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From free to effective diffusion coefficients in fluorescence correlation spectroscopy experiments
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Diffusion is one of the main transport processes that occur inside cells determining the spatial and time
distribution of relevant action molecules. In most cases these molecules not only diffuse but also interact with
others as they get transported. When these interactions occur faster than diffusion the resulting transport can
be characterized by “effective diffusion coefficients” that depend on both the reaction rates and the “free”
diffusion coefficients. Fluorescence correlation spectroscopy (FCS) gives information on effective rather than
free diffusion coefficients under this condition. In the present paper we investigate what coefficients can be drawn
from FCS experiments for a wide range of values of the ratio of reaction to diffusion time scales, using different
fitting functions. We find that the effective coefficients can be inferred with relatively small errors even when
the condition of fast reactions does not exactly hold. Since the diffusion time scale depends on the size of the
observation volume and the reaction time scale depends on concentrations, we also discuss how by changing
either one or the other property one can switch between the two limits and extract more information on the system

under study.
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I. INTRODUCTION

Diffusion plays a key role for the transport of information
within and between cells. The mean square displacement of
a diffusing particle is proportional to the time elapsed. This
nonballistic transport is the result of the particle undergoing
many (nonreacting) collisions with other (solvent) molecules
(see, e.g., [1]). We identify this process as free diffusion
and we define the free diffusion coefficient as the constant
of proportionality that enters the ratio between the mean
square displacement and time. Free diffusion coefficients can
be written in terms of microscopic parameters such as the
thermal velocity and the particle mean free path. Intracellular
signaling agents, however, very rarely diffuse freely. Most
often, they also interact with intracellular components in
other ways such as binding and unbinding, i.e., they undergo
reactions. The mean square displacement of a particle that
diffuses freely and reacts is also proportional to the time
elapsed if diffusion occurs on a slower time scale than reactions
and the time elapsed embraces many reactive and nonreactive
collisions. In this case the constant of proportionality not only
depends on the parameters that characterize the microscopic
movement of the particles involved but is also a function
of the concentrations and reaction rates [2—4]. In this case
we talk about effective diffusion coefficients. The effective
diffusion coefficient dynamics is more complicated than that
of free diffusion. On one hand, the coefficients that describe
this transport depend on both parameters (free diffusion
coefficients and reaction rates) and variables (concentrations)
of the problem. The resulting evolution equation for the
concentration of the diffusing particles is nonlinear [2,4-6]
and is not exactly a diffusion equation [7]. Furthermore, it has
been shown in [3] that there is not a single effective diffusion
coefficient in this case. Even in the simple case with free
particles Py that diffuse with coefficient D, and react with
another species S according to the scheme
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where S is massive enough so that the S free diffusion
coefficient, Dy, is the same as that of P, and where [S] + [P]
is uniform and constant, two effective diffusion coefficients
characterize the dynamics near an equilibrium situation. They
are given by
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where [S] = Sy, [Pr] = Pfeq, and [Pp] = Py, are the con-
centrations at equilibrium, Py = Pfey + Ppeg and Sy = Sey +
Py.q are the total concentrations of particles and binding sites,
and Kp = kogr/ kon 1s the dissociation constant of the binding
reaction (1). As mentioned before, these effective coefficients
play arole when reactions occur on a faster time scale than free
diffusion. In such a case, following a single particle that can be
distinguished from the rest as it diffuses and reacts, one obtains
the result that D, enters the constant of proportionality between
the mean square displacement and the time elapsed. D,,, on the
other hand, gives the rate at which a small perturbation to the
equilibrium free particle distribution diffuses out with time [3].
Thus, D, is a single-molecule effective coefficient that rules
the rate at which individual molecules diffuse in the medium.
D, is a collective effective coefficient that determines the rate
at which concentration inhomogeneities spread out with time.
The fact that § is significantly more massive than Py implies
that Dg < D which, in turn, yields D, /D, < 1. Remarkably,
given an equilibrium situation, this ratio can be arbitrarily
small depending on the values of the equilibrium concen-
trations and the dissociation constant [3]. When the species
P corresponds to messenger molecules, this implies that the
message can travel much faster than the individual messengers
[3]. For initial conditions that do not satisfy the conditions that
St is uniform and constant, the decay back to equilibrium of
the system associated with the scheme (1) is characterized by
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three branches of eigenvalues (see the Appendix): two of them
are purely diffusive (they correspond to Dg and D)) and the
third one can be split up into an exponential decay rate v,,, and
a diffusive decay rate with coefficient D,,, where
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The fluorescent labeling of biomolecules or their expression
with fluorescent tags has opened up the possibility of assessing
the rate at which these molecules are transported inside
cells, with minimum disruption, using optical techniques. In
particular, fluorescence recovery after photobleaching (FRAP)
[8—10] and fluorescence correlation spectroscopy (FCS) and its
variants [11-20] are two techniques that have been widely used
to determine diffusion coefficients. As shown in [3,21,22] for
the model described before with the species Py, P, and S that
diffuse and react according to the scheme (1), FRAP yields the
single-molecule effective diffusion coefficient D,, under the
assumption of fast reactions as compared to diffusion. Under
the same assumption, FCS yields more than one coefficient,
namely, Dgs and D, if all Py and P, are fluorescent and Dy,
D,, and D, if both fluorescent and nonfluorescent particles
coexist in the system [23]. In the present paper we investigate
what coefficients can be drawn from FCS experiments when
the condition of fast reactions does not hold. To this end we
consider again the simple model with Pf, P,, and S and,
assuming that P, and P, are all fluorescent, we follow [23] to
derive the autocorrelation function (ACF) of the fluorescence
fluctuations within an observation volume. By varying the
ratio of reaction to diffusion time scales we show that, as
expected [15], the ACF gives the free diffusion coefficients
D and Dy in the limit of fast diffusion and determine how the
components become modified to yield D, and Dy in the limit of
fastreactions. There are various ways by which the ratio of time
scales can be changed, among them, varying the observation
volume or the concentrations of the species involved. We then
discuss whether this variation of time scales may be achieved
experimentally and, in this way, derive both free and effective
diffusion coefficients in the same system. For this discussion
we use parameters that give similar results to those obtained
with FCS experiments performed in embryos of Drosophila
melanogaster [24]. The aim of these experiments was to
estimate the diffusion coefficient of the Bicoid protein [25], a
morphogen involved in the establishment of the dorsal-ventral
axis in flies [26].

II. METHODS

We consider the simple model represented by the scheme
(1) where we assume that both P, and P, are fluorescent.
The autocorrelation function of the fluorescence fluctuations
in an observation volume can be expressed as the sum of
three integrals. Each of these components is determined by
a branch of eigenvalues of the reaction-diffusion equations
that rule the dynamics of the system linearized around the
equilibrium solution [13,23] (also see the Appendix). In
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TABLE 1. Biophysical and photophysical parameters used to
generate the full ACF given by Egs. (A7)—(A10). The dissociation
constant ko is varied within the range displayed in the table.
The values of k,, are varied accordingly to keep Kp fixed. This
guarantees that the effective diffusion coefficients of Egs. (2), (3),
and (5) also remain fixed at D, = 7.3 um?>s~!, D, = 8.8 um?s7!,
and D,,, = 10.6 um?s~!.

