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Electrokinetic flow of non-Newtonian fluids in microchannels
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Abstract

A theoretical description of the electrokinetic flow of non-Newtonian fluids through slit and cylindrical microchannels is presented. Calculations
are based on constitutive models of the fluid viscosity, and take into account wall depletion effects of colloids and polymer solutions. The resulting
equations allow one to predict the flow rate and electric current as functions of the simultaneously applied electric potential and pressure gradients.
It is found that (i) nonlinear effects induced by the shear-dependent viscosity are limited to the pressure-driven component of the flow, and (ii) the
reciprocity between electroosmosis and streaming current is complied. Thus a generalized form of the force–flux relations is proposed, which is
of interest in microfluidic applications.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

In a variety of microfluidic applications, the transport of flu-
ids is conducted by applying pressure differences (�P ), electric
potential differences (�V ), or a combination of the two, which
leads to coupled flows of matter and electricity, namely elec-
trokinetic flow [1–3]. For simple fluids in micro- and nanoscale
channels, the relationships between driving forces and conju-
gate fluxes are linear, and can be described by Onsager relations
of nonequilibrium thermodynamics [4]. More precisely, the si-
multaneous flow rate Q and electric current I obey

(1)

[
Q

I

]
=

[
L11 L12
L21 L22

][
�P

�V

]
,

where L11 is the hydrodynamic conductance, L12 represents
electroosmosis, L21 comprises streaming phenomena, and L22
is the electric conductance. In particular, the matrix of co-
efficients is symmetric, L12 = L21 (Onsager reciprocal rela-
tion [4–6]). Equation (1) is valid for isothermal systems, in
steady state, and uniform concentration of species in the axial
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direction of channels. As these conditions are generally satis-
fied in practice, Eq. (1) allows one to describe microfluidic net-
works by analogy with electrical circuits [7–10]. Further, theo-
retical expressions of the coefficients can be written in terms of
channel geometry, surface potential, and physicochemical prop-
erties of the fluid [8,11].

It is worth stressing that the linearity of the relations given
above holds for simple fluids like aqueous electrolyte solutions,
the viscosity of which is a constant coefficient (Newtonian be-
havior). However, complex fluids like polymer solutions, col-
loids, and cell suspensions are also manipulated in microflu-
idic applications, notably in the field of “laboratory-on-a-chip”
[12,13]. The viscosity of these fluids depends on the shear rate
developed in the microchannel (non-Newtonian behavior). Al-
though Reynolds numbers are much lower than one in micro-
and nanoscale channels, because of the small gap width, rel-
atively high shear rates are attained in typical manipulations.
Therefore, nonlinear effects are expected when complex fluids
are subjected to electric potential and/or pressure gradients in
microchannels (see, for instance, [14]). This is a crucial aspect
for the design and operation of microfluidic chips. Neverthe-
less, one may observe that the subject has not been sufficiently
treated in the literature: to the authors’ knowledge, the only
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Fig. 1. Schematic representation of slit and cylindrical microchannels, including
geometrical dimensions and the coordinate system used in calculations.

studies reported are those from Chakraborty et al. [15], who
consider the electroosmotic flow of power-law fluids in slits,
and Zimmerman et al. [16], who calculate numerically the elec-
trokinetic flow of Carreau fluids in a T-shaped microchannel.

In this context, the aim of the present work is to investigate
the form of the theoretical relations between fluxes and forces
for the electrokinetic flow of complex fluids. For this purpose,
theoretical aspects concerning the dynamics of non-Newtonian
fluids and electrokinetic phenomena are outlined in Section 2.
Then the mathematical model is formulated in Section 3. Fi-
nally, in Section 4, the resulting expressions of the flow rate
and electric current are discussed, as well as the reciprocity
between the coupling coefficients. Also in this section, a gen-
eralized form of the hydrodynamic conductance is proposed to
extend the validity of Eq. (1).

2. Theory

2.1. Governing equations

In the framework of continuum fluid mechanics, the elec-
trokinetic flow is described by a set of coupled equations that
account for fluid velocity, pressure, ion concentration, and elec-
tric fields [17,18]. For the purposes of this analysis, axis and
plane-symmetric flows are considered, which develop in cylin-
drical and slit microchannels, respectively (Fig. 1). Both fluid
velocity and electric current are assumed to take place in the
axial direction y, and vary in the transverse direction x. Such
a unidirectional flow is attained in microchannels that present
large aspect ratios, i.e., l/d � 1 (see geometrical definitions in
Fig. 1). The present analysis also assumes that temperature is
uniform throughout the flow domain. In practice, this is accom-
plished by using relatively low electric field strengths, which
minimize the Joule effect in microchannels [1].

