VARIATIONAL EIGENVALUES OF THE FRACTIONAL
g-LAPLACIAN
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ABSTRACT. In the present work we study existence of sequences of variational
eigenvalues to non-local non-standard growth problems ruled by the fractional
g—Laplacian operator with different boundary conditions (Dirichlet, Neumann
and Robin). Due to the non-homogeneous nature of the operator several draw-
backs must be overcome, leading to some results that contrast with the case
of power functions.
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1. INTRODUCTION

Given two functionals A and B defined on a suitable space X and a prescribed
number ¢, the task of analyzing the existence of numbers A\ € R and elements u € X
satisfying (in some appropriated sense) equations of the type

B'(u) = A'(u),  A(u)=c,
has been a challenging labor whose beginning dates back to the mid-20th century

(here A’ and B’ denote the Fréchet derivatives of the functionals). The study on
Hilbert spaces was addressed by Krasnoselskij in [37]; for Banach spaces, it can
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be found in the literature the works of Citlanadze [20] and Browder [15, 18, 19],
where the notion of category of sets in the sense of Ljusternik and Schnirelman is
used. See also [30, 31] for some applications to partial differential equations. The
amount of research on these topics is nowadays huge. For practical reasons, for an
introduction to this theory and a comprehensive list of references we refer to the
books [16, 17, 47, 56].

After the introduction of the so-called monotonicity methods by Browder [13, 14],
Minty [44] and Vainberg and Kacurovskii [54], the study of quasilinear operators
experimented an explosive growth, and both variational and nonvariational tech-
niques were introduced by Browder, Fucik, Ladyzhenskaya, Leray, Lions, Morrey,
Necas, Rabinowicz, Schauder, Serrin, and Trudinger, among several other mathe-
maticians.

The prototypical p—Laplace operator (p > 1) then became a focus of study, and
in particular, to understand its spectral structure: given an open and bounded set
Q C R™, to determine the existence couples (\, u) satisfying the equation

(1.1) — div(|Vu[P%u) = Mu[P?uin Q, w=0on 99

in a suitable sense. In the seminal work of Garcia Azorero and Peral Alonso [35],
it was proved the existence of a variational sequence of eigenvalues tending to +oo,
which however, it is not known to exhaust the spectrum unless p = 2 or n = 1.
Several properties on eigenvalues (and their corresponding eigenfunctions) were
addressed by Anane et al [3, 4] and Lindqvist [41], among others, and also for more
general boundary conditions than Dirichlet. See also [28, 42].

At this point, two possible generalizations of the eigenvalue problem (1.1) could
be considered. First, its non-local counterpart governed by the well-known frac-
tional p— Laplace operator takes the form

(1.2) (=Ay)*u = AMufP"2uin Q, u=0inR"\Q
where s € (0,1) is a fractional parameter, p > 1, and

8 ue) = . [ LU0 )

|z —y|ntep
The main difference here arises in the fact that this operator takes into account
interactions coming from the whole space. The same occurs with the boundary
condition. Problem (1.2) was introduced in [40]. Existence of a sequence of (vari-
ational) eigenvalues to (1.2) and its behavior as s T 1 was dealt in [11]. Several
properties on eigenvalues and eigenfunctions were obtained in [12; 22, 33, 40].

Y.

n

A second possible generalization of (1.1) can be obtained keeping the local struc-
ture of the operator but allowing a growth behavior more general than a power.
These considerations lead to the well-known g— Laplace operator and the problem

—Agju=Ag(Ju])— in Q, wuw=0on0Q,

u
|ul
where Agju = div (g(|Vu|)‘§—Z‘). The function g = G’ is given in terms of a so-
called Young function GG. Here the structure of the spectrum radically changes
due to the non-homogeneity of the operator, fact that is key in the arguments

corresponding to results related to problems (1.1) and (1.2). Here several important
differences appear: the spectrum may not be discrete, then it is not clear the notion
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of a first eigenvalue nor of a sequence of them. However, when restricting the energy
level of functions, some properties of operators with p—structure are recovered: in
[34, 36, 45, 46] existence of eigenvalues was studied, and in [25, 53] the existence of
a discrete sequence of eigenvalues was obtained. It is worth of mention that under
these settings, eigenvalues are not in general variational, so less information can be
retrieved when using standard techniques.

The object of study of this manuscript is the eigenvalue problem ruled by the
fractional g— Laplacian, which can be seen as the non-local non-standard growth
counterpart of (1.1). Given an open and bounded set @ C R™ and a fractional
parameter s € (0, 1), we are concerned with the following eigenvalue problems:

e Dirichlet problem:

{(—Agm = Ag(lul)iy  in @

(D) u=0 in R"\ Q2

e Neumann problem:
(~A,)yu = Aglul) s in©
Nyu=0 in R™\ Q.
e Robin problem: given § € L>®(R™ \ Q)

(—Ag)¢u=Ag(lu) 2 inQ
Nyu+Bg(lul) iy =0 in R\ Q.

(N ()

(R(©2))

The precise notion of eigenvalues and eigenfunctions to these problems is defined
in Section 3.

Here, the fractional g—Laplacian is defined as

Dgu dy

1.3 —Ay)%u := p.v. D =

(13) (8w p. [ g (D) Fro T

where G is a Young function (see Section 2 for the precise definition) such that g =
G’ and Dy = “zl=uw)

s lz—y|*

when G is a power function and to the p—Laplacian when s T 1. See [26]. The
boundary conditions in the previous problems reflect the non-local nature of the
operator (—A,)®: the Dirichlet case corresponds to functions vanishing outside
and not only on 02, whereas the Neumann and Robin equations make use of the

nonlocal normal derivative NV, introduced in [6].