Biophysical parameters

Dy 19 pm?s™!

Dy 0.38 um?s~!

Pr 35nM

St 77 nM

KD 32 nM

Kot € [10*s71,10° s71]
Photophysical parameters

w, 0.4 pum

w 5

Vet 1.78 ,u,m3

experiments, the fluorescence is measured, and the ACF is
computed and subsequently fitted to infer diffusion constants
and other parameters of interest. Here we compute numerically
the “full” theoretical ACF [Eqs. (A7)—(A10)] using an adaptive
Lobatto quadrature algorithm (the quadl function of MATLAB
[27]) and the parameters listed in Table I. These parameters
are compatible [28,29] with the results of FCS experiments
performed in embryos of D. melanogaster to estimate the
diffusion rate of the Bicoid protein, a key morphogen for the
establishment of the dorsal-ventral axis in this organism [24].
In this particular application, which should be considered
merely as a platform where a generic behavior can be studied,
Bicoid plays the role of the particles Py. The values in Table I
were derived from an interpretation of the fitting parameters
of [24] in terms of the simple model given by Egs. (Al).
This analysis does not give an estimate of ko [28,29].
Therefore, we explore a wide range of ko values keeping
Kp fixed. By doing this, the effective diffusion coefficients
given by Egs. (2) and (3) remain fixed at D, = 7.3 um?s~!
and D, = 8.8 um?s~!. With this exploration, on the other
hand, we can analyze the behavior of the ACF outside the
fast reaction limit. Although the simple model considered
here with the parameters of the table reproduces the ACF
obtained from FCS experiments in [24], assuming that all
Bicoid (Bcd) molecules are fluorescent is not realistic [28,29].
A better interpretation of the experimental results of [24] is
obtained when the simple model is extended to assume that
both fluorescent and nonfluorescent Bcd molecules coexist
in the system [29]. Thus, the simple model analyzed here
with the parameters of Table I should be mainly considered as
an illustrative example in which the behavior of the ACF in
different limits can be explored.

Once the full ACF G is computed we try to fit it
using different approximate expressions G, from which we
determine weights Go,, diffusive times 7;, and, depending on
the expression, other fitting parameters. From the times, we
derive diffusion coefficients D; = wf /(4%;), assuming known
values of w,, w, and V. as listed in Table 1.
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For the fitting we try forms that are often used to analyze
FCS data sets obtained from experiments. We first try a
superposition of two terms with the same t dependence as
the one encountered in the case of free diffusion,

2
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(6)

because it embraces both the fast diffusion Eq. (A6) and the
fast reaction Eq. (A15) approximations. Being able to fit the
ACF with such an expression does not mean that free diffusion
is the only process that is taking place in the system. In fact,
in the fast reaction limit the ACF is of this form but with one
of the characteristic time scales corresponding to an effective,
not a free, diffusion coefficient.
We then try an expression of the form

Gr)~ G(r) =

(7

where ¥ is an additional fitting parameter. In this case, the
ACEF has three components, two of which have a diffusive ©
dependence while the third one has in addition an exponen-
tially decaying factor. We have tried this combination because
it corresponds to the behavior encountered for the eigenvalues
of the linearized problem in the limit of small wave number
[see Egs. (A13) and (A14)]. An ACF with the t dependence
of Eq. (7), on the other hand, is the one used in [18] to analyze
a system in which the species undergo free diffusion and
reactions.

We have also probed a superposition of two components
such as the ones that are used for experiments in which the
fluorescent molecules undergo anomalous diffusion [30],

G,
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with the &;’s free fitting parameters. We do not show the details
of the results obtained in this case.

Finally, we also seek to fit each of the three components of
the full ACF separately by an expression of the form

G, 5
i e—U“[‘ (9)
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Since we have an analytic expression for the first component
G [Eq. (A8)], we do not perform the fitting but directly set
Go, = Gy, B = Ty, = w?/(4Dy), and 7, = 0.

In order to obtain the fitting parameters we minimize the
difference |G — G| using a nonlinear least squares method
for the minimization (a trust region reflective algorithm, the
Isqcurvefit function of MATLAB [27]). The goodness of the
fitting is evaluated by computing the x2:

x> =[G — Gy, (10)
J

Gi(r) =
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with {z;} the times for which both G and G are computed. The
total numbers of degrees of freedom in the three cases probed
are very similar (they are mainly determined by the number
of data points that we use for the fitting). Penalizing the x? in
view of the different numbers of fitting parameters does not
introduce noticeable changes and we do not take them into
account when comparing the goodness of the fit.

We also perform some stochastic simulations to mimic the
situation encountered in FCS experiments. More specifically,
we consider a rectangular volume of sides Ly, L, and L, with
L,=L,=Land L, =5L, which we divide using the same
grid spacing Ar in all directions. Ar and the time step At are
chosen as Ar < 1, = 1/[kott(1 + Preg/Kp + Seq/Kp)] and
At < Ar?/(6Dy). The figures shown in this paper were drawn
using L = 10 um, At =22 us, and Ar = 0.05-0.16 pm.
Given the volume of the simulation, we choose the total
number of particles of each species so that their concentrations
correspond to the values of Table I. The fraction of bound
particles and of bound traps is chosen so as to satisfy the
equilibrium conditions [Eq. (A2)]. All molecules are initially
distributed with uniform probability over the grid points. Each
molecule is moved to one of its six neighboring points with
equal probability every np = Ar?/(6DAt) time steps, where
D is the free diffusion coefficient of the molecule. We use re-
flecting boundary conditions at the border. At every time step,
after all the corresponding random walks are performed, the
occurrence of the binding reactions is decided for each pair of
free particles and free traps that are at the same grid point with
probability pon = (ken At x 10?! uM um?®)/(Ar3N,) where
N, is Avogadro’s number. Once a new bound particle P, is
formed, the time it will remain bound (i.e., as P) is randomly
chosen from an exponential distribution of mean 1/ k.. The
same procedure is applied at + = 0 with all bound particles.
This means that the simulation assigns a lifetime to every
bound particle. Thus, at each time step, after the decision on
the binding reactions is made, it is checked whether there are
any molecules P, that are supposed to unbind at that particular
time and the unbinding is performed. All the simulations for
which results are shown in this paper were run for a total time
t = 200 s. Finally, the total fluorescence as a function of time
is computed according to

F@t) = / QION[PI(r,0) + [Ppl(r,0)}d’r, (1)

with Q =1, [Pfl(r,t) = Zif 3(r —rif(t)), and [Pp](r,t) =
> ip 8(r — rip(1)), where riy(¢) and r;,(¢) are the locations
of the free and bound particles at time ¢, respectively, and
I(r) the intensity distribution of the illumination spot which
is approximated as a three-dimensional Gaussian distribution.
Using the total fluorescence the ACF is computed as is done
with an experimental record. Notice that Q scales out from the
ACEF so that its actual value is irrelevant for our purposes.

