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Abstract

Decoupling inequalities disentangle complex dependence structures of random ob-
jects so that they can be analyzed by means of standard tools from the theory of inde-
pendent random variables. We study decoupling inequalities for vector-valued homo-
geneous polynomials evaluated at random variables. We focus on providing geometric
conditions ensuring decoupling inequalities with good constants depending only expo-
nentially on the degree of the polynomial. Assuming the Banach space has finite cotype
we achieve this for classical decoupling inequalities that compare the polynomials with
their associated multilinear operators. Under stronger geometric assumptions on the
involved Banach spaces, we also obtain decoupling inequalities between random poly-
nomials and fuﬂy independent random sums of their coefficients. Finaﬂy, we present
decoupling inequalities where in the multilinear operator just two independent copies
of the random vector are involved (one repeated m — 1 times).

Introduction

The decoupling principle consists in introducing enough independence to make a complex

pling princip eroducing enough indepe 2 comp
problem more manageable. More precrsely, decouphng 1nequaht1es compare objects involv-
ing heavﬂy dependent random variables to simpler ones where the dependence structure is
weaker.

In this work we present several decoupling inequalities for random homogeneous polynomi-
als (precise definitions are given below). Multivariate polynomials evaluated at random vari-
ables have at first glance a highly dependent structure, since each random variable appears
in several monomials. Decoupling inequalities disentangle this complex structure introduc-
ing enough independence to use tools from the theory of independent random variables (see

[8])-
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Notice that if P : C* — X is a vector-valued m-homogeneous polynomial and M is its
associated symmetric m-linear operator, we can write

P(z) = M(z,...,z).

When € is a random vector and €M, ..., €™ are independent identically distributed (‘iid’
from now on) copies of §, the random variable M (§ M, €0M) s, from a probabilistic
point of view, a decoupled alternative to P(&). Heuristically, the variables appearing in the
monomials of M are less intertwined, which leads to a weaker interdependence.

Decoupling inequalities in this context were first introduced by McConnell and Taqqu in
[25,26] and further studied by de Acosta in [7] and Kwapien in [20] among others. These
works established inequalities comparing the moments of M({W, ..., ™) to those of
P(&) with constants depending on the degree m but not on the number of variables n of
the polynomial. The dependence on m of these constants improves considerably when re-
stricting ourselves to a-stable random variables and are in some sense optimal for gaussian
random variables (see ([&)). Our main objective is to provide geometric conditions on the
Banach space to ensure good constants (of the form C m) for arbitrary symmetric random
variables.

In Theorem Ilwe give a decoupling inequality for p-moments of tetrahedral polynomials.
This gives, for Banach spaces of non-trivial cotype, better constants than those derived from
Kwapien's general result [20, Theorem 2]. We obtain TheoremP.Ilas a consequence of Theo-
rem[P.2land RemarkP.3] which essentially show that for spaces of non-trivial cotype the ran-
dom vector & of a random polynomial can be changed without losing control of its norm.
Since polynomials in gaussian random variables satisfy good classical decoupling inequali-
ties, Theorem 2.1l follows. The key points for Theorem 2.2l are ([[7), where we introduce a
novel decomposition for homogeneous tetrahedral polynomials in terms of an average of
multilinear operators, and the decoupling inequality presented in Proposition 2.6l

As it was just mentioned, the monomials in a random multilinear operator show much less
dependence than those of the corresponding random polynomial. However, some depen-
dence remains. Under stronger geometric conditions on the involved Banach space, in Sec-
tionBlwe show decoupling inequalities between arbitrary polynomials and fully inclependent
sums of their coefficients. A result in this direction was obtained in [4] for Steinhaus random
variables assuming type or cotype 2 of the Banach space X. Regrettably, if one needs esti-
mates both from above and below, one must assume X has type and cotype 2, which means
that X must be isomorphic to a Hilbert space where all these estimates hold trivially. How-
ever, the result from [4] holds for absolute constants. Allowing for some dependence on the
degree of the polynomial (constants of the form C™), we can relax the geometric restrictions
on the Banach space. We work with the Gaussian average property (GAP) introduced in [6]
and in TheoremsB.3land B.6lwe get decoupling inequalities relating (not necessarily tetra-
hedral) X-valued random polynomials and sums of independent random variables related
to the polynomials’ coefficients. In particular, two-sided estimates hold for spaces includ-
ing Banach lattices of non-trivial type. We also show analogous estimates for tetrahedral
polynomials in symmetric random variables.

Finally, in Section 4] we study one-variable decoupling inequalities that compare P(§) =
M(E, ..., &) o M(&,€E, ..., &), where we replace £ with an iid copy ¢’ in only one entry.
In some sense, one-variable decoupling can be seen as an averaged version of the so called
Markov type inequalities for homogeneous polynomials studied by Harris in [15]. In this
context, gaussian variables also satisfy optimal one-variable clecoupling inequalities. In The-
orem[4.2)we show that for K-convex Banach spaces, Steinhaus variables behave in the same
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way.

Let us pomt out that the Bohr radius and the Bohnenblust-Hille inequality were recently
studied in the context of functions on the Boolean cube {—1,1}" in [II, 2], showing an
intriguing link between the Bohnenblust-Hille inequality and quantum query complexity.
Since functions on the boolean cube can be thought of as random functions on Rademacher
variables, we believe that this decoupling approach could have further applications in this
setting (see [28]).

I Preliminaries

A Polynomial of n variables with values in some Banach space X isa function P : C* — X

given by a finite sum
g T2t 2,

a€ACNy

where z, € X for every @ € A. We purposely write vector times scalar rather than scalar
times vector to emphasize the polynomial structure. Also, we write 2® = 27" ...z for
short.

The degree of a polynomial is the maximum of |a| = oy + - - - + a, over every o € A such
that z, # 0. We say that P is m-homogeneous if || = m for every o € A with 2, # 0.
Whenever the number of variables n is implicit we write m-homogeneous polynomials as

= g To2®,
|a|=m
allowing for some coefhicients x,, to vanish.
g o

A polynomial issaid tobe tetrahedral whenever each variable appears with exponent at most
L. In other words, monomials of a tetrahedral polynomial of n variables can be indexed by
a € {0,1}" and therefore we write

g o2

aef{0,1}"

Next, we introduce the Walsh notation for tetrahedral polynomials that we frequently use.
We can identify o € {0, 1}" with the set A C {1,...,n} that indicates which elements
1 < k < nsatisfy that a = 1. More precisely we have that @ = X 4. This one-to-
one correspondence allows us to index tetrahedral polynomials using subsets of {1,...,n}.
By a slight abuse of notation, writing x4 for 2, whenever & = X4 (and denoting [n] =

{1,...,n}), we get

Z To 2™ Z T H 2k = ZxAsz.

ae{0,1}n ae{0,1}n 1<k<n AC[n] keA

Letting 24 = [ ], 4 2k leads to the new notation for tetrahedral polynomials:



For m-homogeneous tetrahedral polynomials we write

E TAZA,

where | A| stands for the cardinal of A.

For an m-homogeneous polynomial P : C* — X there exists unique symmetric m-linear
operator M : (C")™ — X suchthat M(z,...,2) = P(z) forevery z € C(see e.g. [I4, Sec-
tion LI]), we call it the symmetric m-linear oPerator associated to P. The operator M canbe
retrieved from the polynomial P through the polarization formula (see [14, Corollary L.6]):
for every 2 € C, we have
M (20, 2M) = =K. [e1...enP (12 + ...+ e,2™)],

m
where €1,..., €y, are independent Rademacher variables (random variables that take the
values &1 with probability 1/2). This identity allows us to relate the norm of a homoge-
neous polynomial with the norm of its associated multilinear operator. A straightforward

argument shows that for every norm ||« || on C" and every m-homogeneous polynomial
P :C" — X we have

sup [|[P(2)llx < sup || M(zM,... 20| < e™ sup | P(2)|x

JzlI<1 [2®]|<1 Jzl1<1

Remark LI At first glance the bound €™ from the previous proposition may seem quite big.
However, estimates of the form C"™ appear naturally while working with m-homogeneous
polynomials. Moreover, these estimates can be compensated by contracting the polynomials
since for anm-homogeneous polynomial P we have that P(rz) = r™ P(z). Having this type
of control is usually sufficient to carry results from the polynomial setting to vector-valued
holomorphic functions or Fourier and Dirichlet series (see |9, Chapters 23-26]). Intuitively,
contracting a function by some factor r shrinks its homogeneous parts by a factor of 7™
leaving room for constants C™ to appear. As a naive example of this phenomenon, notice
that if (am)men € Cand |a,,| < C™ for everym € N then the series

g Am2"™,

meN

converges in a neighbourhood of 0. A growth of the coeflicients greater than C™ such as
m™ would have meant that the series diverges at every z # 0. With this in mind we usually
look for C™-type bounds. We write a ~¢m b whenever C~™a < b < C™a and say a and
b are equivalent up to a constant C™. If such an equivalence does not hold we will specify

which inequality fails, if not both.