. Clearly, (—A,)® boils down to the fractional p—Laplacian

Throughout this article we assume the Young function G = fot g(t) dt to satisfy
the following structural conditions:

tg(t

~—

_ g i
G 1 <2l L Vi >0
(G1) <p oo =7 <00 >0,
(G2) t— G(V1), t € [0,00) is convex,
1 ~—1 +oo -1
(Gs) / ¢ nfz—) dr < oo and / ¢ H(T) dr = oo.
0 T n 1 T n

In the case of powers (i.e. G(t) = t?) these conditions mean that 2 < p < —=£-.
P
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The following functionals have an essential role in the study of eigenvalue prob-
lems for the fractional g—Laplacian

(14)  Z(w) ::/QG(|u|)dx, I (u) := //R . G(IDsul)%.
and
dxdy

(1.5) Js(u) == //}Rzn\(ﬂc)2 G(|D5u|)m + /}Rn\Q BG(|u|) dx

(see Section 3 for details).

Problem D(2) was recently studied in [49, 50], where, once established existence
of a minimizer of the associated problem under energy constraint

AP = min {T(u): Z(u) = a}

for a given value a > 0, then by means of a version of the Lagrange multipliers
rule it is deduced existence of an eigenvalue A2 of D(f2) in a suitable sense, and in
general AD #£ AP A further extension of this result for problems N () and R()
is provided in [6]. Other very recent results involving eigenvalues of the fractional
g—Laplacian can be found in [1, 2, 5, 7, 8, 9, 10, 23, 27, 29, 49, 51].

In the wake of the non-homogeneity of the operator, many of the properties
that eigenvalues of the fractional p—Laplacian fulfill are possibly not inherited in
the non-homogeneous case: for instance, isolation, simplicity and a variational
characterization of the first eigenvalue, or a variational formula for the second one
(see [22, 33, 40]). Moreover, the spectrum of D(2) could be continuous when G is
a general Young function, and in principle, it is not clear the meaning of a first or
second eigenvalue. Due to these drawbacks, the main aim of this manuscript is to
understand under which conditions it is possible to build a sequence of eigenvalues
to problems D(Q), N(2) and R(9).

Our arguments are based in the fact that existence of sequences of variational
eigenvalues can be established when prescribing some energy level. First, when the
quantities J (u) or Jz(u) involving the s—Holder quotient are prescribed, by means
of the Ljusternik-Schnirelman theory we can infer existence of a discrete sequence of
critical points of Z(u) which allow us to build a sequence of non-negative eigenvalues.
With the notation introduced in Section 2, our first result reads as follows.

Theorem 1.1. For any o > 0 there exist sequences of non-negative numbers
(AR e A o bren and {AF  been which are eigenvalues of problems D(S2), N ()
and R(QY), respectively. Moreover, these sequences diverge as k — 0o.

The corresponding eigenfunctions
{up o }ren C Wy % (Q), {ubatken CWSE Q) and  {uf,}ren C Xp(Q)
satisfy the constraints
T(hy) = Tofuls) = Ts(ully) = a
and
L(ugn) =k L(Ua) =  L(upa) =ciy
where the critical values are obtained as

ckDﬂ = sup inf Z(u), cfﬂ\fa = sup inf Z(u), Clﬁa = sup inf Z(u)
Kecp uek Kec)y ek Kecp uek
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where, denoting by v(K) the Krasnoselskii genus of K, we define
CP .= {K c MP compact, symmetric with T(u) >0 on K and v(K) > k},
and
MP = {ue WS9(Q): J(u) = al,
MY = fu e WrC(Q): Jou) = a},
ME = {ue X5(Q): Ts(u) = a}.
The sets CY and CE are defined analogously by changing the superscript D by N
and R, respectively.

Secondly, when the quantity Z(u) is prescribed, by using the so-called minimax
theory we obtain a sequence of critical points of 7 (u) which provides for a (different)
sequence of eigenvalues:

Theorem 1.2. For any o > 0 there exist sequences of non-negative eigenvalues

{AR I hen, {AY o ken and {AF  Yren of D(Q), N(Q) and R(S), respectively.
The corresponding eigenfunctions
{ubatken CWEEQ), {ufohen CWEO(Q)  and  {uil,Iren C X5()
satisfy the constraints
I(u,ga) = I(uﬁa) = I(ukR)a) =a
and
T (W) = Ciar  Jo(uila) = Cllar  Tpluila) = Clla

where the critical values are obtained as

cP, = inf h
b = er st iy, 2o, T 1)

and T(S*, MP) = {h € C(S¥, MP): h is odd}, being S* the unit sphere in RF*1.
The numbers C,i\fa and C’,fa are defined analogously by changing the superscript

D by N and R, respectively, and the functional J by Jo and Js, respectively. MP,
MY and ME denote the sets

MP = {ue WS%(Q): Z(u
MY = {ueW%(Q): Z(u
ME = {ue Xx5(Q): Z(u) =

Q2
Inas

In contrast to what happens in the case of powers, the Ljusternik-Schnirelman
and minimax eigenvalues obtained in Theorems 1.1 and 1.2, in general, are neither
the same nor easily comparable each other. As a consequence, in principle we cannot
ensure that the minimax sequences built in Theorems 1.2 diverge as k — co. For
a discussion of this situation in the case G(t) = t? see [24, 43]. However, in the
Dirichlet case we are able to compare miminax eigenvalues of the g—Laplacian
with eigenvalues of the p~—Laplacian (where p~ is given in (Gy)), giving as a
consequence the following:

Theorem 1.3. With the notation of Theorem 1.2,

Aga%mask%m, C,fa%ooask—)oo.
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In the case of powers, eigenvalues and critical points obtained in Theorems 1.1
and 1.2 coincide, i.e., \x = ¢ and A = C}, for all k € N. It does not occur for a
general Young function, although the following comparison result holds.

