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ABSTRACT

In this paper we propose a robust deconvolution filter design that optimises a functional
motivated by the a posteriori probability of the signals to be estimated. The problem is
formulated in the framework of uncertain linear systems represented by discrete-time
input-output ARMAX models, where the uncertainty is modelled as the realisation of a
stochastic process with known statistics. The design is based on the use of a horizon of
measurements in such a way that, for FIR systems, the functional to be optimised
coincides with the one that maximises the a posteriori probability (MAP); and for
ARMAX systems, the functional converges to the MAP functional as the length of the
horizon is increased. The goal is to estimate signals with Gaussian or truncated Gaussian
probability density functions based on measurements correlated with them. The robust
design shows a very significant improvement, in a probabilistic sense for different
systems, of the relative standard deviation of the estimation error when compared with

the nominal model filter design.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The problem of robust filtering considered in this
paper consists of estimating desired signals associated to
an uncertain system, using measurements correlated with
those signals. The measurements are the output of a
discrete-time linear system corrupted by noise and the
filtering problem consists in estimating the input signal to
the system using a partial or imperfect model knowledge
which constitute, in fact, a robust deconvolution problem.
Robust filter designs can be based on a deterministic
approach, where the uncertainty is modelled as an
unknown element belonging to a family of admissible
uncertainties, or they can be based on a probabilistic
approach, where the uncertainty is assumed to be a
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stochastic process with known statistics. In the first
approach, the objective consists in designing a stable
and causal filter, which guarantees that the worst-case
gain from the input signal to the filtering error remains
bounded by a prescribed value for all admissible
uncertainties. The filter can be obtained by minimising
the H,, norm as in [1], and the references therein for
linear systems represented in state space, or in [2] for
input-output models. However, the H,, approach is
known to be conservative. Mixed H,/H,, designs allow a
trade off between the best averaged performance of the
minimum variance design and the best guaranteed worst
case performance of the H,, estimator as in [3], and the
references therein, where the design considers linear
parameter varying systems in the state space model
formulation.

The filter can also be obtained by minimising the error
variance upper bound for all admissible noises and
systems uncertainties, as in the so-called cost guaranteed
filters. This design is achieved by minimising the H, norm
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for the worst case as in [4,5], and the references therein
for state-space models, or in [6-8], for input-output
models.

A different approach, on the other hand, is the one
based on a probabilistic description of uncertainties. In
the context of state space approach, the finite-horizon
filtering problem for uncertain discrete time-varying
systems subject to both randomly varying measurements
delays and norm bounded parameter uncertainties, using
the Kalman filter, is given in [9]. In [10], a design is
presented which minimises the expected value of the MSE
cost with respect to the model uncertainties, when the
latter are modelled as stochastic processes. In [11], a
continuous-time solution is given to solve the H,, and the
mixed H,/H, design for a stochastic description of the
system uncertainties. Models with random uncertainties
are common in the communication field where the
problem of detecting finite alphabets transmitted through
random channels is treated as in, e.g. [12-14].

In this paper, a robust deconvolution filter design is
proposed which optimises a functional motivated by the a
posteriori probability of the signals to be estimated. A
horizon (or time window) of measurements is utilised,
where the measurements are related to the signal to
be estimated through an uncertain ARMAX model,
including non-minimum phase systems. The uncertainty
is modelled as the realisation of a stochastic process with
known Gaussian distribution. For the particular cases of
finite impulse response (FIR) models, the functional
considered coincides, independently of the measurements
horizon, with the one that maximises the a posteriori
probability (MAP) of the estimations. For the more general
case of ARMAX models, it is shown in the nominal case
that, as the measurements horizon is increased, the
estimates converge to the ones obtained with a maximum
a posteriori optimisation criterion. In the case of the robust
design, significant improvements are obtained in terms of
reduction of the data horizons required for good perfor-
mance, as shown in the simulation examples presented
below. Thus, the robust design not only improves
the quality of the estimates but significantly reduces the
complexity of the on line estimations, extending
the domains of application.