Electrokinetic effects are grounded on the existence of elec-
trostatic charges in the solid–liquid interface [17,18]. The in-
terfacial charge has associated an electric potential ψ(x) that
decreases and vanishes in the fluid due to the screening pro-
duced by counterions and other electrolyte ions in solution,
which constitute the electrical double layer (EDL). The thick-
ness of this layer is given by λ = (εkBT/e2 ∑

k z2
kn0,k)

1/2,
where n0,k is the bulk density of type k ions with valence
zk , e is the elementary charge, ε is the electric permittivity,
kB is the Boltzmann constant, and T is the absolute temper-
ature [17,18]. There is also a potential V (y) in the flow do-
main, which represents the potential externally applied to in-
duce electroosmosis, or the one developed by streaming effects.
Therefore the total electric potential involves two contributions,
φ(x, y) = ψ(x) + V (y). This superposition is valid provided
that (i) ion densities are uniform along the y-axis, as already re-
quired in the establishment of Eq. (1) (satisfying this condition
is favored by the fact that microchannels are quite slim), and (ii)
the EDL retains its equilibrium charge distribution even when
the electrolyte solution flows. The last approximation is part
of the standard electrokinetic model [18] and holds if �V/l is
small in comparison with ψ(d)/λ, which is normally the case
in practice (see also [6]).

The total electric potential in the flow domain is governed by
Poisson equation, ∇2φ(x, y) = −ρe/ε, where ρe = e

∑
k zknk

is the electric charge density of the medium. The ion distrib-
utions nk are obtained from transport equations that give the
fluxes jk of every species due to electrical forces, fluid convec-
tion and Brownian diffusion, i.e., Nerst–Planck equations [17].
For the flow geometries considered here (Fig. 1, l/d � 1),

(2)jx,k = −Dk

∂nk

∂x
− zkνknkF

∂ψ

∂x
,

(3)jy,k = nkuy − zkνknkF
∂V

∂y
,

where Dk is the diffusion coefficient, νk is the ionic mobility, F
is the Faraday constant, and uy is the fluid velocity developed in
the y-axis. Equation (2) neglects convective transport because
there is no flow in the x-axis (ux = 0), as stated in the formula-
tion of the problem at the beginning of this section. Also for the
problem posed here, Eq. (3) neglects diffusive transport since
axial concentration gradients are assumed to be zero (∂nk/∂y ≈
0), as discussed above. Furthermore, considering that channel
walls are impermeable, there is no flux of ions in the x-axis
(jx,k = 0), thus Eq. (2) yields nk(x) = n0,k exp(−zkeψ/kBT ).
Given these ion distributions, ∂2V/∂y2 ≈ 0 and Poisson equa-
tion results,

(4)
1

xm

∂

∂x

(
xm ∂ψ

∂x

)
= −ρe(x)

ε
.

Hereafter, m is used to describe either plane-symmetric (m = 0)
or axisymmetric (m = 1) flow domains. For the geometries in
Fig. 1, with l/d � 1, the steady-state flow of incompressible
fluids is governed by the y-component of the momentum bal-
ance equation [17,18]:

(5)
∂P

∂y
= 1

xm

∂(xmσxy)

∂x
− ρe

∂V

∂y
.

In this expression, σxy is the shear component of the stress ten-
sor and ∂P/∂y = ∂(p −ρgyy)/∂y is the total pressure gradient
(p is the isotropic pressure, ρ is the fluid density, and gy is the
y-component of gravitational acceleration g). The last term on
the right-hand side (RHS) of Eq. (5) represents the contribu-
tion of electric forces due to the presence of the electric field
−∂V/∂y. One may observe that the flow in microchannels is
entirely controlled by viscous forces [1–3]; hence the problem
implies low Reynolds number hydrodynamics.