III. RESULTS

A. The full ACF in different limits

In order to study how the full ACF behaves outside the fast
reaction limit we computed it for the wide range of k. values
described in Table 1. For the parameters used, the particle free
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FIG. 1. Full ACF computed numerically using the parameter
values of Table I and ko = 1073 s7! (solid line), ko = 10 s~
(dashed line), ko = 100 s~! (dotted line), and ko = 107> s~! (dash-
dotted line). The ACFs for k. < 1/s are almost indistinguishable
from the one with k.t = 1073 s~!. Something similar happens for
those with ko > 1000/s and the one for ko = 10° s~!. These
extreme behaviors are associated with two different limits: the fast
diffusion limit (small ko) and the fast reaction limit (large ko).

diffusion time scale is T, = w?/(4D;) =2 x 10 s [or t; =
(ww,)?/(4Ds) =5 x 1072 s if we consider the characteristic
length scale w, = ww, along the axis of observation] while
the reaction time scale 7, = 1/[kost(1 + Preq/Kp + Seq/Kp)]
varies between 3.23 x 107 and 3.23 x 10%s (t, = 0.32k).
In this way we go from the fast reaction to the fast diffusion
limit (ry < 7). These two limits become clear in Fig. 1
where we have plotted four of the various curves obtained.
The existence of two time scales, one of which is of the
order of 107! s, seems apparent in the two limits. For the
scale of the figure, both limiting curves (ko = 10° s~! plotted
with the dash-dotted line and ko = 1072 s~! plotted with the
solid line) are indistinguishable for > 10 sand T < 107 s.
Furthermore, most of the curves obtained are well described by
either limit in the middle region 10~ < 7 < 10 s with a slight
discrepancy for T ~ 1 s (data not shown). The two curves that
do not seem to approach either of the two limits in the middle
region are the other two that we have plotted in Fig. 1, which
correspond to ko = 10 s~! (dashed line) and kof = 100 s~}
(dotted line).

We then tried to fit the various curves using the models
described in Sec. II. We show the fitting parameters and
the corresponding x? values obtained in Tables II and III.
The weights are listed in terms of their fraction with re-
spect to their sum, G,, which satisfies G, = G(t = 0). We
show the differences between the full and the fitted ACFs
for some values of k. in Fig. 2. As shown in Fig. 2(a),
the difference between the full ACF and the fitting function
given by Eq. (6) is negligible for large and small values of ko
(kogt > 100/s and kor << 10/s, respectively). For intermediate
values, 10/s < ko < 100/s, the fitting is not as good but the
difference never exceeds 10% of the full ACF in the relevant
region of T (v < 0.1 s). When looking at the values of the
fitting parameters (see Table II), we observe a transition from
a situation in which one of the estimated diffusion coefficients
is D> ~ 19 um?/s to asituation in whichitis D, ~ 8.5 um?/s
as ko is increased. D, does not vary significantly, Dy ~
0.4 um?/s, for most values of k. Dy corresponds to the free
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TABLE II. Parameters obtained using expression (6) to fit the
full ACF for various values of k. and corresponding x2 values. The
smaller the x? the better the fitting is. In the limit of fast reactions,
kot > 100 s~!, the parameters agree with those of [23]. In the limit
of fast diffusion, kg < 107! s~!, the estimated diffusion rates are
similar to the free diffusion coefficients, D; = 19 um?/s and Ds =
0.38 um?/s.

k(D) D) Dy &
0.0001 1.26 0.38 18.95 0.63 0.37
0.001 1.28 0.38 18.96 0.63 0.37
0.01 1.70 0.38 19.00 0.63 0.37
0.1 18.0 0.40 19.43 0.64 0.36
1 320 0.50 22.31 0.67 0.33
5 645 0.82 27.92 0.72 0.28
10 495 1.08 30.96 0.75 0.25
25 177 1.59 33.10 0.79 0.21
50 249 2.00 28.20 0.79 0.21
100 587 1.16 7.82 0.39 0.61
250 126 0.31 6.36 0.14 0.86
500 320 0.31 7.10 0.15 0.85
1000 7.37 0.33 7.71 0.16 0.84
10000 0.73 0.37 8.57 0.18 0.82
100000 0.41 0.38 8.68 0.18 0.82

diffusion coefficient of the binding sites, Ds = 0.38 um? /S.
For large ko (i.e., for fast reactions), D, ~ D, = 8.8 um?.
Both the times and the weights agree with those of the analytic
approximation in the fast reaction limit [23] (also see the
Appendix). For small kg, Dy~ D r=19 um?/s, the free
diffusion coefficient of the particles. In this case we recover
the results of the analytic approximation to the ACF in the fast
diffusion limit [15] (also see the Appendix). In between these
two limits the solution to the minimization problem gives a
value D, that differs by up to a factor of 3 with respect to the
free coefficient of the binding sites. D, stays close to either
one of the values D and D, obtained in each limit for almost
all values of ko. The exception is ko = 10/s for which D,

TABLE III. Similar to Table II but using expression (7) to fit the
full ACF. All quantities measured with the same units as in Table II.

kot lé‘—: D, D, D vt % %2 %3
0.0001 8.12 1895 0.38 28.54 0.00 0.37 0.63
0.001 8.02 1895 0.38 28.51 0.00 0.37 0.63
0.01 6.98 1894 0.38 2593 0.00 0.37 0.63
0.1 2.32 1896 0.38 11.00 0.00 0.36 0.64
1 470 039 19.10 0.37 0.76 0.21 036 0.43
5 11.5 048 19.72 0.31 0.15 026 0.35 0.39
10 145 0.56 2033 025 0.08 031 034 0.36
25 18.1 0.60 21.66 0.21 0.03 0.31 0.31 0.38
50 23,5 0.60 2373 0.51 0.02 031 026 043

100 350 0.61 2855 154 0.02 031 0.19 0.50
250 512 0.62 54.14 430 0.02 032 0.06 0.62
500 49.1 0.61 1408 6.28 0.02 031 0.01 0.68
1000 333 034 442 930 0.01 0.15 053 031
10000 2.65 0.38 8.34 0.18 0.80 0.02

100000 2.60 0.38 8.53 0.18 0.81 0.01
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FIG. 2. Difference AG between the full ACF and the approximated models with which we tried to fit it for k. = 0.001/s (solid line),
kot = 10/s (dashed line), ko = 100/s (dotted line), and ko = 103 /s (dash-dotted line). (a) The model given by Eq. (6). (b) The model given
by Eq. (7). In all cases AG is negligible for small and large values of k¢ while for intermediate values the differences get larger although they

never exceed 10% of the full ACF for t < 0.1 s.

is 1.5 times larger than D /. This value of k. corresponds
to 7, ~ 0.03 s which is of the order of the value of 7, that
is obtained using the longest length scale of the observation
volume [t; = (ww,)*/(4Dy) = 0.05 s].

