TWO-WEIGHT BOUNDEDNESS FOR LOCAL FRACTIONAL
MAXIMAL AND APPLICATIONS

MAURICIO RAMSEYER, OSCAR SALINAS, AND MARISA TOSCHI

ABSTRACT. Given € a proper open subset of a metric space with the weak
homogeneity property and a measure p doubling on certain local balls, we
give sufficient conditions about local weights for the two-weight boundedness
of the local fractional maximal operator acting on weighted Lebesgue spaces.
As applications we obtain analogous results for singular and fractional type
operators and their commutators. As a further application we present an a
priori estimate for solutions of A™wu = f in Q, acting in weighted Sobolev
spaces involving the distance to the boundary and different local weights.

1. INTRODUCTION

Let €2 be a proper open and non empty subset of X, where X is a metric space
satisfying the weak homogeneity property, that is, if d is a metric on X, there are no
more than N points in a ball B = B(z,r) whose distance from each other is greater
than r/2, for all ball B for some fixed number N. It is clear that this property
implies separability of X. Also, we will suppose that all the balls contained in 2
are connected sets and their closure are compact sets.

For 0 < 8 < 1, we consider the family of balls well-inside of € defined by

Fs={B=DB(wp,rp): vp €Q, 75 < Bd(zp, 2},

where zp and rp are the center and the radius of the ball and d(zp, ) is the
distance of xp to the complementary set of 2.

As usual, we will denote by AB the ball with same center and radius A—times
of B. Also, given a Borel measure p defined on  such that 0 < p(B) < oo for
any ball B € F = Upca<1Fa, we will say that i is doubling on Fg if there is some
constant Cg such that

1
(1.1) u(B) < Cs u(5 ),
for any ball B € F3.

Remark 1.2. Let us remark that the doubling condition on F implies the finiteness
of the measure pu(B) for B € F3, even though this is not so for all the balls contained
in €.
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Remark 1.3. In [6] it was proved that such a measure is doubling on F, too, for
0 < a < 1, perhaps with a different constant that may increase to infinity when «
increases to 1. For instance, if Q = (0,00), du = dz/z, it is easy to see that p is
doubling on F,, with constant C'(a) — oo when a — 17. In fact, to see this we
consider zy € (0,00), « € (0,1) and 0 < t < . Then, we have

[0 o
wo—tog T 1—t lnﬁ vo—tao T
. In & . . . .
Now, denoting C(t) = —=, it can be easily proved that C(t) is a continuous
-

In

2
function over [0, a] such that C'(a) — oo when o — 1~ which, in turn, proves our
; _d
statement for the measure given by du = <*.
In this context, for each 0 < v < 1 we consider the local fractional maximal

function on € defined as follows
1
(1.4) Mifa) = s [ duto).

B:xeBcFg M(B)li,y

for every f € L () and every z € Q. Moreover, for each 7 > 1 we denote

loc
Mg”'f = (Mgr(mr))l/r, whenever yr < 1. Throughout this work, unless otherwise
indicated, all the spaces involved will be defined with the measure pu.

When v = 0, we will use the notation Mg instead M g . This case is considered
by Harboure, Viviani and the second author in [6]. They characterized the class
of weights w such that Mg is bounded in LP(€, w). This class is a local version of
the A,-Muckenhoupt classes and it is denoted by Ag. We say that a positive a.e.

function w in L{ ,(Q2) belongs to AL if there exists a constant Cg such that

loc

0 ()i o) 500

for every ball B in Fg.
In our work, we will say that a weight u satisfies a doubling condition on F if

the measure u(B) = [ udp is doubling in the sense of (LI for any ball B € F.
In this case, we will denote u € D(F).

Remark 1.6. Let Q = {(z,y) € R? : & > 0} with the metric d((z1, 1), (z2,92)) =
max {|x1 — 22, |[y1 — y2|}. Given 8 € (0,1) we define on  the function

(2,9) e~/ if ly| < ma,
w(z,y) =
Y 1, if |y| > ma,

where m = ﬁ. By considering the balls B((2_",0),1+Lm)7 i € N, it is not

difficult to see that w € D(Fp\Fj) with g = T4 - Moreover, w ¢ D(}'B:) for each
B <P

On the other hand, we will consider the class A%, = U, AP Observe that if a
weight u belongs to A% | then u € D(Fs). Moreover, there are positive constants
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C and ¢ such that
§
u(E) <M@)
1.7 <C|—/— ) ,
() (B)
holds for every measurable subset = C B and for any B € Fg.

The two-weight boundedness problem for Mg was studied by the first two authors
and Viviani in [I5]. In the context of R™ with the Lebesgue measure, they gave
a characterization of the pairs of weights (u,v) for which Mg is bounded from
LP(Q,v) to L1(Q,wu). More precisely, they proved the following theorem

Theorem 1.8. Given 1 <p<g< oo and0 < f <1, let (u,v) be a pair of weights
such that u € D(Fp) and o = v' =" belongs to AS,. Then

(1.9) Mg : LP(Q,v) — LI(Q,u)
if and only if

(1.10) |B|~* (/Buda:>l/q </Badx>1/p/ <C,

for every ball B € Fpg.

The condition (1.10)) was denoted there as Ag’q. Now, related to the aim of this
article, for l < p<g< o0, 0 < B <1and 0 <~ <1, we will say that a pair of
weights v and v lies in the class Ag:qﬁ if and only if

(1.11) w(B)7! u(B)l/qa( B <,

for every ball B € Fj, where o = v!™7". We will write (u,v) € Ag’g

Note that this type of condition usually appears in literature in connection with
two-weight boundedness problems (see, for instance, [2] , [4] and [10]). In the
particular case ¥ = 0 and p the Lebesgue measure, we obtain . Moreover, if
v =0, u=v and p = ¢q, we recover the local Muckenhoupt class of weights Aﬁ as

in .

It is important to observe that, as in the one-weight case, describes the
same class for all the values of 8 (see Theorem 3.4 in [6] and Lemma 4.1 in [I5]).
Analogously, it is not difficult to check that A} '8 coincides with A2 for 0 < a <
B < 1, taking into account that p satisfies the doubling condltlon on Fg, and
U, 0 € D(]:g) So, as in the one-weight case, we can refer to those as local weights
and denote this class as A;’:}fc. In the particular case v = 0 we write Aiﬁg.

Remark 1.12. For a domain © and 0 < 8 < 1 we denote d(z) = d(z,£2°). Since
d(z) ~ d(xp) for x € B and x5 the center of B with B € F3, we have that d* € AP

for all a. In turn, for the class A;’:g, it is not difficult to see that (da,d‘;) € A;:g

for a bounded domain €2 whenever v + é — % < 0 and % — f? < 0. For a general

domain 2 we get the result but when ~ + % — % = % — % =0.

Before stating our first result we need to recall some facts about Orlicz spaces. A
function ¢ : [0,00) — [0, 00) is called a doubling Young function if it is continuous,
increasing, convex and such that ¢(0) = 0, ¢(t) — oo as t — oo and ¢(2t) < Co(t),
for all ¢ and some positive constant C. It follows that ¢(st) > s¢(t) for all s > 1
and ¢t > 0. Now, for a given metric space X, we will consider the Orlicz space LY =
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L?(X) as a subclass of measurable functions on X satisfying [y ¢(|f|)du < co. A
seminorm in these spaces is given by the Luxemburg norm as follows

f||¢—inf{/\>0 : /ngﬁ(|§|) d,ugl} .

On the other hand, for each ball B belonging on X, we consider the ¢-average
of f over B as above, that is

s =it {305 i [ o(H)ausa}

We recall that, given a Young function ¢, the function ¢(t) = sup,. (st — ¢(s)),
known as complementary function of ¢, satisfies the property

t<o L) p () < 2t,

for all ¢ > 0. Thus, we have the generalized Holder inequality

1
— < e
5 L el <C 17l Nl

For a weight u we will say that f belongs to the weighted Orlicz space L?(u) =
L?(X,u) if and only if fu € L? and we denote by 1l ey = 1fll g0 =l full, the
norm on this spaces. For more details about Orlicz spaces see, for instance, [16].