In addition to the scenario described above, a problem
relevant to several engineering applications is the design
of optimal filters subject to constraints. In particular, the
problem of designing optimal filters for signals with
truncated Gaussian distributions has attracted attention in
recent times. In [15], this problem is treated in the context
of state-space models, and its duality with a correspond-
ing optimal control problem is established. Truncated
Gaussian signals are also considered in applications of
data assimilation for ocean models, see e.g. [16]. The
design proposed in the current paper is optimal for signals
with truncated Gaussian distributions. Thus, the work
exposed in this paper covers a gap in the literature, where,
to the best of the authors knowledge, very few or no
treatments exist dealing with the problem of constrained
robust filtering with input-output models. The improve-
ment, in a probabilistic sense, of the standard deviation of
the error that can be obtained, relative to the perfect

model knowledge filter design, is illustrated through the
average performance calculated for a family of stable
linear systems.

In this paper, a common assumption about the
variables that are stochastic in nature (both, external
signals, noises, and uncertain system parameters) is that
they have Gaussian distributions. The main reason for this
assumption is the mathematical tractability of the resulting
techniques. Of course, this represents an approximation to
reality since, in any real life application, an exact
characterisation of the probability distribution is hardly
ever realistic. However, it is well known that many signals
present in nature have distributions that are very close to
Gaussian, a fact that is theoretically well-supported by the
theorem of large numbers. In addition, as a slight
generalisation to this assumption we also include
truncated Gaussian distributions as part of the analysis.
This generalisation allows to include constraints in the
analysis while still keeping mathematical tractability.

The remainder of the paper is organised as follows: in
Section 2 the problem is formally stated and the ARMAX
model, using a finite horizon, is expressed in a linear
matrix equation. In Section 3, the criterion to obtain the
estimations using perfect model is derived for both,
Gaussian and Gaussian truncated input signals. In Section
4 a strategy to improve the solution for the case of
imperfect model is presented. In Section 5 simulation
results of several examples are shown in order to
illustrate the procedure and performance. Finally, in
Section 6 we present the conclusions.

2. Problem formulation

Let us consider the following ARMAX model with
scalar inputs and outputs:

Yk =1Yk-1+ -+ +naYk-na+bollx+ - +DbnpUi_np+ex
+C1€k_1+ -+ +CncCk_nc M

where the input u,, at each time instant k, is to be
estimated using a horizon of present and past measure-
ments y,. The input e, represents the measurement noise
and the parameters a;, b;, and c; are scalar constants. The
problem can be easily extended to the multivariate case if
the coefficients are matrices and the variables are vectors
of appropriate dimensions. For simplicity, and without
loss of generality, we will consider the scalar case. The
input signals u, and e, are assumed to be i.i.d. stochastic
processes with normal distributions u, - (0,62(0)) and
ex—~N(0,6%(0)), and independent of each other.

The ARMAX model (1) can be written in a compact
form as

yve=aly,_;+b'u+cle; ()

where the different vectors are given by a = [y, ...,a1],

b=[b,....bo]", and ¢ =[cp, ...,1]7, and
Yk-na Uk _nb €k—nc

Vi1 = o we= o] &= : 3)
Yk-1 Uy €k

then, from (2) we have that the following equation is
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satisfied:
Vi =AYi_1 +Buy +Cey “4)

where matrices A, B, and C of dimensions na x na,
na x (nb+1), and na x (nc+1), respectively, are given by

0 | I 0 )
A=|- - —|, B=|—], c=| — (5)

where [ is the identity, O is a matrix of zeros, and 0 is a
vector of zeros. The measured value at time instant k+N,
Yi+n, for N > 0, can be expressed as a function of the initial
conditions y,_1 by using (2) and (4), as follows:

T T T
Yern=aY na+b W y+cie,y

T
Yirn=a"[AVi N 2+ B vt +Cepy ] +b u vy

Yisn=2a'Ay ;+a" AN [Buy+Cey]+ -
+a'Buy y_1+Cer n 1]+ ue y+CTen]  (6)
Using the previous definitions, it is possible to write
the sequence yy in the interval [ —L4, L,] (where L; and L,
are arbitrary integer numbers that satisfy L; >0, [, > 1,
defining a backward and a forward horizon, respectively,
with respect to the time instant k as simple matrix
operations of the following form:

y = Ay, +Bu+Cé @)
where
yk—Ll uk—Ll —nb ek—L1 —nc
y= : , u= : , é= :
Yi+1,-1 Ugyr,-1 Cril—1
(8
Yo is a short notation for y,_;, _;, and
a’ b’ | O
a-| ¥ | B- a' :
aTAL1.+Lz—1 aTAL1 J-rLz—ZB | O
0 0 | O O | O
b’ | S
ME ; IS I IER
0 alAl+L-3B | 0O o | b’