2.2. Fluid viscosity models

In order to asses the velocity profile uy(x), rheological in-
formation of the fluid must be included in Eq. (5), namely a
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Table 1
Fluid viscosity models η(γ̇ ) and the corresponding fluidity functions Φ(�P),
where Bm = (1 + m)l/(d − δ), with m = 0 for slits and m = 1 for cylinders

Model η(γ̇ ) Φ(�P)

Newton μ 1
μ

Ostwald-
de Waele
(power law)

βγ̇ α−1 3+m
(1/α+2+m)β

(
�P
Bmβ

)1/α−1

Bingham σ0
γ̇

+ η∞ 1
η∞

[
1 − (3+m)

(2+m)
Bmσ0
�P

+ 1
(2+m)

(Bmσ0
�P

)3+m]
Eyring η0

sinh−1(τ γ̇ )
τ γ̇

3+m
η0

(Bmη0
�Pτ

)3+m{−m − (
�Pτ
Bmη0

)m sinh
(

�Pτ
Bmη0

)
+ [

m + 1
(1+m)

(
�Pτ
Bmη0

)1+m]
cosh

(
�Pτ
Bmη0

)}

constitutive relationship for the shear stress σxy in terms of the
fluid velocity gradient γ̇xy = ∂uy/∂x. The following definition
is used for the purposes [19],

(6)σxy = η(γ̇ )γ̇xy,

where the fluid viscosity η(γ̇ ) is a function of the shear rate
γ̇ = |γ̇xy |. In fact, the present modeling involves steady-state,
isothermal, fully developed, rectilinear shear flows, which ful-
fil the requirements to attain viscometric flow conditions [19],
where fluid viscosity depends on γ̇ only. Typical examples of
the function η(γ̇ ) are listed in Table 1. These viscosity mod-
els are named generalized Newtonian fluids [19], because of
the analogy between the definition, σxy = η(γ̇ )γ̇xy , and the
historical empiricism of Newton, σxy = μγ̇xy , where μ is a
constant coefficient. In the power-law model of Ostwald-de
Waele (Table 1), α is the flow behavior index and β is the
consistency parameter. The plastic fluid of Bingham involves
a yield stress σ0, and a limiting viscosity η∞ at high shear
rates (γ̇ → ∞). Finally, the Eyring model predicts Newtonian
behavior at low shear rates (γ̇ → 0), with viscosity η0, and
shear-thinning behavior when γ̇ approaches the reciprocal of
the relaxation time τ .

Generalized Newtonian fluids are illustrative of the most
common behaviors found when complex fluids are subjected
to steady shear flow and, at the same time, sufficiently sim-
ple to allow analytical solutions of the flow field in straight
microchannels. It is worth adding, however, that these mod-
els cannot describe time-dependent responses (Eq. (6) implies
that a given γ̇xy results in a corresponding σxy , whose value
does not change in time), nor viscoelastic phenomena. In this
sense, one may note that elastic effects take relevance in sys-
tems that present contractions/expansions, curves, and mainly,
unsteady flows (see [20] for an example in microfluidics in-
volving pressure-driven flow). Modeling these situations is out
of the scope of the present work, which is addressed to steady-
state flow in straight microchannels.

2.3. Wall depletion effects related to non-Newtonian fluids

A crucial aspect to discuss here is that non-Newtonian
behavior does not appear in simple liquids of low molec-
ular weight, but in complex fluids like colloids, emulsions,
macromolecular solutions, and gels [21]. The common fea-
Fig. 2. Highly schematic representation of a macromolecular solution in a
microchannel. The full curve represents the segment density profile of non-
adsorbing polymers [24], and the dashed curve is the EDL potential (arbitrary
drawings). Also in this scheme, λ is the EDL thickness and δ is the depletion
layer thickness.

ture in theses system is the presence of discrete entities at
the micro/nanoscale. When a flow field is imposed, the equi-
librium distribution of particles is disturbed by hydrodynamic
forces, and immediately restored by Brownian motion. Non-
Newtonian behavior is observed only if γ̇ is high enough to
overcome Brownian motion. Thus the critical shear rate γ̇c re-
quired to attain non-Newtonian behavior can be estimated as
the reciprocal of the time taken by particles to move diffusively
a distance comparable to their size, τ ≈ a2/6D, where a is par-
ticle radius and D is the Stokes–Einstein diffusion coefficient
of particles. In water at room temperature, a = 10 nm yields
γ̇c ∼ 106 s−1, which is rather inaccessible in practice, while
a = 100 nm yields γ̇c ∼ 103 s−1, a shear rate value normally at-
tained in microfluidic manipulations. Of course, increasing par-
ticle concentration, as well as the magnitude of particle–particle
interactions, strongly influences the characteristic times [22],
always leading to lower values of γ̇c.