Definition 1.13. Let 1 < p < co. We say that a Young function ¢ belongs to the
class By, if there is a positive constant ¢ such that

[
. Pt

In the case where X is a space of homogeneous type the definition above char-
acterizes the class of functions such that the associated maximal operator

(1.14) Myf(z) = sup |[|fllyp
B:zeB

is bounded on LP(X) (see Theorem 1.4 in [13]).
With all this in mind, our first main result can be stated as follows.

Theorem 1.15. Let us consider 1 <p<q<o00,0< <1, 0<y<1and® bea
doubling Young function such that ¢ belongs to By,. Then, for every pair of weights
(u,v) such that u € D(Fg) and o = v'~? ¢ D(Fp\Fz), with B < 8/160, we have

(1.16) Mg s LP(Q,v) —» LYQ,u);
whenever
1/q
(1.17) (B)vfl/pﬂ/q L wd ||v71/p|| <C
' : u(B) /5" vE=

for every ball B € Fpg.
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Remark 1.18. We consider  and d as in the Remark Let

e Ve if ly| < mez,
oz, y) = .
1, if |y| > max,
for 0 < B < 1 withm = W. Again, it is easy to check that o € D(Fg\Fj) for
B = . Then, taking v =0, 1 <p = ¢ < oo and r > 1 such that " < p we can

to show that w = 1in Q and v = o~ 7T satisfies (1.17) with ¢(¢t) =¢".

As a corollary of Theorem [I.15] above we recover Theorem [I.8

Corollary 1.19. Given 1 < p < g < o0 and 0 < 8 < 1, let (u,v) be a pair of
weights such that u € D(Fg) and 0 = v1=?" belongs to AB . Then (1.9) if and only
if (1.10) holds.

Proof. Clearly, (T.9) imply (T.10). On the other hand, if ¢ € A2 then it satisfies a
reverse Holder inequality, that is, there exists » > 1 such that

(o o) < o

for some positive constant ¢ and every ball B € F3. Then, for v = 0 we get that

1.10)) implies (1.17) by taking ¢(¢) = t*'" and by using the Theorem we have
1.9)). ]

Remark 1.20. It is important to note that this result generalizes Theorem 1.1 in [6],
to the two-weight case.

The techniques involved in the proof of Theorem [1.15| strongly rely on estab-
lishing a connection between the boundedness problem for operators in the local
setting and in spaces of homogeneous type, (see Section . So, the following result
in the context of spaces of homogeneous type, which is an improvement of Theorem
1.6 in [2], will turn out to be a very important tool.

The definition we will give here are intended to contain cases where the space X
is a subset of a metric space. In this direction, for 0 < v < 1, we denote by M3,

the fractional maximal operator defined for each f € L (X) by
1

(2 M) = s [5G ).
where By = BNX and F(X) = {B(zp,rp): xp € X;rp > 0}. In the case v > 0,
for each 1 < 7 < 1/ we denote M3" f = (M;ér(|f\r))l/r, in a similar way as in
).

In the following theorems, if the space X is in particular a space of homogeneous
type in itself we will denote it X.

Theorem 1.22. Let (X,d, ) be a space of homogeneous type and let 1 < p < ¢q <
00, 0 < v < 1. Let vy be a doubling Young function such that 1 belongs to B,.
Suppose (u,v) is a pair of weights such that

1/q
(1.23) (B ([ ) o rn <
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for every ball B C X. Then
MY : LP(X,v) — LY(X,u).

Remark 1.24. The particular case X = R™ with the Lebesgue measure was proved
by Pérez [I1] (see Theorem 2.11 in that work). He studied a slighty more general
maximal operator M, where ¢ is a positive essentially nondecreasing function such
that ¢(t)/t — 0 whenever ¢ — co. Roughly speaking the function ¢ measures the
degree of fractionability of the operator. The hypothesis on the pair of weights
there can be recovered by taking op(t) = ¢7.

Theorem and an adapted version of Welland’s inequality (Lemma [2.3)) allow
us to get the following result about fractional integral operators Ty in the context
of spaces of homogeneous type (see Section [2| for its definition).

Theorem 1.25. Let (X,d, u) be a space of homogeneous type, 1 < p < q < 0o and
0<y<1. Letv be as in Theorem and let (u,v) be a pair of weights satisfying
that there exists r > 1 such that

1/rq
1
1.26 w(B y=1/p+1/q (/ urd,u> o~ /P B<C,
(1.26) (B) 5 o=/l
for every ball B C X. Then we have
T : LP(X,v) — LY(X,u) .

It is important to note that this result also provides an extension in some way
of Theorem 2.1 in [I1], to the case of spaces of homogeneous type and p < gq.

Now, we introduce the notion of local operators ([7]). For 0 < 8 < 1 and
0 <+ <1 we say that Tg is a (8, v)-local operator if it satisfies

(1) There exists a kernel K : Q x Q — C such that for any f € L°(Q)
T3 f(x /ny y) du(y) , a.e. x €supp f.

Moreover, Ty f(z) = 0 for every a such that B(z, 8d(z, Q¢)) Nsupp f = 0.
(2) The kernel satisfies:
(a) for every x,y € Q such that d(z,y) < d(z, Q°)

C
)l < B d@ )T
)

(b) for some ¢ > 0 and whenever d(z,zg) < 2d(z,y)

— T x) — x c d(CE»"EO) 6
|K (2,y) — K(x0,y)| + |K(y,2) — K(y, O)|§M(B(x,d(:z:,y)))1_7 (d(ay))

(3) Only in the case v = 0: Tj : L*(Q) — L*().

In the case v = 0 in order to simplify the notation, we will use T instead of
Tg. For obvious reasons, we will refer to this type of operators as “f-local singular
operators”, while in the case 0 < v < 1 we will speak of “$-local fractional operators
of order ~”.
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As an example of the last operators, for an open subset Q of R™, we consider

(127 1) = [ XLttt i) ).

|x — y|”(1*7)

In this work we consider L°(f2) as the set of functions essentially bounded
with respect to p and support contained in a finite number of balls B such that
d(B,Q°) > 0. By using the local version of Whitney’s Lemma (see Lemma it
is easy to see that L°(2) is a dense subspace of L?(€,v), where v is a weight.

The class of 8-local singular operators was recently studied by Harboure, Viviani
and the second author ([7]) in the context of metric spaces. More precisely, they
proved that T is bounded on LP(€, w?), for p > 1 and weights w in A}S.

This kind of operator has been well studied by several authors in other con-
texts (see for instance [4] in the Euclidean case and [I] in the context of space of
homogeneous type).

In this work we ask ourselves about the two-weight problem for this kind of
operators and their commutators. In order to give answers we will adapt ideas
given in [7] and combine them with new techniques, specially in the case of the
commutators. An important tool of our work is the S-local maximal sharp operator
defined by

# _ 1 1
(28) Mifa) = sw e [\ —mpflan + s o [ il

B:IGBE}—ﬁ B:zGBGCg

where €3 = {B = B(zp,fd(zp,Q°%) : zp € Q}. In a similar way, we consider a
local version of the well known BMO space.

Definition 1.29. We say that a function f belongs to the space BMOg(Q), with
0 < B <1, if and only zf/\/l%f € L>=(Q). We denote || fllgno, o) = HM%f”L‘X’(Q),

Now, for 0 < f < 1,0 < vy <1, m € N and b € BMOg(Q2) we define the
commutator of order m for a (8, )-local operator as follows

m?ﬂ@:/wmeWMmeﬂww@,

Q
where the kernel K is as before both in the singular case and in the fractional case.