We work with polynomials on random variables. Let's write T = {z € C : |z| = 1} for the
torus. From a probabilistic point of view, polynomials restricted to T™ can be interpretecl as
being evaluated at independent Steinhaus variables (random variables uniformly distributed
in the torus), so we call them Steinhaus polynomials. For random vectors whose coordinates
are independent Steinhaus variables we use the notation w = (wy, ..., wy).

The following polynomial Kahane-Khinchin inequality was established in[2, Theorem 9] for
the scalar case and in 3, Lemma 1.3] for the general case (see also |9, Theorems 8.10 and 25.9]).
A remarkable characterization of random variables satisfying a similar result was obtained
in [22, Theorem 2.2].



Theorem 1.2. For every Banach space X, every 1 < p < ¢ < o0 and every polynomial

| ()

A Walsh polynomial is a random variable P(e) where P : C* — X is a polynomial and
€1,. ..,y are independent Rademacher variables. Since for a Rademacher variable £y we
have that e§ = 1, Walsh polynomials can always be written as P () where P is a tetrahedral
polynomial. Therefore, we can use the tetrahedral notation introduced at the beginning of
this section and write

)" < @1P)) .

We recall now the geometric notions of type and cotype. A Banach space X is said to have
cotype 2 < ¢ < oo if there is a constant C' > 1 such that for every n € N and every
Z1,...,2, € X we have

(O ade) " < () S e) " 0
=1 =1

and type 1 < p < 2if there is a constant C' > 1 such that for every N € N and every
Z1,...,xn € X we have

(EH nzN:lann p) 1/p . C<§V:1 Hanp) 1/p'

We say that X has non-trivial cotype if it has cotype ¢ for some 2 < ¢ < oo. If this is not
the case, then the space is said to have trivial cotype. Analogously, X has non-trivial type if
has type p for some 1 < p < 2. We write cot(X) for the infimum over all g such that X has
cotype g.

The Rademacher variables in the previous definitions can be replaced by Steinhaus random
variables (changing the constant). Thisisa consequence of the the well known contraction

principle (see [I3, Theorem 12.2] or [32, Corollary 4]), which will also be helpful for us here.

Theorem L3 (Contraction principle). Let X be a Banach space and fix 1 < p < oo. For
every A € R" and every choice of vectors z1, ..., x, € X we have
p) 1/p

- P\ 1/p =
(EH > A ) < W!oo(EH > &5t
=1 j=1

Simﬂarly, ifAeC"(and X isa Complex Ranach space) we get

n p\ 1/p T n
(EHZ*SJ‘/\J'% ) < §||/\||oo(EHZ€j%
j=1 j=1

p) 1/p

In particular, for every (complex) Ranach space X, every 1 < p < 00 and every choice of
vectors X1, . .., T, € X we have

2 _ p\1/p “
2 (] e [) " = (8] e
W( ;Q% = ;wjxj

5

p) l/p’ @)

p\ 1/p T n
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so Rademacher and Steinhaus random sums have comparable moments.

We end this section setting some notation that will be used throughout. As we have already
mentioned, we write [n] = {1,...,n}. We also write

Pmln] ={AC [n] : [A] =m}. ®

Finally, given two vectors x, y we write 2y for the pointwise product.

2 General decoupling

Our starting point is a remarkable result due to Kwapien [20, Theorem 2 and Remark I] (see
also 21, Theorem 6.4.1 and Remark 6.4.1]), originally stated only for real polynomials, but
whose proof is easily adapted to the complex case. It shows that if P : C* — X is an m-
homogeneous tetrahedral polynomial with associated symmetric m-linear operator M and
® : X — Ry is a convex function such that ®(z) = ®(—z) for every z € X, then

E® (5P () < ER(M(EW, ... ") <E@(27P()) ©)
for every vector § = (£1, ..., &,) of independent symmetric entries, where €M €M are
iid copies of €. For gaussian random vectors (which we always assume to have standard com-
plex gaussian coordinates, and denote 7, y!), ..., ™)), the inequalities can be improved to

E®(—zP(7)) SEO(M(D, ... ™)) < EB(ZZP(y)). )

We are particularly interested on the p-norm of random polynomials, that is taking ® =
| || for some 1 < p < o0o. A straightforward computation using Stirling’s formula yields

m/2 m

m (&

m! T mm/2’
Using this and rearranging @ in order to put Pina central role we get

mm/2

my([p) 1/ Up o m m)y P\ Y/
(EIMOED, .y ™)) < (ENPO)IF) T < m™2 (B[ M (Y, .. am)P) "

em
or, to put it in other terms,
(E|[ PP mem m™PE|M (D, . A m™)|[P)P. (6)

In other words, the p-norm of a gaussian polynomial can be estimated up to a constant C™
computing the p-norm of its associated m-linear operator. As mentioned in Remark[L]] cir-
cumstances where constants C™ are tolerated are commonplace when working with polyno-
mials of degree m. However, starting with (@) and doing the same for arbitrary symmetric
random vectors & we deduce

1

em

(BIIM(ED,... )PP < (B PE)IP)? < m™(E|M(ED, ... £0m)|P) "

and a gap of order m™ remains, which can be too big for some applications.

Our aim now is to show that, under not too demanding assumptions on the space and on the
random variables, we can geta ‘good’ estimation (in the sense that constants like C™ appear)
as in ([6). This is the main result of this section.
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Theorem 2.I. Let X be a Banach space of finite cotype, let § be a non-trivial symmetric
random variable with finite s-norm for some s > cot(X)and fix1 < p < s. Thereisa
constant C' > 1 such that for every m—homogeneous tetrahedral polynomial P:C"—= X
we have

ENPEIM)Y? =cn m™2(E[M(EY, ... ™)), ™)

where &, &M, ..., €™ are independent random vectors whose coordinates are iid copies

Ofgo.

Theorem 2. follows from the following polynomial version of [30, Proposition 3.2] that
compares the p-norms of a tetrahedral polynomial evaluated in different random vectors.
We show that under certain mild conditions on the space and on the random vectors, these
(the random vectors) are essentially interchangeable.

Theorem 2.2. Let X be a Banach space, § a non-trivial symmetric random variable and § a
random vector of iid copies of &.

(2) Thereisaconstant C' > 1 such that
(Bl Pw)|?)"” < cmE|PEIF) ®
for every tetrahedral polynomial P : C* — X of degree m and every 1 < p < oo.

(b) If X has non-trivial cotype, &, has finite s-norm for some s > cot(X)and1 < p < s,
then there is a constant C' > 1 such that

EIP©I7)" < ™ (E|P(w)|) " ©
for every tetrahedral polynomial P:C"— X of degree m.

Remark 2.3. The linear result [30, Proposition 3.2] is stated for Rademacher rather than
Steinhaus variables. However, these are interchangeable by virtue of [5, Lemma 4.2] (see
Lemma[.§below). We can also replace the Steinhaus variables with gaussian random vari-
ables for spaces with finite cotype using the theorem twice. Indeed, let X be a Banach space
of finite cotype, let P : C* — X of degree m be a tetrahedral polynomial and fix 1 < p <
00. Since gaussian random variables have finite s-norm for every s, using TheoremR2Jtwice
gives

(E[IPH)|IP)" < O (Bl P(w)|[P) " < (CLCo)™ (B PP

for every £ consisting of iid copies of some symmetric random variable regardless that it has
finite s-norm or not (note that in the first inequality we are using that X has finite cotype,
so that we can apply (@) to gaussian variables, while in the second one we just use ([8]) for the

variables &).