Theorem 1.4. Let {\_, }ren and {c, }ren be as in Theorem 1.1, and let {A} , }ren
and {Olga}keN be as in Theorem 1.2. Then

_ + _ AD +
« «
R TPV A .
p ' ’ p ap Coa —op

where p™ and p~ are the numbers defined in (G1).

Finally, our last result establishes the closedness of the spectrum of the fractional
g—Laplacian in the following sense:

Theorem 1.5. Fized ag > 0, let {aptreny C (0,a0). Let {Aa, tren be a se-
quence of eigenvalues of D(Q) with eigenfunctions {ua, Yren C WeC(Q) such that
¢G7Q(Uak) = Q.

Then, if limg_ o0 Aa,, = A, we have that \ is an eigenvalue of D(Q) with eigen-
Junction w € W€ (Q) such that ®¢.o(u) = 8 € (0, ap).

A similar assertion holds for sequences of eigenvalues of N () and R(().

As a consequence we get the following.
Corollary 1.6. Fized ag > 0, the numbers

D= inf AP AN .= inf AN ME.—  inf AR
k a€(0,ap) ko k a€(0,ap) ko k a€(0,ap) ko

are eigenvalues of D(Q), N(Q) and R(SY), respectively.

The same claim is true for the numbers AkD, AkN and A,}f defined in an analogous
way.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section we introduce the classes of Young function and fractional Orlicz-
Sobolev functions, the suitable class where the fractional g-Laplacian is well defined.

2.1. Young functions. An application G: Ry — R is said to be a Young func-

tion if it admits the integral formulation G(t) = fg g(7)dr, where the right contin-
uous function g defined on [0, 00) has the following properties:

(91) g(0) =0, g(t)>0fort>0,
(92) g is non-decreasing on (0, c0),
(93) tlggo g(t) = oc.

From these properties it is easy to see that a Young function G is continuous,
nonnegative, strictly increasing and convex on [0, 00).

The following properties on Young functions are well-known. See for instance
[38] for the proof of these results.
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Lemma 2.1. Let G be a Young function satisfying (G1) and a,b > 0. Then

(L) min{apf,aw}G(b) < G(ab) < max{apf,aﬁ}G(b),
(Ls) G(a+b) < C(G(a) + G(b)) with C:=2°"
(Ls) G is Lipschitz continuous.

Condition (G1) is known as the Ay condition or doubling condition and, as it is
showed in [38, Theorem 3.4.4], it is equivalent to the right hand side inequality in
(G1).

The complementary Young function G of a Young function G is defined as
G(t) := sup{tw — G(w) : w > 0}.
From this definition the following Young-type inequality holds
(2.1) ab < G(a) + G(b) for all a,b > 0,

and the following Holder’s type inequality
[ fuwlde < ulzoia ol ey

for all u € LY(Q) and v € LG(Q) Moreover, it is not hard to see that G can be
written in terms of the inverse of g as

¢
(22 Gt = [ or)ar
0
see [48, Theorem 2.6.8].
Since g1 is increasing, from (2.2) and (Gy) it is immediate the following relation.

Lemma 2.2. Let G be an Young function satisfying (G1) such that g = G’ and
denote by G its complementary function. Then

G(g(t) <p*G(1)
holds for any t > 0.
The following convexity property proved in [39][Lemma 2.1] will be useful.

Lemma 2.3. Let G be a Young function satisfying (G1) and (G2). Then for every

a,beR,
a+b a—2b
e ()

2.2. Fractional Orlicz-Sobolev spaces. Given a Young function G such that
G’ = g, a parameter s € (0,1) and an open and bounded set Q C R"™ we consider
the spaces

G(Jal) + G(b)
——ﬁr——ZG(

LE(Q) := {u: Q — R measurable such that ®g o(u) < oo},
WS’G(R") — {u c LG(R") such that @, g rn(u) < OO} )
Wy(Q) :={ue W*“R"): u=0ae. inR"\Q}
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where the modulars ®¢ o and @4 ¢ g are defined as

@Gg) ‘/)G|u
bocr (= [[ D)) dn

where the s—Holder quotient is defined as

Dsu(z,y) := ule) - uly) uiy),
[z -yl
being du(zx,y) = \jiz%“' These spaces are endowed with the so-called Luzemburg

norms
lull Lo ) = inf{/\ >0: g0 ()\) < 1}

||u||WSvG(Q) = HUHLG(Q) + [U]WSvG(Rn)a

where the (s, G)-Gagliardo semi-norm is defined as
[u]WS,G(R’n) = lnf {)\ > O: @51G1Rn (;) S 1} .

Since we assume (G1), the space W% (Q) is a reflexive Banach space. Moreover
C2° is dense in W*%(R™). See [26, Proposition 2.11] and [23, Proposition 2.9] for
details.