Fitting the full ACF with the model given by Eq. (7)
gives very small differences all across the range of ko values
that we tested [see Fig. 2(c)]. For ko > 10%/s the weight
of the component with the exponential decay, G,,, is zero
and the model coincides with the one given by Eq. (6). The
diffusion coefficients obtained in this case are the free diffusion
coefficient of the binding sites, Dy, and the effective diffusion
coefficient, D,, as predicted by the fast reaction approximation
[23] (also see the Appendix). For ko < 0.1/s, the weight G,
becomes zero. As may be observed in Table I11, for ko < 0.1/s
the characteristic decay time 9~! associated with the third
component of (7) is much larger than all the other characteristic
times [0 > Ty = wf /(4 Dpin) ~ 0.1 s]. Furthermore, it
corresponds to a time at which the ACF is about 10% of
its maximum value. Therefore, exp(—7t) ~ 1 for T < 0.1 s
and the fitting function Eq. (7) is approximately of the same
form as Eq. (6) in the relevant region of r. The diffusion
coefficients obtained for ko < 0.1/s are approximately equal
to the free coefficients D and Dg. For 0.1/s < ko < 1000/s
fitting the ACF with this model gives smaller errors than with
the other two models. However, the fitted diffusion coefficients
cannot always be related to an actual coefficient of the problem
(e.g., compare the values obtained for kois = 1000/s with those
described in the caption to Table I). Furthermore, although
for ko < 1/s or ko > 10%/s a purely diffusive term with
the free coefficient of the trap is found with this fitting (it is
embraced by G3 for kof < 0.1/s, and it corresponds to G
for ko = 1/s and ko > 104/s), no such term is found for
10/s < koge < 100/s. Such a term should always be present
as explained in the Appendix. It is found with a ~10% error

at ko = 103 /s, but the other coefficients are not meaningful.
For kor > 10*/s this fitting gives the same results as~those of
Egs. (6) in the fast reaction limit with D =~ Dgs and D, =~ D,.

B. Components of the ACF

In order to understand the transition from the fast diffusion
to the fast reaction limit, we analyzed the behavior of the
three components of the full ACF [see Eqs. (A8)—(A10)], for
different values of k.. As explained in more detail in the
Appendix, each component corresponds to the eigenvalue of a
linear problem and is characterized by a time scale. The first
of these eigenvalues does not depend on kg and its associated
component, for which we have an analytic expression, remains
unchanged for all values of k.. This does not hold for the
other two components for which we do not have an analytic
expression and which depend strongly on k.. To study their
behavior we determined them by numerical integration. We
show the results in Fig. 3 where we have plotted the three
components for increasing values of k. from Fig. 3(a) to
Fig. 3(d). We show in Fig. 4 the characteristic times and
weights obtained by fitting each component G; separately
for each value of ko probed using the expression given by
Eq. (9). We observe that, in the fast diffusion limit [Fig. 3(a)],
both G| and G, have approximately the same correlation
time. This can be verified in Fig. 4(a) where we observe that
they are both characterized by the same diffusion coefficient,
which corresponds to the free coefficient of the binding
sites (Dl ~ Dy~ Dy) for ko < 1 871, The fit of the second
component G, not only gives a diffusive time scale [shown in
Fig. 4(a)] but also a time scale associated with an exponential
decay [D; ! displayed in Fig. 4(b)]. This characteristic time
scale is at least an order of magnitude larger than that of
diffusion (9, > 0.78 sand %, ~ 0.1 s for kot < 1s7"). Thus,
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FIG. 3. Components of the full ACF for different values of ko
normalized to the sum of all the weights, G, = 21'3:1 Gi(t =0):
G,/G, (solid line), G,/ G, (dashed line), and G3/G, (dash-dotted
line). (a) koy = 1073 s™!, which corresponds to the limit of fast
diffusion. G, and G, decay at approximately the same time so they
prescribe the same diffusion coefficient, which is the free coefficient
of the binding sites, D; = D, = Ds. (b) kor = 10 s~ In this case
the characteristic time of the component G, is smaller than in (a).
(c) kot = 10% s~!. In this case, the relative weight of G, is larger than
in (b) while that of G; decreases. The characteristic time of G, is
smaller than in (b). (d) ko = 10° s~!, which corresponds to the limit
of fast reactions. In this case the relative weight of the component G
becomes negligible.

the decay of G, is dominated by diffusion and it is the free
diffusion coefficient of the binding sites that determines the
characteristic time of this decay. This becomes clear in Fig. 3(a)
where we can observe that G, is negligible for T ~ 7} l(koff =
1073 s71) = 250 s. In this regard, something similar happens
to Gs, for which 7' >0.13 s while & ~2.1 x 107 s

4 1
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FIG. 4. Characteristic times and weights obtained by fitting each
component G; of the full ACF separately using an expression of
the form (9). Since we have an analytic expression for the first
component (see the Appendix) we do not perform the fitting but
plot the corresponding parameter values directly. (a) Fitted diffusion
times 7; (open circles), %, (crosses), 3 (open squares), and analytic
diffusion times 73 = w,2 /(4Dyg) (solid line), 7, = wf /(4D,) (dashed
line), 7, = w?/(4D,,) (dotted line), and 7, = w?/(4D;) (dash-
dotted line). (b) Times that characterize the exponential decay, those
obtained from the fitted ¥ ! (crosses) and by ! (open squares) and the
analytic one vuj} given by Eq. (4) (solid line). (c) Relative weights
G,, /G, (solid line), G,, /G, (dashed line), and G,/ G, (dash-dotted
line) with their fitted values in marks.
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for ko < 1s~!. Thus, for ko < 157! the decay of Gj is
dominated by diffusion and the corresponding characteristic
time is that of the free particle diffusion coefficient D s, as may
be observed in Fig. 4(a). Therefore, for ko < 1/s, by fitting
each component separately we obtain that the ACF is basically
the sum of two purely diffusive components with the free
diffusion coefficients of the binding sites and of the particles.
This indicates that the fast diffusion limit holds up to ko = 1/s
for which 7, = 0.32 s while 7, = w?/@D;)=2x 107 s
[or 7y = (ww,)z/(4Df) =35x%x 1072 s if we consider the
characteristic length scale w, = ww,]. The situation described
so far apparently is not very different from the one encountered
for kot = 10/s, for which ;' = 0.12's, 72 = 0.075 s, ;' =
0.016 s, and 73 = 0.002 s. This could be an indication that
the ACF could be fitted by the sum of two purely diffusive
terms characterized by the free diffusion coefficients Dy and
D . However, the x?2 obtained for the fit to G, at ko = 10/s1is
much larger than the ones obtained for kot < 1/s. In fact, when
we try to fit with two diffusive components the ACF obtained
for kor = 10/s we do not converge to the free diffusion coeffi-
cients (see Table II). As k¢ is increased (i.e., as the reactions
become faster), the characteristic decay time of G, decreases
(the diffusion coefficient increases) while the relative weight
of this component increases (see Figs. 3(b), 3(c), and 4). For
kost = 100/s, fitting each component separately gives results
that are not purely diffusive. Namely, for both G, and G3
the exponentially decaying term becomes relevant since the
corresponding characteristic times are not much larger than
those of diffusion (¥;' =6.7 x 1072 s, & = 1.4 x 1072 s,
;' =2.95x 10735, % = 1.74 x 1072 5). On the other hand,
although D3 &~ Dy, D, is different from all the coefficients
with which we can associate a biophysical meaning within the
model used. The XZ, however, is larger than for ko < 1/s.
Thus, the fitting is not as good. For kog > 103 s~ the relative
weight G,,/G, is negligible [Figs. 3(d) and 4(c)] and G, is
described by a purely diffusive term (£, ~ 5 x 1073 while
D, > 0.33 s) that is characterized by the effective diffusion
coefficient D, of Eq. (3), which satisfies Dg < D, < Dy as
shown in Fig. 4(a).