If & has finite s-norm for some s > max(cot(X), p) we can use the same argument to
obtain the converse inequality.

Before we go any further, let us show how Theorem . follows from all this.

Proof of TheoremP.I Note that if P isatetrahedral m-homogeneous polynomial of n vari-
ables, then its associated m-linear operator M can also be regarded as an m-homogeneous
tetrahedral polynomial of nm variables. Then the result follows from the previous remark,
since it allows us to reduce () to (@) by replacing P (&) with P(7),aswellas M (€M), ... £™)
with M (v, ... 4™), where 7,71, ... 4™ are independent gaussian random vectors.

O



Next we discuss the necessity of the hypotheses in Theorems2Iand2.2] A simple compu-
tation shows that the hypothes1s of P bem% tetrahedral is needed in both theorems. Just
taking P(z) = 2™, we have M (z - 2(m) and

EMw®, ... w™)P=Ewh .. .w™P=1=EFEPw)p.
This shows that the inequality
m™ 2 E M (w, . w™)[P)P < O™ E P(w)][P) P
does not hold in general. Regarding Theorem[2.2] notice that
E|P(w)[P = Elw™P = 1.

On the other hand, since 2|y|? has a chi-squared distribution with two degrees of freedom,
a straightforward computation shows that for every ¢ > 0 we have

Ej|7 = F(g + 1).
2
Using Stirling's formula we get

m + 1) ~om mpm/z,

E|P(;)” = B =T (5

so () also fails.

The hypothesis of X having non-trivial cotype is also necessary in Theorem 221 In [23,
page 253] it is shown that (O) may fail for spaces with trivial cotype even for m = 1. The
same is true for Theorem 2.1 but chis requires some extra work. A careful look at the proof
of [20, Theorem 2] shows that for every m-homogeneous tetrahedral polynomial P and ev-
ery symmetric convex function ® : X — R we have

21 *mp(zf“))@@ MW, ... gmy).

In particular, letting @ = ||

P we get

(S

This allows to show that for Rademacher variables, Theorem 2.1l fails for every space X of
trivial cotype.

/p
)" < EIMED, . Em ). (10)

Remark 2.4, Let X be aBanach space with trivial cotype and suppose that we can find some
C > 1sothat

m™ 2 (E[M (D, .. M) < O™ (EIP)%) " (D

for every tetrahedral m-homogeneous polynomial P : C* — X. With the notation from

@), for m,n € Nlet £o(Pp[n]) be the normed space (C(Z), ||+ ||oc) Where coordinates
are indexed by the sets A € Py, [n] rather than natural numbers. Recall that a Banach space
has trivial type if and only if the finite dimensional ¢%_ spaces can be included in X for every
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k € N with uniform distortion (see for example [I3, Theorem I4.1]). So, there is a constant
C > 1 such that

m m 1/ ~ m 1/
m™2(E|MEY, . e ) < CCMEIPEN, o) T (12)

foreverym,n € Nandevery tetrahedral m-homogenous polynomial P : C" — Lo (Ppn[1]).

Denote the canonical basis of £ (P, [n]) by {€4}|aj=m and consider the m-homogeneous

polynomial P : C" — £oo(Pn[n]) given by
P(z) = Z €AZA-
|[A|=m
This simply allocates each monomial in a separate coordinate. Notice that for every e €
{—1,1}" we have
1P(E)|eePrafn)) = Sup leal =1,

|=m
So that y
(E[|P(e)|) " =1.

We estimate the norm of the m-linear form through ([IQ), taking a sum of m independent

copies of €. Observe that, for a fixed set A, the product [, 4 ’ Yo eP1 is the biggest

possible for e € {—1,1}" ifegl) = lforeveryi € Aandl =1,..., m. Therefore

()" = (e TS < o

- |Al=m

We obrtain a lower estimate by an inﬁnite—monkey—theorem type of argument: arrange the

. . . l .
Rademacher variables in an n x m matrix (82( ))i,l. Now if there are (at least) m rows where
every entry is I, we can choose A to index those rows to get

sup H ‘ izsz@ =

[Al=mica 15

Letting n tend to infinity, the probability of finding m rows of ones tends to I. Explicitly,
the probability that a given row has only ones is 27, so the number of rows of ones follows
a binomial distribution Bi(n,27™). Since the probability of having a fixed number of suc-
cesses (m successes in our case) tendsto lasn goes to inﬁnity, fora suﬂiciently large n we

(s T[S =) 2 5.

[Al=mica 1=

have

So, from Chebyshev’s inequahty we get

%m’”g (E sup H‘Zle

0" =Gl (="

Finaﬂy, if (2]) holds, using all these and ([[0]) we deduce

1 m
- .am/2 —m/2 )
2m <m (EHP(;le )

and this leads to a contradiction, showing that there is no C' > 1 so that ([I]) holds.

|Al=m

1/ -
P) p < mm/2 (E"M(E(l)a e g(m)>Hp)1/P < CCm,

We proceed now with the proof of Theorem 2.2 Tt requires to establish first what we call
decoupling on partitions (a particular sort of decoupling inequalities).
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2.1 DecouPIing in partitions

One of the main ideas for the proof of Theorem[2.2lis to device an alternative decoupling
method, associating to each m-homogeneous tetrahedral polynomial a family of m-linear
operators. This is inspired by a combinatorial identity proved in [31] which is presented in
Lemmal2.5]

Given any m-homogeneous tetrahedral polynomial of n-variables P(z) = ) 424, without
loss of generality (making n bigger if necessary) we may assume that n = km for some
k € N. For each ordered partition m = (B4, ..., By,) of [n] in m sets of k elements each,
we define the following m-linear mapping:

m 1 m
Lw(z(l),...,z( )): Z Z T im}zgl)...zgm). (I3)

Observe that L (z, . . ., z) canbe obtained from P(z) by keeping only the monomials whose
index A has exactly one element in each set B; of the partition. Let us make this statement
more precise. Consider the linear transformation T, : C™ — C" given by

T.(e) = Z e;.

JEBI
Take some Rademacher random vector e = (e1,...,&,,) and note that, for each fixed A,
the expectation
E. [61 cem [ TW(E)Z}
i€A

is 1if A has exactly one element in each set of the partition and 0 otherwise. Then
E.le1 - enP(Tr(e)2)] = Z 24K, [81 e Em HTW(e)Z} 24,
|A|=m icA
and (recall that T5(¢) 2z denotes the pointwise product)

Lo(z,....2) =E.[e1 - -y P(Ts(2)2)] . (14)

We want to see now how can we recover P(z) by using the Lys. Loosely speaking, if we sum
over all possible partitions, eventually all monomials in P(z) appear in the sum, and they do
it the same amount of times. Let us expose this more systematically. Let

I, = {ﬂ: (Bi, ..., Bn) € Pr(l))™: | B = [n]} (15)

be the familiy of all ordered partitions 7 of [n] in m sets of k-elements (note that the dis-
jointness of the sets B; is automatic, since they have k elements and n = km). A symmetry
argument shows that there is some N (k,m) € N so that

> Lilz,....2) = N(k,m)P(z),

ner’m

since each monomial appears the same number N (k,m) of times. So, the polynomial P
can be written as (almost) an average of this family of multilinear operators L, evaluated
at (z,...,2). The key point for us now is to estimate the growth of this number N (k, m),
showing that it is (up to a constant C™) like |1l ;| (see (I7)). This relies in the following

combinatorial equality.

10



Lemma 2.5. Let V' be a vector space and take n. = km where k,m € N. Given a family
{va: AC[n], |A| = m} CV we have

2 = 1( )|Hk

|Al=m

Z Z Z V{ig,eeyim} - (16)

7T€Hk m ZleBl imEBm

Before we proceed to the proof, let us note that, just taking vy = 424 in the previous
combinatorial identity and using we immediately get

P(z):kim@T) |H:,m| S La(e. ). (1)

Proof of Lemmal[2.5 First notice that

welly, ym 11€B1 im EBm |Al=m mElly m
\AmBl|:1, vl
(k—1)m (k—1)(m —1) k—1
= —1 |
IAZ " ( g1 )Y k-1 k—1)"
N —— e —— -~ s
itoy D Rt A,
o ((k—1)I
=m! . 18
P 2 o

On the other hand, we have

R AN s AR S IAN O S DI )
|Hk’m|_H(k)_k_mH(k—1) (k=1 k(I —1)!