9
and C defined similarly to B by exchanging B by C and b
by c. Notice that the vector y, contains the minimum
possible number of variables that, jointly with the vector
of inputs u and €, determine y; for all j > k—L;. In the case
of ARMAX systems the vector y, represents the initial
conditions. Notice that, in the case of FIR systems,
this vector is not required since a=0. Finally, taking
into account, from (4), that ypg=w+vg where
w=Ay, ;, »+Bu_,_4, and vo=Cey with e, a short
notation for e;_;, 4, the relationship between the input

and output can be expressed in a simple matrix form by
y=Hx+v (10)

where

Yo I O w
y:<y)'”:(A B),x:(u) an
_ C 0 € 12
"_(Ac C)(é) (12)

with covariance matrices

13)

cc’ cc'a’
Ru=cil. Re=oe (ACCT ACCTAT +CcT )

for vectors u and v. The goal is now to obtain an estimate
%" of the vector x from the knowledge of its statistics and
the vector y given by the measurements y“. The proces-
sing to obtain such estimates will be done in ‘blocks of
data’.

3. Filter design based on perfect model

To motivate the estimation criterion proposed in this
work, we will start by analysing the estimation criterion
that maximises the a posteriori probability (MAP), given
by

%" = argmax(pxy (Xly*)) (14)
Using Bayes’ rule we have
dis .
iy = Py X)Dx(X) 15
PxyX|y") py(yd) (15)

Taking into account the following transformation:

(v)=(s DC) 1©

and the fact that x and v are independent of each other,
we have that pyx(y?|X) = py(y*—HX).
In addition, px(X) in (15) can be written as

Px(X) :pw,u(wyﬁ) =Pw\u(W|ﬁ)Pu(ﬁ) 7)

We assume that the pdf of u is known and that it belongs
to a Gaussian, or truncated Gaussian, distribution. In the
case of a truncated Gaussian distribution, we assume that
the support (that is, the domain where the pdf is different
from zero) is given by linear inequalities. In the case of FIR
systems, since w should not be taken into account, we
have px(X) = pu(01) instead of (17) which gives in (15) the
well known MAP estimation for FIR models. In the case of
ARMAX systems, since we assume the probability dis-
tribution of u to be known, it is in principle possible to
know the conditional probability pwu(W[a) in (17) by
using the knowledge of H. However, if the input vector u
has a truncated Gaussian pdf, the probability pwu(W|)
does not result, in general, in a Gaussian—nor truncated
Gaussian—distribution, and its inclusion in the MAP
functional (14) complicates significantly the computation
of the estimations. Moreover, considering the case where
H may have uncertainties as discussed in the next section,
the calculation of conditional probability computed by
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using the uncertain model can result in unacceptable
inaccuracies. In its place, we propose to replace this prior
knowledge of the statistics of w by its likelihood function,
given by py,w(ydIW), which gives us an estimation of the
statistics of w supposing that we have only access to the
measurement yo. Taking into account that py,w(y3|W) =
Py, (Y4—W), the functional is no more the a posteriori
probability of the signal to be estimated, but, on the other
hand, it allows us to work with Gaussian and truncated
Gaussian density functions, and it enormously simplifies
the solution of the estimation problem. In this way, the
design also becomes independent of possible uncertain-
ties of H. We will see later that, for stable systems, as the
horizon L; is increased, the maximum of the proposed
functional converges to the MAP functional. Thus, the
probability px(X) in (15) is substituted by py,(yi—wW)
pu(l) = pvo,u(yg —W,0).