Theorem 1.30. Let0< 3 <1,0<vy<1,méeNU{0} andl <p<g<oo. Letu
and v be weights such that u € AP, o, = v'~@/")" ¢ D(Fp\Fp), with B < /4000
and

1 1/q
sy e (s [ el <o

for all B € Fg, for some r > 1 such that yr < 1, where 1 is as in Theorem [I.15,
Then, for b € BMOg(Q2) we have
Tgy" : LP(Q,v) — LY(Q,u).

Remark 1.32. Theorem |1.30| hold for the operator Tgb taking m = 0. This result is
interesting in itself, and it is not necessary to give a special proof since it follows in
the same way as for m € N as the results involved in the proof are also valid when
m = 0.
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The following proposition, interesting in itself, is an important tool for the proof
of the previous result for small values of .

Proposition 1.33. Let (X, d, ) be a space of homogeneous type and Q C X as
usual. Let m € NU{0}, 0 <~y <1 and 1 <r < 1/v. Then there exist constants
Bo and 0 < n < 1 such that for each B € (0, 50/3), if Tg is a (B,7)-local operator,
then the commutator Tj}" satisfies

/Q T3 f 7 udp < C b7, / M9 wdp,

for every f € L(Q), where u € AZ, and b € BMOg(Q).

The structure of this paper is as follows. Section 2 contains some useful technical
lemmas and the proof of Theorem and Theorem Section 3 proves several
tools about the covering lemma that we use later. Section 4 shows that local
BMO functions belong to certain classic BMO spaces in the setting of spaces of
homogeneous type. In addition, Theorem [1.15] is proved. Finally, the proofs of
Theorem [T.30] and Proposition [I.33] are in Section 5 with some applications of the
main result. Throughout this paper C' will denote a positive constant, not the same
at each occurrence.

2. RESULTS ON SPACES OF HOMOGENEOUS TYPE

Let X be a set endowed with a quasi-distance d with constant A such that, for
each x € X and r > 0, the balls B(z,r) = {y € X: d(y,x) < r} are open sets and
a positive measure u satisfying a doubling property. A set like this is called a space
of homogeneous type and denoted by (X, d, p).

In this section we consider the fractional maximal operator My as in (L.21).
We state the following lemma without proof (it can be found in [2]). First, we
introduce some notation. For a ball B = B(z,r) we denote B = B(x,5A%r), where
A is the quasi-distance constant. If F is a y-measurable set and f is a nonnegative
integrable function we write

mef = p(E)! /E fdu,

for a fixed v € [0,1). For each k € Z, let ), = {y € X: 0F*1 > MJ f(y) > b*},
where b > 1 is fixed and depends on the quasi-distance and doubling property
constants. In the case (X) < oo, we take ko such that b0t > myxf > b*0. Note
that, in this case, Q = (), for k < ko.

Lemma 2.1. [2] For any non negative function f with bounded support, and any
k € Z such that Qy # 0, there exist a sequence {BF}ien of balls satisfying:

.1) QkCUBf,

=1
232 BFn Bj’-C = () whenever i # j.
. 3)  If u(X) = oo, then for every BY, there exists z¥ € BF such that if r¥ is the
radius of BE, r > 5A%rF and 2¥ € B = B(y,r), then b**1 > MJ f(zk) >

mgsf>b" > mpf.
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214) If W(X) < oo, then (2.1[3) still holds for k > ko, but if k = ko we only
have one ball By such that Qp C BY = X and bot' > MY f(zF) >
M pko | > bko | for some acfo € Bfo.

245 Ifzdu,us, B! and M} f(z) < oo, then M;gf(a:) < bk,

Z16) LetI" = {(ln) € ZxN : 1> k+2, B, B+ 0} and let A*
Uityert Bh Then 2u(A%) < u(BY).

(24 7) Let EF = B¥\ A¥. Then 2u(EY) > p(B¥) and p(X\ U EX) = 0. If
x € BY and M f(x) < oo, then M f(x) < b2,

(21418) Let Ff = B¥\ A% Then p(FF) > C w(BY) and

YD xmr(@) <3,

k=—o0 j=I

where xg denotes the characteristic function of the set E.

Now, we are in a position to proceed with the proof of Theorem [1.22

Proof of the Theorem[I.23 Let f > 0, f € LP(X,v) with bounded support. By
Lemma . there exist a sequence of balls {BF} and a positive constant C' such
that

1My £l Fa
=/(M§f)“udu
X
<C S tmp ) [ wdn
ik BY

—c Zu(Bf)’Yq/B? udu( (;k)/ fdM>q

q
o g
<C‘Z<M(Bf)” ([ i) 1/P||¢,B¢-,> (B

<C Y uERI I
ik
where in the last step we use (1.23) and the condition @ Thus, by the def-
inition of M 3 and the fact that {sz} have bounded overlapping we can conclude
that, since p < ¢

a/p
1M 73, < © ( [ Qa0 ) iy
kX
q/p

<C ( fvl/p))p du)

x
<C < f%du) ,

X
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where the boundedness of M; on LP(X) follows from the fact that Ve B, (see
Theorem 1.4 in [I3] and Remark 1.17 here). O

In addition, we will consider integral fractional operators. More precisely, we
will say that 7, with 0 < v < 1, is a fractional integral operator of order ~ if it
satisfies:

(1) There exist a kernel K : X x X — C such that for any f € L?(X)

Ty f(z) = / K(z.y) f(y) duly),  ae o gsuppf.

(2) The kernel satisfies:
(a) for every z,y € X
C .
u(B(x,d(z, )=

|K (2, y)| <

(b) for some & > 0

C d(z,z0)\*
Kxay —K(EO,y +Ky,{17 —Ky7$0 < (
) = Blroy) 4 ) = K20l < 46 G g \ ()
Remark 2.2. Tt is well known the LP(R™) — L?(R™) boundedness for this class of
operators, where 1/p = 1/q + 7. See for instance [I], [2] and references here.

The following lemma gives a version of Welland’s inequality (see [I7]) in the
context of spaces of homogeneous type. This kind of result has already appeared in
the literature, with slightly stronger hypotheses (see Proposition 5.1 in [3]). Then
we can obtain the proof of Theorem [1.25| proceeding in the same way as for Theorem
6.5 in [5].

Lemma 2.3. Let (X,d,u) be a space of homogeneous type. Let 0 < v < 1 and
0 < e <min{vy,1 —~}. Then, for every bounded function f with compact support
the following inequality holds

_ 1/2
[T f(@)] < C (MF™° f(x) M f(2)) ',
for every x € X, where C' > 0 only depends on n, v and €.

Proof. In order to prove the lemma, taking s > 0 to be chosen later we split the
operator as follows

1240 < [ O duty)
|f(w)l
< B(z,d(z,y))— duly)
{yeX: p(B(z,d(z,y)))<s}
n Lf ()l duly)

I
{yeX: pu(B(z,d(z,y)))>s}
=I+1I.
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Now, we consider the non-necessarily symmetric quasi-distance § associated to
(X,d, 1) and equivalent to d, introduced by Macias and Segovia in [§], given by

_ | w(B(z,d(z,y)), z#y;
o) = )ty
It satisfies that
(2.4) 6<d<39.

Now, denoting by Bs the balls with respect to the metric J, we have that
B(x,r) C Bs(x,r) C B(x,3r), for every z € X and r > 0.

For I, we assume first that p({z}) = 0. Therefore, defining R, = {y € X :
27k=1s < §(x,y) < 27%s} and using the inclusion Bs(z,27%s) C B(z,27%+2s),
w(B(z,(z,y))) < d(z,y) and the fact that p is doubling, we can get

<C Y @27 My f ()

<C s MJ “f(x).

Now, if u({r}) # 0 we have that 27%1~1s < p({x}) < 2%, for some k; and
proceeding as above

Wl @l
I< /{x} u({x})lf'y ka_H R 5 (z,y) 1 - d,u(y)
<C @B M@ +C Y (@R ME ()
k=k1+1

<Cs* M f(x).