Therefore, non-Newtonian effects in microchannels imply
the presence of discrete entities with sizes of several tenths of
nanometers. The concern here is that these systems also exhibit
wall depletion [23]: the concentration of nonadsorbing particles
decreases steeply near smooth surfaces, leaving a depleted layer
of pure solvent adjacent to the solid–liquid interface (Fig. 2).
The depletion layer has a thickness δ of the order of the radius
of gyration of macromolecules [24] or particles [25]. The vis-
cosity of this layer is much lower than that of the bulk, which
yields the apparent hydrodynamic slip, a phenomenon observed
in polymer solutions [24,26], colloidal particles [25], emul-
sions [27], and notably in red blood cells suspensions [28,29]
(these references are some of several examples found in the
recent literature; see [23] for a comprehensive review of the
subject).

The relevance of considering wall depletion is that electroos-
motic and streaming effects take place in the region of the EDL,
which extends a distance λ from the wall. For the ionic con-
centrations normally used in practice, λ ≈ 1–10 nm [17,18],
while δ ranges from around 100 nm to 10 µm [23], depend-
ing on the fluid microstructure. Therefore, for a wide variety
of non-Newtonian systems, the fact that λ 	 δ indicates that
electrokinetic effects are confined to the region of pure solvent
adjacent to the wall. Indeed, this is implicitly assumed in cap-
illary electrophoresis of colloidal particles and cells [30,31],
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where the electroosmotic flow is evaluated simply from the
background electrolyte solution (the possible influence of sus-
pension viscosity is disregarded).

In the present work, dispersed particles are assumed to be
electrically neutral, in order to avoid both electrophoretic ef-
fects and the formation of an additional EDL at x = d − δ.
Besides, the size of discrete entities, say δ, needs to be much
lower than d (one should note that Fig. 2 is highly schematic in
this sense). Otherwise the continuum hypothesis breaks down,
and statistical approaches must be used (see, for instance, [32]).
Finally, it is worth noting that microchannel surfaces generally
present certain degree of roughness, which may range from
a few angstroms to some nanometers, depending on the ma-
terial and fabrication process [1,3]. In the present modeling,
solid–liquid interfaces are considered locally flat, as depicted in
Fig. 2, or more precisely, with surface roughness much smaller
than the EDL thickness λ.

3. Model formulation

On the basis of the arguments given above, the flow domain
is divided in two zones as follows:

Zone I (gray in Fig. 2), which goes from the centerline up
to the onset of the depletion layer. In this region the fluid is
non-Newtonian and electrically neutral (ρe ≈ 0), since the EDL
potential is completely screened in the depletion layer. Thus
Eq. (5) is rewritten as

(7)
∂P

∂y
= β

xm

∂

∂x

(
xm

∣∣∣∣∂uy

∂x

∣∣∣∣
α−1 ∂uy

∂x

)
, 0 � x � (d − δ),

where σxy = βγ̇ α−1γ̇xy (power-law model; Table 1) was intro-
duced to illustrate calculations. Nevertheless, the mathematical
procedure is general and valid for any other model in the frame-
work of Eq. (6). Of course, more sophisticated η(γ̇ ) functions,
like that of Carreau fluid [16,19], will demand numerical calcu-
lations to extract uy(x).

Zone II (white in Fig. 2), which comprises the depletion
layer of pure solvent. Here the fluid is Newtonian, with viscos-
ity μs, and ρe is associated to the EDL potential. Thus Eq. (5)
with σxy = μsγ̇xy and ρe from Eq. (4) yields,

∂P

∂y
= μs

xm

∂

∂x

(
xm ∂uy

∂x

)
+ ε

xm

∂

∂x

(
xm ∂ψ

∂x

)
∂V

∂y
,

(8)(d − δ) � x � d.

It is worth noting that d is the half-space between the plates
in slits (m = 0), or the inner radius in cylindrical capillaries
(m = 1), as shown in Fig. 1.

The boundary conditions required to solve the mathematical
problem are written as follows:

(9)x = 0, σ (I)
xy = 0;

x = d − δ, σ (I)
xy = σ (II)

xy , u(I)
y = u(II)

y ,

(10)∂ψ/∂x = ψ = 0;
(11)x = d, u(II)

y = 0, ψ = ζ.
The first condition (9) is a consequence of the symmetry of
the flow geometries considered here. Matching conditions (10)
for shear stress and fluid velocity are imposed at the surface
connecting zones I and II. In addition, as discussed above, the
EDL potential is assumed to vanish in zone I. The third con-
dition (11) expresses that fluid velocity is zero at the channel
wall, where ψ(d) is identified as the electrokinetic ζ -poten-
tial [33].