Finally, considering that py(y%) does not depend on the
estimated values, we have that the estimation criterion
can be posed as the following maximisation problem:

X" = argmax(py(y* ~HR)Pv, u (Y5 W, 1)} (18)
In the case of strictly Gaussian distributions, we can pose
the problem in compact form as

XOPf — argmxjn{ Hyd—Hf(H%;l +IEX +Fy®I12 .} (19)

where the norm of a vector z weighted by a matrix R is
IzIl% = z"Rz,

P_Rv0 0 E_—IO F_IO
10 Ra|” " lO I]7 T |O O
Ry, =02CC" is the covariance matrix of the vector
Vo. Problem (19) can be formulated as a minimisation

problem with quadratic cost (quadratic programme, or qp)
without constraints, of the following form:

XOPt — argmjn{%f{TQf(—fT)”(} (20)
X

The minimiser is X = Q'f, where

Q=H"R,'H+P"! 21

f=(—P'EF+HTR,")y* (22)

and where we have used the fact that E’P~'E=P~! and
E'P~'F=P~'EF.

In the case of truncated Gaussian density functions for
the variable u, the problem consists of minimising the
same objective function, but now subject to linear
constraints on the vector u =[0 []X, as follows:

Xt = argmjn{%)"(TQf(—fo(}
X

st. [0 Sx<s (23)

where the matrix S and vector s characterise! the
constraint set.

1 Inequalities involving vectors in this paper are interpreted
elementwise.

By considering a horizon L,=1, we have a filtering
problem, whereas a horizon L, > 1 makes it a smoothing
problem. The estimation is by blocks of data of length
Li+L,+nb for @t and of length na for w. The processing
strategy can be carried out by blocks of L, +L,+na samples
updating the vector y with each new output measurement
and keeping the previous ones. For each block estimation
we keep the estimation at @, ;, ;. It is important to stress
that in the case of FIR systems, the length of the horizon is
not critical, since the estimates coincide with the MAP
estimates for all horizons. In the case of ARMAX systems it
is convenient to use horizons sufficiently large so that the
estimates converge to the MAP estimates as it is proved in
the following theorem.

Theorem 1. Given the block structure of the ARMAX model
(10) with inputs u Gaussian or truncated Gaussian and v
strictly Gaussian, the proposed estimator converges asymp-
totically to the optimal MAP estimator when the horizon L,
increases.

For the proof see Appendix A.
In the next section the problem of robust filter design
for uncertain models will be addressed.

4. Robust filter

The design of optimal filters requires the perfect
knowledge of the system. This, however, is not generally
possible since the system is identified experimentally
using a known input. Even when using a persistent
excitation, the best that can be obtained is a partial
knowledge of the system. The use of parameters that only
approximate the real ones from the system can consider-
ably deteriorate the estimation of a given signal.

The system, in these cases, can be modelled as the sum
of two components. One is a known component, given by
a matrix of gains H, sometimes called the nominal model
of the system and that is the one obtained experimentally,
and the other is a matrix 4, which is unknown but
assumed to belong to a family with known statistical
properties. This kind of probabilistic models can be found
in several robust approaches, see [10] for matrix poly-
nomial representation of system dynamics, [9] in sensing,
[14,12] in communication. The general formulation is as
follows:

H=H+4, 4;j~N(0,0%), Vij (24)

where 4;; are the components of 4. In our case, H is a
matrix of known constants which is in fact the mean of
the multivariable Gaussian distributed variable H. In this
section, we develop a design for the estimator that is
robust to uncertainties based on the knowledge of the
system characterised in the form (24).

We assume that the covariances between the column
vectors d; of A are known in such a way that calling
L=L,+Ly+na+nb the length of the vector x, we have

A=[dy --- di], Eldid]]1= Ry (25)

It is important to notice that uncertainties in the
knowledge of the covariance matrices Ry and Ry in (19)
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affect the cost in a much smaller extent than uncertainties
in the system H. In Appendix B, it is shown that the
nominal design minimises the variation of the cost
with respect to uncertainties in the covariance matrix.
On the other hand, with the nominal design there is no
control over the variations of the cost with respect to
uncertainties in the system. For this reason, in this work
we deal with the problem of robust design against
variations in the system, and we assume that the
covariance matrices R, and R, are known, since any
discrepancy in their values is effectively counteracted by
the nominal design.

Using a system description comprising an uncertain
model, Eq. (10) can be rewritten as

Vi = (H+ D)X +v; (26)

considering the following transformation of variables:

(;> B (% (1)) <Axx+v> 27)

we have that pyx(y?|X) in (15) is given by

d A

Py % (28)
d T <

= pr-%—v,);(x);ﬁ;Hx'x) .