C. Dependence of the fitted diffusion
coefficients on concentrations

The ACF of the example considered here gives two
diffusion coefficients in the limits of fast diffusion and of fast
reactions. An important difference between the two limiting
cases is the type of coefficients that are obtained: they are both
free in the former and one of them is effective in the latter.
Effective diffusion coefficients depend on concentrations and
reaction rates. In order to check that this is the case for the
coefficients that we derive from the fitting, we computed the
ACEF for the parameters of Table I using different values of Py
and k. Given that the reaction characteristic time is given by
T, = (Koft + konPfeq + kmSeq)’l, varying the concentrations
can change the relationship between 7, and the free diffusion
time 75 = wrz/(4Df). The curves in Fig. 5 were obtained
choosing values of ko that allow the concentration of Pr to
be changed, keeping the same type of relation between 7, and
7, all across each subfigure. Namely, 7, = 2 x 1072 s for all
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FIG. 5. Diffusion coefficients derived by fitting ACFs obtained
for different values of Py and k. with an expression of the form
(6) (D, open squares; D, open circles) and characteristic diffusion
coefficients of the problem (Dyg, dashed line; D,, dash-dotted line;
Dy, solid line). (a) kor = 1073 s~!, which corresponds to the fast
diffusion limit. Neither D, nor D, varies with Py and they coincide
with the free coefficients of the problem. (b) ko = 10 s~ and 3.1 <
7,/t; < 38. (¢) ko = 100 57! and 0.31 < 7./7; < 3.8. (d) kot =
10° s~!, which corresponds to the fast reaction limit. D, does not
change with Pr and satisfies D, ~ Ds. D, does change with Py and
satisfies D, ~ D,.

subfigures while 6.2 x 10*> < 7, < 7.6 x 10’ s in Fig. 5(a),
6.2 x 1073 < 1, < 7.6 x 1072 s in Fig. 5(b), 6.2 x 107* <
7, < 7.6 x 1073 s in Fig. 5(c), and 6.2 x 1077 <17, <76 x
107 s in Fig. 5(d), with 7, decreasing with increasing Pr. We
show in Fig. 5 (with symbols) the diffusion coefficients derived
by fitting the ACFs obtained for different values of Pr and
koge with an expression of the form (6). The plots of Figs. 5(a)
and 5(d) illustrate the fast diffusion and the fast reaction limits.
Figures 5(b) and 5(c) correspond to intermediate cases. We
observe in Fig. 5(a) that neither of the coefficients derived from
the ACF changes with Py, i.e., they are both free coefficients.
Furthermore, they agree with the expected values Dg and D
(shown with curves). We observe in Fig. 5(d) that D, remains
constant (and approximately equal to Dg) while D5 increases
with Pr. We also observe that D, ~ D, for the whole range
of Pr values explored. Both D, and D, approach Dy as Pr
increases. This is so because, as Pr increases, the binding sites
eventually become saturated and most of the particles diffuse
freely. This shows that, even in the fast reaction limit, the
free diffusion coefficient D, can be recovered, depending on
the relative concentrations of the reactants at work. We observe
in Figs. 5(b) and 5(c) that even outside the fast reaction limit
(when 7/ is slightly smaller than or of the order of 7,) fitting
the ACF with two diffusive components gives relatively good
estimates of Dg and D,. This is so for Py > 0.15 uM in
Fig. 5(b), which corresponds to 7,/t; < 10, and for Py >
0.04 uM in Fig. 5(c), which corresponds to 7, /7y < 1.5. The
fitting is not good when 7, /7, > 10 but not large enough as in
Fig. 5(b) for Pr < 0.15 uM orin Fig. 5(c) for P; < 0.04 uM.
In this region, the fitting tends to overestimate the diffusion
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coefficient D5 [e.g., the corresponding points in Fig. 5(c) fall
outside the frame of the figure].

D. Transition from free to effective diffusion
coefficients in experiments

The transition from the fast reaction to the fast diffusion
limit was explored so far by changing the off reaction rate kog.
Similar global changes in the ACF are obtained when other pa-
rameters that affect the ratio of time scales are changed [15,31].
For example, varying the volume of observation changes the
particle diffusion characteristic time 7; = w?/4Dy, and in
this way the best analytic approximation to the ACF can be
changed. In particular, we did obtain similar changes to the
ones discussed so far when the full ACF was computed using
the parameters of Table I, koiy = 1 s7'and 0.1 < w, < 20 um
(data not shown). On fitting the obtained ACFs with Eq. (6),
the free particle diffusion coefficient D, was recovered for
w?kogr > 0.25 um?/s and the collective coefficient D, was
recovered for w?kop > 25 um?/s (for which 7, ~ 7,) (data
not shown). The question arises of whether it is possible to
perform experiments with different values of w, and, in this
way, estimate both free and effective coefficients and derive
information on the reactions. Reduction in the observation
volume to reach the fast diffusion limit is not always possible.
Enlargement of the volume, on the other hand, is more
feasible and the fast reaction limit can also give meaningful
information. On the other hand, obtaining an ACF with a shape
that changes noticeably with the observation volume is per
se very informative. The question that arises then is to what
extent the volume can be enlarged and the autocorrelation
of the fluctuations can still be computed. According to the
exploration with varying w, described before the transition
to D, is observed for w2keg ~ 0.25 um?/s. This transition
point would correspond to w, ~ 0.5 um (a value of the order
of the typical one obtained with a confocal microscope)
for ko ~ 100/s and to twice this value, w, ~ 1 um, for
kot ~ 25/s. Given the concentrations of our example, the
number of fluorescent particles in the observation volume
573/ 2w;7’ Pr would then be 73 and 584, respectively, which
are adequate for FCS experiments (see, e.g., [32]).