Finally it should be noted that, although splitting the over-
all flow in two regions may oversimplify the physical problem,
it is a reasonable approximation for the purposes of the present
work. In fact, this mathematical procedure is widely used to
describe complex flows in tubes, where a relevant example is
the formulation made by Quemada [34] to derive the viscosity–
volume fraction relationship of concentrated suspensions. Fur-
thermore, if the fluid in zone I is also Newtonian, with viscosity
μ 
= μs, the present modeling coincides with the “two fluid”
approach used to describe the electroosmotic pumping of non-
conducting fluids [35,36].

4. Results and discussions

4.1. Fluid velocity field

Solving Eqs. (7) and (8) with boundary conditions (9)–(11)
yields,

(12)

u(I)
y = [x1/α+1 − (d − δ)1/α+1]

(1/α + 1)

(
1

(1 + m)β

∂P

∂y

)1/α

+ [(d − δ)2 − d2]
2(1 + m)μs

∂P

∂y
+ εζ

μs

∂V

∂y
,

(13)u(II)
y = (x2 − d2)

2(1 + m)μs

∂P

∂y
+ ε[ζ − ψ(x)]

μs

∂V

∂y
.

In these expressions, the terms involving ∂P/∂y account for
the pressure-driven flow, and those with ∂V/∂y represent the
electroosmotic flow. Further, the electric field is uniform in the
axial direction and defined by the applied potential, ∂V/∂y =
�V/l. The pressure gradient is also uniform along the channel;
hence ∂P/∂y = �P/l.

The fluid velocity in zone I follows a nonlinear relation
with the pressure gradient (power law in this case). In zone II
instead, the classical linear relations of Newtonian fluids are
recovered [1,11,17]. An illustration of the velocity profiles in
slit microchannels is presented in Fig. 3. For these calcula-
tions, the EDL potential has been included according to Eq.
(A.4), from Appendix A, and the ratio δ/d = 0.1 was arbi-
trarily chosen. It is observed in Fig. 3 that, if �P = 0 (pure
electroosmotic flow), the fluid velocity is uniform throughout
most of the cross-sectional area of the channel, and velocity
gradients are limited to the region of the EDL adjacent to the
interface. In other words, the interfacial layer of solvent drags
the non-Newtonian fluid as a plug. When a pressure difference
is applied, the rheological properties of each region become ev-
ident. Nevertheless, since the viscosity of the bulk fluid is larger
than that of the solvent, most of the flow still occurs in the de-
pletion layer.
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Fig. 3. Electrokinetic flow velocity of a power-law fluid (β = 10 mPa sα , α =
0.75) in a slit microchannel, as a function of the relative distance x/d . The elec-
tric potential is fixed at �V = 50 V, while the applied counterpressure varies
as indicated in the figure. Numerical values used in calculations are: l = 1 cm,
d = 10 µm, δ = 1 µm, μs = 1 mPa s, ε = 7.1 × 10−10 C2/N m2, ζ = −25 mV,
λ = 30 nm.

4.2. Current density field

Once the velocity field is established, the electric current
density is obtained as Jy = e

∑
k zkjy,k , where jy,k are given

by Eq. (3). Therefore,

(14)J (I)
y = −s0∂V/∂y,

(15)J (II)
y = ρeu

(II)
y − s∂V/∂y,

where s0 = eF
∑

k z2
kνkn0,k is the electrical conductivity of the

bulk, and s = eF
∑

k z2
kνknk(x) is the x-dependent conductiv-

ity due to EDL ion distributions in zone II (the ionic mobility
νk is assumed to be the same in both regions). On the RHS of
Eq. (14), the term accounting for the convective current (ρeu

(I)
y )

is missing because ρe ≈ 0 in zone I. Further, calculations here
neglect the possible conductivity of the stagnant layer, i.e.,
Dukhin numbers much lower than one are assumed [33].