To estimate term I1, let Ny = {y € X : 2Fs < §(x,y) < 2¥+1s}. Assuming that
1(X) = oo and by the doubling property of u, we have

|f(y)]
1= / W gy
{yeX:6(x,y)>s} §(m,y)1*7 ( )

> Sy WL )

k=0 Ny 5(33, y)l—’y—s
<3 (k) ! / @) duly)
n k=0 ,LL(B(Q?, 2k8>)1_’y—€ Bs(z,2k+1s)

- 1
C k\—¢ d
<O S g g g sy 1 0)

<Cs " MITEf().
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On the other hand, if u(X) < oo, we take k; such that 2%1s < p(X) < 2Fi+ls,
Then, for each z we have that B(z,2"%1s) = X and C2Fls < u(Bs(z,281s))
(see [9]). Therefore, in a similar way as before we obtain

IT < Cp(X)° M f(z) + klzl(zks)—s M f(x)
k=0
<C2 R MY () + 575 MY f(a)
<Cs MIf(z).
In both cases we have the same estimate. Finally
T f(x) < Cs° My flx) + s~ My f(x),
and taking s* = (M "° f(2))Y/2(My " f(x))~'/? we get the desired result. O

We end this section with the following lemma, which is a version of the Fefferman-
Stein inequality on spaces of homogeneous type. It was proved by Pradolini and
the second author in [12].

Lemma 2.5. [12] Let (X, d, i) be a space of homogeneous type such that u(X) < oo.
Let f be a positive function with bounded support and w € As,. Then, for every p,
1 < p < oo, there exists a positive constant C' such that if || Mx f|| Lr(x,w) < 00, then

(2.6) 1M fl| o) < CIMEF || o) »
where
1 1
M = — - d — d
) = s s [0 - ma i) + o [ 1w,

where Bx and F(X) are as in (1.21]).

In this context we say that f € BMO(X) if Msﬁgf € L>(X), and we denote
1 a0 = ISl ).

3. COVERING LEMMAS

In this section we present some known results that are useful in the context of
local operators. We state them below without proof.

Before we need the notion of “cloud” of a given set FE in 2. That is, given
0< B8 <1and FE €, the set

(3.1) No(B) = | R,
RNE#£D
ReFp

is the “cloud” of E. In particular, for balls, this idea was introduced in [6] along
with the following generalized notion of dilated ball. We denote

(3.2) B=5B, if 5BeF3 o B=N3B), if 5B¢&F;.

In that article, the authors proved several lemmas. For the sake of completeness,
we state the following ones and invite the reader to look for their proofs there.
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Lemma 3.3 ([6], local Vitali). Let X be a separable metric space and € an open
proper subset of X. Let 0 < f < 1 and I' a family of balls belonging to Fp with
uniformly bounded radii. Then, there exists a disjoint and at most countable sub-
family A such that the collection of open sets {B}Be/\, with B defined as , still
covers Jger B-

Lemma 3.4 ([6], Whitney for Fg). Let Q be an open proper subset of X. Given
0 < B <1, for each a, 0 < a < /80, there exists a covering W, of Q by balls
belonging to Fgz with the following properties

i) If P = B(xp,rp) € Wy, then 10P € Fz and
1
2@ d(xp,Q°) <rp <ad(zp,Q°).
ii) If P and P’ belong to W, and PN P" # (0 then P’ C 5P and P C 5P".

iit) There is a number M, only depending on 8 and a, such that for any ball
By = B(xg,70) € Fp with 5By & Fa, the cardinality of the set

Wa(Bo) = {PE W, : PmNﬁ(Bo) 75(2)} s

is at most M. We will denote the union of this sets as

Was, = |J P.
PeW,(Bo)

Even though we said before that the proof of the latter lemma can be found in
[6], it will be useful to recall here how to build the desired balls in it. For this, we
consider the bands ), = {x € Q : 2F~! < d(z,0Q°) < 2¥}. Since X is separable, we
choose, for each k, a maximal net of points in Q, namely {z¥},c; with Ji C N,
whose distances from each other are at least a2*~!. Thus,

Wy = U B(aF,a2F71).
i€Jp;keN
In general, we will denote these balls by P, = B(x;,7;). A careful examination

of the proof of the Lemma 3.1 in [6] reveals that the measure does not need to be
doubling for all ball sizes. So we can state it in the following way this result.

Lemma 3.5. [6] Let X be a metric space with the weak homogeneity property and
Q as before. In the same hypothesis on the Lemma if p is doubling on Fg\Fjz,

with 8 < a/2, then, for any ball By such that 5By & Fp we get
(1) If P; and P; belongs to Wa(DBy), we have

w(P;) < C p(p;),

for some positive constants C'.
(2) Moreover

N5 (Bo)) < C pu(Bo) -
where C > 0 only depend on B, a and the constant of the doubling property
of u.
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Remark 3.6. By an analogous reasoning and the same hypotheses of the previous
lemma we can prove that p(Ng(Ng(By))) < C u(By), for every ball By such that
5By & Fp.

Remark 3.7. For the constant a fixed in Lemma we consider k¥ € N such that

%% <a< S%k and we denote Pi = 80k P; for each P; € W,. Then
11 8 1 A
————d(x;, Q° —ad(z;, Q2°) < r; <ad(x;, Q° —d(z;,Q°),
55 0% (z )<2a (z ) <r; <ad(z )<80k (z )

which implies that P; € Fg but 5P, ¢ Fg. Consequently, using Lemma for
every p doubling on Fjg

HNs(P;)) < pNa(Py) < C w(Py) < C (P,

where C' does not depend on i.

The following lemma says that a certain element x can not belong to too many
clouds of balls of the covering given by Lemma

Lemma 3.8. Let 0 < 8 < 1, for a collection of Whitney type balls {P;}, there is a
natural number M such that ZXNB(Pi)(I) <M, for all x € Q.

Proof. For k € Z we consider the bands ), = {y € Q : 281 < d(y,Q°) < 2’“}.

Suppose that € Q and define N' = U N3(P;). If we show that NV is a
i: 2€ENg(FP;)
bounded set in X, since the center of P; lies in a maximal net of points in each
); whose distances from each other are at least a27~" the conclusion follows by
applying the weak homogeneity property.
In order to prove our statement we will prove two facts. The first is that there
exists a constant C' such that d(y,z) < C, for y, z € N. The second is the inclusion

l
(3.9) Nc e
J=jo
for certain constants jo y [ independent of .

Let us start considering y, z € N, and balls R, B, R’ and B’ belonging F with
the following properties: y € R, z € R\, RNP, # 0, BNP, # 0, R" N P; # 0,
B'NP; #0 and 2 € BN B’ So, defining A = {x;,z,2r,2r,xp,xp } the set of
centers, by we can deduce that

d(y, 2) < 28 maxd(z,Q°) < 262" = C,
1S

where kp.x is the largest of the subindexes corresponding to the bands containing
the centers in A. In order to prove the inclusion above we use some claims whose
proofs can be found in [6] whit same names.

Claim 1. Given B and B’ in Fg such that BN B’ # 0, if xg € Qy then x5 € Q;
with k —m <1 < k + m for some m only depending on .

Claim 2. If B € Fg and zp € {1} then B C U?:,i_nﬂj for some fixed n depending
only on f3.

Claim 3. If P, N Qj # @, then Tp, € Qj—l @] Qj U Qj+1.
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j=k—m
from Claim 2 B C Ufi}cnfnlhnﬂj. Now, since BN P; # (), we apply Claim [3[ and
conclude that zp, lies in some Q;, k —m —n -1 < j < k+m + 2. Finally,
for an arbitrary ball R such that RN P; # () we can deduce in analogous way that
R e UfilzT;niznszj and the proof of (3.9) is complete taking jo = k—2m—2n—2
and l =k +2m+ 3. (]

Now, since = belongs to Q; N B, by Claim [1| we have that zp € U™ Q. Then,

Remark 3.10. A similar reasoning allows us to prove that {N3z(Nz(P;))} have
bounded overlap as well.