Joining this with (I8]) gives the conclusion. O

Let us note that, by definition, we have (knT) > k™ for every k and m. On the other hand,
using Stirling’s formula yields

km e k ko G&=1m e
<m)_27n/m E—1 E—1 _27T\/m\/_ © =

for k > 2 (the inequality holds trivially for k = 1). Then,

1 [km
1< — < ™M 19
_km(m)_e ( )

for every k and m. With all this at hand we can give the foﬂowing decoupling inequality.

I



Proposition 2.6. Let P : C" — X be an m-homogeneous tetrahedral polynomial. If § =
(&, ..., &) isavector of independent symmetric random variablesand £, . .., £™ are iid

copies of §, then
1

[T, Z (EHLW<§(1),...’é(m)>Hp>1/p

’ WGHk’m

< (E||PE)[")

< Y EIL(ED, .. &)
| k,m | 7I'€Hk7m
for every 1 < p < oo.
Proof. First of all, let us note that, in a way, L (&, . . ., §) is already decoupled due to its al-
gebraic structure since the index sets By, . . ., B; never overlap. In fact, notice that replacing

each coordinate &; with fi(l) whenever i € B; we deduce
E|La (&, O = ElLL (W, ..., e™)|P. (20)

On the one hand, from ([7]) and ([[9]) we have

em

T (EH S L. 0)
' 7€l m

p) 1/p

em

(E|PEIM)" <

> (BILAE. ., OIM)M

a | k’m| WEHk’m

On the other hand, for each fixed partition 7 we can use ([4]) to have

(Bel|La(&, .. £)IP)Y? = (Be||Eeler - - e P(TH()O)]|")
< E.(Eeller- - emP(Tr(0)E) )" = Ec (|| P(TH()€)[7) "

@D

Now, since £ is symmetric, changmg its sign does not affect its distribution, so that T’ (e)€ ~

¢ and, then

1
E||L.(E,...,&)|P)Y?
e 2 Bl )
1
< 2 EEIPQI) = B PO
k,m 7€l m
This, in view of (20)} completes the proof. O

With the same idea we can get a decoupling mequality involvmg convex functions, very
much in the spirit of Kwapier’s result presented in (H).

Proposition 2.7, Let P : C" — X be an m—homogeneous tetrahedral polynomial and @ :
X — Ry aconvex function such that ®(z) = ®(—x) foreveryz € X.If{ = (&,...,&,)

is a vector of independent symmetric random variables and £ @ €M areiid copies of §
we have
Eo( 0 PO) < oy Y0 ER(L(ED.....€) < E(P(S)).
( ;Ln) |Hk’m| WEHk’m
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Proof. First of all the same argument as in (2Q]) shows that it is enough to check the inequal-
ities for E®(LA (¢, . . ., §)). Now, using the same argument as in (21]), this time with Jensen’s
inequality and the fact that ®(z) = ®(—x), we get

Ee®(Lr(, ..., €)) S Ece®(er...emP(Tx(€))) = EcP(P(S)),

for each 7 € Iy . This gives one inequality. For the other one, note that, using again

Jensen's inequality in (I7) yields

km 1
O(—P < O(L, (D, ... ),
(o P©) < g 2 (™)
The linearity of E completes the proof. O

We finish this section by noting that Proposition €] cannot be deduced from Proposi-
tion2.7 since the exponents 1/p would remain outside the average over m € Il ;,. In other
words, the inequalities for p-norms are better than those for general convex functions.

2.2 Comparison of random Polynomials

Having our new decomposition at hand, we are almost in position to prove Theorem
Let us state two results we use. The following lemma was proven in [5, Lemma 4.2] and
shows that Walsh and Steinhaus tetrahedral polynomials have equivalent p-norms (i.e. we
may replace Steinhaus by Rademacher random variables) without assuming homogeneity
or geometrical conditions on the Banach space. Besides the argument given there, this can
also be proven using [21, Proposition 6.3.I] and checking the hypothesis by hand.

Lemma 2.8. Let X be a Banach space and 1 < p < o0. For every tetrahedral polynomial
P : C" = X of degree m we have

(1+V2) ™™ (E[|[P()|P)" < (B[ P(w)|P)'" < (1+V2)" E|P@)M)"".  (22)

The second result relates the norms of a polynomial and its homogeneous projection. Given
a polynomial P(2) = 3, <,, Ta2® foreach 1 < k < m we consider the corresponding
k-homogeneous Projection given by

Pi(z) = Z oz,

|al=k

The following proposition can be found in [20, Lemma 2] (see also 8, Lemma 3.2.4]). We
also refer to 3] where the exponential growth of the constant on the degree of the polynomial
(ie,to be of the form C™ for some C' > 1)is explicitly derived.

Proposition 2.9. Let X be a Banach space. There exists C' > 1 so that forevery 1 < p < oo,
every non-trivial symmetric random variable §, and every tetrahedral polynomial P : C* —
X of degree m we have

(B P(E)IP)? < C™E|P()IP),

where § is a random vector of iid copies of &.

I3



We finally have come to the point where we can prove Theorem[2.2] We see that Steinhaus
(or Walsh) polynomials always have the smallest p-norms (up to a constant C™) compared
to polynomials on other symmetric random variables and that, under certain assumptions,
they are even equivalent (again up to cm constant).

Proof of Theorem2.2l The proof of|(a)is essentially an adaptation of [I3, Proposition 12.11].
Note that { = (£1,. . .,&,) consists of independent copies of &. Then, given A C [n] with
|A] = mand z € C", we have

(Beléol)™2a = [ [ Eel€ilzi = Be [ ] 16il2i = Be(1€]2) -
€A €A

Asa consequence, if P(2) = 3, 4_,, 424 is m-homogeneous, we have

(Beléol) ™ Bl P(w) |7 = Bul| > wa(Beléol)™wa|
|A|l=m

=E.|| 3 2aBe(léhw)a]” = EulEP(lelw)?
|A|=m

< By [ P(I€Jw)][” = BBy || P(Ew) |,

for 1 < p < oo (where in the last step we used the rotation invariance of w). We can now
use Lemmal[2.8to replace Steinhaus with Rademacher variables, obtaining

(Eel& )™ Eu|| P(w)]I” < (1 + V2P EEe|| P(¢e) 7.

Since &g is symmetric we have that {e ~ &, which yields

(%)m@|ip(w)|lp)l/” < (E|P©)|7)"" . -

and @) holds for homogeneous tetrahedral polynornials (note that, being &y non-trivial,

E|&| # 0).
Given an arbitrary tetrahedral polynomial P, we split it on its homogeneous components

and apply Proposition 2.9 to get

m

E[P(w)|P)? <Y (B] Pu(w)|P)? < ZC'“ E[| Pi(&)IP)
k=0 . k=0 <24>
Cm Y CHE[PE)IN'P < 20C)™(EIIP(E)[P)".
k=0

To show@we again start with the homogeneous case. Let us observe first that by Lemmal.g
it is enough to see that

EIP@©IP)"” < c™(E|PE)]P)"" . (25)
A sirnple computation from Propositionlmshows that if

(BILED, ..., NP < cm(EB|LED, ... ™) Py (26)
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holds for every m-linear L : C* x --- x C" — X, then (23) holds true. It sufhices, there-
fore, to show that (2€]) holds, and we do this by induction. For the case m = 1, from [30,
Proposition 3.2] (see also [23, Proposition 9.14] we know that, if & is real (besides having
finite s-norm), we have