4.3. Force–flux relations

The flow rate Q and electric current I are obtained by inte-
grating, respectively, the fluid velocity (Eqs. (12) and (13)) and
the current density (Eqs. (14) and (15)) in the cross-sectional
area of the channel. Equation (12) corresponds to power-law
fluids; if one further considers other viscosity models in a com-
mon scheme, the resulting expressions are:

(16)

Q = − Am(d − δ)2�P

(1 + m)(3 + m)l

{
Φ(�P) + 1

μs

[(
d

d − δ

)3+m

− 1

]}

+ Amεζ�V [1 + G1,m(ψ, δ)]
lμs

,

(17)

I = Amεζ�P [1 + G1,m(ψ, δ)]
lμs

− Am�V

l

×
{(

εζ

d − δ

)2
G2,m(ψ, δ)

μs
+ s0

[
1 + G3,m(ψ, δ)

]}
,

where Am is the cross-sectional area of zone I, being A0 =
2w(d − δ) for slits, and A1 = π(d − δ)2 for cylindrical chan-
Fig. 4. Generalized hydrodynamic conductance L11(�P ), as a function of
pressure difference �P , in a cylindrical capillary of radius d = 10 µm and
length l = 1 cm. Model parameters used in calculations are given in the text
(Section 4.4). In all cases, δ 	 d was assumed.

nels. In Eq. (16), Φ(�P) is the fluidity function reported in
Table 1 for different viscosity models. The geometrical func-
tions G1,m(ψ, δ), G2,m(ψ, δ), and G3,m(ψ, δ) depend on the
EDL potential and depletion thickness, as reported in Appen-
dix A.

It is observed that Q is nonlinear with �P due to the non-
Newtonian character of the fluid, given by Φ(�P) (Table 1).
Nevertheless, as the nonlinearity is limited to the pressure-
driven component of the flow, Eqs. (16) and (17) can be
arranged in the matrix form of Eq. (1), by defining following
coefficients:

(18)

L11(�P ) = − Am(d − δ)2

(1 + m)(3 + m)l

×
{

Φ(�P) + 1

μs

[(
d

d − δ

)3+m

− 1

]}
,

(19)L12 = L21 = Amεζ [1 + G1,m(ψ, δ)]
lμs

,

(20)

L22 = −Am

l

{(
εζ

d − δ

)2
G2,m(ψ, δ)

μs
− s0

[
1 + G3,m(ψ, δ)

]}
.

In the framework of the generalized Newtonian fluid, L11(�P )

may be regarded as a generalized hydrodynamic conductance
that extends the validity of L11, and hence of Eq. (1), to non-
Newtonian fluids.

4.4. Generalized hydrodynamic conductance

Fig. 4 presents L11 vs �P in order to better visualize the
influence of shear-dependent viscosities on the electrokinetic
flow. A cylindrical microchannel is considered and δ 	 d is
assumed for the sake of simplicity. Thus Eq. (18) reduces to
L11(�P ) = −πd4Φ(�P)/8l. The case where the bulk fluid is
Newtonian (Φ = 1/μ) has been included as a reference, with
μ = 1 mPa s, which represents the viscosity of an aqueous elec-
trolyte solution. Parameter values used in power-law, Eyring
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and Bingham models were chosen for the purpose of illustra-
tion only, as described below.

Power-law fluids yield straight lines in log–log plots, the
slopes of which depend on the flow index α. The example in
Fig. 4 represents a shear-thinning fluid, with α = 0.5 and β =
10 mPa sα . These values are commonly found in dilute polymer
solutions, such as carboxymethylcellulose or polyacrylamide.
Eyring fluids typically represent colloidal suspensions. In this
case, L11 exhibits a plateau at low �P , and then increases
rapidly as �P increases. Parameter values used in Fig. 4 are
η0 = 5 mPa s and τ = 50 ms, which can be obtained for exam-
ple in semidilute suspensions of latex particles. For Bingham
fluids, the overall response is also the increase of L11 with
�P , but a critical value exists at low pressures (yield stress),
at which the material virtually becomes a solid. In this case we
used σ0 = 10 mPa, which is of the order of the yield stress of
blood, depending on cells concentration, and η∞ = 3 mPa s.

Therefore, the generalized coefficient L11(�P ) accounts for
the rheological properties of the fluid through the associated
fluidity function Φ(�P). In a practical sense, the fact that L11
may change two orders of magnitude in the range 1–1000 Pa
should not be ignored in microfluidic applications.