Observe that, in light of the modular Poincaré inequality for W% (Q) (see [50]),
it follows that [.]y«.crn) is an equivalent norm in W “(€Q). We observe that
wg ‘“(€2) is the natural space to deal with Dirichlet problems.

The space of fractional Orlicz-Sobolev functions is the appropriated one where
to define the fractional g— Laplacian operator

Dsu dy
—Ay)u:=2p.v. Dy _
(A= 2pa [ gDl i
where p.v. stands for in principal value. This operator is well defined between
WG (R") and its dual space W~ (R") (see [26] for details). In fact, it follows

that
(8w = [[ gD D Dowdn
R” xR™ | |

for any v € WS’G(R").

As proved in [6, Proposition 2.6], the following integration by parts formula arise
naturally for u € C? functions

(=Ay)°u,v), = / v(=Ag)’u dx —|—/ vNyu dz Vv € C?
Q R"\Q

where the normal derivative ./\/g is defined as

and the product (-, -). is defined as

(-2 uo. = [[ (1Dl
]R2"\]R"\Q)2 |Ds |
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The previous definitions induce the following notation
bocaw= [[ Gy du
R2m\(Q)?

[y gy = inf {1 > 0: @, . (;) <1},
Hence, it is natural to defined the space
W4 (Q) := {u € LY(Q) such that ®, ¢..(u) < oo},

which will be the appropriated one when dealing with the Neumann boundary
condition.

The suitable space in which to define a Robin boundary condition of the type
Nyu+ Bg(Jul)u/lu in R™\ @ (where S is a fixed function in L>*(R™ \ Q)) is:

X5(Q) = {u measurable: &, ¢ . (u) + Pe.a(u) + P grma(u) < oo}

where

Do prm\o(u) = / BG(|ul) dx.

R7\Q
This space can be proved to be a reflexive Banach space endowed with the norm

||U||Xa = [U]vaG(Rn) + HUHLG(Q) + HUJHLGJ*(R"\Q),

HuHLG,ﬁ(RTL\SZ) _1Hf{A>O / ﬂ G(M> d,UJS 1}
R7\Q A

See [6] for more details.

being

Remark 2.4. Observe that, with the notation introduced in this section, the func-
tionals introduced in (1.4) and (1.5) can be identified as

: W59 (Q) = R, Z(u) = g alu),
(2.3) T:We9(Q) =R, J(u) = By rn(u),

Tg: () = R, TJp(u) = Ps,6.4(u) + Pg g rm\0-

In order to state some embedding results for fractional Orlicz-Sobolev spaces
we recall that given two Young functions A and B, we say that B is essentially
stronger than A or equivalently that A decreases essentially more rapidly than B,
and denoted by A << B, if for each a > 0 there exists x, > 0 such that A(z) <
B(az) for x > x,.

When the Young function G fulfills condition (G3), the critical function for the
fractional Orlicz-Sobolev embedding is given by

t -1
0

T 7

With these preliminaries the following compact embeddings hold.

Proposition 2.5. Let G be a Young function satisfying (G1) and (Gs) and let
s € (0,1). Let Q C R™ be a C% bounded open subset. Then for any Young
function B such that B << G, it holds that

(i) the embedding W% (Q) — LB(Q) is compact;



10 S.BAHROUNI, H.OUNAIES, AND A.SALORT
(ii) the embedding X5(2) — LE() is compact.

The proof of (i) can be found in [1][Theorem 9.1], [8][Theorem 1.2]; for the proof
of (ii) see [6][Lemma 3.2].

The following relation between modulars and norms holds. See [32, Lemma 2.1].

Lemma 2.6. Let G be a Young function satisfying (G1) and let € (t) = min{t? 7"},
€t (t) = max{t? ,t*"}, for all t > 0. Then

©) & (lullze@n) < Pare(u) < EF(|ullLewn) for u e LER™),
(i) € ([ulwacrn) < Psgrn(u) < EF ([ulwec@n) for u € WC(R").

3. LAGRANGE MULTIPLIERS AND THE EIGENVALUE PROBLEM

In this section we define the notion of Dirichlet, Neumann and Robin eigenvalue
problems in the context of fractional Orlicz-Sobolev spaces. We recall some exis-
tence results already proved in [49] and [50] for the Dirichlet case, and state further
extension to more general boundary conditions.

We say that

X is an eigenvalue of D(Q) with eigenfunction u € W5 (Q) if

(3.1) (=Ay)’u,v) = )\/Qg(|u|)%v de Yo e W)

X is an eigenvalue of N () with eigenfunction u € W (Q) if

(=Ag)’u, vy, = )\/Qg(|u|)ﬁv dx Yo € WfG(Q)

|ul

A is an eigenvalue of R(€Y) with with eigenfunction u € Xg(Q) if

(=Ay) u,v). = )\/ g(|u|)lv dx — /Rn\Q Bg(|u|)iv dx Yu € X3(82).

Q |ul |ul

As mentioned, eigenvalues for non-homogeneous eigenproblems strongly depend
on the energy level o > 0. It is possible to prove existence of an eigenvalue by a mul-
tiplier argument once it is proved existence of the following associated minimization
problems

AP = min{J(u): we MP},  where MP = {u e W5 (Q): Z(u)
AN =min{Jo(u): u e MY}, where MY = {u e W5%(Q): Z(u)
AR = min{Js(u): v € M},  where MF = {u € X5(Q): Z(u) =

a}

):
): }

Q

}.