4. ESTIMATES FOR LOCAL OPERATORS

In this section we prove some results concerning local operators. To do this,
as in [7], we consider metric spaces having a particular geometric property. More
precisely, we say that X with a metric d have the P property if there exists o > 0
such that Vag € X, R > 0, y € B(zo,R) and 0 < r < 2R, there exists z € X
satisfying

B(z,0r) C B(xg,R) N B(y,r).

In general, a metric space (X, d) does not necessarily have this property. How-
ever, we can take an equivalent metric ¢ (introduced by Macias and Segovia (see
Section [2)) in such a way that (X,§) has the P property.

In [7] the authors proved that given €2 an open proper subset of X, then a
measure /. is doubling on Fpg with respect to d if and only if it is doubling on Fg
with respect to the metric §. Consequently, it is not difficult to see that Ag;g(d) is
equivalent to ASY(6) for each 0 < f < 1 and 0 <+ < 1, where A-7(d) denote the
class of weights Ag;g respect to d-balls.

We will denote by Fg(d) the local family of balls where the distance of 25 to
the complementary set of ) is measured by the metric §. Thus, if Mg is the local
fractional maximal function associated to Fz(d), this new function is equivalent to
Mg whenever 0 < § < 1/3, that is, there exist positive constants ¢; and ¢y such
that

(4.1) cr Mg f(z) < MR f(x) < oMy f(x)

for every x € Q.

The important role of the P property can be appreciated in the next lemma.

Lemma 4.2. Let (X, d) be a metric space satisfying the P property. Let us consider
Q an open proper subset of X and pu a doubling measure on F. Let 0 < 8 < 1/14
and let {P;} be a covering of Whitney’s type as in Lemma then there exist
0 <7 <1/7 and a new covering {Q;} with the following properties:

(1) Q; € F; and U B(x, Bd(x,Q%)) C Q;, for every i.
TzEP;
(2) The space (Qi,d|g;, 1to,) is of homogeneous type, with a uniform doubling
constant on i.

To get the new covering it is sufficient to take Q; = 0P;, with = %—&—,6’—&—1, where
B < 1/14 and a small enough. We can check that Q; € F,, for some 0 < 7 < 1/7.
The details can be found inside the proof of Theorem 2.2 in [7].
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Lemma 4.3. Let 8 > 1/42. We consider the covering {P]} provided by Lemma

and its associated {Q.} as in Lemma for B° = B/50. Then, every ball
B = B(xzp,rg) with xp € Q), rg < 2R; belongs to Fg, where R; is the radius of
Q}. In particular, Q) € Fg.

Proof. Let B = B(xzp,rp) where 5 € Q} and rp < 2R,;. Taking into account that
R;=0r;, =0ad(x;,Q°), since a < 8/80 and 8 > 1/42 we estimate

1
9a=2ﬁ+awh+U=56@ﬁ+aw+5m)
1 51 1 1
— (284 —) < —(2 = —3.
<52+ go50) < 55 (28 +38) = 18
Thus, if » < 2R; we proceed as follows
1 . 1 w1
R; < Toﬂ(d(l‘B,Q ) + d(l’B,fEl)) < Toﬂd(IB,Q ) + ER“
this implies that
rg < 2Rz < 6d($B,QC) )

and the lemma is proved. (I

Lemma 4.4. Let § < 1/4. Then BMOg(2) = BMO4s(Q).

Proof. Clearly BMO4g(€2) C BMOg(2), since p is doubling on F and this family is
increasing on A. In order to prove the converse inclusion, let 3 = 48, f € BMO 5(2)
and B = B(zp,rp) € F5. It B € Fg or B € €5 (see Deﬁnitionand (1:28))
there is nothing to prove.

Now, suppose that B &€ .7-'[;\.7-'5. We consider W, a covering for € given by
Lemma with @ < 3/80. Since 5rp > Bd(xp,Q2¢), from item in that lemma
we get that there exists a finite number independent of the ball B, say N, of balls
P, € W, such that P,NB # 0 and B C UZN:1P1‘- In particular, let P;, = B(2;y,7i,)
be the one containing xp. Since P;, C B(zp,2r;,) and the fact that B ¢ Fg, we
can deduce 2r;, < rp and p(P,,) < u(B(xp,rp)). Thus

1 2
5 1= mwfldn < s [ 1f = mp, fld

N
1 /
<2 —mp, f|d
< ;M(Piﬂ) N |f —mp, fldu
Moo
45 <2 / f—mp, fld
(4:5) Z;maa TRl
(4.6) <cC Hf”BMOﬁ(Q) J

where the Lemma is used in (4.5) and the last inequality can be obtained by
considering a finite chain of balls in W,, say P = Py, P, -+ , P, = P’, with n < N.
By using the doubling condition of p and [iz)| of Lemma we get

1
m/lj\f—mp/ﬂdﬂ

SCm%iéU—nwﬂermaf—mgﬂ+~~Hmm4f—mmﬂ
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n—1

1
< C Wlssionen +C X wapy 1 = mor Sl

< Cfllpmo, (o) -

Now, combining this estimate with (4.6)) we complete the proof of lemma. So,
the proof is done. (I

Lemma 4.7. Let (X,d) be a metric space satisfying the P property. Let Q be an
open proper subset of X and p a doubling measure on F. Let B and T be such that
0<B8<7<1/3 andlet Q€ F,. If f € BMOg(Q) then f € BMO(Q). Moreover,
the following inequality holds

||f||BMO(Q) <cC ||fHBMO[3(Q) ’

where the constant do not dependent on Q.

Proof. Let B = B(xp,rp) with zg € Q and rg > 0. Let R be the radius of Q. If
rp < 2R, since ) € F, we get

R <7d(zq,Q%) < 1d(zp,zq) + 7d(2p,°) < TR+ 1d(zp,Q°).
Thus,
-
—d Q°
R < e (iL’B, ) R
and B € Far/(1-r). Now, we remember that Bg = BN Q and since the P property

implies u(B) < Cpu(Bg), by taking the smallest natural number jo such that
27/(1 — 1) < 4993 we can estimate as follows:

1 C
M(BQ)/BQU—mBQﬂdMSM(B)/B|f—m3f|dﬂ

g C ||fHBMO4jO+1[_}(Q) g C ||fHBMOg(Q) ’

where we used the Lemma On the other hand, in the case rg > 2R, we have
that Bg = @ and the conclusion is obvious. O

Before starting with the proof of one of the most important results of this work,
it is necessary to note that the B), condition is sufficient to prove that implies
(L.10), that is (u,v) € AD7. It is easy to see that ¢ doubling and ¢ belonging to B,
imply that ¢ (¢'/?) is a concave function (or equivalent to one concave function).
Then its inverse (z[ﬁl(t))p is convex and by an argument of duality we can see
that L¥(B, -¢%) € LY (B, %) with ||g|l,, 5 < C ||gll,, - Then condition
follows from by taking g = v~ /7 in the last inequality.

Proof of Theorem[1.15 Let By be such that 1/100 < [y < 1/42. For the case
B < Bo, we consider a Whitney’s type covering { P;} given by Lemma [3.4) applied in
(X, 9) for a such that 8/160 < a < 3/80. Now, let {Q;} be the covering provided
by Lemma We have that Q = U; P, = U;Q;. Then, by , we can estimate
as follows

/Q (M) ()" u(z) dyu(zr) < / (MLF () ule) dp(x)
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=y /P (M) utr) du()
<y /Q (M, (@) us(w) da(a)

where u; = u|g, and the fact that every ball B € 3 containing € P; is contained
in Q; by Lemma again. Now, since each Q; we can take My = M, , by applying
Theorem [[.22) on each @; and using the bounded overlapping property (see [7]) and
the fact that p < g we get

| @yt du < ¢ > < / P (e )du(x)>q/p

<o ([ du<x>)q/p .