= Pax+ux(¥'—HXIX) (30)

= Dax +v(V'—HX) 31)

then, in this context, the criterion (18) can be rewritten as
R = argmax{pag + vy —HR)Pu, u(¥§ —W, 1)} (32)

Given the fact that 4 has a Gaussian distribution, as
well as v, the probability density function paz_,, of (31),
for any X, is also a Gaussian function of the form:

- /Z)Hyd—EﬁH;I
d T7e e vA
Pax +v(Y*—HX) = const. x — i
|RVA|
where, taking into account that 4 is independent of v,
Ry4 = E[(AX +V)(AX+V)"] has the following form:

(33

Ry = EAXX"ATY+Ry (34)

L L
= Z),e,‘)A(jRAij-i-Rv (35)
i=1j=1

Then, the criterion in (32) is equivalent to the
following minimisation problem:

X = argn}(jn{log(|RM D+ ly¢ —Hﬁuﬁa +IEX+Fy%I12 1}
(36)

Notice that the covariance matrix Ry, depends on the
estimates X, thus problem (36) is not a quadratic
programme as it was in the nominal case. However, it is
possible to derive an algorithm to improve the nominal
solution obtained as a minimiser of cost (19). To this end,
we state the following problem: given the covariance
matrix R;, computed according to (35) with any initial

estimation X{', we are interested in obtaining a new
estimation )A(?ﬂtl, and their corresponding covariance
matrix R;.; computed with (35), which fulfils J;>]Ji 1
where

Ji =log(IRi)+ Iy —HX' 112, +-IEX{P +Fy?I12 (37)

is the type of robust cost given in (36). Formally, we are
interested in a new estimated vector X;,; such that the
following holds:

log(IRi|) + Ily*—HXP 12, + IEXP 4+ Fyd12.,
> log(IRis 1)+ Iy ~HXi 11z +IERi 1 +Fy?IG.  (38)

By subtracting ly?—HX;, 1 H,%_,l from both sides of (38) and
reordering, the inequality can be written as

(Ily?—HXP 2, +IERP +FyI12 ) —(Ily?—HR; 1121 + 1ER; 4 1

+Fy*I51) = (0g(IR 1Ry )+ Iy ~HRi 1 g1 1)
(39)

In order to force the above inequality as much as possible,
an optimal X{”, can be obtained that minimises the
second term on the left-hand side of (39). Note that, as a
result, the cost to be minimised is similar to that of the
nominal case and it is given by

~opt

X" = argmin(lly’—HX; 112 +IEX; 1 +Fy®I2.,} (40)

Xit1

Thus, it is possible to derive a strategy to improve the cost
obtained with the nominal solution. It consists in
computing in a first iteration, i=0, the nominal solution,
x, with Ro=R,. The covariance matrix R; is obtained
using (35) and X" In the second iteration, i=1, we use R,
to obtain X5? " and the corresponding covariance R, using
(35) and X9, also the cost J,, using (37). Comparing both
costs we decide if the new estimation is accepted J, < J; or
rejected J, > J;. In the case that the cost is improved it is
possible to continue with a third iteration, i=2, and so on
until the cost ceases to improve. Otherwise, we keep the
estimation of the previous iteration as final result.
Extensive simulation results confirm that, with this
algorithm, the robust design improves considerably the
nominal estimation in the first iteration (see the simula-
tion examples in Section 5).

Finally, we recall that the minimum of the cost (40)
can be obtained in a similar way than in the nominal case
as the minimiser of a quadratic programme of the
following form:

. . (1., . N

X = arg?l?{ifoQxiH —fTRi41 } 41)

with minimiser X{¥", =Q~'f, and

Q=H R 'H+P! (42)
_ 7 o

f=(P'EF+H R ")y* (43)

In the case in which u has truncated Gaussian
distribution, the minimum is found with a similar
quadratic programme but now subject to constraints on
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the vector u as follows:

< opt (1. . Ts .
X =argr)%1m{jx,»+1Qxi+1—f x,-H} s.t. [0 SIXj 1 <s
i+1

(44)

where S and s are, respectively, a matrix and a vector of
constants.