In order to probe in a more realistic setting whether the
observation volume can be enlarged and still give rise to an
informative ACF we have performed stochastic simulations
as explained in Sec. II. We show the results in Fig. 6 where
we have plotted the ACFs obtained from these simulations
using ko = 35s~! and different values of w, (w, = 0.3,
0.5, 0.8, and 1.2 um). There we observe that fluctuations are
large enough in all cases probed to allow computation of an
informative ACF. On introducing a rescaling factor so that all
curves span the same region of the plot, the transition between
two types of regimes is noticeable in Fig. 6(a). It then is clear
from Figs. 6(b) and 6(c), where we have plotted the ACF for
w, = 0.3 um and w, = 1.2 um, respectively, that the shortest
time scale that can be estimated with the fitting (7;) changes
and can be extracted in both cases. Obtaining the longest time
scale (the one that corresponds to the free diffusion of the
traps) is more complicated for w, = 1.2 um because the ACF
is very noisy in this region of t. The values t; and 7, shown in
Figs. 6(b) and 6(c) were obtained by fitting the “noiseless” ACF
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FIG. 6. Autocorrelation functions obtained from stochastic simulations performed with the parameters of Table I, ko = 35 s~! and different
values of w,. (a) Rescaled ACFs G = w?G(7), as functions of the rescaled “time’ T = rw? for w, = 0.3 wm (solid line), 0.5 um (dashed
line), 0.8 um (dotted line), and 1.2 um (dash-dotted line). Three relevant times, T = 1/4Dy, T, = 1/4D,, and T, = 1/4Dj are indicated
with arrows. (b) G(t) for w, = 0.3 um. (c) G(r) for w, = 1.2 um. 7; and 7, are the fitted times obtained by fitting the noiseless ACF
[Egs. (A7)-(A10)] with Eq. (6). The transition between two types of regime as w, is increased is noticeable.

[given by Egs. (A7)—(A10)] with Eq. (6), and this problem does
not arise. In any case, the stochastic simulations show that for
certain parameter values (ko ~ 10-100 s~ in our example)
one can infer whether the estimated coefficients are effective or
free by enlarging the observation volume from the typical value
in a confocal setup (with w, = 0.3 um) to a larger one. Doing
these simulations we have also confirmed that the theoretical
expressions Eqs. (A7)—(A10) provide a good description of
the autocorrelation function for the problem under study: the
functions obtained with the stochastic simulations are noisy
versions of the ACF obtained using Eqs. (A7)—(A10) (data not
shown).

IV. DISCUSSION AND CONCLUSIONS

Diffusion is a key transport process inside cells. Having
reliable estimates of diffusion coefficients in situ is thus most
important. In the case of biological molecules, diffusion is
usually hindered by other processes such as reactive interac-
tions with binding sites. Depending on the relative time scales
involved, the net resulting transport may be approximately
diffusive but with “effective” (concentration-dependent) rather
than “free” diffusion coefficients. In such a case, the transport
rates estimated under certain conditions cannot readily be used
to infer at what pace transport will occur under others. In order
to overcome this problem one needs estimates of free diffusion
coefficients and reaction rates separately and a biophysical
model to eventually compute net transport rates under a variety
of conditions.

FCS provides a noninvasive method to infer diffusion
coefficients in situ and, in certain cases, reaction rates as
well [15,18]. In order to determine these quantities from
experiments it is necessary to have a simple parametrized
expression for the fluorescence ACF, something that is not
always possible when the fluorescent particles react with other
(unobservable) species. In [11] an analytic expression was
derived for the ACF in the fast reaction limit and when these

other species were in excess. The fast reaction limit was also
studied in [17,18,23] without the assumption that the binding
sites were in excess. The ACF can also be approximated
analytically under the assumption of fast enough diffusion [15]
in which case free diffusion coefficients can, in principle, be
derived. In [15] the two limiting cases were compared. In the
present paper we have explored the transition between the fast
reaction and the fast diffusion limits. We have also studied the
ACEF in the fast reaction limit when the relationship between
the binding sites and the free particle concentrations varies
between a situation in which the binding sites are saturated
and another one in which they are barely occupied.

The studies reported in the present paper were performed
within the framework of a simple biophysical model but
their consequences can be extended to more complicated
ones. Based on this biophysical model in which fluorescent
particles diffuse and interact with a single type of binding
site, we computed numerically the theoretical ACF with no
approximations for a wide range of values of the reaction
rate k.. In this way we explored its behavior for different
ratios between the diffusion [t = wf /(4D )] and the reaction
[t = 1/(kost + konPreq + konSeq)] time scales (Fig. 1). We
subsequently tried to fit it with different expressions [Eqgs. (6)—
(8)]. The results of all these fittings agreed with the fast
diffusion approximation [Eq. (6) with D; = Dgand D, = D I
where Dy and Dy are the free diffusion coefficients of the
binding sites and the fluorescent particles, respectively] for
kott < 0.1/s (t7/7, < 6.23 X 10~*) and with the fast reaction
approximation [Eq. (6) with D, = Dg and D, = D, with D,
the “collective” effective coefficient D, given by Eq. (3)]
for kor = 10*/s (ty/7 > 62.3). In between the two extreme
situations, fitting the ACF with the superposition of three
components given by Eq. (7) gave the smallest differences.
However, this did not always mean an improvement in
the estimates of the diffusion coefficients. In particular, for
kott = 1000/s (7, /Tty = 0.16) none of the coefficients obtained
with this fitting corresponded to an actual coefficient of the

022706-8



FROM FREE TO EFFECTIVE DIFFUSION COEFFICIENTS ...

problem, while the results obtained with (6) or (8) agreed
with those of the fast reaction approximation. Furthermore
for 10/s < koir < 100/s the fitting with Eq. (7) failed to
find a term with the free binding site coefficient Dg, which,
as explained in the Appendix, should always be present.
Fitting with two purely diffusive components [Eq. (6)], on
the other hand, always gave one meaningful coefficient D,,
which was either approximately equal to Dy (for ko < 10/s
for which 7. /7y > 16) or to D, (for ko = 100/s for which
7./75 < 1.6). Therefore, the collective coefficient D, may be
derived from the ACF even if the reaction characteristic time
is of the same order as the diffusion one, 7, /7, < 1.6. The
other coefficient obtained with Eq. (6) was of the order of Dg
for all values of k. with the exception of ko = 10/s and
kott = 100/s (for which 1.6 < 7, /7, < 16). Fitting with the
anomalous diffusion model, Eq. (8), on the other hand, gave
the worst results with regard to the meaning of the diffusion
coefficients.