Thus, We obtain the desired estimate in this case. Now, if 5 > [ it is sufficient to
prove ) for M, 5o 5 Where

(1.9 My pf@ = s [ (e,
’ B:fEEBE}—g\]‘—ﬁO B

In fact, we note that My f(x) < My f(x) + Mﬂ ﬁ]f( x). For this aim, we consider

again a covering {P;} of Q as in Lemma [3.4] for a such that 8/160 < a < /80
again. Then, given P;, for each z € P;, we choose a ball B, € Fg\Fg, such that

M3y @) < 2B [ 17l

x

Since B, N P; # 0 we have that B, C Ng(P;). Now, assuming for the time being
that there exists some constant C' > 0 such that

(4.9) p(Bz) = C p(P)

holds, for every x € P; and every ¢, we can obtain
q
| (03 5@)) " uta) dito)

ey (MBQE)“ [ du)qU(x) e

q

o Snran(ro)
Zu ) Nﬁ(ml | dp

( 1) a/v’ asp
<C YD1 y(P,) o (N (P; / P d)
e o)™ [ v

a/p
<C PHYYiq(P; 1/p ( p d)
S (wem =y o ry ) [, vl
a/p
SC (Z/QXN[j(P Ud/’(')
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q/p
<c (/Q flpvdu> ,

using Holder’s inequality, Remarkand the fact that (u,v) satisfies (1.11]) (see the
comment before the start of this proof). The last inequality follows from Lemma
0.3

Now, we will prove . Let us start with B, = B(xp,rp) and P; = B(x;, ;).
If the ball B, is such that 5B, ¢ Fp then, since P; C N3(B;), the Lemma
implies that u(P;) < u(Np(By)) < Kp(By).

On the other hand, if 5B, € Fg, taking into account that 10P; € F3 we have

d(z;, Q% < d(zp,Q°%) +d(zp,z) +d(z, x;)

< d(l‘B, Qc) + %d(.’lﬁ]g, QC) + %d(wz, QC) s
which implies that
1 2
d(zs, %) < 0T 20400 0) < 2d(ap, 00).
10-0
Furthermore, since 3y > 1/100 and B, ¢ Fp, we get
/3 C /8 (& C
ri < fd(ﬂ?,,Q ) < —d(:I:B,Q ) < 260(31(%3,9 ) <2rp.
80 40
Now, it is clear that P; C 5B, and using Lemma again the proof of (4.9) is
complete, and the proof of theorem is done. O

We end this section with the following lemma, which reflects the relationship
between the fractional maximal operator defined on a space of homogeneous type
and the local fractional maximal operator.

Lemma 4.10. Let Q be an open subset in a metric space (X,d) satisfying the P
property and let 0 < v < 1. Suppose that the space (Q, d|q, t|lg) ts of homogeneous
type, where Q € F¢, for some 0 < & < 1/3. Then, there exist n, with 0 < n < 1,
and C > 0 such that for each x € QQ we have

Mp f(z) < CM f(z),
where My and M, are as in (L.21)) and (L.4) respectively.

Proof. Let 0 < £ < 1/3 and Q = B(zo,70) € Fe. Given € Q, there exist 25 € Q
and rp > 0 such that Bg = B(zp,rp) N Q satisfies that

w(Bg)t =

Now, by the P property we can get that u(Bg) > C u(B(zg,r)). If rg > 2r¢ the
result is obvious since Bg = @. On the other hand, if rg < 2r¢, in an analogous
way as in Lemma[L.7 taking n = 2¢/(1 — £) < 1 the lemma is done. O

M@ <2 [
Q
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5. APPLICATIONS

In this section we prove Theorem [1.30| and give some other applications. In this
direction, we will need Proposition which is interesting in itself since it is a
local version of an analogous result proved in the context of spaces of homogeneous
type (see [14]).

Proof of Proposition|1.33. The first part of the proof is analogous to the one given
in [7, Proposition 3.3]. However, for a sake of completeness we include a sketch of
it. First, we need to check that Tg is a (38, v)-local operator with respect to the
metric 9.

The representation of Tg with 0 < v < 1 by a kernel and the boundedness
properties are independent of the metric. By using the equivalence of the metric
given in (2.4]) and the hypothesis on the kernel, we have

supp K C {(2,y) : d(z,y) < Bd(z,Q2)} C {(z,y) : 6(z,y) <3B6(z,Q)}.
Also we can deduce that

C C
BB, ()~ wlBa(a, 17300, )

Thus, the size condition is obtained. Analogously we can check the smoothness
conditions respect to d.

Now, taking 38 < 1/14 and considering a covering {P;} of Q as in Lemma
we consider the associated balls {Q;} which are spaces of homogeneous type, given
by Lemma Then, for each =z € P;, since Tg’b is a (B, 7)-local operator, we can
see Tg:bm as an operator defined as in Section 2 on @);. Moreover, for each = € F;
we have that 73" f(x) = T (fxq.) (@).

So, for v = 0, the restriction of 7", to functions supported on @); is the commu-
tator of a Calderén-Zygmund operator in this space. Then, by applying Theorem
1.4 in [I4] we obtain

[ T3 @I ) duta) < O, [ (57 0)@) u(w) duto).

i

|K (z,y)] <

For 0 < v < 1, keeping in mind the size condition on the kernel, we get the following
pointwise estimate for the restriction of 7" to functions supported on Q;,

TSNS C [ )~ @I K ) S duty).
Now, by using the Theorem 1.1 in [I] we have that
/Q T3 5@ ) du(e) < C 1o /Q M, (M) @) ) du(z)

for every f € L° with compact support. Now, for 0 < v < 1 we note that there
exists a constant C' > 0 such that

M}, (M. f)(@) < O M, f(a),

for every x € Q;, where ¢, (t) =t (log(e+1t))™ (see Lemma 4.1 in [I]). So, for each
1 < r < 1/, choosing tg large enough such that ¢,,(t) < Ct" for every t > tg, we

have that || flls,..0; < C|fll¢r.q,- Then, by Lemma

/r /r
@) <o (myir@) = oy ),

M), f(2) < C M f(w) = (MG
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for every x € Q;. Finally, by Lemma [.2] and Lemma [4.7]

/Q T3 1] wte) dr) < 3 / T2 () (@) u(w) dyu(z)
<0 ¥ PlEo, /Q M @)1 i) die)

< C ¥l Bro,m) [ M3 701" ule) du(z).

where u; = u|g,, as we wanted to prove. |

Now, as a consequence of the latter proposition we can obtain Theorem In
its proof we will start by considering 8 such that 38 < 1/14. The larger values of
B will be studied in a different way. For this, following again the reasoning applied
in [7], we split the operator into two terms. To this aim, we take a smooth cut
function 7, defined on (0,00), such that 0 < n < 1, n(t) = 1 when 0 <t <1
and 7n(t) = 0 for t > 2. We denote by d(z) = d(z, Q) and for « fixed such that
0 < 3(2a) < 1/14, we define

(5.1 1000 = [ Klow) (1-0(552)) 1) duto),
and its commutator
62 T = [ ) b K (1-0(559)) £6) dut.

The technique we will apply involves the following pointwise estimate.

Lemma 5.3. Let 0 <6 < 1,0 <~y <1 and Q; as in Lemma[].3 Then, for each
x € Q;, there exist constants C and r with 0 < yr < 1 such that

(a4, (T3 enxe) @)

1/r

1

< C o M3 70+ [ ura) ),
BMOg3 () ﬂ(H)lf'yr Na (N (P)

for all 0 < B < 1/14, where the last mazimal is defined as in (1.21)).