In the next section we present simulation results in
order to illustrate the procedure and the performance of
the estimation scheme.

5. Simulation results

We will see first in a simple example how the cost
function is improved with the proposed strategy.

Example 1. We consider a first order FIR model given by
Yir=hug+v, where u, and v, are independent white noise
sequences with variance ¢2 =1 and o2, respectively. The
horizon is L,=0 and L, =1. The gain h is a Gaussian process
w./\/(ﬁ,aﬁ) with h = 1. Thus, the problem can be accom-
modated to our notation by defining

q 10 P 62 0 R a2 0
_(0 E)' o a2 ) "o @lo2te2

(45)

yd:<0d), ﬁiz(f)) (46)
y u;

where i is the ith iteration. Replacing in (42) and (43) we
obtain the optimal estimator for ith iteration which is
given by

-
N azh
Ui = # ' (47)
ozh” +1j 0%+ 02
Note that for i=0, in the first iteration, the solution for the
nominal system coincides with the Wiener filter design.

10° : : :

In order to show that the nominal design is robust to
uncertainties in the knowledge of noise covariance,
contrary to uncertainties in the knowledge of the system
coefficients, we will calculate the following functionals:

f :](Q,H,XQ)_](Q,H,)N(Q) f :](Q:H,XO)—](Q,HXH)
¢ JQHx) " J@QHxo)

(48)

where J(Q,H,x) is a short notation of the cost of Eq. (19)
where X, is its minimiser, X is the minimiser of J(Q,H,x),
and Xy is the minimiser of J(Q,H,x). In Fig. 1 both
functionals are shown versus the signal to noise ratio
when a change of 10% in both ¢2, which produces a
variation from Q to Q, and h, which produces a variation
from H to H. Note that both functional are independent of
yd, due to cancelation in the numerator and denominator.
It can be seen from the figure that the cost variation is
much smaller in the case of differences in the knowledge
of the noise variance than in the knowledge of the system
gain. The differences increase as the signal-to-noise ratio
increases.

In Fig. 2 the cost for three iterations, starting with the
nominal solution, is shown for the case where ¢3=0.4
and o2 = 1072, Note that the improvement obtained in the
first iteration is significant. In Fig. 3 the estimated values
as a function of the measured output y are depicted. In
Figs. 4 and 5 the same graphics are depicted but using
0% =0.1 and 62 =102 with the same observations as in
the previous case.

The same procedure can be used for higher order FIR
filters. We recall that in the case of FIR systems, the length
of the horizon is not critical, since the estimates coincide
with the MAP estimates for all horizons.

Example 2. Systems with poles near the origin can be
very well approximated by FIR filters. In contrast, systems

N
o
N

Relative variation of the cost

10 1 1 1
0 5 10 15

20 25 30 35 40

Signal to noise ratio

Fig. 1. Cost variation for uncertainties of 10% in ¢2 and h.
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Fig. 2. Cost improvements for FIR yy=uy+v with 63 =04, 62 =102
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15} e
1F "‘¢" e o
s 05F} - 8
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g 0
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gl - jteration 1
-1t : b f e iteration 2 .
Pt —iteration 3
150 .
_2 1 1 1 1 1 1 1
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

y

Fig. 3. Estimated values of uy for FIR yi=u,+v with 03 =0.4, 62 = 1072,

with poles near the unit circle can only be represented by
IIR filters. We will see in this example the performance of
the proposed heuristic design when it is used to estimate
the input of a second order IIR system with poles and
zeros near the unit circle given at z;=—-0.8 +j 0.51 and
poles at +j 0.895. First we show, for the case of perfect
knowledge of the system, the convergence of the heuristic
design versus the horizon length compared with the
optimal Wiener filter design. The performance is depicted
in Fig. 6 where it can be seen that, increasing the horizon,
the heuristic design cost coincides with the one of the
optimal Wiener filter.

We also are interested in knowing the performance of
the nominal filter using Egs. (20) and (21) in the case
where the input is truncated Gaussian distributed versus
the constrained design given by the quadratic programme

solution in (23). For such purpose, a comparison between
the relative standard deviation estimation error of both
designs was performed by simulating a truncated Gaus-
sian input signal distribution. The truncated Gaussian
distribution of the input is obtained by taking samples
from a Gaussian distribution ~A/(0,1) and discarding the
samples that fall outside of a window centred at zero and
of width 2¢. In the case of the nominal solution a decision
element is incorporated such that {i>a = il =o and
Ul <—o = U=-o The result is shown in Fig. 7 for
different noise amplitudes. It can be seen that, with qp
(23), an improvement between 10% and 20% is obtained
depending on the signal-to-noise ratio.