In order to understand how the ACF reduces to a two-
component expression even though, as explained in the
Appendix, itis characterized by three eigenvalues, we analyzed
how its three components varied when going from one extreme
situation to the other (Fig. 3). We observed that, in the fast
diffusion limit, two of the components are characterized by the
same characteristic time (7 = wr2 /4Dy). The other component
has the smallest correlation time, which is the one associated
with the particle free diffusion coefficient Dy. In the fast
reaction limit the weight of the component with the smallest
correlation time becomes negligible, and we are left with two
terms with correlation times associated with Dg and with the
effective diffusion coefficient, D,. The fast diffusion limit
holds while 7, /7y > 160. The fast reaction limit holds while
7./75 < 0.16. However, as we mentioned before, the free
particle diffusion coefficient (typical of the fast diffusion limit)
can be obtained for 7, /t; > 16 and the effective diffusion D,
(typical of the fast reaction limit) can be obtained for 7, /7, <
1.6 when fitting with two purely diffusive components.

An important difference between the coefficients that may
be derived in the fast diffusion and in the fast reaction limits,
Dy and D, is that the latter is concentration dependent while
the former is not. We confirmed this different behavior by
analyzing situations with different values of the concentration
of fluorescent particles Py (Fig. 4). We also showed that the
coefficient derived in the fast reaction limit is the collective
coefficient defined in Eq. (3). This differs from the weighted
average between Dy and Dy that defines the single-molecule
effective coefficient D, given by Eq. (2). As described in
[3] D; and D, can be arbitrarily different from each other.
Having the correct expression for the effective coefficient
is key to interpreting FCS results [29]. In a model like
the one we are analyzing here but where fluorescent and
nonfluorescent particles coexist, the ACF gives both D, and
D, in the fast reaction limit [23]. This suggests that by partially
photobleaching the sample one could change the relative
weights of the different terms of the ACF and, in this way,
extract more information about the system under study. Our
exploration of the model for varying concentrations confirms
that even when 7, is slightly larger than 7, (7./ty ~ 1.5)
fitting with two diffusive components gives relatively accurate
information on the effective diffusion coefficient D, (see
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Fig. 5). It also shows that, even in the fast reaction limit, the
free diffusion coefficient D can be recovered, depending on
the relative concentrations of the reactants at work. As a result
of all these explorations we conclude that fitting with purely
diffusive components gives relatively accurate information on
meaningful diffusion coefficients even outside the conditions
for which the fast diffusion or the fast reaction limit holds.

The transition from the fast reaction to the fast diffusion
limit was first explored by changing the off reaction rate kog.
We then analyzed it by changing w, (i.e., the size of the
illumination volume). In recent years several modifications
to the traditional FCS setup have been explored [20], some
of which were aimed at reducing the observation volume, a
desirable goal since free rather than effective coefficients could
then be inferred. The observation volume can be reduced,
for example, using multiphoton excitation [12,14], metal-
lic nanoparticles that can locally enhance the illumination
intensity [33], or total internal reflection illumination [31].
However, these methods are not always readily applicable. In
order to study how the results of FCS experiments change
with the ratio of time scales and determine if effective or
free coefficients are estimated, one could also enlarge the
observation volume. We have explored this possibility using
both Egs. (A7)—(A10) and stochastic simulations to compute
the ACF. From the former we concluded that the effective
diffusion coefficient is recovered for w2k > 25 pum?/s.
From the stochastic simulations we concluded that for realistic
parameter values (i.e., those of Table I with ko ~ 10-100 s~ B
the size of the beam waist w, can be enlarged from a typical
confocal value 0.3 um to a larger one (also achievable in a
confocal microscope) w, ~ 1.2 um, and still obtain a set of
ACFs where the transition between the fast diffusion and the
fast reaction limits can be observed. Furthermore, the largest
coefficient (the one that goes from free to effective) can be
estimated in both cases. Thus, this gives a way to identify,
under certain conditions, whether the estimated coefficient is
free or effective and whether or not care should be taken in
using it under other concentration conditions. Another way by
which the relationship between the two relevant time scales can
be changed is by varying some concentration which changes
the reaction time scale. This is not always possible in real
systems. However, there are problems in which the substance
of interest is distributed nonuniformly in space. This is exactly
what happens in the case of the Bicoid protein in embryos of D.
melanogaster [34]. Namely, there is a gradient of Bicoid along
the embryo which is key to establishing the dorsal-ventral
axis. The rate at which Bicoid diffuses in the embryo has
been probed at the anterior pole by means of FRAP [25] and
FCS [24] experiments. The natural nonuniform distribution of
Bicoid provides a natural setting in which to explore changes
in the ACF and, from its fitting, derive more information on
the system under study [29].
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APPENDIX

We consider the simplest possible model with species that
diffuse and react, some of which are fluorescent. Namely, we
assume that there are three species: free particles Py, “traps” or
binding sites S, and bound particles P, that interact according
to the scheme given by Eq. (1) and diffuse with free coefficients
Dy, Dg, and Dy, respectively. Itis implicit in the latter that S is
massive enough so that the diffusion rate of a single S molecule
or of a bound particle P, is the same. We further assume that
the species Py and Py are fluorescent. The evolution equations
for the concentrations [ Pr], [ P], and [S] are then given by

o[P;
% — DV2[Ps] — koal PAIIST + kot Py,
J[ P,
[8;’] = DsV2[Py] + ko[ P/1IS] — kot [Py, (A1)
a[S] Dv2
—— = DsV2(S] = kanl P/ILS) + kot Py

In FCS experiments, fluctuations around an equilibrium
situation, Pr.q = ([Prl), Preqg = ([Pp]), and S, = ([S]), are
analyzed. At equilibrium, the concentrations Py, Py, and
Seq are uniformly distributed (for FCS it suffices that they be
uniform over the observation volume) and satisfy

PfeqSeq = KDPbeqv

Pfeq+Pbeq:PTv Seq+Pbeq:STa

(A2)

where Kp = kofr/ kon and Pr and Sy are the total concentra-
tions of particles and binding sites, respectively.

To determine the dynamics of the fluctuations, Eqs. (A1)
are linearized around the equilibrium solution. The solutions
to these linearized equations are then computed in Fourier
space and written in terms of branches of eigenvalues A(q) and
eigenvectors yx (q), where q is the wave number vector, i.e., the
variable in Fourier space conjugate to the spatial coordinate
r [13,23]. The linearized dynamics also prescribes how, under a
small perturbation, the system decays back to the equilibrium
solution. In particular, at long times the dynamics of Py is
dominated by the so-called “collective” effective diffusion
coefficient [3] given by Eq. (3). This is different from the
“single-particle” effective diffusion coefficient [3] given by
Eq. (2) which enters the constant of proportionality between
the mean square displacement of a single marked particle and
the time elapsed. Both coefficients play a relevant role when
reactions occur on a faster time scale than free diffusion. The
fact that § is significantly more massive than P, implies
that Dg < Dy which, in turn, yields D;/D, < 1. Given
an equilibrium situation, this ratio can be arbitrarily small
depending on the values of the equilibrium concentrations and
the dissociation constant [3].