As pointed out in [6], by standard computations of the calculus of variations, for

each a > 0 the quantities ALY, AY and AZ are attained by suitable functions uZ,
ul) and uf, respectively. Since condition (G) is assumed on G, the functionals 7,
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Js and T are class C! with Frechét derivatives given by
<(jl(u),v> = <(_Ag)suvv> Vv e WOS)G(Q)v
(Tg(u),v) = ((=Ag)*u,v) Yo e W2E(Q),

u

(3.2) <(I’(u),v>:/9(|u|) "

| |vdx Yo € LE(R),
Q

(), 0) = (= D), v)s + / Bo(u)Lvdr Vo e WHE(Q),

R7\Q |ul

and therefore, by an application of the Lagrange multipliers rule, there exist num-
bers A2, AN and A\E which are eigenvalues of D(Q2), N(2) and R(Q2) with eigenfunc-
tions v, ul and uf, respectively. Furthermore, as proved in [6, Proposition 5.6
and 5.8], minimizers are comparable each other; more precisely, AY < AF < AD,
and a similar relation for the eigenvalues holds, up to a multiplicative constant.
Proceeding as in [49, Theorem 1.3] (see Theorem 1.5) it can be proved that for

each fixed ag > 0 it holds that
AP = f{L: a € (0, a0)},
SN = inf AN a € (0,a0)},
A= inf{\E: o e (0,a0)}
are eigenvalues of D(Q2), N(Q2) and R((Q), respectively.

In contrast with p—Laplacian type problems, when dealing with non-homogeneous
eigenproblems, eigenvalues are not variational in general. One could consider the
variational quantity

AP = inf ffR"x]R" g(|D5u|)|Dsu|dﬂ
wew: @)\ {0} Jo 9(ju))lul dx ’

but in general this number cannot be probed to be an eigenvalue. In an analogous
way, we can define A and AV, and the same assertion holds. However, the following
result is true:

Theorem 3.1. It holds that AP < AL and there is no eigenvalue \ of D() such
that X < AP.

The same holds by changing the superscript D with N or R.

Proof. First observe that, since A? is an eigenvalue of D(€2), there exists a nontrivial
eigenfunction o € W *“(Q) such that (3.1) holds, therefore

I R R N (AT p
Ao = f{fgg<|u|>|u|dx' €W (Q>}§fgg<|u|>|u|dx A

If we suppose that there exists A < Ao which is an eigenvalue of problem D()
with eigenfunction uy € W ’G(Q), we arrive to a contradiction since

—Ay)%uy, —A,)°
A= ACAD W) inf{i« o) o WS’G(Q)}.
Jo 9(lual)lur| dx Jo 9(lul)lul dz
The proofs of the Robin and Neumann case run analogously. O

We finish this section by proving Theorem 1.5.
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Proof of Theorem 1.5. Let {Aqa, }ren be a sequence of eigenvalues of D(€2) such that
Ao, — A and let {uq, tren C WOS’G(Q) be the corresponding sequence of associated
eigenfunctions such that ®¢ o(ua, ) = o with ax € (0, o) for all k € N. Then, it
holds that

(3.3)
DS (0% (e S
/ (| Dsttar, ) =D ov dpt = A, / 9(jte ) —2v Vo € W% ().
Rn xR™ |Dsuak| Q U

|tan |

Observe that {uq, }ren is bounded in W% () since by (G1) and (3.3)

1
By o (1) < = / / 9(|Dsttan )| Dytia, | dis
p R” xR™

A pJr
o / oo Dl ] < 2oy

P

<—(1+Nag

for k£ big enough. Then, by using the compact embedding given in Proposition 2.5
(i), up to a subsequence, there exists u € WOS’G(Q) such that

Un, — u  strongly in LY (),
Ug, — ¥ a.e. in R™

and (3.4) we deduce that

(3.4)
From the continuity of ¢ — g(t)ﬁ

a.e. in )

sk Dsu
D, Dy
(D.ul) 2 = (D) o

and also from (3.4)

lim sup ¢ gn (uq,, ) € (0, ap).
k—o00

Hence, taking limit as k — oo in (3.3) we obtain that

// 9(|D, u|) Y Dvdp = )\/ g(|ul) = for all v € W (Q)
Rn xRn ID ul ful

from where the proof in the Dirichlet case follows.

The proof for the Neumann and Robin case follows analogously by replacing
wg “(Q) with W9(Q) or X3(82), respectively, and using the compact embedding
given in Proposition 2.5 item (ii) to deduce (3.4). O

4. LJUSTERNIK-SCHNIRELMAN EIGENVALUES

In order to build a sequence of eigenvalues for problems D(£2), N(Q) and R(Q),
the idea is to apply an abstract theorem of the so-called Ljusternik-Schnirelman
theory. See for instance [17, 47, 56]. We will particularly use the result stated in
[47, Theorem 9.27].

Given « > 0, assume that A, B are two functionals defined in a reflexive Banach
space X, such that

(h1) A,B are C1(X,R) even functionals with Z(0) = B(0) = 0 and the level set
My :={ueX:B(u)=a}

is bounded.
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(ha) A’ is strongly continuous, i.e.,
up = uin X = A'(ug) = A'(u).
Moreover, for any w in the closure of the convex hull of M,
(A'(u),u) =0 <= A(u) =0 < u=0.
(h3) B’ is continuous, bounded and, as k — oo, it holds that
up —u, B'(ug) —=v, (B'(uk),ur) — (v,u) = up — uin X.
(h4) For every u € X\ {0} it holds that

/ . o . /
(B'(w),u) >0, tETw B(tu) = +o0, ulér}\i(B (u),u) > 0.