In the case of imperfect knowledge of the system
coefficient, the performance of the robust design at the
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Fig. 5. Estimated values of uy for FIR y,=u+vy with 62 =0.1, 02 = 1072

first iteration i=1 using (41), together with the nominal
design, i=0, versus the amplitude 7y of the uncertainty was
obtained by simulation. The uncertainty is modelled by
matrices 4 whose elements are realisations of a white
Gaussian process with covariance matrix y2HH', where 7
is a scalar. For each realisation, comprising input
sequences of 2000 samples, the relative standard devia-
tion of the estimation error was calculated for the
nominal design and for the robust design. Then, the
average over 200 realisations was calculated. A signal to
noise ratio of 20dB was considered, and the horizons
utilised were L;=15 and 30 in all cases with L,=1. The
relative standard deviation of the error is shown in Fig. 8.

It is also important to note that the main improvement is
achieved in the first iteration. Note that the performance
of the nominal design improves when the horizon is
increased, reaching a value without further improvements
when the horizon is sufficiently large so as to capture all
the dynamics of the optimal ARMAX filter. It can be seen
that in the nominal case, with horizons between L;=15
and 30 the filter converges as it was predicted in Fig. 6. It
is important to highlight that the performance of the
nominal design with horizon L,;=30 practically coincides
with the Wiener solution. Also note that the
improvements of the robust solution compared with the
nominal design is significant. Note that, even though a
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truncated Gaussian.

relative standard deviation of the error greater than one in
the case of the nominal design has no significance, it is
still shown to highlight how uncertainties deteriorate
significantly the performance and the high improvement
achieved with respect to the nominal design.

Example 3. In this example we consider the averaged
performance over a family of stable systems. The systems
considered are second order ARMAX (na=2;nb=2;nc=0)
and consist of all possible combinations, without repeti-
tion, of zeros and poles located inside the unit disc, in
positions corresponding to magnitudes of [0.9; 0.6; 0.3]
and phases [7/3;27/3; xt]. A signal to noise ratio, 62 /g2 of
20dB was considered, both Gaussian distributed.

To give a quantitative illustration of the averaged
improvements that can be obtained when using the

robust design in a problem of deconvolution with an
uncertain linear operator H, extensive simulations were
performed on the same system set up described above.
Each of those systems belongs to a family of uncertainties
given by matrices 4 whose elements are realisations of a
white Gaussian process with covariance matrix y2HH',
where 7 is a scalar. For each realisation, comprising input
sequences of 2000 samples, the relative standard devia-
tion of the estimation error was calculated for the
nominal design and for the robust design. Then, for each
system considered, the average over 200 realisations was
calculated. A signal to noise ratio of 20 dB was considered,
and the horizons utilised were L;=25, 50, 100 and 500, in
all cases with L,=1. The result of averaging all the relative
standard deviations of the error is shown in Fig. 9. It is
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also important to note that the main improvement is
achieved in the first iteration.

In the simulations, no significant variations were
observed beyond L;=500. In the case of the robust design,
the changes in performance due to different horizons are
significantly smaller and only for horizons smaller than
L;=10 the differences start to become noticeable. This
confirms that the filter is robust against variations in the
horizon of measurements. Thus, as it was stated in
the Introduction, the robust design not only improves
the quality of the estimates but significantly reduces the

length of the horizons. Then the complexity of the on line
estimations become simpler, extending the domains of
application.

In Fig. 10, the performance obtained with the robust
filter for truncated Gaussian inputs uy is shown. The same
quantities as before were averaged in this case, but now
with a distribution for the input u; given by a Gaussian
distribution with zero mean, and with truncated negative
values. The problem is solved as a quadratic programming
problem subject to constraints. The simulations shown
are for the uncertainties interval y € [0.01,0.3].
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In the case of perfect model, the average improvements
between the constrained and unconstrained designs can
be appreciated by comparing y =0.