FCS monitors fluorescence fluctuations in a small obser-
vation volume which is determined by how the sample is
illuminated. The intensity distribution of the illumination spot
is usually approximated by

I(I‘) — I(O)e—2r2/u136—2zz/wzz, (A3)
where 7(0) is the illumination intensity at r = 0, (r,z) are
cylindrical coordinates with z the spatial coordinate along the
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beam propagation direction, and r the radial coordinate in
the perpendicular plane. w, and w, are the sizes of the beam
waist along z and r, respectively; in general, w, > w,. The
fluorescence collected from the illuminated volume at any
given time, F(t), is then related to the number of fluorescent
molecules that are inside the volume at that time. To be more
specific, in the case of the simple model introduced in Sec. I,
F(¢) is given by

F() = / QIM(PATH + [P0V (Ad)

if both free and bound particles have the same photophysical
properties. In (A4) the concentrations are computed at time ¢
and spatial point r, and the parameter Q takes into account the
detection efficiency, the fluorescence quantum yield, and the
absorption cross section at the wavelength of excitation of all
the fluorescent particles.

Fluctuations around the mean fluorescence (F(¢)) are
characterized by the time-averaged autocorrelation function,
which is given by

(F)SF(t + 1))

O ="Foy

, (AS5)

where §F(t) = F(t) — (F()). If Py and P, were two inde-
pendent species that diffused freely with coefficients D and
Dy, respectively, and did not interact through the reaction (1),
G(7) would be of the form

GU 0,
, + Go, (A6)
(1+5)

I+ o (1+5)/1+ o5

with Ve = 73/ 2w3wz the effective sampling volume; 7, =
wrz/(4D 7) and 5 = wrz/(4D5) the characteristic diffusion
times of both species across the sampling volume; w = w,/w,
the ratio of widths along the axial and perpendicular directions,
respectively; and G,, ;= Preg / Veffp% and G,, = Pyeq/ Veffp%
the weights. For the model considered here, for which the
dynamics is described by Eq. (Al), Eq. (A6) holds only in
the limit of fast diffusion (77" = kofr + kon Preq + konSeq <
rf’.l =4Dy /wrz) [15]. Outside this limit, it is usually im-
possible to have an algebraic expression for G(r). In such
cases it is useful to work in terms of the eigenvectors and
eigenvalues of the linearized version of Eqs. (A1) in order to
compute G(7).

Following [13] we assume that the correlation length is
much smaller than the distance between fluorescent particles
so that fluctuations in the concentrations of the fluores-
cent species (8Cy = [Pr] — Preq, 6Cy = [Pp] — Ppeq) sat-
isfy (§C(r,1)8 C(r,1)) x §;;8(r —1'), 1 < j, k < 2. Further-
more, assuming that fluctuations in the number of fluorescent
particles of a given species follow a Poisson distribution [13],
i.e., that (8C;(r,1)8Ci(r,1)) = (C;)8;;8(r — 1), 1 < jk <2,
G(t) can be written as the sum of three terms each of
which corresponds to a different branch of eigenvalues of the
linearized version of Egs. (A1). Namely, as shown in [23] G(7)

G(r) =
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FROM FREE TO EFFECTIVE DIFFUSION COEFFICIENTS ...

reads
G(1) = G1(1) + Ga(7) + G3(7). (A7)
Gy
Gi(r) = — —, (A8)
(1+2) 1+ o
3
Go(r) = Preq d’q e*W(Q)Jrisznff
4hk0ff P% (27‘[ )3
2 —(Ds— Dy)q*
x<2v+\/f+v ( S\/ K ) A9)
3
Gi(r) = Pfeq / d’q e—W(‘I)+):3Tkoff
4hk0ff P% (27‘[ )3
2 —(Ds — Dy)’q*
x<2v—\/ﬁ_v ( i/ 1’q ) (AL0)
where
2
Goy = — 0 (A11)
' VexPESr

with Vg the effective sampling volume and ty = wr2 /(4Dyg),
as before; W(q) = w?q?/4 + wfq3/4 with g, and ¢, the
variables in Fourier space that are conjugate to r and z, re-
spectively, > = g2 + ¢? is the wave number squared, {4;};_,
are dimensionless versions of the (branches of) eigenvalues of
the linearized reaction-diffusion problem that can be written
as

. Ds ,
A =— q°,
! kott
oz agnt (P54 Pr) o]y ! (A12)
Y kor k)4 | T 2D,V
.1 Ds D\ .,] |1
Py a+h+<—+—)A -
: 2|: kott  Kof 1 2Dy

with /7= [(Ds — Ds)*q* +2¢*(Ds — D p)kofi(h — a) +
VY2 v =kee(a+h), a=S./Kp, and h=Sr/S..
Assuming that the fluctuations do not initially obey the
Poisson statistics changes the weights but not the time
scales of the components. The time dependence, however, is
approximately diffusive only in certain limits.
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Under the above mentioned assumptions, the value of
the ACF at 1 =0, G, = G(t =0) = 1/(Vegr Pr), i.e., it is
inversely proportional to the number of fluorescent particles
in the observation volume. Another property is that the term
corresponding to the first eigenvalue G| can be integrated
analytically. It is a purely diffusive term with the free diffusion
coefficient of the binding sites, Dg. The other two eigenvalues
do not correspond to a purely diffusive transport at all times or
length scales. However, one of them corresponds to diffusion
in the long time or long wavelength (g — 0) limits, while the
other one does not. Namely, from Eq. (A12) it is possible to
show that the dimensional eigenvalues satisfy

AL = _Dqus Ay R _Duqzs A3 R —Vyy — Duuq2y
(A13)
with
D hD
Vuu = ((1 + h)koffa Duu = m’ (A14)
a+h

asg — 0.
The limiting behavior expressed by Eqs. (A13) and (A14)
has been used in [23] to approximate the ACF by an analytic
expression the limit of fast reactions (i.e., t,’l > r]?] ). In this
limit the ACF can be approximated by [23]
G(r) = Cos + Coy :
I+ 1+ (+5) )1+

w2ty Tof

where G, and 75 are the same as before, 7,y = wr2 /(4D,),
and G, , is given by

Ocf

1 Py

Gos = VPr  Ven P28, (A16)
eff I'T eff L7 OT

We see in Eq. (A15) that the third component of the ACF
is lost in this limit. The two terms that remain have the same
functional form as those of Eq. (A6). The first term has
the characteristic time tg = w,z/(4Ds) which corresponds
to the binding site diffusion time across the sampling volume.
The second term has a time scale 7,y = wf /(@4D,) associated
with the collective effective diffusion coefficient D, of
Eq. (3), which depends on the free diffusion coefficients of
particles and binding sites and on the reaction parameters.
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