ESwe])” <o(e] o)
j=1 j=1

for every choice of vectors {x;}7_; C X. This immediately generalizes to complex random
vectors by splitting € inits real and imaginary parts and using the triangle inequality, so the
case m = 1 holds. The rest follows easily by induction on m, showing that () holds for
homogeneous tetrahedral polynomials. The inequality for arbitrary tetrahedral polynomials

follows as in (24)). O

We end this section with one further result for Rademacher and Steinhaus random vari-
ables. Remark 2.4l shows that there is no hope to obtain a decoupling inequality as () for
polynomials taking values in some space with trivial cotype, not even for random variables as
nice as Rademacher (or Steinhaus). More precisely, there is no hope to obtain an inequality
as (UID on such spaces. However, using the idea in (]IIZD, obtaining a clecoupling inequality
between P and M is essentially the same as comparing the moments of the polynomial eval-
uated in € and 377", €Y. For Rademacher and Steinhaus variables this allows us to show
that the left-hand side of () (i.e. the reverse inequality to that in (I])) holds even for spaces

with trivial cotype.
Proposition 2.10. Let X be a Banach space. There is a constant C' > 1 such that
(B[ P(e)[P)/? < Cmm™ (B[ M (e, ... e™™)|)/P

and
(E[lPw)|[P)? < C™m™ 2B M (w, ..., w™)|[)!/7

for every 1 < p < 00 and every m-homogeneous tetrahedral polynomial P : C* — X.
Proof. Let us fix some 1 < p < oo and note that, in view of Lemma 28] it is enough to

check that the inequality holds for Steinhaus random variables. Let P be an m—homogeneous

tetrahedral polynomial. Applying (23) to the random variable ;" | w® and (I0) we get

1) < (8]P( ) )

< m™E||M(wW, ... w™)|[P)TP.

m

m l
ElEzziwl)
14++2

Now by Khinchin inequality (or Theorem[L2]) we have
= (E) iwll)f)m - \/§E‘ iwgl)‘.
=1 =1

Joining both inequalities we conclude

ENP@)P)? < (V2 + 2" m™ E[M (), .. w™)|[7)17. m
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3  Geometric conditions for full independence

So far we have been able to compare the norm of polynomials with different random vari-
ables for tetrahedral polynomials (see Theorem 2.2l or Lemma 2.8]) and then to compare
a tetrahedral random polynomial with its multilinear counterpart. A question one might
ask is if we can do better: can we compare the random polynomial with a fully indepen-
dent sum (and not just the less dependent sum given by the multilinear operator)? A second
question raises naturally: what can be said for non-tetrahedral polynomials?. We show that
under stronger geometric conditions that include Banach lattices of non-trivial type we can
compare random polynomials with independent randoms sums. In addition, for Steinhaus
variables our estimates hold for arbitrary (not necessarily tetrahedral) polynomials.

We begin with two results that are essentially a consequence of [33, Theorem 12.2] and were
shown in [4, Theorem 4.1] for specific random variables. The proofs for general random
variables are analogous. We include them for the sake of completeness and to lay the ground

for TheoremsB.5and[3.4

Proposition 3.1. Let X be a Banach space of type 2. There is a constant C' > 0 such that for
every orthonormal sequence of (not necessarily independent) random variables (§;)ien C
L?(p) and every choice of finitely many z1, ..., x,, € X we have

n 2y 1/2 n 2\ 1/2
(B Xaa] ) <o)
i=1 i=1

To prove this we need the concept of p-summing operator. For 1 < p < o0 an operator
T : X — Y issaid tobe p-summing if there is a constant C' > 1 such that for every choice

of vectors 1, ... x, € X we have
_ 1/p L 1/p
(Y Ir@ly) "< s (Ylet@)lr)
i=1 wEBxs Yoy

We denote by 7, (T') the smallest possible C'. We refer the reader to [I3, Chapter 2] and 33,
Chapter 2] for a detailed exposition.

Proof of PropositionBIl Let T : £ — X be the operator defined by T'(e;) = ;. Notice
that cornbining Lemmal2.8and ([8]) we get
2> 1/2

n 2\ 1/2 n
ol <cEl e
On the other hand, we know from [33, Theorem 12.2] that if X has type 2, then
S

So, to complete the proof it is only left to find a convenient bound for (7). To find it let

us observe that the orthogonality of (&;); yields

|3 6w

2)1/2 < Cmo(T). (27)

- * 1/2 * n * *
= ( R (:cz-)|2) = [[(z"(i))izilleg = 1T (2") |l
L3(p) Py
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for every z* € X*. Therefore, given a finite collection of vectors 2}, € X* we have

S il = 3| Sema|, =B[X (e[

n 2
< EH Zfﬂz‘ sup Z |2 () .
i=1 k

2**E By
This gives
< (6] Senf)”
i=1
which completes the proof. O

With a similar argument we have the foﬂowing dual statement for spaces with cotype 2.

Proposition 3.2. Let X be a Banach space of cotype 2. There is a constant C' > 0 such that
for every orthonormal sequence of (not necessarily independent) random variables (&;)sen C
L?(p) and every choice of finitely many z1, ..., x,, € X we have

(S ey <o Sal)

Proof. As beforelet T' : €3 — X be the operator defined by T'(e;) = ;. Since X has
cotype 2, using again [33, Theorem 12.2] as well as [I3, Theorem 12.27] (which is the linear
case of TheoremP.2above), we deduce
2\ 1/2 n 2y 1/2
)" <efe] el )
i=1

To finish the proof we just have to find a convenient lower bound for 5 (T"). To this aim, we
consider the operator S : X* — L?(1) given by

m(T) < C(E| Z’m

i=1
We have the foﬂowing commutative diagram

L2() —5 X

| f

m—r 5 X
where ¢ : L*(1) — {4 is the projection given by ¢(f) = ((f,&))i, for every f € L*(p)
and i : X < X™* is the natural inclusion. Since clearly ||i[| = [|q|| = 1, the ideal property

of 2-summing operators [13, 2.4] gives m3(S*) < my(T). Finally, [I8, Theorem 2] (see also
[29, Proposition L.I]and [I3, Corollary 5.21]) give

This completes the proof. O

2\ 1/2
) S’YTQ(S*)
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The Steinhaus monomials (w*)aeny © L?(T™) form an orthonormal system, and we may
apply the previous results to compare polynomials to sums of independent Rademacher vari-
ables. Let us note that, for each «, on the side of the Rademacher random variables we geta
different (independent) random variable. Since we have already used £% and € 4 for the prod—
uct of components of a random vector of copies of ¢ (and this is not what we get here) we use
€, (with some injection a — i, € N, stressing the fact that for each a we have an individual
random variable). In other words, for the (finite) set {o € N} : || < m} we consider the
family of independent identically distributed Rademacher random variables {¢;, }o. With

this notation at hand, we recover the following from [4, Theorem 4.I].

Coroﬂary 3.3. Let X be aBanach space.

(2) If X has type 2, then there is a constant C' > 1 such that, for every finite choice of
vectors {Za }ja|<m We have
2> 1/2

<EH Z €inTa
(b) If X has cotype 2, then there is a constant C' > 1 such that, for every finite choice of

o] <m
Vectors { T fja|<m We have
2> 1/2

2\ 1/2
o] 5 o) <ofe] 5 e
Let us note that an analogous result holds for any sequence of characters in the context of

2y 1/2
)" <cfe] 3
la|<m

laj<m laj<m

Fourier analysis on groups.

We also mention that if §, € L?(p) and & is a random vector consisting of n independent
copies of &, then the family {{4: A C [n], |A] < m} is orthogonal. Then orthonormality
is achieved just by normalising, and we can apply Propositions BIland B2l Again, for each A
we write €;, for an independent copy of a Rademacher random variable (not to be confused
with the Walsh monomial € 4). Noting that

leallo = (B[ TT&])" = ol
€A

we deduce the following.

Coroﬂary 3.4, Let X be a Banach space.

(2) If X has type 2, then there is a constant C' > 1 such that for every non-trivial sym-
metric random variable &, € L?(1) and every choice of vectors {4 }|4j<m we have

< H Z erall&olls )1/2 Sc’(EH Z afn 2>1/2.

[A]<m
(b) If X has cotype 2, then there is a constant C' > 1 such that for every symmetric
random variable § € L?(1) and every choice of vectors {@ 4 }|4j<m we have

(€ 5 waeal] )™ < (8] 3wttt )™

|A[<m |A[<m
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Let us observe that using the contraction principle in the previous inequalities immediately

2> 1/2

gives

(B > giAxAllQ)l/z < Cmax{1, 16"} (]| D wata

|A|<m |A|<m

and

(EH Z foAHz)m < Cmax{l, ||§0||;”}<EH Z €z‘A$AH2>1/2-

|A|<m [A|<m

Having type or cotype 2 are quite restrictive geometric conditions for a Banach space. What
ismore, if one is looking fora decoupling inequality that estimates the norm of a polynomial
from above and below one needs that the Banach space X enjoys both type and cotype 2. In
other words, by a fundamental result of Kwapien proved in [19], X must by isomorphic to
a Hilbert space where these estimates hold trivially. We try now to find a weaker condition
on the space that (allowing exponential dependence on m) still provides an analogue result
to CorollaryB3l We find it in the Gaussian Average Property (GAP) introduced in [ ] A
Banach space X has GAP if there exists C' > 1 such that for every finite choice z1, . . ., z,, €
X, the operator T" : £y — X* defined by T'(e;) = a; satisfies

)

By (6, Theorem 1.4] Banach spaces with type 2 and Banach lattices with finite cotype have
GAP . In turn, spaces with GAP have finite cotype (see [d, Theorem 1.3]). Finally, we mention
that GAP is closely related to the Gordon-Lewis property and the concept of local uncon-
ditional structure.