Define max-min values

o _ )SUPKec, infuer A(u), Ci # 0,
e 0, Cr =0,

where, for any k € N,

Cy := {K C M, compact, symmetric with A(u) > 0 on K and v(K) > k},
and the Krasnoselskii genus of K is defined as

v(K) :=inf{p € N: 3h: K — RP\ {0} such that h is continuous and odd}
see [37] for details.

Thus, {¢k o }r>1 forms a nonincreasing sequence

+00>cCla>Ca > 2> Cha > ... > 0.

Under these considerations, the Ljusternik—Schnirelmann principle stated in [47,
Theorem 9.27] establishes that there exists a sequence {(fik o, Uk,o) }k>1 such that

(A'(ug,0),v) = pr,a(B'(w),v)  Yoe &~
such that ug,o € My, A(Uk.a) = Cha, Pha # 0, o — 0, and ugq — 0 in X.

4.1. The Dirichlet case. With these preliminaries, we are in position to prove
Theorem 1.1.

We consider the space X := W;'“(Q) and the functionals B(u) := J(u) and
A(u) := Z(u) defined in (2.3). As mentioned, these functionals are C! and their
Frechét derivatives are given in (3.2).

Lemma 4.1. The functionals J and I defined above fulfill hypotheses (h1)—(hy).

Proof. (i) Clearly, the maps Z, J are even and Z(0) = J(0) = 0.
(74) We notice that

P& (lullze(e) < p™Z(u) < (T'(w),u) < p*I(u) < p et (ullLe)-
Then immediately we obtain

(IT'(u),u) =0 & Z(u) =0 & u=0.
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Thus, it remains to check that Z’ is strongly continuous. Let uj — u in WOS’G(Q),
then {us}ren is bounded in Wi (€). We need to show that Z’(uz) — Z'(u) in

W=s5(0Q).
[ (s = oty ) o

T ()~ T/ (), )
<| [ ot (72 = ) vta| | [ athunh = gt v
=L+ Lo

By using Lemma 2.2 and Hélder’s inequality, the first term can be bounded as
Ik < lg(lue)llgli2vlle = 0, k — +oc.
Similarly, by using the Ay condition, Lemma 2.2 and Holder’s inequality we get
Ik < llg(lukl) — g(luDllgllvlle-

Since up — wu in WOS’G(Q), in light of Proposition 2.5, uj, — u strongly in LY(Q)
and a.e. in R", moreover, from Lemma 2.3, g(|uk|) — g(|u[) € LY(Q), therefore,
by dominated convergence theorem, [, G(|g(lux|) — g(|u|)])dz — 0 and hence
lg(lurl) = g(fudll e @) = 0 as k = oc.

From the last relations it follows that [|Z(ux) — Z'(u)|lyy —..¢ () — 0 as required.

(i4i) One can easily see that J' is continuous (see for instance [50, Proposition
4.1]). From Lemma 2.2 and Holder’s inequality

(T (w), ) < [lg(fuDll pe@nxrn g lVlLe @ xrnan < PF[ulws.c @n)llws.c @n)
from there J’ is bounded.

It remains to be showed that if {uy}ren is a sequence in WOS’G(Q) such that
(4.1) up —u,  J'(ug) —=v, (T'(ug),ux) — (v,u)
then uy, — u in W ().

Since G is convex, we have

Dgu + Dguy

(WDWDSGO - Dsu Dyu = Dy

)+ a1l P 2

and
Dsu + Dguy Dsup Dgup — Dgu
G(|Ds <Gl|—— Dy .
(Dl < 6 (|2 ) g1y s P

for every u,v € W§ ‘“(Q). Adding the above two relations and integrating over R”
we find that

sUk
(|IDsu sUk Dsu— Dguy) du
/@WW ( m & oD nwsﬂy )

U+ u
( > Oy G]Rn( ) —+ (I)Sygan(uk) — 2(I)S,G,Rn < 5 k>

for every u,v € W G(Q) By applying Lemma 2.3, the right part of the inequality

above can be bounded by below by 2®, g g (“;“’“), and hence we get

(=) () = (—Ag)(ur), = wp) > 48, 6 0 (1 — ).
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This, together with Lemma 2.6 yields
(4.3) (T (u) = T (ur),w — ur) = & ([u— ur]wec@n))-

On the other hand, Proposition 2.5 gives that u, — u in L& (Q) and a.e. in R”,
which, mixed up with the assumptions (4.1) allows us to deduce that

Jim (T (wr) =T (w), up—u) = Tim (T (ur), ) = (T (ur), u) = (T (@), ux = u)) = 0.
Hence, from (4.3), [uy — u]ws.c®n) — 0 as k — oo as required.

(iv) Tt is clear that, for any u € W%(Q)\ {0},

(7)) >0, lim J(tw)=+oc, inf (T'(u),u) > 0.