Proof. We assume that 0 < v < 1 (the case v = 0 can be obtained follwing a quite
similar reasoning). We consider z € @Q; = B(x;, R;) with R; = 0r; (see Lemma
and let xp € @Q; and B = B(xp,rp) containing x. To simplify the notation,
we will denote g = fxa,(p,)-

First, we assume that 2B € Fg. In this case we take g1 = IX(2B)q, and go =
g — g1. Observe that for each y € Bg, = BN Q;

T%b 09( ) < |b(y) - b(QB)Qi | Tg,og(y)
+T50((0 = by )"91)(y) + T3 o((b—bap),)"92) (y) -

So, we have

1/5
(u(;@-) -/B _ [(T37h9()" —c | du(y)>
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<( o / (1b() - by, I” TLo9(y ))5du(y)>1/5

#(Be,
s 1/6
T (u TB,O((b —b@n)q, )mgl)(y)) du(@))
1/6
+ (u 1T3,6((b — bapyo,)"92) () — ¢ |° du(y))

:Il(l')+12( )+.[3( )

To estimate I1(x) we observe first that |7} f(z)| < C My f(x) for each x € Bg,
(see in the proof of Theorem 4.1 in [7]).

By using Holder’s inequality with exponent s > 1 such that ds < 1, then by the
equivalence between norms in BMO and since My is of weak type (1,1/(1 — 7)),
(see [7]), Kolmogorov’s inequality allows us to get

1 1/4s’ 1 1/6s
L(z)<C 7/ b—bag, | du (/ T”f‘ssdu>
(=) (u(BQf,) BQi| e8| n(B) Bl 50l
1 1/6s
<C ||p|= _ (/ M7f55d>
” HBMO(Ql) N(B) B| B | 1

1
I S / fldu
|| HBMO(QZ) ﬂ(BQJli’Y BQi| ‘
< C [bllBhro, @) My, ()
< C 0o, M”f @)

where we applied Lemma and the last maximal is defined as in ([1.21)).
Now, in order to estimate I»(x), we apply Kolmogorov’s inequality again and

Holder inequality with r > 1 such that vr < 1. Thus

I(x) < C p(Bo,)"" / b= bapyq I 1] di

Bg,

1/r’ 1/r
< C u(Bg,)! (/ Ibb<zB>Qim’"'du> (/ Ifrdu>
BQi BQi
1/
¢ #/ = b ™ ) e [ I
(Bo,) (2B)q; u(Bg,) 1 Ba,

< C [blEmo, @) M”f( )

Finally, for I3(z), we take ¢ = Tg,o((b —bep),. )" f2)(xB). Then, taking into
account the support of K, for each y € B, we estimate the integrand in I3(z) as
follows

‘Tg,o((b - b(zB)Qi )mgz) (y) - TE,O((b - b(zB)Qi)mg2)($B))

< / b(2) — bapyg ["1K (9, 2) — K(@,2)] lg(=)] du(z)
(2B)cNQ

1/r
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=/ 16(2) = bpyg, | K (y,2) — K(xB, 2)| | f(2)| du(z)
(2B)°NN3(P;)

< X Lo, 1) o, 7K 2) = K, 2] £C)] dnC)

where the last inequality is obtained by using the fact that 5Q; & Fg, Lemma@
and Lemma m Moreover, the cardinality of W,(Q;) is ﬁmte let us say M, and
independent of 4. Thus, choosing s, ¢ and r such that i +3 Ly ; = 1, by Holder’s
inequality we get

IT30((6 = bemo, )" 2) W) = T (b = bapyg, )" f2) (25)

3 1/s
Z ( }D i) /BCmP 16(2) = b2p)q, |msd/~‘(2)>

F, 1/q
J 2 NP Q I a M z
<M»/(B)C jm . | (y, ) K(IB Z)| d ( ))

1/r
1 "l s
<M(PJ) ’, |f(2)["dp( )) ]

If we show that for each ¢ > 0

1/t
1
(5.4) (M(Pg) /Benp,- b(2) = by, |"du(z )) < C bllgmo, @) -

and each ¢ > 1

1 . 1/q o
(5.5) (,U(P]) /QB)CHP o |K(y,2) — K(zB,2)| du(z)) <C p(Py)

then, since p(P;) > C pu(P;) (see Lemma we have

IT30((0 = by, )" £2) W) = Tho((6 = by, )" £2) (w)|

M v
1
<c Bl MP,’Y 7/ fT’d,u
| “BMOB(Q); (7) (u(Pj) Pj| |

1/r
. 1 .
< C Ibllgro,e) (W /Nﬁwﬁ(p‘))u du) :

In summary, we have proven that

1/6
(M, (137 (Pevmy)xe) (@)

. 1 . 1/r
=¢ Hb”BMOﬁ(Q) (M’Y Jo+ (IW /f\fﬁ(NB(P-)) d dﬂ) ) ’

for every ball B such that 2B € Fg.
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Now, we consider the case 2B ¢ F3 and we decompose the function f as f; =
Ixwns(B) and fa = f — fi. In this situation, we can deduce that u(Bg,) > C u(Q:),
because it is not difficult to see that r > C' R;, then in the same way as before

1 . s 1/6
_ ’ ) — < .
(o [ (35650 xo. =< autn)) < 10) + 1) + 1o
For the terms I;(z) and I»(x) we proceed as in the case above. However, the
support of fy is in Q \ N3(B) and B(y, 8d(y,Q°)) C N3(B) then K(y,w) = 0.

Similarly, as B(z, 8d(z,2¢)) C N3(B) we have that K(z,w) =0 and so I3(x) = 0.
Finally, proceeding as above we also have the required estimate for the average

/?|BM ()] dunly)

1 1/r
< T r
¢ ”b”BMOﬂ(Q) <M A2 <M<Pi>1_’yr //\/ﬁ(Nli(Pi)) d du> > ,

and the proof of lemma will be complete provided that we will show (5.4)) and (5.5| .

For (5.4) it is sufficient to prove it in the case B € Fg/o and P € W,(Q;) such
that PN B #  (if the latter does not occur, we can proceed by considering a chain
of balls as in the end of the Lemma . So,

1 1/t 1 l/t
<M(P) /B Pbb@B)Q,,Pdu) < (u(m P|bbp|tdu> T b — by |
N

< C bllgymo, o) + 1bP = bep)g, |-

If rg > 2rp there is nothing to do since P C 2B. On the other hand, it is easy to
see that B C 5P € Fg whenever rg < 2rp. Then

: /
< b—bsp|du < C |b .
w5 [, 1o borl 1Bllmnio o)

lbr — basye,

Now, for (5.5), since y € B and z € Q; N (2B)° we have that B(y,3d(y,z)) D
B(zp,d(zp,2)). So, in a similar way as in Lemma we get B(y,3d(y,z)) €
Fsr/(1—r) and u(B(y,d(z,y))) > C u(B(rp,d(z,2p))). Then, from the size condi-
tion of the kernel we can estimate as follows

/ K(y,2) — K(@p, )| duz)
(2B)eNP;NQ;

L d(y,:c3>>€q

<C < du(z
omynmno, ABEAG DN\ dly.z) ) )
kj—1

<oy | H(Bl. 275) 0 du(2),

(Br+1\Br)NP;NQ;

where By, = B(zp, 2’“7’3) and k; is the smallest index such that By, totally contains
Pj, that is, By, D P; but By, 1 5 P;. Recalling that u is doubhng on F again we
proceed as follows

/ K (:2) — K, 2)[* di(2)
(2B)°NP;NQ:
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1 d(y,IB) =
: C/@Bympm W(B(y, dly, 2)))0 s < a(y.2) ) ap(2)

<O I Blrp, 20r) 0V ()

<OM( )~ DatL

which prove and the lemma in the case 0 < vy < 1.