)1/ "< om(T), (28)

The key step in the proof of Proposition BIlwas (27), which is very similar to (28]). This is,
then, our main tool now. However, since (28]) involves the [-summing norm instead of the
2-summing norm in (27)) we need a Khinchin type inequality to hold. Fortunately we have
it in Theorem[[2] With this we can now get the inequalities we were aiming at. We follow
the lines of [29, Theorem LI] (see also [3, Lemma 2.2]).

Theorem 3.5. If a Banach space X has GAD, then there is a constant C' > 1 such that for
every choice of vectors {2 }|aj<m We have

2\ 1/2 o
(EH Z €inTa ) < CEH Z \/5' lxawo‘
laj<m laj<m

Proof. The proof is very similar to that of Proposition@] Lec A = {a € Nj: |a| < m}
and, as before, define the operator ' : £3(A) = X by T'(eq) = 2. Combining Lemma[2.8]

(8]) and (28]) we have
] 5

laj<m

(29)

/2 -
) < O (T).

2y 1/2 2
) <cfe] 5
la|<m

We look now for a good upper bound for 7 (T*). First of all observe that, for each 2* € X*

we have
<E) Z ¥ (xq)w® i

la<m

) = 12" (za))jat<mlleaa) = 1T (27) lea(a)
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With this, given a finite collection of vectors xf € X*and using Theorem[[2we get

ZHT* Mes) = ()Z ‘“2>1/2<ZE)ZW'* o

lor|<m lo|<m

:EZ‘ Z ﬂ'a‘xf(:ca)w \/§‘a|xaw sup Z\x**

=1 Jal<m e

The definition of the I—summing norm gives

m(T") < EH Z ﬂ'a‘xawo‘

la|<m

)

and completes the proof. 0

We can use a similar argument to get a dual result. We recall first two concepts that are
going to play a role on the proof. On the one hand, an operator T : X — Y is said to
be factorable if there is a measure space (€2, ¥, 1) and operartors A : L®(u) — Y™** and

B : X — L*®(u) such that /T = AB where i : Y < Y** is the natural inclusion. In other
words, i1 factors through L™ (1), and we have the following commutative diagram

i y YR

N e

‘We write

Yoo(T') = inf [|A]|[| B,
where the infimum is taken over all the possible factorizations. We refer the reader to [I3,
Chapters 7 and 9] for a detailed exposition.
On the other hand, a Banach space X is said to be K-convex if the I—homogeneous pro-
jection is bounded on L*({—1,1}, X). More precisely, the mapping defined on Walsh

polynomials by
R(ZZL‘AEA) = Z TAEA,
A

|Al=1

extends toabounded operator R : L*({—1,1}*, X) — L*({—1,1}*, X) (which is known
as the Rademacher projection). A simple duality argument shows that X is K-convex if and
only if X* is K-convex. Also, a very important result states that a Banach space is K -convex
if and only if it has non-trivial type (see e.g. [I3, Theorem I3.3]).

Finally, we know from [, Theorem 1.7] that a Banach space X is of finite cotype and its dual
has GAP if and only if X is K-convex and there is a constant C' > 1 such that for every
T : 03 — X definedby T'(e;) = x; we have

= (2] S

Theorem 3.6. Let X be a Banach space of finite cotype such that X* has GAP and fix ¢ >

cot(X). There is a constant C' > 1 such that for every finite choice of vectors {2 }jaj<m

Wehave o
1/ @ 2
(B 32w [)" < @] 3 o3 v

|a|<m
20
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Proof. Similarly as in PropositionB2] we define the operator S : X* — L9(T") by

S(z*) = Z r*(z,)w.
|a|<m
From [18, Theorem 2] (see also [29, Proposition LI]and [13, Corollary 5.21]) we have

(] 3 o

laf<m

q\ 1/q
) < 7Tq(S*)a

and the challenge is to bound properly 7,(S*). We do this in several stages, the first one
being to bound it by 75 (5*). There are two things to be observed first. One, that we can
restrict the codomain of S* to X since the image of S* actually lies on X and its easy to check
that the 7,-norm remains the same. The second one, that we know from 24, Proposition 1.4]
(see also 13, Theorem I1.14]) that there is a constant C' > 1 such that

m(U) < C|U]

for every U : L>(p) — X** (here we are using that, by the principle of local reflexivity,
X and X** share the same cotype; see [I, Theorem 11.2.4]). Then, if we factor iS* = AB
through some L> (1) as in (BQ)), this and the ideal property of g-summing operators give

my(57) = my(i57) = 1o (AB) < m(A)||BI| < Cl|AJ[|| B,
hence
7o) < Crna(S%).
The second stage is to bound Yo (S*). Let R : LY (T") — l5(A) and T' : 5(A) — X be
the operators defined by R(f) = (\/2/q|a‘f(a))a and T'(e,) = \/q/Z‘alxa respectively.

We have the foﬂowing commutative diagram

LT (p) —=— X*

r| ]

l(A) —— X
By the ideal property of factorable operators [I2, Theorem 7.I] we get
Voo (57) = Yea (ITR) < 7oo(T)|| B

So, it only remains to bound these two factors. We begin by showing that R is a contraction.
Given f € L7 (T") we can use Theorem[[2to get

IR = Y ) 1P =E[fw) Y ()" Fae]

laj<m laj<m

> (3) Fawe],, <11,

laf<m laf<m

= [[f 2 1RO lena)-

< Nl
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And, since f was arbitrary, this gives || R|| < 1.
Finally, applying (BI]) and [13, Theorem 12.27] (which is the linear case of TheoremR22]above)

we obtain
2)1/2 gg’(EH Z Eia\/g@élxa 2)1/2’

||
1) < C(E] T viyfE o
and this completes the proof. 0

|laj<m laf<m

We finish this section with two inequalities in this context for tetrahedral polynomials.

Corollary 3.7.

(a) Let X beaBanach space with GAP. Then there isa constant C' > 1 such that for every
finite choice of vectors {4} 4|<m and every symmetric non-trivial random variable &

we have o 1
(] 5 o) o8] £ ]
|Al<m

[A|<m
(b) Let X be a Banach space of finite cotype such that X* has GAP, let ) be a symmetric
random variable with finite s-norm for some s > cot(X)and fix 1 < p < s. There s
a constant C' > 1 such that for every finite choice of vectors {2 4 }|4<mn we have

o 3 ) <ol 5 )
|A|<m |A|<m

Proof. For the first statement just observe that using the contraction principle (see Theo-

rem[L3)) and (29]) we get
(EH Z €inTa 2>1/2 SC\/imOEH Z Eia\/é_lall‘a 2)1/2

la]<m la]<m

< C\/imEH Z Tawe

|oo| <m

Combining this with Theorem |2“_2| proves the claim. On the other hand, choosing a suit-
able ¢ (for example ¢ = s) and applying the contraction principle to (B2]) we deduce

() S )" < oyff (6l 5 een )™

Joining this with (9]) and Jensen’s inequality proves the second statement. U

Notice that for spaces X such that X and X* have GAP (see [16, Theorem 1.7] for a charac-
terization) we can join Theorems[B.3and B.6las well as both inequalities from Corollary B7
(the finite cotype hypothesis is included in the fact that X has GAP). Under such condi-
tions we get estimates from above and below comparing the norm of a random polynomial
with the norm of an inclepenclent random sum of its coefficients. In particular, this holds for
Banach lattices of non-trivial type. Recall that K-convexity is the same as having non-trivial
type and it is a self-dual property. So the dual of a Banach lattice X of non-trivial type also
has non-trivial type. Therefore, both X and X* have finite cotype (seell3, Corollary I1.9 and

Proposition I1.10]). Finally, since X and X * are Banach lattices with finite cotype, both have
GAP.
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4 One-variable decoupling

In this section we study one-variable decoupling of m-homogeneous tetrahedral polynomi-
als. Instead of comparing P(£) = M (&, . .., ) to its decoupled version M (£, ..., (™),
we will only replace { with an iid copy £’ in one entry to obtain M (¢, €, ..., ). Of course
this time we are alming at comparing the p-norms of both objects up to a constant C' not
depending on m. Note that if the constants were allowed to grow with m, most of the re-
sults of this section would be direct applications of our previous results. To achieve our goal
we have to use specific properties of the random variables at hand so we restrict ourselves to
gaussian, Steinhaus and Rademacher variables. We mention that some inequalities in this
section can be thought of as Markov type inequalities for homogeneous polynomials in the
sense of [I3].