4.5. Onsager reciprocity

A relevant consequence of the formulation made in Sec-
tion 3 is that electroosmosis depends on solvent viscosity only,
and thus the expression of L12 (19) coincides with the well-
established result of Newtonian fluids [11]. Accordingly, the
streaming coefficient L21 is equal to L12, which is a consistent
result taken into consideration Onsager reciprocity of electroki-
netic phenomena [4–6]. The electric conductance L22 (20) is
also independent on the bulk rheology provided that the ionic
mobilities are uniform in both flow regions. These results are
characteristic of the analysis carried out in this work, which
considers that electroosmotic and streaming phenomena take
place in the depletion layer (the hypothesis has been also used
in [16]). The relevance of this approach consists in the de-
coupling of electrokinetic and non-Newtonian effects. If one
instead ignores the depletion layer, and considers that the fluid
in the region of the EDL is non-Newtonian, then the predicted
electroosmotic velocity is nonlinear with �V [15], the con-
vective current is nonlinear with �P , and terms involving the
crossed product �P�V arise in both Q and I . In that case,
additional research would be necessary to elucidate which sym-
metry relations are obeyed (see [5] for detailed discussions on
nonlinear electrokinetic phenomena).

4.6. Cross-checking the results against a “single fluid”
approach

As discussed in Section 2.3, wall depletion is inherent to flu-
ids that exhibit non-Newtonian behavior. In our modeling, this
phenomenon is taken into account by splitting the flow domain
in two zones that differentiate each other from the fluid rheolog-
ical properties. Instead, the interpretation of experimental data
in the literature [23–27] is normally carried out by considering a
“single fluid” that presents hydrodynamic slip at the wall. This
alternative approach is studied in Appendix B, in order to cross-
check our results. Equation (B.5) accounts for the electrokinetic
velocity of power-law fluids with Navier slip condition and thin
EDL.

It is worth noting here that Eqs. (12) and (13), as well as
(14)–(20), are valid for arbitrary values of δ, while the approach
in Appendix B involve δ 	 d . Therefore, for the purposes of
comparison, the prediction of our model needs to be written in
the limit of small δ. That is, when δ 	 d , zone I spans the entire
flow domain and Eq. (12) results,

uy = x1/α+1 − d1/α+1

(1/α + 1)

(
1

(1 + m)β

∂P

∂y

)1/α

(21)+ δd

(1 + m)μs

∂P

∂y
+ εζ

μs

∂V

∂y
.

Of course, zone II vanishes in this asymptotic situation and
Eq. (13) does not contribute to the fluid velocity.

A simple inspection indicates that Eqs. (21) and (B.5) differ
in the second term on the RHS only. Further calculations show
that Eqs. (21) and (B.5) are indeed equivalent, provided that
Navier slip length is expressed b = δη/μs (in following these
straightforward calculations note that d(∂P/∂y)/(1+m) = σxy

is the shear stress at the interface). Moreover, it is relevant to
point out that b = δη/μs is the slip length reported for macro-
molecular solutions with bulk viscosity η [24,26]. This remark-
able result indicates the consistency of the modeling carried out
here to describe the electrokinetic flow of non-Newtonian flu-
ids.

5. Summary

A theoretical description of the electrokinetic flow of com-
plex fluids in microchannels is presented. The resulting equa-
tions allow one to predict the flows of matter and electric-
ity as functions of the simultaneously applied electric poten-
tial and pressure gradients, for different non-Newtonian fluids,
through both slit and cylindrical microchannels. Calculations
take into account the depletion of the disperse phase at channel
walls, and consistently assume that electrokinetic phenomena
occur in the interfacial layer of pure solvent. The advantage
of this consideration is the decoupling of electrokinetic and
non-Newtonian effects, which yields two relevant results. First,
nonlinear effects induced by the shear-dependent viscosity are
confined to the function L11(�P ), which is defined to be a
generalized hydrodynamic conductance. Thus the matrix form
of the force–flux relations (characteristic of linear systems) is
extended to non-Newtonian fluids. Second, neither the elec-
troosmotic component of the flow nor the streaming component
of the current are affected by the bulk rheology. As a conse-
quence, the matrix of coefficients is symmetric (L12 = L21)
and Onsager fundamental theorem is complied. One may fi-
nally conclude that the analysis carried out in this work helps to
better rationalize the dynamics of complex fluids in microchan-
nels, which is of interest in microfluidics, as well as in related
fields like capillary electrophoresis and flow through porous
media.
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Appendix A. Geometrical functions

The dimensionless geometrical functions appearing in Eqs.
(16)–(20) are:

(A.1)G1,m(ψ, δ) = 1 + m

(d − δ)1+m

d∫
d−δ

(
1 − ψ(x)

ζ

)
xm dx,

(A.2)G2,m(ψ, δ) = 1 + m

(d − δ)m−1

d∫
d−δ

[
∂

∂x

(
ψ(x)