Finally, as we said before, taking s = 1/§ in the estimation of I(z), using the
(1,1) boundedness of Mg and the corresponding estimates for the kernel when
v = 0, we obtain the lemma for this case as well. Then the proof is complete. [

With all this, we are in position to prove Theorem [1.30

Proof of Theorem[I.30L On the one hand, if 8 is such that 38 < 1/14, since (5.9)
with p, ¢ and r as in the hypothesis implies (1.17)) for p/r and ¢/r, by Proposition

and Theorem we obtain the desired boundedness result, that is (1.30)).

On the other hand, for 38 > 1/14, we will adapt the idea followed in the proof of
Theorem 4.1 in [7]. Thus, we consider the operator Tg g’g defined as in . The
operator T33", = Tj4" — T3 is the commutator of a (2a,~)-local operator (the
proof is similar to the one for the case v = 0, which can be seen in [7]). Then, since
0 < 3(2a) < 1/14, in an analogous way as before we obtain the result for Tg (4E
So, it just remains to see 7;;. For this, we consider 8" = /50 and take {P/} the
covering associated with the famlly Fp for a such that 8'/160 < a given by Lemma
[3.4] Moreover, since 33’ < 1/14, we get that the associated balls {Q}} are spaces of
homogeneous type as in Lemma“ Since u; = u|g, € Ax(Q;) whenever u € A2,
(see [7]), we be able to take 0 < ¢ < 1 such that u; € A,/5(Q;) and apply Lemma
(where the hypothesis hold by the known continuity of the maximal operator
in weighted Lebesgue spaces). Taking into account the support of Tg;b% allow us
to get

[ |70 st dute)
<3 [ i@ o )

<C Z/ Tg’bo fXNB(P{)))XPi’)é(x)
<C Z/
> /Q | Mé;((ngﬁ)(ij\/g(lﬁ)))éxp;)(x))qM wil) du()

’q/5

ﬁbO fXNﬁ(P’)))(sXP;)(»T) ui(z) dp(z)

Then, from Lemma, we obtain

[ |z s@| ) duta)
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< C |blgno, @ (Z / (237 7)) " i) dn()

> / ( /N BWM))|f’“du)Q/Tuz-<x>du<x>>.

Our hypothesis on the weights, as we said at the beginning of the proof, implies
for p/r and ¢/r. In [7] the authors proved that the classes of weights are
invariant under change of equivalent metrics. Then, without loss of generality,
we can suppose that the P property is valid in our space. So, as we have seen
before, for each ball B = B(zp,rp) with zp € Q) and rg < 2R} we have that

u(B) < C u(Bo,).

In addition |-, 4 < C'[|[|,, p for any A C B such that p(B) < C p(A). In fact,
since v is a Young function it satisfies that ¢ (st) > st (t), for any s > 1 and ¢ > 0.
Then, if we take A = [|-[|,, p

o ooz G (B s [ oLy,

which proves our statement. Then it is clear that the pair of weights (u;, v;) satisfies
(T.23) with ¢(t) = t2/7, for every ball B € F(Q}) and constant independent of i.
Then, by Theorem and the bounded overlapping of {Q}} we can deduce

Z/ Mg/ q Z/ M (1f17) )) g () dp(z)
qa/p
<c Y (/ Dt )du(w)>

<o ([ 1w du(x)>q/p~

For the second term we proceed as in the proof of Theorem [I.15] Since o, €
D(Fp\F3), combining Remark and Remark [3.7] and using the fact that (u,v) €

Ag 7+ that is (1.11). we can apply Holder inequality with p/r > 1 and obtain

q/r
Z/ ( )= w/ lflrdu> wi(x) dp(x)
: N (Ns(P)))
q/r
<C lu 'YT 1)‘1/7" Z(Q;) / |f|rd,u
Z ( Ns(Ns(P))) )

<C Z( N1y (PYYEID (0 (N3N (P, ))))1/<p/r>)

q/p
X (/ f|pvz‘dﬂ>
Na(Ns(P]))

q/p
<C ( XNB(Ng(P{))|f|pUdU)

<c /If”vdu) |

a/r
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where the Remark [3.10| was applied in the last step. So the proof of the theorem is
complete. ([

Now, in the context of partial differential equations, we consider X = R", en-
dowed with the Lebesgue measure, €2 an open subset of R" and the m-Laplacian
operator, that is A™, where the notation means that we compose m times the
Laplacian operator in €.

For U a solution of the problem A™U = f, many estimates are known in the
context of classical weighted Sobolev spaces. Particularly, in the context of local
weights, we refer to [6], where the authors consider a version of weighted Sobolev
spaces that take into account the distance to the boundary. More precisely, with
d(z) as the distance from z to Q¢ we denote

Wb () =1 F € Lioel®) < Il = D 149D fllLoa < oo

le|<k
For U as above they proved (see [0, Theorem 4.2]) that
(5.6 [Ullwznr@y < € (1015 @ar + 14" Floeran)

for any weight w € Ag .

We now consider a similar result in the case of two different weights. We can
give an answer using (5.6) and Theorem [1.15]

Theorem 5.7. Let 1 < p < q¢ < co. For a pair of weights (u,v) satisfying the
hypothesis of Theorem with u € Ag and U a solution of the problem A™U = f

in ) we have
(5.8) 1Tl w2m00y < C (10l Lr@.0) + 14" fll o)) -
Proof. Since u € Ag we have by

1Tl 20y < C (10| Lo + 1™ Il Laem) -

By the Lebesgue’s differentiation Theorem f(z) < Mpgf(z) for every locally
integrable function f. Then, by Theorem [1.15| we have
1UNlLa@uy < ClIMpUl| Laa.u) < C U Lr(0,0)
and
1™ fll Lac,uy = 1 flLac@uazmay < CIMaf|l pa,uazmay < C1d*™ fllo (0,0 -

where we use the Theorem for the pair of weights (ud®™?,vd*™P). The proof
will be complete if we show that this pair satisfies the hypothesis. But this is true
because for every ball B € Fg with center zo, we get that d(z) ~ d(x¢) for each
x € B. Then, it is clear that u € D(Fj3) and 0 = v ™7 € D(F5\F3) implies that

ud®™ € D(Fz) and o = (vd®™P)1 P ¢ D(Fp\Fj) respectively. Moreover, since

</B U(x)d(x)%qdu(m))l/q

1/q
< Cd($0)2md(l‘0)_2m (/ udu) Hv_l/p
B ¥,B

we get (T.17) for (uwd®™?,vd*™P). O

(Udep)*l/P

¥, B
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Also we can obtain the following embedding result.

Theorem 5.9. Let 0 < 8 <1 and 1 <p < g < oo. Let u and v be weights such
that u € A2 o, = 1=/ D(]:/g\]-—g), with 8 < 3/4000, and

n— 1 Ha —r r
p(B)Y/n=1/p+1/a (M(B)/Budu) [lv /p||11/,B§C’

for all B € Fg, for some r > 1 such that r < n, where 9 be a doubling Young
function such that i belongs to B,,. Then for g € W;S(Q) we have

ldgl

Proof. The key is in the proof of Theorem 5.3 of [7], where the authors proved that,
for any = € 2, we have

(5.10) 9] < € ()15 (gl@)) + (9 (9)](2)))

where I;/n is as in ([1.27). Then, taking into account that (ud?,vd?) satisfies the
same hypothesis as (u,v) (see proof of Theorem , applying the case m = 0 and
v = 1/n of Theorem we get

ldglly < ¢ (125" (ghl%, + la 15" (Vg2 )
= (1" UgDlg + 13" (VD). )

= ||g||Wdl:f(Q)'

i) <C H!JHW;”;’(Q)-

O

Remark 5.11. The inequality is proved in [7] (see proof of Theorem 5.3) and
it does not require the condition + = % + % since the weights are not involved in
it. The necessity of this condition appears when the boundedness of the fractional
maximal is applied. Here, we use another proof, which only requires 1 < p < g < oo.
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