We are mosdy interested here in Steinhaus variables, but we start by deaiing with gaussian
variables to set a benchmark for the type of inequality we are looking for. We show a one-
variable version of (B that follows the ideas from |20, Theorem 2].

Proposition 4.I. Let P : C" — X be an m—homogeneous tetrahedral polynomiai. For every
1 < p < oo we have

%(EIIPW)H”)”” < VI(EM© 7, )PP < VeEIIPH)IP) P

Proof. For the first inequaiity consider the gaussian variable

0o 1 ' m—1

A straightforward calculation shows that for every 1 < i < n we have

1 m— 1
Ehil] = = and Elwly'T =/ ==

Therefore, since P is tetrahedral we get

EM>Y,7,. .., = \/1% ( mT; 1) P").

By Jensen's inequality we deduce

1 (m—1)/2
EIPGOI < (14 ——=) " VmEIME, 3, DI
< Vem(EIIM(, 7, ) D).

Since 7" ~ =, this proves the first inequality.

For the second one, notice that for a Steinhaus variable w we have

Ew[P<\/n%7'+7>E] :mM<\/%7',7,...,7).

Again, by Jensen’s inequality we deduce

m—1
VIE[M 5, I < w(By
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Similarly as before, for a fixed w € T we have that

w 'y m

/7771—17 Y m_17-

P< m 7) p>1/p
\/m—l

1 (m—1)/2
- (1+——) E||P(~)|[P)V/?
(1+— (EI|P()])

< Ve(E| P[P

which completes the argument. |

Therefore we obtain

m—1

VIE[M©E ... I < T(E7

Unlike in the previous section, translating the last result to other random variables is not
possible since our comparison estimates (such as Theorem[2.2]) involve constants of the form
C™ (and we aim at constants independent of m). However, we can recover an analogous
decoupling inequality for Steinhaus polynomials assuming the Banach space is K-convex.
Recall that a Banach space is K-convex if the -homogeneous (Rademacher) projection R is
bounded on L*({—1,1}*, X'). We use that K -convexity is equivalent to the boundedness
of the Rademacher projection R on LP({—1,1}*°, X)) for some (every) 1 < p < oo (see [I6,
Lemma 7.4.3]). In this case, we denote the norm of R by K,(X).

Theorem 4.2. Let P : C* — X be an m—homogeneous tetrahedral polynomial. For every
1 < p < oo we have

(E||P(w)|?)? < g\/_em(EHM(w’, w, ..., w)|P)HP. (33)
If the Banach space X is K{-convex and p > 1 we also have
, T
VmE[M (W' w, ..., w)|[)? < 5\/EKP(X)(EHP(w)Hp)1/p.

Remark 4.3. The key fact in the proof of Proposition.Ilis that for gaussian variables a7y +
by ~ /la|* + |b]*>y" for every a, b € C. This is no longer true for other random variables
such as Steinhaus variables. To obtain a similar behavior we take advantage of the geometry
in C and use the variables w and iew which always stay orthogonal to each other. Notice
that in this case for a,b € R we have that aw + bicw ~ +/a? + b*w. This explains the K-
convexity requirement which arises from estimating the norm of homogeneous projections
involving Rademacher variables we are forced to use in order to maintain the orthogonal-
ity between w and iew. We do not know if the K-convextity assumption is necessary. It
is worth mentioning that one can retrieve the full-decoupling inequality () for Steinhaus
variables by starting with the previous result and proceeding inductively. Therefore, weak-
ening the K-convextity condition to assuming only finite cotype would provide a new proof
of Corollary2Ilfor Steinhaus variables and possibly lead to better estimates.

We begin by showing a slightly more general fact than ([B3) which will lacer lead to an inter-

esting apphcauon.

Lemma 4.4, Let P : C* — X be an m—homogeneous tetrahedral polynomial and fix A €
C". For every 1 < p < 0o we have

(Ey[|M(Aw,w, ..., w)||p)1/p < vem(E. ,|M(Aew,w, ..., w)||p)1/p.
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Proof. Similarly as in Proposition[4.1} for 1 < j < n consider the random variables

r_ vm—l—l—iejw‘

w -

J \/m J:

An easy calculation using rotation invariance shows that w'" ~ w. Notice that
n__ m /
Efuw;|w] = E| =Y ey

m ’ /
— W X1 + __ w]
Jm—1+i T T =

o, VT e, - 1)
m—1+1 vm—1—1

1 1 1 , m—1 ,

( ) muw; =/ ———wj.

== +
2\yvm—14+1 +V/m—1—1 J m

P, = 1|w) +

Therefore we also get

-1
Elic;w;w'] = E[y/mw] — vVm — lwj|w'] = vmw| — %wé =

Proceeding as in Proposition[4.1} since P is tetrahedral we get

m—1
1 —1
E[M (Aiew,w, . .., w)|w] = N [ MO, W),
m m

By Jensen's inequality we deduce

(Eo||MAw,w, ..., w)|[P)? = (Ey||MOw', o', ... w")|P)YP

1 (m—1)/2 . 1
< (1 n —) VI(Ee || M(Niew, w, . . ., w)]|[P)"/?.

m—1

Finaﬂy, since M is multilinear we can take ¢ out from the first coordinate which completes

the proof. O

Proof of Theorem[4.2] Applying the previous lemma for A = (1,...,1) € C" and (2]) we
get

(Eu||P(w) ") < Vem(Bewl|M(ew, w, ..., w)[P) !/

= \/em(EwH Zejij(ej, W, ..., W)
j=1

p) 1/p
p) 1/p

IN

g\/ em (vaw/

n
Zw;ij(ej,w, Cow)
=1

= Ty | M (000, ) )

By rotation invariance we can replace w'w with w' which yields BG3D.

Now assume X is K(-convex and p > 1. Using rotation invariance and (&) in the other
direction we get

(B | M (0,0, ... ., w)|[P) P < g(EWHM(gw, w, ... w)|[P)YP. (34)
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As in the proof of the previous lemma, consider the Steinhaus variables

r_ vm—l—l—iejw'

w .

J \/m J:

For a fixed z € T regard P(v/m — 1z + iez) as a Walsh polynomial on €. Notice that its
I-homogeneous projectionis mM (iez, v/m — 1z, ..., v/m — 1z). Since X is K-convex we
deduce

(B o||mM (icw, vVm — Tw, ..., v/m — 1w)||P)V/? <
< Kp(X)(E|[P(Vm — Tw + iw)|[P) /7 = /m" Ky (X) (Bu || P(w')[7)V7.

So we get

\/E(E&wHM(gw, U}, e ’w)”p)l/p =

= \/m\/%m_l (Ee o|[mM (iew, vVm — 1w, ..., v/m — 1w)]||P)/?
1\ (m-1)/2 ,
<(1+——=) KOEP@))”
= VeK,(X)(Ey || P(w) ). €2)
Joining (B4]) and (B3]) concludes the argument. O

As an application of the previous results we have the following corollary (see [15,10] for sim-
ilar inequalities and their applications).