This concludes the proof. (I

Proof of Theorem 1.1 (Dirichlet case). In light of Lemma 4.1 and in virtue of [47,
Theorem 9.27], there exist a sequence of positive numbers {ux}ren tending to 0

and a corresponding sequence of functions {u}, }ren € Wy ‘“(€2) such that

D

1 Uk, s
(-8 ub0) = = [ glua) s ode Yo e W5o(@),
' luk,oz Q 1 |uk,a|

Dy _
Moreover, J(up.,,) = a and

I(uﬁa) = ckDﬂ = ;1615 ulg%l(u) > 0.
k

Consequently, )\,CD7 o = 1/, is an eigenvalue of D(Q2) with eigenfunction ukD7 o

Remark 4.2. We mention some observations regarding the Ljusternik-Schnirelman
sequence of eigenvalues obtained in Theorem 1.1.

(a) Since in general these functionals are not homogeneous, we cannot claim
that AP, = 1/cp,.

(b) The first Ljusternik-Schnirelman eigenvalue A{,,
eigenvalue A2 obtained in Section 3 by means of the Lagrange multipliers
rule.

(¢) The sequence {)\ﬁa}keN does not exhaust the spectrum of D(2). In fact,
the spectrum is not discrete since the parameter o can be taken in RT.

(d) The eigenfunction associated to Af, is one-signed since the ® ¢ gn(-) and

is in fact different to the

D o(+) are invariant by replacing uﬁa with |ukD)a|.

(e) As mentioned in Section 3, due to the closedness of the spectrum Xp we
have that the quantity inf{\,: 0 < a < ag} is also an eigenvalue of D(Q2),
for any ag > 0 fixed.

4.2. The Neumann/Robin case. To deal with the Robin case we take X :=
X3(Q), A :=Z(u) and B := Js(u). The Neumann case it follows just by setting

B=0.

Proof of Theorem 1.1 (Neumann/Robin case). The proof of this result is similar to
the proof of the Dirichlet case, just noticing that, the embedding X5(2) < L% ()
is compact (see Proposition 2.5 (ii)) and the quantities [u]yys.c(gn) and [u]yys.c &™)
play a symmetrical role. (I
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5. MINIMAX EIGENVALUES

This section is devoted to prove Theorem 1.2. We start with the Dirichlet case.
Given a > 0 we recall that
MP = {ue WS%(Q): Z(u) = a}
defines a C'! manifold. We denote 7, the restriction of (—A,)* to M2 i.e., for each
ue MP,
(Ta(u),v) = ((=Ag)*u,v) Yo € T,MP
where the tangent space of M2 at u is defined as
T,MP = {u e WG (Q): (T (u),v) = 0}.
Thus, we define
| Taul = HTau”(TuMaD)*

where (T, MP)* is the dual space of T, MP.

We recall that the duality mapping J: W5 (Q) — (W€ (Q))* (where we have
denoted the dual space of the space X’ as X'*) is defined as a bijective isometry such
that

s,G
(5.1) ||J’u’||(W§*G(Q))* = [“]W(;‘vc(g)a (Ju,u) = [U]%/Vs,G(Rn) Yu € Wy ().
See [55, Chapter 18.11c] and [56, Proposition 47.18] for details.

Given o > 0, the idea is to apply the minimax theorem stated in [21] to the
functional J(u) under the constraint Z(u) = « to obtain a sequence of critical
points of the form

C - inf su ) w(h(w)).
k,a hEF(Sk717MC¥D)w€SE,1 s,G,R ( ( ))

being T'(S*~1k, MP) = {h € C(S*¥=1, MP): h is odd}.
Recall that the derivatives of Z and J are given by J'(u) = (—A,)%u and
T'(u) = 9Uubu g6 any u € LY (Q).

[l

Definition 5.1. We say that J satisfies the Palais-Smale condition on MP at level
c if any sequence {uy, }nen C ML such that J(u,) — ¢ and ||74u, || — 0, possesses
a convergent subsequence.

The key ingredient is to analyze the validity of the Palais-Smale condition.

Lemma 5.2. Given a > 0 the functional J satisfies the Palais-Smale condition
on ML at level C,,.

Proof. We follow closely the construction of [52, Theorem 5.3]. Given k € N, let
{tn }nen be a sequence in M such that

(5.2) Z(up) — C’,ga and || (un)| — 0.

For each u € ML define the projection P,: Wi () — T, MP such that

<I/(u)’v> Jfl (I/(u))

T 2
H (U)H(W[f’c(ﬂ))*

Pov=v—
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Observe first that P, is well defined: given v € WOS’G(Q) and u € MP we have

T o 1 @) —
]

since due to (5.2), (Z'(u), J =1 (Z'(u))) = || (u )H(WS ().

(T’ (u), Pyv) = (Z'(u),v) —

Moreover, for every v € WOS G(Q) we get the inequality
(T (), 0) < 1T g gy [l -
and by (5.1) it follows that
—1 /
[J (z (U))} WG (Rm) HI( )H(WS"G(Q))*'
Therefore we get that [P,v]ysc@ny < 2[v]
veWF(Q)
<(—Ag)su,Puv> = (Ta(u), Pyv) < 2||70(u)|[v]ws.c (R™)

Consequently, by (5.2)

which implies that, for any

ws,G(rn)?

sup [{((=Ag) up, Py, v)| < sup 2|\Ta(un)||[v]WS,G(Rn) —0 asn— .
[Vl s.6 @ny <1 [0l G@ny <1

Hence we get that
(T, v)

(=8g) un, Pu,v) = ((=A8g)tn,v) — <(—Ag)5um 1T (u J_l(I'(un))>

(T’ (un), v)
( )”2 sG(Q))*

I’(un),v> — 0,

)H(WSG(Q

= <(_Ag)sumv> - <(_Ag)sunv J_l(Il(un))> ||I’

e (LB T @ )
~ (R < T,

()~
that is

<(_Ag)sunv J! (Il(un))>

T 2
H (U)H(W[f’c(ﬂ))*

(—Ag)°u, — T'(up) — 0  weakly in W3 (€).