ζ

)]2

xm dx,

(A.3)

G3,m(ψ, δ) = 1 + m

(d − δ)1+m

×
d∫

d−δ

∑
k z2

kνkn0,k exp[−zkeψ(x)/kBT ]∑
k z2

kνkn0,k

xm dx,

where d is the half-space between the plates in slits (m = 0)
or the inner radius in cylindrical capillaries (m = 1). It is eas-
ily seen that all of these functions vanish when δ 	 d . For
the general case, calculations require the EDL potential ψ(x)

from Eq. (4), which normally implies numerical procedures. In
particular, systems involving relatively low surface potentials
(|ζ | � 50 mV) allow one to derive analytic ψ(x) functions,
which simplify the integrations of Eqs. (A.1)–(A.3). In fact,
considering symmetric electrolytes (z+ = −z− ≡ z) and using
the Debye–Hückel approximation, the solution of Eq. (4) for a
flat interface is [17,18]

(A.4)ψ(x) = ζ exp
[−(d − x)/λ

]
.

This result allows one to obtain analytic expressions of the geo-
metrical functions for slit microchannels,

(A.5)G1,0 = δ + λ(e−δ/λ − 1)

(d − δ)
,

(A.6)G2,0 = d − δ

2λ

(
1 − e−2δ/λ

)
,

(A.7)G3,0 = δ + λγZ(1 − e−δ/λ)

(d − δ)
.

In Eq. (A.7), γ = (ν+ − ν−)/(ν+ + ν−) and Z = eζ/kBT . It
is observed that the EDL thickness λ is the controlling parame-
ter. For the asymptotic case where λ 	 δ, G1,0 → δ/(d − δ),
G2,0 → (d − δ)/2λ, and G3,0 → δ/(d − δ). Finally, although
Eqs. (A.5)–(A.7) are strictly valid for slits, they may be good
approximations for cylindrical capillaries as well, taking into
account that λ < δ < d implies a roughly flat EDL.
Appendix B. “Single fluid” approach with hydrodynamic
slip at the wall

Here we study the limiting case where the depletion layer δ

is negligibly small in comparison with channel depth d , but still
larger that the EDL thickness λ. Under the circumstances, one
may consider that the non-Newtonian fluid occupies the entire
flow domain (0 < x < d ; Fig. 1), hence a “single fluid” ap-
proach is used to calculate the velocity profile. In addition, the
layer of solvent adjacent to the wall is taken into account by in-
cluding an apparent hydrodynamic slip, as it is usually indicated
in the literature [23–27]. Since λ < δ, the fluid is also electri-
cally neutral, except in the close vicinity of the charged inter-
face. Thus the thin EDL approximation applies [1,10], which al-
lows one to evaluate pressure and electrically driven flows sep-
arately: (i) The pressure-driven component of the fluid velocity,
u

(p)
y , is obtained from Eq. (5) with ρe ≈ 0 and σxy = βγ̇ α−1γ̇xy

(power-law fluids), that is

(B.1)
∂P

∂y
= β

xm

∂

∂x

(
xm

∣∣∣∣∂u
(p)
y

∂x

∣∣∣∣
α−1 ∂u

(p)
y

∂x

)
.

For the problem posed, boundary values are written as follows:

(B.2)x = 0, ∂u
(p)
y /∂x = 0,

(B.3)x = d, u
(p)
y = b

(
∂u

(p)
y

/
∂x

)
.

In particular, Eq. (B.3) represents Navier conditions for hy-
drodynamic slip at the wall, where b is the Navier slip length
[3,24]. (ii) The electrically driven component of the fluid veloc-
ity is directly

(B.4)u(e)
y = εζ

μs

∂V

∂y
,

which describes the electroosmotic flow for λ 	 d [1,17,18,
33]. It should be observed that Eq. (B.4) includes the solvent
viscosity μs because electroosmosis is confined to the depletion
layer.

Therefore, solving Eqs. (B.1)–(B.3) for u
(p)
y and then adding

u
(e)
y yields,

uy = x1/α+1 − d1/α+1

(1/α + 1)

(
1

(1 + m)β

∂P

∂y

)1/α

(B.5)+ b

(
d

(1 + m)β

∂P

∂y

)1/α

+ εζ

μs

∂V

∂y
.

This expression represents the electrokinetic velocity profile of
power-law fluids that slip at the wall, under the thin EDL ap-
proximation. Similar calculations can be carried out for other
viscosity models in the framework of Eq. (6).
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