6. Conclusion

A robust design for the problem of filtering with finite
measurement horizons has been presented. The design
maximises a functional motivated by the a posteriori
probability and consists in iteratively improving the
solution obtained for the nominal model. First, an
estimation using the nominal model is carried out, and
then the result is used to obtain, iteratively, an improved
robust estimation. It is important to highlight that the
greatest improvement, in all examples considered, is
reached in the first iteration. Because of its formulation,
the design is also feasible for the case of truncated
Gaussian inputs.

For FIR systems the design is independent of the
horizon. In contrast, for IIR systems the solution improves
as the horizon is increased. For the latter case it was
shown that for perfect model with Gaussian input the cost
converges to the optimal solution given by the Wiener
filter.
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Appendix A

Proof of Theorem 1. We will compare the MAP cost,
given by the following equation:

ly?—HXIIZ_ +1IK%_, (49)
where Ry = £xxT) with the heuristic cost of Eq. (19) for
any vector X, different from zero. We will show that the
relative error between both criteria with respect to the
MAP cost converge asymptotically to zero as L; increases,
that is,

IRNIZ_, —IEX +FydI3.,

im - - (50
Li—oo lyd—HXI2 , + X2, )

To this end, consider an appropriate uncorrelated
partition of the vector x as follows:
w u
k-L
Xq Ug—L, —nb '
X=(, |, Xa= . , Xp= (51)
b
Up1,-1
U1 T
Then, the covariance matrix Ry can be written as
2 EXoXL  EXoXT 5
T\ exx! expx! (52)
By using the definition of w we can see that
E(XqXD) = E(xpXI) = 0. Hence, we have
o R 0
Rx = 0 R;] (53)
b

where Ry, = £(X4,x!) and the same for Rx,. Then, for the
first term of the numerator of (50) we have \IXI\§,1=
IRallz i + IXpIZ ..

Xa Xp



R.H. Milocco, J.A. De Dond / Signal Processing 90 (2010) 3110-3121 3121

For the second term we have IEX +Fy4I2 , = l[¥g,a']"

H,ZH. Using an equivalent partition to the one used

previously, of the form I[vg,a"1"12, = I[z" x}]"I2 , where

2" =Vl _np» .- -»lx_1,_1], we have that IEX+FydII2 ;=

IZIG 0 + IR I3 ..

Fiﬁally, subs?ituting in (50) the quotient is given by

) 5112
IRallg s —1ZI7+ o 50

lim
Li=oo lyd—HX g 1+ IRqll ) + beHﬁ;;

When L, grows, both terms of the numerator are bounded,
whereas the term in the denominator, that depends on Xp,
grows unbounded. Thus, it is clear that for ARMAX
systems (recall that for FIR systems, the heuristic cost
coincides with the MAP cost), by increasing the horizon of
the proposed estimator both criteria, the heuristic and the
MAP criterion, converge asymptotically for any possible
estimation. Thus, it follows that with long enough
horizon, the minimiser of the MAP cost is the same
minimiser of the heuristic cost. [

Appendix B

The effect on the variation of the cost that the
uncertainties of the covariance matrix have can be
quantified analysing expression (19). To this end, we
write the cost in compact form as follows:

I —H yd
JQHX) = (F E) y

where Q=diag(R; !,P~1). The effect on the cost, caused by
a lack of knowledge of the exact value of the matrix Q, can
be quantified by computing the variation when, instead of
Q, a positive definite matrix Q is used, where Q < VQ, with
7 a given positive scalar. By calling xo the minimiser of
J(QH,x) and X the minimiser of J(Q,H,x), the change in the
value of the functional is bounded by

It is important to note that the bound is minimised by X.
Hence, the design is indeed robust to variations in the
matrix Q.

A similar analysis can be performed to calculate the
variation of the cost for uncertainties in the knowledge of
the system. Let us consider a percentage variation in the
system when we use H instead of H, where H = H(1 +7?).

(55)

Q

Then, the variation of the cost is
G- )
F E X o F E X
(57)

We conclude that the first term of the right-hand side of
cost (57) is minimised by the design, but the second term
depends on the values of the system multiplied by the
estimation, which might be arbitrarily large.

2
+ 72 1HX I pr
Q
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