From (5.2), up to a subsequence u, — u weakly in WOS’G(Q) and strongly in
LE(Q) to some u € W’ “(€Q) due to Proposition 2.5. Observe that in Lemma
4.1 we have proved that Z' satisfies property (ha) of Section 4, i.e., Z is strongly
continuous, which implies that Z’(u,) — Z'(u).

Moreover, (5.2) also gives that (—Ay)%u, is bounded and w,, is bounded away
from zero. Therefore, up to a subsequence

(5.3) (=Ag)’u, = v weakly in (W3 (Q))*

In Lemma 4.1 we have proved that J' = (—A,)® satisfies property (hs) of

Section 4, from where, in view of (5.3) we have that u, — u strongly in W3¢ ().
This proves that J satisfies the Palais-Smale condition on M2 at level C}, which
concludes the proof. O



18 S.BAHROUNI, H.OUNAIES, AND A.SALORT

Remark 5.3. Observe that in the proof of Lemma 5.2 we have not used any par-
ticular property for functions in Wy G(Q) With the pertinent changes, the same
arguments can be applied to deduce that, given a > 0, the functional 7 satisfies
the Palais-Smale condition on M} (resp. M) at level C}Y, (resp. C[f,), where

C,?fa (resp. C,fa) is defined just by changing the superscript D by N (resp. R) in
the definition of C,fa. We leave to the reader the remaining details.

Proof of Theorem 1.2 . Due to Lemma 5.2, J (resp. Jo ,J) satisfies the Palais-
Smale condition on ML (resp. M2, M) at level CD,C (resp. C’a e ) for each
k € N, then by [21, Proposition 2.7] there exists uaﬁk € MD (resp. uaﬁk e MY,
“5,19 € M) such that

j(uk a) Ok a (resp. jo(uiv:a) = Cli\,]aa jﬁ(ukR,a) = le,a)
and

T (uke) = To(uka) = Th(ug ) = 0.
Therefore, by the Lagrange multipliers rule, there exists Ag w € R (resp. AOZX L €
R, A, €R) such that
T'(ul ) = AL T (ul)))  weakly in ©Q,

(resp. «76(%17, ) = ANkII( ak) j,é(ug,k) :Ag,kzl(ug,k))a
that is, {Aga}keN, {Aga}keN and {Ak,a}keN are eigenvalues of D(€2), N(Q2) and
R(Q), respectively, satisfying that

j(uk a) Ck ar jo(u;c\{a) = Cli\,rav jﬁ(ukR,a) = Cl?,a'
The proof is concluded. O

Finally we provide for a proof of the comparison result Theorem 1.4.

Proof of Theorem 1.4. Let uk be the eigenfunctions corresponding to /\D By
definition of )\,3 ., and property (G1) we get

D <(_A ) ukDa7ukDa> p+ (I)&GJR"(ukD,a) p+ o
Ak, < b = _——D .
Ck,a

Jo g Dlugslde = p= Pa o)  p
In a similar way, if we consider the sequence v,?a of eigenfunctions corresponding
to AkD)a, by using (G1) we get

(=89)* 000 00a) _ pt Pscrn (Vi) pt Cila
ko = D . D - < — D7 = T .
Jo g Dvidelde = p= @colvy,) p o
The lower bounds follow analogously. 0

Finally, we provide for a proof of Theorem 1.3

Proof of Theorem 1.3. Step 1. In [27, Corollary 2.10] it is proved that WOS’G(Q) C
WP (Q), therefore

[ ]Wsp (R™) < O[ ]WSvG(R")-
Given u € ML we get

JI(u) = ®s.grn(u) 2 & ([Wlweomn)) = CE ([ulyyan @ny)
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where we have used Lemma 2.6. Then

(5-4) Clul; < J(u)

Wer (R7)
for some 8 = B(p™).
Step 2. Define

MP = {ue WSP (Q): [u]‘L’p,(Q) <5}

where [ is the same of step 1.
As in [27, Lemma 2.7] it can be seen that L%(Q) C L? (). Then |Jul|,- g, <
Clullze)-
Given u € MP,
a=TZ(u) > & (lullre@) = C& (lull - (o))-

Therefore, there exists some & = §(a, p*) such that ||u||§p,( ) < ¢ and then

Q
(5.5) MP c mMP.
Step 3. By (5.4) and (5.5)
CcP, = inf h
b = e ey 2P, )
(5.6) >C inf sup [h(w)]? = C(ul)?
T heD(SF—1,MP) egk-1 We.p—

where ,ukD is the minimax eigenvalue of the p~ —Laplacian with Dirichlet boundary
conditions obtained in [43, Theorem 4.1] (observe that since the p~—Laplacian is
a homogeneous operator, in fact the same eigenvalue is obtained for any 4).

Step 4. From Theorem 1.4 and (5.6) we get
P oy« P op o pD
C (1, ) < apt Ck,a < Ak,a'
Since i) — oo as k — oo we obtain that Cf, Af, — oo as k — oo. O
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