Coroﬂary 4.5, Let X be a K-convex space, P : C" — X an m—homogeneous tetrahedral
polynomial. For every 1 < p < oo and every A € C™ we have

(E[(VP(w), Aw)[[)"? < 7rng(X)mllAlloo(EIIP(w)||1”)1“”-

Proof. Notice that if P(z) = ) , £424 we can rewrite

(VP(z),\z) = Z A% Z TAZA-{j} = Z Z Njxaza =mM(Az, z, ..., 2).
=1 AJjeA A jeA
Applying Lemma (4.4]) and (&) we get
(EI(VP(w), w)|[P)? < /em® (B, , | M(New,w, ..., w)|[F) P
< SV Moo B[ M (w0, 0, .. w) ).

The result follows using (]ED from the previous theorem. O

To illustrate how we may use the last corollary, suppose we want to estimate E,, || P(ew) —
P(w)]|? for a small perturbation ¢ = (e); € T" where every coordinate is close to 1.
For z € C", consider the function f.(t) = P(e?'z). Observe that

fL(t) = (VP(e?2),i0e%).
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So under the assumptions of Corollary@we get

(B[ P(e”w) = P(w)|[)"? = (Eu |l fu(1) = £u(O)P)7 < (Bul £, (to) )17
= (E[{VP(w),ifw)|[")"/" < %Kp(X)mHGHw(EHP(w)ll”)””-

Of course, this estimate is only useful when ||0|| is smaller than 1/m. Otherwise the trian-
gle inequality together with rotation invariance already ensures that

(Eu[|P(ew) — P(w)|[P)"7 < 2(E[| P(w)|")!/7.

Unfortunately, we do not know sharp one-variable decoupling estimates for other random
variables. We finish this note by discussing one-variable decoupling for Walsh polynornials

and provide some partial results.

A famous inequality of Pisier (see [30, Lemma 7.3]) states that for every f : {—1,1}" = X
and 1 < p < oo we have

(Ec[lf(e) —Ef[")? < 2elogn(Eeo[[(V £ (), ) [[7) /7. (36)

This was used by Pisier to study a non-linear version of type for metric spaces known as
Enflo type. He proved that for Banach spaces both notions almost coincide. More precisely,
it is easy to check that Enflo type p implies type p for Banach spaces (see for example [27]).
Conversely, in [30, Theorem 7.5] it is shown that Banach spaces with type p > 1 enjoy Enflo
typer forevery 1 <1 < p. Thelogn term in (B€]) was the reason why one could only deduce
Enflo type r instead of Enflo type p. So the question of whether the logn factor could be
removed for Banach spaces of non-trivial type (/{-convex spaces) became a long-standing
open problem. Quite recently in [I7] it was proven that this is true even for spaces with finite
cotype and the coincidence of type and Enflo type for Banach spaces was settled.

In the case of m-homogenous polynomials we show that for spaces X of cotype ¢ < 0o and
for 1 < p < gwe have

(EIP()|P)? < Cm~ VI(E[(VP(e), 7).

Notice that since P is m—homogenous we have EP = 0 so this inequality is a variant of Ba)
for m-homogeneous polynomials. Also a straightforward computation shows that

(VP(e), ) =mM(e,e,...e). (37)
So in our notation the previous inequality can be stated as follows.

Proposition 4.6. Let X be a Banach space of finite cotype g and fix 1 < p < ¢. Thereisa
constant C' > 1 such that for every m-homogenous polynomial P : {1,1}" — X we have

(E|P)")" < CmVUEIM( e, ... e) [P)7.

Regrettably, this inequality only provides an analogue to (B3)) for cotype 2 spaces where
m!~1/ becomes y/m. It should be mentioned that for X = L(p) and p = g it is easily
proven that the above result holds replacing m!'~'/¢ wich \/m. This suggests that y/m could
be the right bound regardless of the cotype of X.

In order to prove Proposition [4.6] one can replace the integral from 0 to oo in [I7, Theo-
rem 1.4] with an integral from 0 to 1/m and carefully follow the proof of this result as well
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as[I7, Proposition 4.2]. However, we take a more direct route using a combinatorial identity
from Rzeszut and Wojciechowski which can be retrieved from equations (3.12) through
(3.15) from [3I]. This identity inspired our LemmaR.5and can be regarded as a one-variable
decoupling version of it. Given a vector space V, a family {vs: A C [n], |[A| = m} C V
(where n,m € N)and k € N we have

PP BRI I SEVE DI SR

BC[n] AiCB A2CB¢ BC[n AC[n) AC[n] BC[n
|BI=k [A1]=1 | Azj=m—1 |BI=k | Al=m Al=m |B|=
\AmB\:l |AnB|=1 (38)
=S {BC: Bl=k ANB = oa=m(" 7)Y o
’ k-1
AC[n] AC[n]
|Al=m |[Al=m

Notice that if n = km, then (Tl; T) = ((kk 11 ) Analogously, as in the decompos1t1on from

Section[2] a straightforward (but tedious) application of Stirling’s formula yields

0,

m( 1)~

The main idea is that in this case we can compare

S B XS v

AC[n] Bc[n} A1CB A.CB°
|Al=m |B|=k |A1]=1|A2|=m~—1

Whereas the left-hand side will be the object of study, the right—hand side is an average (over
all subsets B) of an expression with a decoupled structure. This is because for a fixed B the
indices A have been split in A; and A, in such a way that A; has always I element, A, has
always m — 1 elements and these elements do not mix since A; C B and Ay C B°.

Proof of Proposition4.6] Let{z4: A C [n], |A| = m} beafamily of vectorsin X . Taking

n larger if necessary, we may assume 1 = km for some k € N so we have

14
m( 1)~ ()

Using (B8]) for vy = z4c4 we get

(5] 5 o) = iy

|[A[=m BCln] A1ICB  A>CB°®

|B|= k|A1| 1 ]Az[=m—1
- n) > ( €A
k/ BC

} A1CB AxC B¢
|:k; |A1‘ 1 ‘A2| m—1

)1/12

)l/p. (39)

xAlUA2€A1UA2

xAl UAo 6142
|B

Now since A; C B and Ay C B¢ these indices never overlap. So for a fixed B we get

(40)

p
xAl UAs 8A2

/
8141 xAlUAQ 6142 8A1

A1CB A3C B¢ A1CB A2C B¢
lAl=1  |As|=m—1 [Al=1  |As|=m—1
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Denote 0; P = and notice that

OP(e)= D agjuaca.

AC[n]—{j}
|A|l=m—1
We have
/ /
Eei/ieB[E €j8jP(€)] :Eei/iGB[ E €A, E JfAluA2€A2]
jEB A1CB AQQA?
[A1]=1 |A2|=m—1
E &‘Al E T AJUASE Ag - (41)
A1CB AsCB°©
|A1[=1 |Ag|=m—1

Joining B9, ([@a), and using Jensen’s inequality we obtain

<Ee AZ TAEA p>1/p§@ Z < e Zéf@P

=m
\B\ k

) " (42)

Recall that n = km and the definition of Il ,, from ([[3]) as the familiy of all ordered parti-

tionsm = (B4, .., By,) of [n] inm sets B; of k-elements. By a symmetry argument observe

that
1 . 1/p | »
@Bgz[n} (Ea,e’ jeZBEjajP(g ) m|Hkm| Z Z( €,e 28 8P ) .
|B|=k

(43)

Using Holder's and Minkowski’s inequalities we get

li <E5,5/ Z 8;3]']3(5) p) 1/p < mi/d < lil (Em’ jEZBl 8;8]-]3(6) p) q/p> 1/q
S <E€’€/ < i H > 0iP(e) q>p/q> ey
=1 jeB

Applying the cotype ¢ inequality and the Kahane-Khinchin inequality to change the expo-
nent g to p (see [I3, ILI]), we have
) 1/q

(i H Z €50, P(e)
I=1  jeB,
)1/p

<o (Eﬂ}:&}:eﬁP

=1 jeB

(Eﬂ}:&}:eﬁP

Jj€B;

| /\

Joining this with (44]) we obtain

Z <E€,€/ Z €;ajp(8)
JEB;

p l/p < 1/q/5 E
=m e,e’ 0

p) 1/p

)2:&2:%@P@)
=1 JjEB;
p) 1/p

_ ml/ﬁé(ﬂgm,

(VP(e), )
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where in the last step we used that (5189 ~ E;-. Combining this with and (43]) we have

1 _ 1
(Ee Z TAEA p) g < 4Cm*1/q <E€,€/ <VP(€), €I> p) p.
|Al=m
The result follows from (B7). 0
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