decrease the effects of the model uncertainties and all possible
disturbances that may arise. The NN in this control technique does
not need to learn the entire dynamics of the system structure and
it is designed to compensate for uncertainties in the model. All
remaining errors are driven to zero by means of the sliding
compensator. Experiments on a mobile robot have been developed
to show the performance of the proposed technique, including a
comparison with other controllers.

Appendix A

Variable Description

v Linear velocity of the mobile robot
ω Angular velocity of the mobile robot
rx, ry Cartesian coordinates of the robot (point y) in

the XY plane
x Velocity vector of the mobile robot

y Point of interest with coordinate rx, ry in the XY
plane

G Centre of mass of the mobile robot
C Position of the castor wheel
ϑ Parameters vector of the mobile robot
ϑi Elements of the parameters vector, where i¼1,

…,6
α Orientation of the mobile robot
δ Uncertainties vector of the robot model.
a Distance between the point of interest and the

central point of the virtual axis of the traction
wheels.

h(x) Vector of smooth scalar fields on ℝ2x1(kinematic
model of the mobile robot)

~hðxÞ Vector of disturbances and unmodelled
kinematics

f(x) Smooth vector field on ℝ2x1(dynamic model of
mobile robot)

~f ðxÞ Vector of disturbances and unmodelled
dynamics

cn Optimal centres
ηn Optimal widths
w Output weights vector of the RBF neural

network
~w Error of weights of the output layer
wn Optimal weights vector of the output layer
ξið:Þ RBF functions
ξT ð:Þ Vector of RBF functions
vN Output vector of the RBF networks
u Output vector of the inverse controller

(uv,uω)T

Lf hiðxÞLgjhiðxÞ Lie derivatives of the system without
disturbances.

ΔLfhi(x)
ΔLgjhi(x)

Lie derivatives corresponding to disturbances
and unmodelled structure.

ex,y Output error for rx and ry, respectively
e Vector of position error
t Time
tS Time required to hit S

Parameters description

The identified parameters can be described by

ϑ1 ¼
ððRa=kaÞðMRtrþ2IeÞþ2rkDT Þ

2rkPT

� �

ptϑ2 ¼
ððRa=kaÞðIed2þ2RtrðIzþMb2ÞÞþ2rdkDRÞ

2rdkPR

 !

ϑ3 ¼
ðRa=kaÞMbRt

2kPT

� �
; ϑ4 ¼

ðRa=kaÞððkakb=RaÞþBeÞ
rkPT

þ1
� �

ϑ5 ¼
ðRa=kaÞMbRt

dkPR

� �
; ϑ6 ¼

ðRa=kaÞððkakb=RaÞþBeÞd
2rkPR

þ1
� �

ð62Þ

In these relations, M is the robot mass, r is the radius of the left
and right wheels, kb is equal to the electromotor force constant
multiplied by the reduction constant, Ra is the electric resistance,
ka is the constant of torque multiplied by the reduction constant,
kPR, kPT and kDT are positive constants, Ie and Be are the moment of
inertia and the viscous friction coefficient belonging to the
combination of motor, gearbox and wheel and Rt is the nominal
radius of the wheel.

Table 1
Mobile robot parameters.

Parameters Pioneer 3DX Pioneer 2DX Pioneer 2DX
with load (4 Kg)

Units

ϑ1 0.24089 0.3037 0.1992 s
ϑ2 0.2424 0.2768 0.13736 s
ϑ3 �9.3603e�4 �4.018e-4 �1.954e�3 s m/rad2

ϑ4 0.99629 0.9835 0.9907
ϑ5 �3.725e�3 �3.818e�3 �1.554e�2 s/m
ϑ6 1.0915 1.0725 0.9866

0 50 100 150
-0.2

0

0.2

0.4

0.6

time (sec.)

lin
ea

r v
el

. (
m

./s
ec

.)

Adaptive Neural Sliding Mode Compensation

0 50 100 150
-1

0

1

2

time (sec.)

an
g.

 v
el

. (
ra

d.
/s

ec
.)

Adaptive Neural Sliding Mode Compensation

u
ωN

ω

u
νN

ν

Fig. 6. Angular and linear output velocities and control actions for ANSMC
technique.
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